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Abstract

In this paper, we study robust necessary optimality conditions for a nondifferentiable
complex fractional programming with uncertain data. A robust counterpart of uncer-
tain complex fractional programming is introduced in the worst-case scenario. The
concept of robust optimal solution of the uncertain complex fractional program-
ming is introduced by using robust counterpart. We give an equivalence between
the optimal solutions of the robust counterpart and a minimax nonfractional para-
metric programming. Finally, Fritz John-type and Karush—-Kuhn-Tucker-type robust
necessary optimality conditions of the uncertain complex fractional programming are
established under some suitable conditions.

Keywords Robust necessary optimality conditions - Uncertain complex fractional
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1 Introduction

The linear programming and linear fractional programming in the setting of complex
spaces were first studied by Levinson [22] and Swarup and Sharma [30], respectively.
Subsequently, optimality conditions and duality of various complex programming
including nonlinear fractional or nonfractional programming were extensively stud-
ied; see, e.g., [7,8,16—19]. In [26], Mond and Craven pointed out that many existed
complex nonlinear programming problems are special cases of a complex program-
ming problem whose objective function includes the square root of a quadratic form.
Though the complex programming can be equivalently expressed as a real-valued
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bi-objective fractional programming, the solution concept of bi-objective fractional
programming depends on some special partial order. However, it is not easy to choose
the best suitable partial order of bi-objective fractional programming such that the
solution of bi-objective fractional programming is that of complex programming. So,
it is deserved to study complex programming directly. Besides, complex program-
ming plays an important role in the field of electrical engineering, and it has also been
applied to phase recovery, MaxCut, statistical signal processing, blind deconvolution,
blind equalization, maximal kurtosis and minimal entropy; see, e.g., [4,9,13,18,31,32].

In 2005, Chen et al. [4] studied complex fractional programming by using Charnes—
Cooper transformation and established an equivalence between the complex fractional
programming and nonfractional programming. Inspired by [8], Lai et al. [21] intro-
duced minimax complex fractional programming and studied the Kuhn—Tucker-type
necessary optimality conditions, sufficient optimality conditions as well as weak
(strong and strict converse) duality results for such programming under the general-
ized convexity conditions. Thereafter, Lai and Huang [16,17] considered the optimality
conditions for nondifferentiable minimax fractional and nonfractional programming
with complex variables. It is worth mentioning that the multipliers corresponding to the
constrained functions in the necessary optimality conditions presented in [16,17,21]
are required to be nonzero. For this reason, the obtained necessary optimality con-
ditions [16,17,21] may not recover the existing necessary optimality conditions of
nonlinear programming with strict inequality constraints. In addition, the minimax
fractional programming and minimax nonfractional programming with complex vari-
ables can be regarded as the robust counterpart of complex fractional programming
and nonfractional programming with respect to the uncertain parameters. As a matter
of fact, the real-world problems are always affected by the uncertainty of data due to
the prediction errors, measurement errors, the lack of complete information and major
emergency (e.g., COVID-19). So, it is necessary to construct mathematical modeling
with possible uncertain data to solve practical problems.

Robust optimization method is an important approach to deal with mathematical
programming with uncertain data. It is based on the principle that the robust coun-
terpart, which is also called robust optimization, of the uncertain programming has a
feasible solution, where the uncertain constraints are forced to be satisfied for all possi-
ble parameter realizations within some uncertain sets. In 1937, Soyster [28] proposed
a linear optimization model to construct a feasible solution for all data belonging to a
convex set. It was the first step in the direction of robust optimization and the determin-
istic robust correspondence model given in the worst-case scenario. Recently, various
robust optimization problems, such as robust linear optimization, robust quadratic opti-
mization, robust semidefinite optimization, robust multistage optimization and robust
fractional programming, are studied; see, e.g., [1-3,5,6,12,15,23,29]. To the best of our
knowledge, there is no result on robust counterpart of complex fractional program-
ming with uncertain data. Also, many practical problems, such as phase recovery,
MaxCaut, statistical signal processing, the currents and voltages of electrical networks,
are always subject of uncertainty from calculation errors, incomplete information, the
natural and social factors such as the extreme weather, earthquake, tsunami and social
insurrection. Therefore, it is necessary and meaningful to investigate the complex
fractional programming with uncertain data by the robust optimization method.
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The present paper is organized as follows. In Sect. 2, we present some basic def-
initions, existing results as well as complex fractional programming with uncertain
data. In Sect. 3, we give a minimax nonfractional parametric programming refor-
mation for the robust counterpart of uncertain complex fractional programming and
present the equivalence between optimal solutions of the robust counterpart and one
of the minimax nonfractional parametric programming. In Sect. 4, Fritz John-type
robust necessary optimality conditions and Karush—-Kuhn—Tucker-type robust nec-
essary optimality conditions for the robust optimal solution of uncertain complex
fractional programming are established in both differentiable and nondifferentiable
cases, respectively. The presented necessary optimality conditions improve the corre-
sponding results in [16,17,21].

2 Preliminaries

Let C" be the n-dimensional vector space of complex numbers with inner product (-, -)
is defined by yz = (z, y) =3z forall z, y € C", where y = 3 is the conjugate
transpose of y. Denote by C™*" the set of all m x n complex matrices. The transpose,
conjugate and conjugate transpose of a matrix A = (g;;) € C"*" are denoted by
AT = (aji), A = (@) and A" = a, respectively. Set Q0 = {(z, y) € C*" : y =7},
where 7 denotes the conjugate of z € C". Clearly, Q is a closed convex cone; see, e.g.,
[11]. A matrix A is called Hermitian iff A¥ = A;itis called positive semidefinite iff all
of its eigenvalues are absolutely positive. For a complex number z = a + bi € C, we
denote the real part and the imaginary part of z by Rez = a and Imz = b, respectively.
For a polyhedral cone § = {& € CP : Re(K&) > 0} with K € C**P the dual cone of
S is defined as S* = {u € C? : Re(&, u) > 0, V& € S}. Clearly, S = S$**. A convex
subset D C S is said to be a base of the polyhedral cone S if and only if 0 ¢ clD
and S = coneD :={s : s = Ad, AL > 0, d € D}, where clD is the closure of D. In
particular, D is called a compact base of S iff it is a base of S and compact set.

