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Abstract

This paper investigates the Sobolev-type problems for Hilfer fractional stochastic
evolution equations and optimal controls in Hilbert spaces. With the help of a charac-
teristic solution operator and its properties, we present an existence of mild solutions
to the fractional stochastic evolution equations. Moreover, some sufficient conditions
are established for the existence conditions of optimal state control pairs of the limited
Lagrange optimal systems. Our methods are based on the fractional calculus, Holder
inequality, stochastic analysis and fixed point theorem.
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1 Introduction

We consider the following nonlinear time-fractional Sobolev-type stochastic evolution
equations:

d
HDgf(EX)(t) + Ax(t) = f(t, x) + B()u(r) +g(t,X)EW(I), t€(0,T], (1
and the initial value condition

(Iy;" %)(0) = xo, 2)
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where Dgf is the Hilfer fractional derivative of order « € (1/2, 1), with type of

Bel0,llandy =a+ B — ), I(;J:y is the Riemann-Liouville fractional integral
of order 1 — y. The operators A and E are two linear operators defined on Banach X
with domains D(A) C X and D(E) C X, which satisfy the following hypotheses: (i)
Operator A is closed, (ii)) D(E) C D(A) and E is bijective, (iii) E-': X - D(E)
is compact. These means that hypotheses (i)—(iii) and the closed graph theorem imply
the boundedness of the linear operator AE~! : X — X, and it generates a uniformly
continuous semigroup {7 (t),t > 0} from X into X. The state x(-) takes its values
in a separable Hilbert space V with inner product (-, -)y and norm || - ||y; the control
u takes its values in U, a separable Hilbert space of admissible control functions,
xo € D(E). The term W(t) is an F;-adapted Wiener process defined on a filtered
probability space (D, F, P, {F;};>0). Linear operator B : [0, T] — L(U, V), where
L(U, V) stands for space of all bounded linear operators from U into V. The functions
f and g are given with satisfying some suitable assumptions.

During the past decades, fractional calculus has attracted much attention; since
the nonlocal property of fractional derivatives, a number of phenomena described by
fractional differential equations have been investigated by many researchers in the
fields of mathematics, science and engineering; see the relevant works [1, 13, 17, 26].
A classical example is anomalous diffusion process; the tool of fractional derivatives
has played a decisive role to solve the relevant problems; see, e.g., [10, 12, 19, 20,
28, 33] and the references therein. When the performance index and system dynamics
are described by fractional differential equations, a fractional optimal control problem
will appear very naturally. In particular, a typical case is the fractional optimal control
of a distributed system. For the fractional optimal controls, one sees Wang et al.
[29], Debbouche and Nieto [4], Yan and Jia [30, 31], Liu and Wang [16], Liu [15],
El-Borai et al. [6] and the references therein. Besides, Sobolev-type problems find
a lot of applications in mathematical models, for instance the flow of fluid through
fissured rocks, thermodynamics, propagation of long waves of small amplitude; see,
e.g.,[14,27]. Specially in [3], the authors considered the fractional stochastic evolution
equations of Sobolev type of order @ € (1, 2), they showed the existence of solutions
and existence conditions of optimal pairs in optimal control systems. Let us point out
that the problem (1)—(2) without the Sobolev type will reduce to a special fractional
stochastic evolution equation, i.e., E = bI with an identity operator I for some b > 0,
many scholars have considered its existence and optimal control of solutions; see the
papers [7, 22, 23] and the references therein.

We remark that the Hilfer fractional derivative is a generalization of the classical
Riemann-Liouville fractional derivative and Caputo fractional derivative, although
the existence of solution for the case of Caputo fractional derivative to problem (1)—
(2) has already been investigated by [18]; to the best of our knowledge, the optimal
control of fractional stochastic evolution equations with Sobolev type has not been
studied extensively. In particular, the case of Riemann-Liouville fractional derivative
to problem (1)—(2) has not been seen yet. In this paper, we investigate the existence and
optimal controls for this type of a problem in Hilfer’s fractional derivative. Obviously,
the result in the current paper is a natural generalization of the cases of Riemann—
Liouville fractional derivative or the Caputo fractional derivative.
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This paper is organized as follows. Section 2 introduces some useful notations and
preparations. In Sect. 3, the existence of mild solutions of problem (1)—(2) is presented
without the control term. In Sect. 4, we will study the existence of mild solutions for
optimal controls of the Bolza problem. Finally, we get an application to illustrate the
main results.

2 Preliminaries

Throughout this paper, we denote by X a Hilbert space withnorm || - ||. Let J = [0, T'],
J' = (0,T], and let L(X, Y) be the space of all bounded linear operators form X into
Y equipped with the norm || - || z(x,y). For the sake of simplicity, we set L(X, X) by
L(X) equipped with the norm || - || £(x).

Let X be areal random variable defined on a probability space (D, F, P), which is
a complete probability space equipped with a normal filtration F;, t € J. X is called
p-integrable if

/ |X(w)|PP(dw) < o0, p=>1.
D

The totality of pth integrable random variables is denoted by Lo (D, F, P; X) (p = 2)
or simply by L, (D, X) with the norm

E|X)? = /D 1% (w) 2P (dw).

where the notation E(X) = / X (w)P(dw) is called the expectation of X for any
D

integrable random variable X'.