In this paper, we consider the following complex fractional programming with
uncertain data:

_ Re[£(¢.n) + (zH Az)?]
min

¢ Relg(t.y) — (/B2
subjectto —h(¢,w) € S, ¢ =(2,2) € c?,

(UCFP)

where A, B € C™" are positive semidefinite Hermitian matrices, S € C? is a
polyhedral cone which is specified by K € CK*P, p e U,y € V,w € W are
uncertain parameters, the uncertain subsets U, V and W of C2™ are nonempty and
compact, f,g : C*" x C* — Cand h : C* x C* — CP are continuous
with respect to the second argument, and f (-, n), g(-, y) and h(-, w) are analytic
at each ¢ = (z,Z7) € C?*. We denote the feasible solutions set of (UCEP) by
X(w)={¢=(72€C¥: —h(, w) eS8}

If f and g are analytic with respect to the first argument, the problem (UCFP) is also
nondifferentiable when either z Az or z* Bz vanishes at some point {y = (20, zo) with
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z(';{ Azo =0or zgl Bzo = 0, because the term (z7 Az)% or (z11 Bz)% is nondifferentiable
in the neighborhood of ¢p.

Throughout this paper, we assume that foreach (¢, ) € X xU and (¢, y) € X x V,
Re[f(¢,n) + (z'Az)2] = 0 and Re[g(¢, y) — (z7 Bz)7] > 0. We adopt the robust
optimization method to deal with (UCFP) in the worst-case scenarios. The robust
counterpart of (UCFP) can be formulated as

. Re[f(Z,m) + (" A2)7]
min max I

¢ UV Re(g(s,y) — (2 B2)?] (RCEP)
subjectto — h(¢,w) € S, Ywoe W, ¢ =(z,7) € c,

The feasible solution set of (RCFP) is denoted by

F:={t=(72€C”:h( 0 ec—S, Vo W},
which is called the robust feasible set of (UCFP). Since 4 is analytic with respect to the
first argument, X () is closed for each w € W and so, F = (). X () is closed. A

point §y € F is called a robust optimal solution of (UCFP) iff it is an optimal solution
of (RCFP):

Relf(z,n) + (2" Az)1] Relf(Zo. n) + (zH Az)2]
max — > max ;
M VIEUXV Re[g(¢,y) — (zHBz)Z]  hMEUXV Re[g(Lo, y) — (zH Bz)?]

, YteF.

Observed that the problem (RCFP) is nondifferentiable if either z/ Az or z Bz van-
ishes at some point ¢y = (zo, Z0) With 16{ Azg = O or z{f Bzp = 0, since the term

(" Az)% or (z7 Bz)% is nondifferentiable in the neighborhood of &p.
We now recall some definitions and basic results which will be used in the sequel.

Definition 2.1 [27] Let & € S. The set S(&y) is defined to be the intersection of
those closed half spaces which determines S and include & in their boundaries or,
equivalently,

S(0) = {z € C” : Re(K &) = 0},

where K| € C4%P is an arbitrary submatrix of K € Ck>P and d < k.

Clearly, S € S(&y) for each & € S. In particular, S(§9) = C? when & € intS.
This implies that S*(§9) € S*, where S*(&p) is the dual cone of S(&p).

Lemma21 [20] Letn € U € C*,w € W C C*" and the mapping f(-, 1) :
C?" — C and h(-, w) : C¥ — CP be analytic at each ¢ = (z,7) € C*". Then, for
¢ = (z0.20) € C*",

F@m) = Fo.m) = fr(Go. M — o) +o(c —gol), V¢ e C™,
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1z, ®) — h(Go, ®) = hy (50, @) (& — Go) +o(E —Gol). V& €T,
where |£ — {o| means the norm of complex vector { — §o,

Z—20

£r(80. m(& = L) = (V= f (%0 n), V= (0. 1)) (z _ E)
= V. (%0, m(z — z0) + Vz.f (%0, Mz —z0) € C,

and

h (0. ©)(& = £0) = (Vzh(50, ). Veh(Zo, @) (; - Z_°>

~%
= V.h(%, w)(z — 20) + Vzh(%0, 0)(Z — Z0) € CP.

Lemma2.2 Let f(-,n) : C* — C and h(-,w) : C¥ — CP be analytic at { =
(z,2) €C™ A e C"™ " bea positive semidefinite Hermitian matrix, and n € U and
w € W be uncertain parameters. For each y € C", u € CP?, if the function

D) = £, + 27 Ay + (h(¢, w), 1)

is differentiable at ¢y = (z0, z0) € C>", then

Re[® (Z0)(¢ — ¢0)]
= Re[(z — 20, Vo f (L0, M) + V=f (0, ) + Ay + 1| V2h(Zo, @) + uf Vzh(¢o, )]

Proof Noted that (h(¢, ®), n) = " h(¢, w) = &' h(¢, w) and 7 Ay = 7T Ay. Since
@ is differentiable at ¢j, then
@' (20) = f; 0. m) + " Ay), + ' h (0. w)
= (V. f (&0, M. V=f (G0, m) + (0, Ay) + u (V-1 (20, w), Vzh(o, ).

From Definition 2.1, it follows that

¢ (6)(& ~ )
= (V2 (0. m). Y=/ (%o, n))(f‘io) + AyE —70) +((V2h (q0, @), Vzh(Go, w»(;—@), )

Z—20 — 20
= (V2 f (G0, m) + 1w V2h(2o, )z = 20) + (wT Vzh (50, @) + Ay + V2 £ (50, 1) @ — Z0)
= (2 = 20. V2T @ + 1 Veh(Go, ) + (1 Ve G, ) + Ay + V2 f o ). 2 = 7).

Forany x,y € C", (x,y)) =V x, (x, ) =G 0) =y x =000 =%y =
(y, x) and so,

Re{x,y) = Re(y, x) = Re(y, x). )]
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Therefore, one has

Re[® (£0)(¢ — )]

= Re[(z — 20, Vo f 0. m) + 1" Voh(Zo, @) + (1 Vzh(o, @) + Ay + V= f (0. 1), 2 — 20)]

= Rel(z — 20, Vo f 0. ) + 1" Vzh(Zo. @)1 + Re[(n" Vzh(Zo, 0) + Ay + V= £ (Lo, 1), 2 — 20)]
= Rel(z — 20, Vo f G0, M) + 1" Vzh(Zo, @)] + Rel(z — zo, " Vzh(Zo, ) + Ay + V= £ (S0, M)]
= Rel{z — 20, V2 £ G0, 1) + V= (G0, 1) + Ay + 11" V-1 (S0, @) + 1" Vzh (2o, o)),

where the third equality follows from (1), and Re(v + v) = Rev + Rev implies the
second and fourth equalities, v, v € C. O

Remark 2.1 If h is uncertain-free with respect to the uncertain parameter w € W, that
is, for any @, ® € W, h(¢, ®) = h(¢, ®), then Lemma 2.2 reduces to Lemma 2 of
[17].

Lemma2.3 [24] Let E € CP*", A € C"", b € C" and u € S*. Then the following
assertions are equivalent:

(a) The system

EHpL:Au—i—b, ufl Au <1,

has a solution u € C". 1
(b) IfEz € S forz € C", then Re[(z" Az)Z + b' 7] > 0.

Lemma 2.4 [25] Let & € S and i € (S(&o))*. Then Re(,uHéo) =0.

Lemma2.5 [24] Let A € C"™" and z,u € C". Then the following generalized
Schwarz inequality in complex spaces holds:

Re(z" Auy < (" A2)? (™ Ay,
and the equality holds whenever Az = AAu or 7 = Au for A > 0.

In the rest of the paper, we assume that all complex functions f, g and 4 are defined
on the linear manifold Q = {¢ = (z,7) € C** : z € C"} over the real field R, and the
robust feasible solution set F' is nonempty.

3 Nonfractional Parametric Programming Reformulation of (RCFP)
In this section, we present an equivalent nonfractional parametric programming prob-
lem of (RCFP) and establish the relationship between the optimal solution of the

nonfractional parametric programming problem and the robust optimal solution of
(UCFP).
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We introduce the following nonfractional parametric programming problem:

min max Re{[f(¢.n) + (<7 A2)2] —v[g(¢.y) — ¥ B2}, (RCFP,)
teF(n,y)eUxV

where the parameter v is defined as

Relf(¢.n) + (2HA2)1]
VEUXV Re[g(¢,y) — (zH Bz)?]

V=

Since Re[f (¢, n) + (ZHAZ)%] > 0 and Re[g(¢,y) — (ZHBZ)%] > 0 for each
(¢,n) e X xUand(¢,y) € X x V,one can conclude that v > 0. Since f (¢, -) and
g(¢, -) are continuous, and U and V are compact sets, for each { = (z,7) € F, there
exist 7 € U and y € V such that

Relf(c.i)+ A2 Relf@.m)+ (A7)
Relg(t, 7) — (" B)T] 0V Relg(¢, y1) — (" B2)?]

For the sake of brevity, for each { € Q, we set

Relf@.m)+G7A2)2] _ Relf(Cm)+ (7 A2)?) }

Y(§)={(n,y)€UxV: = T
Re[g(¢,y) — (2 Bz)z]  (myDeUXV Re[e(s, 1) — (2 B2)?]

and
Y(©) = {(n, y) €U V:Re|f@m+ AT = vRe g6 v) = "' B)?]

(1,y1)eUxV

It is easy to see that Y (¢) and Y, (¢) are compact subsets of U x V.
The next result shows the equivalence between the robust optimal solution of
(UCFP) and (RCFP,).

Theorem 3.1 (a) ¢o = (20,20) € F is a robust optimal solution of (UCFP) with
optimal value

) Relf(Go.m) + (zf Az)?] Re[f (¢, m) + (2 A2)?]
max = min max

UV Relg(to. y) — (! Bzo)2]  SSFEUXY Relg(z.y) — (zH B2)?]

v
if and only if
min  max {Re[f(s“,n)Jr(zHAz)é]—v*Re[g(Ly)—(zHBz)é]}
teF(n,y)eUxV
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=  max {Re[f(Co, 0+ Azo)?] — v* Relg (2o, y) — (ZS{BZO)%]} =0,
(n,y)eUxV

i.e., o is an optimal solution of (RCFP,) with v = v* and optimal value 0.
(b) If ¢o is a robust optimal solution of (UCFP) with optimal value v*, then Y ({y) =
Yy«(80).

Proof (a) Let ¢y = (zo, zo) be a robust optimal solution of (UCFP) with optimal value

. Relf(o.n) + zf Az)?] Relf (¢, m + " AD)?]
v max = min max .

 UXY Re[g(go, y) — (zngzo)%] CeF UV Relg(L,y) — (zH B2)?]

Then, one has

oo Relf o + Gl Az
~ Relg(co.y) — (f Bz0)?]

, VneU,yeV,

which yields that Re[ f (o, n) + (£ Az0)2] — v* Re[g(Z0, y) — (z£ Bz9)2] < O for
alln € U, y € V. Consequently, we have

. 1 . 1
min max | {Re[f(cn) + (7 A)H] - v Reee. ) - B0yt

1 « 1
<, max [Re[£ o, + (lf A20)2] = v* Re[g(Go, v) — (f/ Bz0)? ]} = 0.

Since f(-, ), g(-, y) are analytic on the closed linear manifold Q foranyn e U, y €
V, F isclosed and F C Q, we can assume that there exists ¢ = (z1,21) € F such
that

omax AR @) + G 4] v Re[g(@v) - G B2

| L l
=min max |{Re[f(G.m) + " A2)2] — 0" Re[s(z, )~ " B2 ]| <0
@)

Letusshowthat( r?az]( y [RE[f(CI, ﬁ)+(zf1AZ1)%]—v*Re[g(§l, J/)—(Z{{Bz])%]}
n,y)eux

= 0. Suppose by contradiction that

(U xV {Re[f(él, M+ @l Az)2] - v Re[g@1, v) — (ZIHBZI)%]] =0
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So, Re[ f(¢1.1) + (el Az1)?] — v*Re[g(¢1.¥) — (el Bz1)?] < O forall 5 € U,
y € V. Then

Relf(z1,m) + (z1 Az1)2] oy
UV Relg(c1,y) — (2 Bzl

which contradicts the fact that v* is the optimal value of (UCFP) at the robust optimal
solution ¢&p. This together with (2) implies that

R Hy 37 _( Hp\}
0=min max {Re[/(&.m +G"A03] v Re[s(¢. ) ~ " Bo) ]

" iUy [Re[ @o.m) + Gl 420)7] = v* Re[g G0, v) = =/ Bz0)?] .