Let K be a separable Hilbert space and W(¢) : J xD — K be the Q-Weiner process
on (D, F, P) with the linear bounded covariance operator Q such that TrQ < oo,
which is adapted to normal filtration {F;};c;. Assume that there exists a complete
orthonormal system {e}72; in K, a bounded sequence of nonnegative real numbers
{Ak)72 such that

Qer = Mer, A =0, k=1,2,3,...,

and a sequence of independent real-valued Brownian motions {0} }72 ; such that
o
(W@).e) =) Virlew e)or), ecK. 1el.
k=1

We introduce a subspace Xo = Q'/?K of K endowed with the inner product
(u, v)xy = (@ ?u, @7v)g,  for any u, v € Xo,
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where Q~!/2 denotes the pseudo-inverse of Q'/%. It is clear that X is a Hilbert space.
Let Lg = L*(Xo, X) be the space of all Hilbert—Schmidt operators from X to X
endowed with the inner product (¢, ¢) L= TrlpQ¢™*] forany ¢, ¢ € Lg. Obviously,
it is also a Hilbert space. Since for each ¢+ > 0 the subsigma algebras F; are complete,
Lo (F;, X) are closed subspaces of Ly (D, X) and hence they are also Banach spaces.
Similarly, L%_-(J , X) denotes the closed subspace of L%_-(J x D, X), consisting of all
measurable and F;-progressively measurable random processes defined in J, taking

its values in X satisfying EfOT lx(0)]12dt < oo.

Let C(J, £2(D, X)) be Banach space of continuous maps from J into £(D, X)
satisfying norm sup, ; e LE|x (@) ||%, < oo for a fixed constant L > 0. Let C(J, X)
be a closed subspace of C(J, L2(D, X)) consisting of measurable and F;-adapted
X-valued continuous processes x(-) € C(J, L2(D, X)) endowed with the norm

1/2
Ixllc = (supe‘L’Enx(r)nz) :

teJ

Then, (C(J, X), || - |¢) is a Banach space.
Lety =a+ (1 —a),thenl —y = (1 —a)(1 — B) > 0, define

CY(J,X)={xeCU,X): ' 7xeCWU, X))

It is clear that C¥ (J, X) is a Banach space with norm

1/2
Ixllcy = (supe“r”Eux(t)nz) :

teJ
Let function g, (-) be given by
gy (1) =t"""/I'(y), fort>0,y>0,

where I"(-) is the usual gamma function. In case y = 0, we denote go(¢) = §(¢), the
Dirac measure is concentrated at the origin.

Let us recall the definition of factional derivative. For more detail, we refer to [11,
13, 24].

Definition 2.1 The Riemann—Liouville fractional integral of order « > 0 for a function

x : [0, 00) — X is defined by

1 t
I§,x(1) = mfo t —9)* x(s)ds, t>0,

provided the right side is pointwise defined on [0, c0).
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Definition 2.2 The Hilfer fractional derivative of order 0 < @ < land0 < 8 < 1 for
a function x : [0, 00) — X is defined as

: 1-a) (4 a-p)1—
HpeP@y = 15"~ (Elg+ P %) ), t>0.

Remark 2.1 Noting that if 8 = 0 and 0 < o < 1, the Hilfer fractional derivative is
the Riemann-Liouville fractional derivative. If 8 = 1 and 0 < o < 1, the Hilfer
fractional derivative is the Caputo fractional derivative.

We firstly introduce the Wright-type function M. (-); for more details, we refer to
[13, 19], which is defined by

o]

_ (=2)"
Mg(z)_ngon!l“(l—g(n%—l))’ e (0,1, zeC.

Lemma 2.1 [19] For any t > 0, the Wright-type function has the properties

r'(1+39)

o0
M.(t) >0, M (0)do = ————,
02 /0 s©) r(1+¢é)

for —1 <8 < o0. 3)

Lemma 2.2 [25, Lemma 7.7] For any r > 1 and for arbitrary Lg-valued predictable
process D (-), there is

sup E
s€[0,7]

where L, = (r(2r — 1))".

/S D (t)dW(7)
0

2 t e\
) <L, </0 (EH‘P(S)HZ)) dS) . 1e[0,T],

Forx € X and 0 < o < 1, we define a family {Sy g (¢) : t > 0} of operator by
o0
SoE(t) = / aOMy (0)TE(t“0)do.
0

By the similar proofs in Zhou [8, 32] or Gu and Trujillo [9], the following results
can be given.

Lemma 2.3 Assume that sup,- |ITe()llcx)y < M for some M > 1. One has the
following properties:

@) Sfor any fixedt > 0, Sy g(t) is linear bounded operator on X with

M
1Se.eOllcx) < =

INCON
(i1) if TE(t) is compact, then Sy (1) is compact in X fort > 0,
(iii) Sy E(t) 1 [0, 00) = L(X) is continuous.
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Lemma24 [2]1]Ifu,v,T > 0andt > 0, then
t
tl—v/ (I _ s)v—lsp,—le—rsds < Cv,uf_ua
0

where

Cy,, = max{l, 21_“}1“(\1)(1 +v(v+1)/n) > 0.

3 Existence of Mild Solutions

In this section, we study the existence of mild solutions to problem (1)—(2) without the
control term. To do this, we next introduce the following definition of mild solutions
for the problem (1)—(2), similarly in [9]. We first consider the following problem:

H Dol (Ex)(1) + Ax(t) = f(t, x) —l—g(t,x)%W(t), 1 €(0,T], (4)
(Iy;7 %)(0) = xo. Q)

Definition 3.1 A function x € C(J, X) is called a solution of the problem (4)—(5) if it
satisfies the integral equation

t
x(1) = E’]PfE(t)Exo—i—/ E7 T g (t =) f (s, x(s))ds
’ 0
t
+/ E- o p(t — $)g(s. x(5)dW(s),
0

fort € J, where
Pl =10 T (). Top®) =17 Sap ().