Therefore, ¢ is an optimal solution of (RCFP,) with v = v* and optimal value 0.
Conversely, assume that g is an optimal solution of (RCFP,) with v = v* and
optimal value 0. Then, one has

sy {Re[f(é“, ) + (27 A2)7] — v*Re[g(t, y) — (ZHBZV]]

= (n’)gleagj(xv {Re[f(COv n) + (Z(I){AZO)%] — U*Re[g(é’o, y) — (Z(?BZO)%]} = 0.
3)

Since f(¢, ) and g(¢, ) are continuous, U and V are compact sets, then there exist
n1 € U and y1 € V such that

Re[ £ (o, m) + (28 Az0)?] — v*Re[g(¢0, v1) — (2 Bz0)?] = 0.
Since Re[g(Z0, y1) — (2! Bz())%] > 0, we have

S+ — Relf Go.mo) + (H Az))?]
Relg(20. 1) — (211 Bz1)?]

“)

We next show that

o RelfGom + Gl Az )

= 1_°
MUV Relg(Co, y) — (24! Bzo)?]

If (5) does not hold, then (4) implies

Relf Goom) + Gl Az
1:7)€UXV Re[g (Lo, y) — (151320)%]
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Since f(¢,-) and g(¢, -) are continuous, and U and V are compact sets, there exist
n2 € U and y» € V such that

Re[ f (%o, m2) + (2 Azo) ]
Re[g (S0, v2) — (2l BZo)z]

and so, Re[ f (o, m2) + (Z(?Azo)%] —v*Re[g(%0, v2) — (zf Bzo)Z] > 0, which con-
tradicts (3). So, (5) holds.
We claim that

_ Re[f(¢.m) + (ZHAD2]
min max 1 =0V .
§eFY)EUXV Relg(¢, y) — (2 B2)?]

If the above equality does not hold, then (5) implies that

. Relf(c.m)+ (HAD1]
min max 1 <V .
(P U=V Re[g (¢, y) — (zH B2)?]

Since f(-,n) and g(-, y) are analytic on the closed linear manifold Q for any n €
U,y € V,and F C Q is closed, we can assume that there exists ¢, € F such that

Re[f(;z,n>+(z§’Azz>%] Relf(c.m) + M A
max <90V .

= mm
NEUXY Relg(ty, y) — (H Bzp)2]  ESFMEUXV Relg(z, y) — (:H B2)?]

This implies that

Relg($2,7) — (z Bzz)Z]

1
So, Re[f(¢a. 1) + (4 Az2)*] — v*Re[g(&2. ¥) — (24 Bz2)?] < O forall (1, y) €
U x V. This together with the continuity of f and g and compactness of U and V
yields that

max  Re[ £ (62, 1) + (zF Az2) 21— v*Re[g(¢2, ) — (24 Bz2)?] < 0,
(n,y)eUxV

which contradicts that

. 1 . 1
CeF el xV [Re[£@.m + @ A2)2] = v*Re[sc.y) - " B2} =0.
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Consequently, we have

1
. Relf(¢.n) + (1 Az)?] Rel f (50, m) + (zH Azp)?]
vV = min max = max T
CEFMNEUXY Relg(c,y) — HB)2]  VEUXV Relg(gy, y) — (zf Bzo)?]

So, ¢ = (z0,z0) € F is the robust optimal solution of (UCFP) with optimal value
v,
(b) It directly follows from (a) that Y (¢o) = Yy=(&o)- O

Remark 3.1 If f and g are perturbed by the same uncertain parameter, / is uncertain-
free and U = V, then Theorem 4.5 reduces Theorem 1 in [16, p. 233]. Moreover,
if A= B = 0,U = V and & is uncertain-free, then Theorem 4.5 reduces Lemma
2.2 in [21, p. 177]. In particular, if f, g and h are uncertain-free, f and g are also
continuous and real-valued functions, A = B = 0 and F is a compact and connected
subset of R?", then the Dinkelbach’s result [10, Theorem, p.494] can be recovered
from Theorem 3.1 (a).

4 Robust Necessary Optimality Conditions of (UCFP)

In this section, we study the Fritz John-type/Karush—Kuhn—Tucker-type robust nec-
essary optimality conditions for the robust optimal solution of (UCFP) in both
differentiable and nondifferentiable cases.

We first give the Fritz John-type robust necessary optimality conditions for the
robust optimal solution of (UCFP) in the differentiable case.

Theorem 4.1 Let o = (z20,20) € F be a robust optimal solution of (UCFP) with
optimal value v*, z(lfAzO > 0 and zngzO > 0. Then there exist (&,D € Ri \ {0},
e S* iy, iy € C"and ® € W such that

a {[sz(é“o, M+ Vzf(Go. M] — v*[ V.80, ¥) + Vzg(%0. V)] + Aily + v*Bﬁz}

+ (A VR @ + (D" Veh (50, 3)) =0, (©)

Re(h(¢0.@).I@) =0, aflAay =1, 4B, =1, @)
H r Hgn H L Hpn

Re(zy Azo)? = Re(zy Ait1), Re(zg Bzo)? = Re(zy Bi). )

Proof 1t follows from Theorem 3.1 (a) that ¢y = (z0,z0) € F is an optimal solution
of (RCFP,) with v = v* and optimal value 0. Foreachn € U,y € Vandw € W,
f(,n),g(,y)and h(-, w) are analytic at each ¢ = (z,7) € Q, and A, B are positive
semidefinite Hermitian matrices; we deduce that for each u € S*, Re[f (-, n) +
(ZHAZ)%] — v*Re[g(,y) — (ZHBZ)%] and Re(h(-, w), u) are analytic at {y. We
observe that

{eF < max  Re(h({, o), pn) <0 & max  Re(h(¢, o), u) <0,
(w,n)eW xS* (0,n)eW xSy
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where S7 = {u € §* : |u| < 1}. So, (RCFP,) with v = v* is equivalent to the
following optimization problem:

min max  Re{[f(¢.n) + &7 A2)?] — v*[g(C. y) — (" B2)21),
¢ (my)eUxV

subject to, ¥(¢) <0, ¢ =(z,7) € C*,

&)

where ¥ (¢) = MaXx (g ;)eW xS Re(h(¢, w), u). Since h is analytic on Q with respect
to the first argument, and W and S} are nonempty compact sets, for each { € Q,
there exists (w, u) € W x S} such that ¥ (¢) = Re(h(¢, ), u), ¥ is differentiable
at ¢ € Q and so,

V') = pn V(@ ) + p VR (G @), (10)
We define the generalized Lagrangian function of the problem (9) as follows:

L o )=a max  [Re[f(t.n) + (7 A2)2] — v*Relg(t.y) — (H B2 1} + 19(0),
(n,y)eUxV

where ¢ = (z,2) € C?, o > 0and! > 0. Since U and V are compact, for each
¢ € F,thereexist n € U and y € V such that

L(¢. o) = aRe[f(£.n) + (z A2)T] — v*Re[g(¢. ) — ' B2)2] + 1y (¢).

Since ¢y = (20, zo) € F is an optimal solution of (RCFP,) with v = v*i Lo is also an
optimal solution of (9). This together with (10) yields that there exist (&, [) € Ri_ \ {0},
neU,yeV,oeWandu € S§ € S* such that

&|[VeT G + Vaf o, ] = v [Veg (o, 7) + Veg (o, 7] + ——— + ——— |
(Az0,20)2  (Bz0.20)2

+(®) V.1 (o, @) + (D Vzh (5o, D)

= &{[sz(é“o, M + Vzf (G0, W] — v* V80, 7) + Vzg (%0, P)] +

Az v*Bz
o, 0 }

1
(Azo,20)2  (Bzo,20)2

+ AT VhGo, @) + 77 Voo, @)

- _ ~ B .

= &{[sz(fojﬂ + sz(fo,ﬁ)] — v*m_’_ Vzg(fo, }/)] + 20 : + V" bz }

(Azo0,20)2  (Bzo,20)2
+1y'(20)

=0

and Re(h(Zo,®),I) = [Re(h(¢o, @), 1) = I¥(co) = 0. Since z/Azg =

(Az0, z0) > Oandz}/ Bzo = (Bzo, z0) > 0, wesetil] = —— andfi, = —X

(Az0.,z0) 2 (Bz0.20) 2
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Then, it shows that

&{[—vz F(@0. 1 + Vz£ (60. D] = v*[Vzg(0. V) + Vzg o, V)] + Adiy + v*Bﬁz}
+Im) "V (2o, @) + () V=h(zo, @) = 0.
Moreover, we have

HA H
N 20 0 Bzo
uf{Aul = =1, ugBu = =1,

(zf Azp)2 (z{f'Azo)2 (z¥ Bzo)? (z(’;’Bzo)2

H
. z Azo 1
Re(zf! Ainy) = Re(zfl A——"—1) = Re( 22 ) = Re(aff Az0)7,

(Azo, z0)? (zf Azp)2
Z(I)iBzo H 1
and Re(zH Biy) = ( B 1) - Re(—l) = Re(zl Bz)?. as
(Bz0,20) 2 (z4 Bzo)2
required. O

Remark 4.1 (a) In Theorem 4.1, & € S* and >0 imply fﬁ € S* since S* is a closed
and convex cone. So, Theorem 4.1 implies that there exist (&,D € Ri \ {0},

ﬁ:fﬁe S* iy, ilp € C" and ® € W such that

& {[VeT @0 + Y2/ o D] = v [Veg (G0, 7) + V=g G0, )] + ity + v* Biia

+ /i V:h (G0, @) + iVzh (5, @) = 0, (1)
Re(h(Zo, @), i) =0, affAdy =1, a¥Ba, =1, (12)
Re(z{ Azo)2 = Re(z{! Aiiy), Re(z{ Bzo)2 = Re(zf Bit). (13)

(b) Since 0 € S7 € S§*, foreach { € F, (w,0) € W x S} is a trivial solution of the

problem: ¥ (¢) = max Re(h(¢,w), u) = 0, that is, W x {0} C wg_l(O),
(w,u)eWxSi‘
where
v'0) = {(a), i) €W x S Re(h(¢, @), i) = max *Re(h(g“,a)),u)}.
(0,n)eW xS]

If ¢ ¢ F, then there exist u € S*, w € W such that Re(h(¢, w), ) > 0 due
to § = (8§%)*. This yields that ¥ (£) = max(,, wewxs: Re(h(¢, ®), u) > 0.1In
Theorem 4.1, ift =0and & = 0, then one can easﬂy check that (6)—(8) still
hold for all [ > 0. In this case, for any [ > 0, (@, 1) = 0, @ and [ also satisfy
(11)=(13), where i = I]z.

In order to avoid the trivial case (&, j1) = 0, let us analyze the set 1//{ ! 0).

G) If 1//51(0) = W x {0} for each ¢ € F, then for each ¢ = (z,7) € C?",

max Re(h(¢,w), nu) <0, Ve SP\ {0}
we
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It implies F = Q, i.e., (UCFP), (RCFP,) with v = v* and the optimization
problem (9) are unconstrained. Then, there existad = 1,71 = 0and iy, i1, € C"
such that for each > 0, € W, o= iﬁ = 0 € S*, and the robust necessary
optimality conditions (11)—(13) hold.

(ii) If there exists { € F such that W;_ l(O) £ W x {0}, then, there exists [t €
S7\ {0} such that max,ew Re(h(¢, w), it) = 0. In particular, if all conditions
of Theorem 4.1 hold and 1/f{_01(0) # W x {0}, then there exist ® € W and a

nonzero [t € S§ S §* such that for (&,D IS Ri \ {0} given in Theorem 4.1,
(@, it) € Ry x §)\ {0}, where it = /1.

The following Fritz John-type robust necessary optimality conditions for the robust
optimal solution of (UCFP) can be obtained directly from Theorem 4.1 and Remark
4.1(b)(i1).

Theorem 4.2 Let ¢y = (z0,20) € F be a robust optimal solution of (UCFP) with
optimal value v*, W;_OI(O) #= W x {0}, z{){AzO > 0 and zéfBz() > 0. Then there exist

weW, i, i e C"and (&, ,TI) € (Ry x 8%\ {0} such that

& | [Vef Co ) + V21 0. 0] = v [VegGo. 7) + Vag (G0, P)] + Aty +v* Bitz

+ 11 V2h(Go, @) + ¥ Vzh (20, @) = 0, (14)
Re(h(¢0. @), [2) =0, af Ady =1, 05 By =1, (15)
Re(zH L H g~ H - H A

e(zg Az0)2 = Re(zg Ait1), Re(zg Bzo)? = Re(zq Biip). (16)

We next present another Fritz John-type robust necessary optimality conditions for
the robust optimal solution of (UCFP) when S* has a compact base.