In order to explain our theorem, we need the following assumptions:
(Hf) f:J x X — X satisfies the following:

(a) f(z,) : X —> X is continuous for each r € J and foreach x € X, f(-,x) :
J — X is strongly measurable,

(b) there is a positive function i(t) € L% (J, R™) such that for every (¢, x) €
J x X,

E|lf(t, ) < h(H)(1 + E|x||*).

Hg) g:J xX — L% satisfies the following:

(a) g(t,): X — L(z) is continuous for each ¢ € J and for each x € X, g(-, x) :
J — L(z) is strongly measurable,
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(b) there is a positive function/ € L>(J, R™) such that for every (t, x) € J x X,

Ellg(t, 1)1}, <10 +E|lx|).

We note that if x is a solution to problem (4)—(5), there appears a singular point at
t = 0. In order to overcome this difficulty for applying the Ascoli—Arzela theorem and
the Krasnoselskii fixed point theorem, for any x € C? (J, X), we define a mapping Q
by

(Qx)(1) = (Q1x) (1) + (L2x)(1),

where

(Qu)(1) = E7'PL (1) Exo,

t
Qo) (1) = /O EVT, 5t — ) f (s, x(s))ds
t
+ / E Ty p(t — $)g(s. x(5)dW(s). ©)
0

Let x(r) = t¥~'y(¢) forany y € C(J, X), then x € C¥(J, X). Define a mapping
S by

Sy)@) = (S1y) (1) + (Say) (@),

where

Siy)(t) = % (S2y)(1) =0, fort =0,

and

Sy)(0) =1"77(Qux)(1),  (Say)(1) =177 (Qax)(0), fort € (0,T].

For each r > 0, we denote sets B, = {v € C(J, X) : |[vll¢c <r}and B = {v €
CY(J,X) : |lvller < r}. The sets B, and B} are the bounded, closed and convex in
the spaces C(J, X), C¥ (J, X), respectively.

Lemma3.1 Let @ € (1/2, 1). Assume that (Hf) and (Hg) hold, then S(B,) C B, for
some r > Q.

Proof From Lemma 2.3, we know that

t
1Pf )l < /0 851t — 5% V[ Sy e (5)x s

Milx]

<
- I'(y)

/t (t—s) ol llxll = @)
—a S)s ds||x s
@ Jo 8p(1—a)

r
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forany x € X, t > 0, where y = @ + B(1 — «) and we have used the identity

t I'(a)T (b
/ (t — ) Vst lgs = %t““’—l, a,b>0,t>0.
0 a

For any x € BY, let y(t) = tY~1x(1), then y € B,. Since xg € D(E), clearly, for
the case of + = 0, we have

Q2

2 2 2Mo? 2
E[(S1y)(0)]© < WE”EXOH = WHXOHD(E)v

where 0 = |[E~!| z(x). For t > 0, it follows that

E[(S1y)0))* = Ellr' ™7 Qi) @)|> = Ellr' ™ E7'PL (1) Exo

M2Q2

= _E|Exol.
= Bl

Therefore, we have

2M2 2
IF131E < g 5z 1xolDg)-

By applying Holder inequality, stochastic Fubini theorem and the definition of the
solution operator, for ¢ > 0 we have

2

t
E rl—V/O E7'T4 g (t — 5) f (s, x(5))ds

t 2
5:2“—”/ (t — )2@DE HE_ISD(,E(t—s)f(s,x(s))” ds

0

2.2
o Mo
T (IM(a))?
M2Q2

D —
T Qa— (I (a))?

M202,2 t
TR 2t2(1_y)||h||oo/ (t — )@ Delss7~ds,
(I'(@) 0

t
20-) / (t — )X D(s)(1 + Ellx(s)|P)ds
0

2(l—y)+2a—l ”h”oo

which shows from Lemma 2.4 that

2
E

t
rl—y/ E7VT, p(t — 5) £ (5. x(s))ds
0

M2Q2 M2Q2r2

2(1-y)+2e—1 Iy Liy—y
= e — (@2, h ——— 1hllocCy 20—11 L7,
7 Qo — 1)(F(Ol))2 12]lo + (F(a))2 12]lco y,2a—1 e
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Similarly, by Lemma 2.2 we have

2
E

t
(7 / E7V T 5t — $)g(s. x(s)dW (5)
0

1
=200 [ VB | B S p - 9506, x(5)
0

2d
s
2
LO

M2Q2 t
< et /O (1 — 2@ V1(s)(1 + Ellx(s)|2)ds
< MZQZ 2(1—y)+2a—1”l”
= Qo — H(IM'(@))? *
M2 2r2 t ]
+(F(i))2 =2 /O (t — 5)2@ DeLsgr=1gg.

Hence, Lemma 2.4 shows that

2
E

t
(-7 / E7VT, 5t — )85, x())dW (s)
0

M2Q2 M2Q2r2

2(1-y)+2a—1 l—y Lty —y
ST TYE TPVl ) ————llooCy . 20—1t L7,
T Qo —1(I(a))? 1lloo + (I'(@))2 11locCy,20—1 e
Combining the above arguments, we have

M2Q2 2(1 20—1 —L

182313 = sup ———e s (oo + [l oc) > T2 e H
€7 ler Qu—D(M(@)? ">
2,22

(1 lloo + Ille0)Cy 2012 "V L7,

+
ey (M'(@))?

Since continuous function n(¢) = t%e¢~L! has a maximum value at = a /L fora >0,
t > 0, that is n* = max;>on(t) = a*L ™% and n* < SL™ % for 0 < a < 4,it
follows that

1S2yle < $(||h|| + [ flag) L™ 0= #2a=D)
€= Qa— DI (@ e T
M2Q2r2 1
——(||h l C.,r TIVL™7.
+(F(Ol))2 (” ”00 + ” ”OO) y,20—1

Hence, we obtain
IFylie < p* +n*r,
where we have chosen L > 0 large enough such that
2.2

2. M~o

P= W(Hh”oo + 1 llo0)Cy2a1 TV LTY <1,

n
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and we set
2M2Q2 M2Q2
2. _ 2 —-2(1-y)+2a-1)
p* = ———lxoll% g + = (IBlloo + llllls) L :
(Fy)2 " PE T g — 1)(IM ()2 '™ >

Consequently, for any r > p/(1 —n), by the elementary inequality va% + b2 < a+b
fora, b > 0, we get that ||Sx||¢ < r. Hence, S(B,) C B, for some r > 0. The proof
is completed. O

Lemma3.2 Let o € (1/2, 1). Assume that (Hf) and (Hg) hold, then the set {Sy : y €
B} is equicontinuous on J.

Proof Foranyx € B! ,letx(t) = t¥~'y(t),theny € B, forr > 0givenin Lemma3.1.
We next prove this lemma dividing into two steps.

Step 1. Theset{S1y : y € B, }isequicontinuous. Since lim;_, ¢ Sf gDx =x/T' (@)
for any x € X, we know that

t
- y—1p—1pB i y—1p—1 o nea—loB
lll_I)I(l)l‘ E 'P(X’E(Z)E)C()—tll_l)l(l)l E /Ogﬁ(l_a)(t 5)s Sa’E(s)Exods
1
= lim/ gp1-ay(1 — )V E7'SP (t5) Exods
t—0 0 ’

X0
r'(y)

Fort1 =0,0 < 1 < T, it follows that

2
Ele L22(S1y) (1) — (S1»)(0)|> =E He‘“z/ztz‘y(le)(tz) - F);())/)
2
=E | L22)V ETVPP (1) Exp — —
2 @ENPE0 TP )

— 0, asrnp — 0.
For0 <t <t < T, we have

Elle 2281 y) (1) — e H12( Sy y) (1) |1
=E|[(e7 /2 — 72 (S1y) )1 + e FUE|(S1y) (1) — (Siy) )%, (8)

which shows from the continuity of e~% for a > 0 and the proof in Lemma 3.1 that

E|(e 52/ — o7/ (S1y) () ||1* = (e7L2/2 — e TL2)ZE|(S1y) (1) |12

2M2Q2
< (e7Ln/2 _ gLn/2y2 llxoll3
(C(y))2 " 'PE

— 0, asnp — 1.
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From the definition of operator Sy, similarly, we have
6, " =1 VENQ)@I* — 0, asn— .
This means that we just need to prove
FUVENQiN (1) — Q)P > 0, asn - 1.
In fact, it is clear from Lemma 2.3 (iii) that

E[(Q1x) () — Q)| = E|E™'PL (1) Exo — E7'PL (1) Exol)?
— 0, asn — 1.

Hence, this means that {S;y : y € B,} is equicontinuous.

Step 2. The set {S»y : y € B,} is equicontinuous.
Fort; =0, 0 < t, < T, from the proof in Lemma 3.1, we obtain

Elle  2/2(Sy)0)I? = Elle™2226) 77 (Qax) ()|

M2Q2 2(1=y)+2a—1 —Ln
= Ga =y e+ Mllso)t; .
M*r? -y, —
W(Ilhlloo + lloo)Cy2a—1ty, LTV — 0,
asrp — 0.

By the same way as in (8) for 0 < #; <, < T, it remains to check
E[(Qx)(12) — (Qax)(t)|> — 0, astr — 1.
In fact, by Holder inequality and Lemma 2.2, we have

E[(Q2x)(12) — (Qax)(t1) |12
r
s4fr2/2E||E*‘7;,E(z2 — 5 (s x(s))2ds
41

n

+avi /O ENE (Top(tr — 5) = To 5 (tr — ) (5. x(s) s
n

+avh [EIET T - 98,20 yds
n )

5]
+4v0 / EIE™ (Tox(t2 = $) = Tap (01 = $)g(s, X)) 24,
141
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which shows that for any ¢ € (0, #1)

E[(Q2x)(12) — (Qax)(r) 12

AM? 02 &
%ﬁ / (02— " Dh(s) (1 + Bl ()]s
f

<

H—e&
YN / TR+ Ex()1P)ds
0

x sup | T g(ta — ) — To £ (t1 — 9l 2ox)

s€[0,t1—¢]
8M2Q2\/E 1 ) )
“Ter ), T O+ E©IDds
e 2a—1) 2
+W/,I (12 = )" P11+ Ellx(s) 1) ds

n—e
L4ty f IO+ Elx(s)Pds
0

x sup | Ty e(t2 —5) — Toe(t1 — Sl 2(x)
s€[0,1—e]

8M2*/n [

o \2(@—1) 5
Te? ), IO+ B Dds.

By the similar way in Lemma 3.1, repeating the proof in Step I, we obtain

E|[[(Q2x)(12) — (Qax) (1) |12
__Am’yn

T Qo — 1) (x))?