Theorem 4.3 Let ¢y = (z0,20) € F be a robust optimal solution of (UCFP) with
optimal value v*, S* have a compact base, and let 161 Azo > 0 and z(l)i Bzg > 0. Then
there exist w € W, iiy, uy € C" and (&, ﬁ) € (Ry x 8§*)\ {0} such that (14)—(16)
hold.

Proof Since S* has a compact base, we assume that & is a compact base of S*. Then

teF & max Re(h(¢,w),u) <0 & max  Re(h(¢, w), u) <0.
(w, 1) €W x §* (0, ))EWXD

Consequently, (RCFP,) with v = v* is equivalent to the following optimization prob-
lem:

min max_ Re([f(¢.n) + (7 A2)2] — v*[g(¢, y) — (7 B2},
¢ (my)eUxVv (17)

subject to (¢) <0, ¢ =(z,7) € C*,

where ¢(¢) = max, yewxg Re(h(¢, w), u). Since f, g and h are analytic on Q
with respect to the first argument, and U, V, W and 2 are nonempty compact sets,
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for each ¢ € Q, there exist n; € U, y; € V and (w, n) € W x Z such that

Rellf (¢, n) + @A) 2] — v [g(C. v1) — F B2z ]}

= max  Re{[f(¢.n) + T ADI] — v g y) — B,
(n,y)eUxV

1
9(¢) = Re(h(;, @), ) and so, max  Re{[f (¢, n) + (27 A2)7] — v*[g(¢. y) —
(n,y)eUxV
"B z)%]} and ¢(¢) are differentiable at ¢ € Q. Moreover, one has
Tewy — T 177 o Hy_
¥ (&) =p V:h(§, @)+ n" Vzh(¢, o). (18)
Since ¢y = (z0, Z0) € F is an optimal solution of (RCFP,) with v = v*, ¢y is also an

optimal solution of (17). This together with (18) yields that there exist (&, ) ) € Ri \{0},
nelU,yeV,ocWand € 2 C S* such that

N A *B
| [VeT @0 + V2 o, ] = v*[Veg @, 7) + Vag(Go, )] + ——— + ———]

(Az0,20)?  (Bz0,720)?
+(I) "V h (o, @) + ()T Vzh(20, @) = 0

and Re(h(¢o. @), [fi) = [Re(h((0. @), 1) = lp(gp) = 0. Since i € 2 and 7
is a compact base of S*, then it # 0. Using (@,[) € R%r \ {0} yields (&, lix) €

Ry x $¥)\ {0}. Set &t := i1, i) = —=© + and i1 = —C—. By the similar
(Az0,20) 2 (Bz0,20) 2
proof of Theorem 4.1, one can conclude that (14)—(16) hold. O

We now introduce the robust constraint qualification.

Definition 4.1 The problem (UCFP) satisfies the robust constraint qualification
(shortly, RCQ) at ¢y = (zo, zo) if and only if for any nonzero u € §* c C” and
forany w € W,

Re(hy (20, @) (¢ — 40). ) # 0. £ # L.

It is easy to verify that if (UCFP) satisfies RCQ at ¢y, then
1 Vh(Go, @) + 1 Vh(Go, ) #£0, Ve S\ {0}, w e W,

and for any w € W, "V, h(¢o, ) + u V=h(z, w) = 0 implies . = 0.

If Re[g(¢,y) — (2 Bz)%] = 1 and 4 is uncertain-free with respect to the uncer-
tain parameter w € W, then RCQ reduces to the constraint qualification defined by
Definition 3 in [17].

It is known that the RCQ corresponds to quasinormality condition [14] is weaker
than Mangasarian—Fromovitz constraint qualification as well as positively linearly
independent constraint qualification in nonlinear programming.
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IfS = Rf: and h : R" — RP? is differentiable and uncertain-free, then RCQ
reduces to the following positively linearly independent constraint qualification (in
short, PLICQ): For a feasible point zg € R” with h(zg) = 0, there exists no nonzero
= (i, k2, ..., np) € RE such that )0 1iVh;(z0) = 0.

For a feasible point z9 € R", RCQ is slightly weaker than the following quasi-
normality condition: There exist no nonzero u = (@1, 2, ..., itp) € Ri and no
sequence {zx} — zo such that Y7, ;i Vh;(zo) = 0 and for all k, p;h;(zx) > O for
all i with u; # 0.

We present the Karush—Kuhn—Tucker-type robust necessary optimality conditions
for (UCFP) by using RCQ.

Theorem 4.4 Let o = (z0,z0) € F be a robust optimal solution of (UCFP) with
optimal value v*. Assume that (UCFP) satisfies RCQ at o with z(I)i Azo > 0 and
z(’f Bzo > 0. Ifl/fg_ol (0) # W x {0} or S* has a compact base, then there exist [t € S,
iy, 12 € C" and w € W such that

[Vof o) + V= ©Go. M] — v*[ V2820, ) + Vzg(Lo. )] + Aily + v*Biia

+ A V21 (8o, @) + ¥ Vzh (20, @) = 0, (19)
Re(h (%o, ®), ) =0, (20)
af Ady =1, alBi, =1, 21

1 ~ 1 A
Re(zl Az0)2 = Re(zl Aity), Re(zl Bzo)? = Re(z{! Bit). (22)

Proof 1t follows from Theorems 4.2 and 4.3 that there exist (&, ;l) € (R4 x S%)\ {0},
iy, iy € C" and @ € W such that (21), (22) hold and

& | [VaF @0 + Vaf Go. D] = v [V2g (@, 7) + Vzg(Go. 7)) + Aty +v* Bi |
+i V1 (&, @) + i Vzh (5, @) = 0, (23)

and Re(h (o, w), 1) = 0.
If & = 0in (23), then

iV (g0, @) + A Vzh(go, @) = 0. (24)

Since (UCFP) satisfies RCQ at ¢p, then (24) implies & = 0, which contradicts the fact
that (&, i) € Ry x $*)\ {0}. So, & > 0. Divided both the sides of equation (23) by

@ and set [t = & € §*, we have

[Vof 0. + Vzf (o, M] — v*[V:8(¢0. ) + V280, V)] + Aily + v*Bilp
+1"V.h(Co, @) + 77 Vzh(2o, @) = 0,

and Re(h(Zy, ®), 1) = éRe(h(;o, ), it) = 0. Consequently, (19) and (20) hold. O

We next give another form of Karush—-Kuhn—Tucker-type robust necessary opti-
mality conditions for (UCFP) by using RCQ.
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Theorem 4.5 Let £y = (z0,z0) € F be a robust optimal solution of (UCFP) with
optimal value v*. Assume that (UCFP) satisfies RCQ at o with z(l)i Azo > 0 and

zé’ Bzo > 0. Ifwg‘ol (0) £ W x {0} or S* has a compact base, then there exist [t € S*,
i1, ip € C", @ € W and a positive integer k such that