+40* V11 (1hlloo + lloo) (t1 + r2e“1] /y)

x sup  |Tae(t2 —5) — To,e(t1 — $)lLx)
s€[0,t1—¢]

8M?%0° /1 201 2L
——— (||~ l “~11 Ly —g)r!
+ @) Alloo + 1lloc)e™® ™ (1 +r2e™ (1 — &)’ ™)

— 0, asthp > t, ¢ —> 0.

(1 — 1) (oo + Illoo) (1 + r2et2e] 71

Therefore, the set {S>y : x € B, } is equicontinuous. Combining the above two steps,
we obtain that the set {Sy : y € B,} is equicontinuous. This completes the proof. O

Lemma3.3 Leta € (1/2,1). Assume that (Hf) and (Hg) hold, then S; is a completely
continuous operator.

Proof We divide this proof into two steps.

Step 1. Sy is a continuous operator.

The case of + = 0 is trivial. For ¢ € (0, T] and any x,,x € BY, with satisfying
lim, 00 X, = x for some r > 0 given in Lemma 3.1. Let x(r) = ¥~ 'y(r) and
Xp() =ty (1), n=1,2... theny, y, € B,.
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Hence, it follows from the hypothesis of f that
[, x, (1) = f(t,x(@), g(t, x,(t)) — g(t,x(t)), asn— o0, ae.t € J.
In addition, by the proof as in Lemma 3.1, we know that
(t = )*CVE| f (s, x(9)) = f (s, x(6)? = 2 —9)>@7Vr2elss? 7,
and

(t =) VEllg(s. xn(5)) = g(5. x> < 2 — 5)>@ 7 Vr2els? 7,
0

are L'-integral for a.e. s € (0,7) and t € J'. Therefore, it yields by the dominated
convergence theorem and Lemma 2.2 that

E[[(S23) (1) — (S20) ()

! 2
< 220=-E| / E_llfa,E(fz — ) (f (5, x,(5)) — f(s,x(s)))ds
0
! 2
+2:20-VEg / E~'T, k(1 — $)(g(s, x4(5)) — g(s, x(5)))dW (s)
0
< (216(01:?)2 2(1 V)[ (r — S)2(0t I)E”f(s X () — f(s, )C(S))||2ds
2
+—(21€(01:f)2 ﬂ(l—y)/o (t — 5)2(a—1)E||g(s, Xn(s)) — g(s, x(s))||i(2)ds -0,

asn — oo,

which deduce that ||Syy, — S2y|l¢c — 0 pointwise on J" as n — 0o. Hence, ||S2y, —
Syl — 0 pointwise on J as n — oo. From Step 2 in Lemma 3.2, it yields that
Sy, — Sry uniformly on J as n — oo. Thus, S is a continuous operator.

Step 2. S, is a compact operator.

The case ¢ = 0 is trivial. Now, let ¢ € J' be fixed, for any ¢ € (0, 1), § > 0, define
the operator by

(Ses)(®) = 1177 (Qe5x) (1)
t—e¢ o0
=l / / E~ 1t — ) e My (0)Te((r — $)%0) f (s, x(s))dOds
0 S

t—e o0
1177 / / E~ 1t — ) 'a My (0)TE((r — $)%0)g (s, x(s))dOdW (s).
0 )

Therefore, it follows that

(Ses) (1) = TE(e“0)S 1o (1)
=tV Tg(e%0)

@ Springer



92 Journal of Optimization Theory and Applications (2022) 195:79-101

t—e o0
></ / E~N(t — ) abMy(0)Te ((t — $)*0 — £%6) f (s, x(5))d6ds
0 P
+17Y T (e90)

t—e o0
x / / E7Nt — ) 'a0 My (0)TE((t — $)%0 — £%0)g (s, x(s))dOdW (s).
0 S

From Lemma 3.1, we know that Sy, (¢) is bounded for all r € J" in Ly(D, X),
hence form the compactness of Tg (¢*0) foreach ¢ > 0,8 > 0; we get that (S; sy)(?)
are compact for every ¢ € J. This means that the set {S; sy : y € B,} is compact in
L>(D, X). On the other hand, we know

(Se,sy) (1) — (S2) (1)

t oo
=7 f / E~'t — )% \ab My (0)Te((t — $)%0) f (s, x(s))dOds
t—e J§
t—e §
+117Y / [ E~ 1t — ) e My (0)TE((r — $)%0) f (s, x(s))dOds
0 0
t o0
+z‘*V/ / E~'t — ) \abMy(0)Te ((t — $)%0)g(s, x(5))dOdW (s)
t—e J§

t—e §
+117Y / / E~ 't — ) "My () TE((r — $)%0)g (s, x(s))dOdW (s).
0 0

Clearly, from the assumption (Hf), let M (§) = f(;s aOM,(0)do, clearly M (5) — O
as § — 0. Hence, we have

2

t o0
?0-VE / / E~ Nt — ) \abMy(0)TE((t — $)%0) f (s, x(s))dOds
t—e J§

2

t—e )
+12U-1E / f E~' 1t — ) \ab My (0)Te ((t — $)%0) f (s, x(s))dOds
0 0

Mo 2 t
< <—||h||oo> zzﬂ—ﬂf (t —)?@ DA 4 P57 12 ds
I'(a) —¢

r—e&
+ (Mo|lh]| oM (8))% 2177 / (t — )2 DA 4 eb5s7 1) ds
0

2
< (ﬂnh”w) PO (1M — )71 /Qa - 1)
I' (o)

+ (Mol lhlloeM (8)* (24 H227 /2o — 1) 4+ €M1V €y g1 LTV r7)
—0, ase—>0, §— 0.
Similarly, from the assumption (Hg) and Lemma 2.2, we get

t oo
1177 / f E~'1t — )% e My (0)TE((r — $)%0)g (s, x(s))dOdW (s)
t—e J§

t—e b
+1 / / E™ (6 = )"~ a0 Mo (0)TE((t — $)°0)g(s, x(5))dOd W (5)
0 0

—0, ase—>0, §—> 0.
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Consequently, we deduce that
Sesy —S2yllc = 0, ase -0, §— 0.