() (.7 € Y (o) i = 1,2,k A
(i) there exist multipliers L;j > O fori = 1,2, ...,k with ZLI Xi = 1 such that

k
Z {[Ve7Go. ) + Vaf co. )] = v [Veg o 700 + Vag o, 7]}

+ (At + v Bita) + (2T VG0, @) + 7¥Vzh(c0. @) =0, (25)
Re(h(gy, @), 1) = 0, (26)
Al Aty =1, Re(zl Azg)? = Re(z Ainy), @7)
0 Biiy =1, Re(z!'Bz0)? = Re(z!! Biiy). (28)

Proof 1t follows from Theorem 3.1 that ¢y = (20, Z0) € F is an optimal solution of
(RCFP,) with v = v* and optimal value 0, and Y,+({y9) = Y (o). For each n € U,
yeVadweW, f(-,n), g(-, y) and h(-, w) are analytic at each ¢ = (z,2) € O,
and A, B are positive definite Hermitian matrices; we deduce that for a nonzero vector
i€ S*, Re(h(-, @), i) and Re[ f (-, n) + (z" Az) 7] — v*Relg (-, ) — (z" Bz) 7] are
analytic at . As in the proof of Theorem 4.1, we conclude from the compactness of U
and V and Remark 4.1 (b)(ii) that for the robust optimal solution ¢{y = (z0,z0) € F,
there exist (&, i) € R4 x SN\ {0}, @ EW, iy, iy € C" and a positive integer k
with (i, ;) € Yy (20), N >0anle 1A =1,i=1,2,..., ksuch that

k
Z { [Vef Qo 1) + V2 f (5o, )] — v¥[ V2 (G0, %) + Vzg (S0, V)] + Aity +v*Bﬁz}

+ (fﬁvzh@o, &) + i Veh (@0, @) = 0.

Re(h(Zo, ®), i) = 0 and (27) and (28) hold.

Since Yy+(§0) = Y (%0), we have (i, ¥i) € Y(%0), i = 1,2,..., k. Since (UCFP)
satisfies RCQ at £, as in the proof of Theorem 4.4, we have &@ > 0. Set it = & € §*.
Then

k
Z { [V.f (o 1) + V= £ o, )] — v*[ V280, %) + Vzg (%o, f/?)]}
YAl + v Bii + (ﬁTVZh(gO, ) + i V=h(Co, a)) —0
and Re(h(¢y, @), 1) = ;};Re(h({o, ), it) = 0, namely, (25) and (26) are true. O
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Remark 4.2 Generally, the multipliers ;& € S* corresponding to the constrained condi-
tions are not necessary to be nonzero. In Theorem 4.5, we do not require the multiplier
corresponding to constrained function / to be a nonzero &t € S*. So, Theorem 4.5
is distinct from Theorem 3.1 in [21, p.177] even if f, g are perturbed by the same
uncertain parameter, /2 is uncertain-free, A = B = 0 and U = V, and Theorem 2
in [16, p. 234] even though f, g are perturbed by the same uncertain parameter, &
is uncertain-free and U = V. Moreover, if & is uncertain-free with respect to the

uncertain parameter @ € W and Re[g(¢, y) — (ZHBz)%] = 1, then Theorem 4.5 is
different from Theorem 1 in [17, p. 1207].

We consider the robust necessary optimality conditions for the robust optimal solu-
tion &y of (UCFP) when (Azo, zo) = 0 or (Bzo, 20) = 0, i.e., (Az, 7)? or (Bz,2)? is
nondifferentiable at z = zo. By the compactness of Y (o), one can verify that Theorem
4.5 (a) and (b) are satisfied. Let (77;, 7;) € Y (o), A >0,i=1,2,... kbe the same
as in Theorem 4.5. Since W is a nonempty and compact set, there exists @ € W such
that

max Re(h(;“o,w) INES max max Re(h(o, w), u) = max  Re(h(5o, w), w).
JLE weW pnesy (0, ) eW xSY

H
Set v* = min max M Motivated by the works [16,17,27], we
§EeF (n,y)eUxV Re[g(z )—GH B2

introduce a subset Z(Zy) € C2" as follows:

Z(&o) = {g“ eQ: —h; (o, @)¢ € S(—h(&o, w)), if any one of (c1), (c2) and (c3) holds},

where the conditions (c1), (c2) and (c3) are defined as:

(Az0,20) 2

(1) Red 002 Ail £y (G0, ) — v¥g, (S0, PIE + —A20E 4 (v*)? Bz, 2)2 } < 0,if

z{){AzO > 0 and 20 Bz() =0;

(€2) Re) S5y ilf{(Co. ) — v*g;(Go. TDIE + (Az.2)? + <””‘BZ°’Z>} < 0, if

1
(Bz0.20) 2

2 1 Azo = 0 and 2y 1By > 0;
~ b~ 1 .
(3) Red Sy Ailf, (G0, ) — v*g, (20, 7IE + ([A + (v*)zB]z,z>2} < 0, if
AzO = 0 and z HBzg =0.

We next present Karush—Kuhn—-Tucker-type robust necessary optimality conditions
for (UCFP) without the assumptions (Azg, zo) > 0, (Bzo, zo) > 0 as well as the
assumptions that w;o 1(0) # W x {0} and S* has a compact base.

Theorem 4.6 Let ¢y = (z0,z0) € F be a robust optimal solution of (UCFP) with
optimal value v*. Assume that (UCFP) satisfies RCQ at ¢y and Z(¢y) = 0. Then there
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exist L € S*, i1, il € CP such that

k
>3 [V T Go i) + Vaf Go. ] — v [Veg o, 70) + Vag o, 7]}
i=1

+ Afly + v*Biiy + 1 V:h (30, ) + 27 Vzh(20. @) = 0, (29)
Re(h(¢o, @), 1) =0, (30)
Ay <1, Re(zf Az0)? = Re(zf! Adiy), (31)
¥ Biy <1, Re(z!'Bzo)? = Re(zt! Biny). (32)

Proof Observe that (Az,z) = Az = ¢HAc = (AC,¢), (Bz,z) = "Bz =
¢H Bt = (B¢, £), where ¢ = (z,7) € C* and

- A0 2nx2n D B0 2nx2n
A—<00>€(C , B= 00 eC .