This means that {S,y : y € B,} is a relatively compact set in C(J, X). Hence, S»
is a compact operator. This completes the proof. O

We next use the following Krasnoselskii fixed point theorem (see, e.g., [32]) to
obtain the existence of solution to problem (4)—(5).

Lemma 3.4 Let X be a Banach space, let §2 be a bounded closed convex subset of
X, and let T, F be mappings of §2 into X such that Tx + Fy € 2 for every pair
x,y € . If T is a contraction and F is completely continuous, then the equation
Tz + Fz = z has a solution on 2.

Lemma3.5 Let o € (1/2,1). Assume that (Hf) and (Hg) hold, then there exists at
least one mild solution x € B} of the problem (4)—(5) for some r > 0.

Proof Obviously, from Lemma 3.1, it follows that for every pairu, v € B,, Sju+Sv €
B,. Lemma 3.3 shows that S; is completely continuous. Hence, it remains to prove
that S; is a contraction. Clearly, for r € J, S is a contraction. Hence, Lemma 3.4
shows that there exists at least one fixed point y* € B, such that Sy* = y* holds. Let
x*(t) = t¥~1y*(¢) then x* € BY. Thus, x* is the mild solution of problem (4)—(5).
The proof is completed. O

Remark 3.1 Note that the author [ 18] showed an existence result for fractional stochas-
tic evolution equations when B(¢) reduces to B (independently to ¢) and 8§ = 0 in
Hilfer fractional derivative, where a more general nonlinear functions f and g are
proposed. However, for 8 = 1, since the Hilfer fractional derivative corresponds to
the Riemann—Liouville fractional derivative, this result in Lemma 3.5 seems to be new
without the control term.

4 Existence of Optimal Controls

In this section, we suppose that U is another Hilbert space from which the control
u € U. We denote a class of nonempty closed and convex subsets of U by W¢(U).
The multifunctionw : J +— W (U)ismeasurableand w(-) C V where V isabounded
set of U, the admissible control set U,q = {u € L%-(J, V)y: u() ew()ae. t e J}.
Then, Uyg # 0.

We consider a stochastic optimal control problem (1)—(2). We next use the following
definition of mild solutions.

Definition 4.1 For any u € Uy, a function x € C(J, X) is called a solution of the
problem (1)—(2) if it satisfies the integral equation

t
x(t) = E_lpr(t)Exo +/ E_l']&)E(t —5) f(s,x(s))ds
’ 0

t t
+ f E™T, £(t — 5)B(s)u(s)ds + f E7T, 5 (t — $)g(s, x(s))dW (s).
0 0
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In order to obtain the existence of mild solutions to problem (1)—(2), we need the
assumption of operator B(-).

(Hb) B :J — L(U, X) is essentially bounded, i.e., B € L*(J, L(U, X)).

Theorem 4.1 Let @ € (1/2, 1). Assume that (Hf), (Hg) and (Hb) hold, then for every
u € Uyy, there exists at least one mild solution x € B} of the problem (1)—(2) for
some r > Q.

Proof We set
t
@0)(0) = E7'PF (1) Exo + /0 E7VT it — ) Bs)u(s)ds,

replaced Q; in (6). Therefore, it needs to prove that S1y € B, for any y € B, with
some r > 0. In fact, since xo € D(E), for t > 0 by applying Holder inequality, it
follows that

E[Siy) 1 = 7 Q@)
<2E[!'VET'PL (0 Exol?
t 2
+2:217VE ( / IE™ Tq e (1 — s)B(s)u(s)Mds)
0
< 2BV ET'PL L) Exol?

t 2
+2120-V)g (/ (t — )% ! ||E_18a’E(t — s)B(s)u(s)Hds)
0

2,2 2,2
Q

2M70 2 2M—2(1—)’) </t el g 2
< T R BERl® + ey TV | @ =97 lu@lds ) 1B,

where we set the norm of operator B(-) in L*°(J, L(U, X)) by || B||«- Since Holder
inequality shows

t 2
E ( / i - s>“—1||u<s>||ds)
0

IA

t
_ 20-D) 2

200—1 2
t u s
20 — 1 I ”Léu,w

IA

it follows that

2M2Q2
E|I(S 2
(SOOI = T2
M2Q2 )
N W S
Qo — (T @) " xu

E| Exoll?

2 2(1— 2a—1
”B”oot( y)+2a )
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Therefore, we have

2.2 2.2

o 2 2M~o 2 2 p2(1—y)+2a—1
SiylI3 < ——||x ——|lu B||2. T 14 .
118 = Gre S ol + = 1yran s v 1Bl

Clearly, for the case of t = 0, we have

92

||51X||%' = m

2Mo? 2
E| Exol> < ———x0ll% g
(C(y))2 " PE

From the proof in Lemma 3.1, choosing the same L > 0 such that n> < 1 where 1
is defined in Lemma 3.1. Let

2M2Q2 2M2Q2
2= 2 = 2 2 1 2(1—y)42a—1
ST T N2 B||~. T

(I'(y))? lxolbee) + Qa — 1)(I'(@))? Itz (.0 1Blloo

2.2
Mo + ”l”oo)L_(z(l_V)-i-Za—])‘

—(||h
Qo — 1)(F(a))2(” lloo
Therefore, for some fixed r > 5/(1 — 1), we obtain

2.2 M2Q2

5 ; 2 2 p2(1-y)+20-1
Sylle = == L Me B12 720y
” y”c — (F()/))z ”xO”D(E) (20{ _ 1)(F(Ol))2 ||u||L?7:(J,U)|| ”OO
5M2Q2 B ) )
m(llhllmnznmn QU—y)+2a—1)
< 52 + n2r2,

which means that |Sy||¢c < r. Obviously, from Lemma 3.1, it follows that for every
pair u, v € B, Sju + Sv € B,. Lemma 3.3 shows that S; is completely continuous.
Hence, it remains to prove that S is a contraction. In fact, forr € J, and any u € U,y
it is obvious that Sj is a contraction. Hence, Lemma 3.4 shows that there exists at
least one fixed point y* € B, such that Sy* = y* holds. Let x*(¢) = ¥ ~!y*(¢) then
x* € BY. Thus, x* is the mild solution of problem (1)—(2). The proof is completed.

O

Following Theorem 4.1, for any u € U,q4, let BY be defined as before and let S(u)
be the mild solution set. A pair (x, u) is feasible if it satisfies problem (1)—(2) for
x € B}, and if (x, u) is feasible, then S(u) C BY.

The following Bolza problem (P) is expressed by:

Findanx° € BY ¢ C(J, X) and u° € U, such that

T2 u% < T(x,u), forallu € Uy,
where

T
T, u) = E/ L3, x" (@), u(r))dt.
0
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We make some assumptions on L:
(L) The functional £ : J x X x U — R U {00} is Borel measurable,

(L2) L(t, -, -) is sequentially lower semicontinuous on X x U for almost all
teld,

(£3) L(t, x,-)is convex on U for each x € X and almost all ¢ € J,

(Ly) there exist constants ¢ > 0, d > 0, and nonnegative function ¥ (-) and

W e L'(J, X) such that
LG, x,u) = Y () + el + dlully.
Theorem 4.2 Assume that the hypotheses in Theorem 4.1 and assumptions on L hold.

Then, Bolza problem (P) possesses at least one optimal control pair.

Proof Let ®, denotes the set of all solutions to the problem (1)—(2) in B} for each
control u € Uyy. If infuce J(x%, u) = 400, there is nothing to prove. Now, we
assume that J (1) = infyuce, J(x%, u) = m < +o0. By hypothesis L4, we have

T T T
T (x,u) z/ tp(t)dt+cE/ ||x(t)||2dt+dE/ lu@)1?,dt > —«,
0 0 0

where ¥ > 0 is a constant. Hence, m > —k > —o0. We now divide the proof into
three steps.

Step 1. By the definition of the infimum, there exists a sequence {x;} C ©, satis-
fying J (x}/, u) — m as k — oo. Considering {x;/, u} as a sequence of feasible pairs,
we have

t
() = ETVPL () Exo + / E7VT, £ (t — )[f (s, X (5)) + B(s)u(s))ds
0
t
O R A O
0
=: Lix{ + hx; + Ixy. ©))
Step 2. Let us prove that there exists some X" € @, such that 7 (x", u) = m. Next,
we show that for each u € Uy, the set {x}'} is relatively compact in C(J, X).
By analogous to Lemma 3.5, one has that {/; x,?}, i = 1,2, 3 are precompact subsets
of C(J, X). This means that the set {x,?} is relatively compact in B! foreachu € Uyg.

From this aspect, we may assume that x;; — X" in B! as k — oo. Thus, by the
Lebesgue dominated convergence theorem, we obtain as k — oo in (9) that

t
() = ETVPE (0 Exo + f E" Ta st — $)Lf (s, () + B(s)u(s)]ds
0
t
+/ E-VTap(t — $)(t — 5)g(s, £ (s)dW(s),
0

which deduces that x* € ©,. Thus, we have J (X", uy) = m for each u € U,y.
Indeed, according to C(J, X) < L'(J, X), here L' (J, X) is the closed subspace of
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L1(D, F,P; X), through the definition of a feasible pair, the assumption on £ and
Balder theorem (see, e.g., [2]) implies

T T
m=Ju) = klijgoEfo L(t, x; (1), u(t))dt > E/O L, X" (1), u(t))dt

=J&F u) > Jw) =m,

which means that 7 (x*, u) = m. This shows that 7 (u) attains its minimum at x* €
C(J, X) for each control u € U,y.

Step 3. In the sequel, we shall show that there exists = U,q such that 7 (uo) <m.
In fact, if inf,,cy,, J (u) = 400, then there is nothing to prove. Now, we assume that
inf,ey,, J(u) < +oo. Similarly to Step 1, one can check thatinf,cy,, J(u) > —oo,
and there exists a sequence {uy} C Uyq such that J (ux) — infyecy,, J(u)ask — oo.
Since {ur} C Uyq, {ux} is bounded in L2-(J, U) and L2-(J, U) is a reflexive Hilbert
space, there exists a subsequence, relabeled as {uy}, weakly convergent to some u €
L%_-(J, U) as k — oo. Note that U,y is closed and convex, using the fact that the
closure and weak closure of a convex subset of a normed space are the same by [5];
it follows that u® € Ugy.

Suppose x“* is the mild solution to the problem (1)—(2) related to uj by the proof
of Theorem 4.1, where J (1) attains its minimum. Then, (X", uy) is a feasible pair
and verifies the following integral equation for ¢ € J:

t
XU (1) = E—IPfE(t)ExOJr/ E~T, p(t —5) f (s, ¥)ds
’ 0

t

t
+/ E—%,E<t—s>3<s>uk(s)ds+/ E™\T, £t — 5)g(s, #)d W (s)
0 0

= le;: + sz;: + L3x;: + Lauy.
(10)

By analogous to Lemma 3.5 again, one has similarly that the sets {L; x“¥},i = 1,2, 3
are relatively compact subsets of C(J, X). Furthermore, we have Lju; — Lau® in
C(J,X) as k — oo and L4 is compact. Thus, the set {x“*} C C(J, X) is relatively
compact, and there exists a subsequence still denoted by {x“*}, and ' ec J, X)
such that x“ — )E”O in C(J, X) as k — o0. Thus, by the Lebesgue dominated
convergence theorem, we obtain as k — oo in (10) that have

t
(1) = E_I’Pf.E(t)Exo—{-/ E"VT, p(t — 5) f (s, ¥")ds
' 0
t
+/ E~"To £ (t — $)B(s)u®(s)ds
0

t
+/ EVT 5 — 9)g(s. £ )dW (s),
0
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which deduces that ()Z”O, u) is a feasible pair. Since C(J, X) — L!(J, X), by the
assumption on £ and Balder theorem again, we have

T
1nf Jw) = lim E/ L3, X" (), ug(t))dt

uelyq

> hm E / L6, 7 (1), u®(1))de

= 776G u% > / T ).
uelyg

Therefore, j(i”o,uo) = Jw = infxuoe@ j(x“o,uo). Moreover, 7 (u")

inf,ey,, J(u), ie., J attains its minimum at u® € Uyy. The proof is

completed. O

5 An Application

Let X = U := L?[0,7]. We consider the following semilinear time-fractional
Sobolev-type stochastic diffusion equations:

3;1’/3()6 —Xz) —Xgp = f(t,z, %) + B(Ou(t,z) + g, z, x)9, W (2, 2),
te€(0,T], z€[0,mn],
x(t,0)=x(t,7)=0, te(0,T],
(Ié;yx)(O, 2) =x0(z), z€[0,7],

where y = o+ B(l —«a) fora € (1/2, 1) and 8 € [0, 1], and where 8?’5 is the Hilfer
fractional partial derivative. B(-) : [0, T] — L(U, X) is defined by B(t) := be "I
forsome b > 0,1t € [0, T].

Define A : D(A) - X by Ax := —x;;and E : D(E) — X by Ex := x — x;,
where each of the domains D(A) and D(E) is given by

{x € X : x, x; are absolutely continuous, x;; € X, x(¢,0) = x(t, ) = 0}.

From [8], A and E can be written as

0]

Ax =) n*(x, a)pn, x € D(A),

n=1
and
oo
Ex =) (1+n°)(x, 9)¢n, X € D(E),
n=1
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respectively, where (-, -) is the inner productin X, ¢, (z) := /2/7 sin(nz),n =1, 2, ...
are the eigenfunctions, and {¢,}° ; forms an orthonormal basis of X. Moreover, for
any x € X, it follows that

-1, _ § : -1, _ 2 : —
E X = l +n2 (x7 (pl’l)(pl‘la _AE X = l +n2 (x7 §0n)§0n,

n=1 n=l1

and thus the semigroup Tg (1), t > 0 generated by —AE~! is given as follows:

o0 n2
Te(x =Y e =7 (X, ).

n=1

It is obvious that E~! is compact, bounded with || E -1 L(x) < 1, and the semigroup
T (¢) is strongly continuous on X satisfying || T ()|l zcx) < 1.

Let ¥, (t) = (W(t,-), e,) for each n. Assume that the covariance operator Q
satisfies (Qey,, ex) = Snkwnz for some constants ¢, > 0, n,k € N. Then, we get
that {,,(t)},>1 is a sequence of independent Wiener processes in one dimension
with mean zero and covariance E{y, (t){x(s)} = 8nkw,%(t A s). So we can write
Y (1) = @uwy(t) and

W(t,2) =Y Ynen@) =Y muwa(t)en(),

n=1 n=1

where {w, (t)} is a sequence of standard Wiener processes in one dimension.

Finally, let functions f and g satisfy the assumptions (Hf) and (Hg), since the
current fractional partial differential equations can be formulated as problem (1)—(2),
we thus obtain that there exists least one mild solution x € B! for some r > 0 in
Theorem 4.1, and its corresponding limited Bolza problem admits at least one optimal
feasible pair in Theorem 4.2.

6 Conclusions

In this paper, we study some sufficient conditions for the existence of mild solutions
to Sobolev-type stochastic evolution equations with Hilfer fractional derivative of
order « € (1/2,1) and B € [0, 1] as well as the existence to a control system.
Moreover, it is shown that the Lagrange problem admits at least one optimal state
control pair under some natural assumptions. The results are established by means of
the compactness of semigroup, fractional calculus, Krasnoselskii’s fixed point theorem
and Balder theorem to Bolza problem. Also, our results are obtained without the
Lipschitz conditions to nonlinear functions.
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