We split the proof into three cases.
(D) If z(I)iAz() > 0 and z(l)iBzO = 0, then we deduce from Z({y) = ¢ that for

¢ =(z,2) € C" and —h, (50, ®)¢ € S(—h(%, @),

k
I\ ! o ! - (AZ07 Z) 1

ke {Zkf [fc (G0, 1) = V"8 (o, m)]; + T 4+ (V) Bz, 2)? } >0,

i=1 (Azo, 20)2
It can be equivalently reformulated as

- XCO 1

Re !ZM [f;(é“o, ) —v*g, (%o, Vi) + —1]4“ + ((v*)*B, C)Z} > 0.
i=1 (Azo, 20)2

(33)

Note that —h(fp,w) € S. By Lemma 2.4, it implies that there exists @& €
S*(—h (%o, @)) such that —Re(h(fo, ®), 1) = Re(m™ (—h(to,®))) = 0 and so,
Re{h(fy, @), ) = 0. Hence, we conclude from S*(—h(¢o, )) € S* that @ € §*
and

max  Re(h(fo,w), u) = max  Re(h(%o,w), u) = Re(h(Lo, ), 1) = 0.
(w,n)eW xS* (w,n)eW xSy
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Set E = —h, (40, @), b = Y j_ b [f;@o, ) — v*g, (G0, i) + —20— } z=¢,
(Az0,20)2

A = (v*)2§ in Lemma 2.3. It follows from Lemma 2.3(a) that theré exists £ =
(o, @) € C?" such that o (v*)2Ba = £ (v*)2B& < 1, and

b e H _ k . n
(—=h (0. @)t = (v")* B + (Z [f;((o ) — v*g; (. m+§°D.

(Azo, z0)2

(34)

Set ii; = v*a. Then (34) implies that

ok (Az)"
<_Vzh(§0, a)ﬁ) _ v Buz + Zl 1 I:V f({Oa Th) v Vzg@o yl):l + <AZOZ,OZO>%
—Vzh(, w)i S A [sz(lo, i) — v*Vzg (%o, )7?)]

and so,
- (Azp)"!
v*Bilg + Y A [sz(Co, ni) — v*Vzg (o, 171')] + ————— + Vi, @) =0,
i=1 (Az0, 20)2
(35
k
>4 [Ver Go ) — v VG0, )| + Veh G, )t = 0. (36)
i=1
Clearly, (36) can be equivalently expressed as
k
> i [Vaf o, 1) — v*Vzg (G0, 70)] + Vzh(Zo, D)TE = 0. (37)

i=1

Since A e C™ " is positive semideﬁnite Hermitian matrix, we have (Azo)? = Zé’ A.
Due to z; HAzo > 0, setii] = . So, (29) is obtained by summing (35) and

(37). By the same proof as in (27) (31) can be obtained.
Owing to i, = v* oz and o (v¥)2Ba < 1, we obtain ft Bii; < 1. It follows
from Lemma 2.5 and 25 Hp-, = 0 that for u € C", Re(z(l)'IBu) = Re(uHBz()) <

(zO BZ0)2 (uHBu)2 = 0. Taking u = Bzp in the above equality, one has
Re[(Bzo)™ Bzo]l = Re(Bzp, Bzg) < 0 and so, Bzgp = 0. Since B is positive
semidefinite Hermitian matrix, then zé’ B = (Bzo)" = 0. It therefore shows that
Re(zngzo)Z Re(z Buz) =0.

It 16{ Azo = 0 and z; M Bzo > 0, then the desired results can be deduced by the
similar argument as in the proof of case (1), and so, it is omitted.

3)If zé’ Azo = 0 and z; " Bzp = 0, then by the similar argument as in the proof of
[16, Theorem 3, pp. 235-237], one can obtain the desired results. Altogether, (29)—(32)
hold. O
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Remark 4.3 Generally, the multipliers ;& € S* corresponding to the constrained condi-
tions are not necessary to be nonzero. In Theorem 4.6, we do not require the multiplier
corresponding to constrained function % to be a nonzero & € S*. So, Theorem 4.6
is distinct from Theorem 3 in [16, p. 235] when f, g are perturbed by the same
uncertain parameter, /2 is uncertain-free and U = V, and Theorem 6 in [17, p.
1207] when A is uncertain-free with respect to the uncertain parameter ® € W and

Relg(t.y) — (M B2)2] = 1.

In particular, if we set k = 1 in Theorem 4.6, then the following robust necessary
optimality conditions for (UCFP) holds.

Corollary 4.1 Let ¢y = (20,20) € F be a robust optimal solution of (UCFP) with
optimal value v*. Assume that (UCFP) satisfies RCQ at £y and Z(Ly) = @. Then there
existit € S*, i1, € CP, e U,y € Vand ® € W such that

[Vofo. ) + Vzf (o, M] — v*[V28(20. ) + V280, V)]
+ Afly + v Biiy + 1 V:h (G, @) + 1 Vzh(50, @) = 0,
Re(h(¢0. @), 1) =0, aff Ady <1, 25 Biiy < 1,

1 ~ 1 ~
Re(zé’AzO)f = Re(z(l)iAm), Re(zéiBzO)Z = Re(zg]Buz).

5 Conclusions

A complex fractional programming with uncertain data is studied by the robust
optimization method. The robust counterpart of (UCFP) is introduced, and then, a min-
imax nonfractional parametric programming reformation for the robust counterpart
is presented. The equivalence between the optimal solutions of the robust counter-
part and one of the minimax nonfractional parametric programming is also derived.
Fritz John-type robust necessary optimality conditions for the robust optimal solution
¢o of (UCFP) are established under the assumption that $* has a compact base or,
1/;{0 L0) # W x {0}. By the RCQ, Karush—-Kuhn—Tucker-type robust necessary opti-
mality conditions for the robust optimal solution ¢g of (UCFP) are also obtained under
some suitable assumptions. The presented necessary optimality conditions improve
the corresponding results in [16,17,21].

For the future research, it is interesting to investigate the robust sufficient optimality
conditions, duality, stability, robust radius and algorithm of (UCFP) by the necessary
optimality conditions presented in this paper. It is well known that a cone has a base
if and only if its strict dual cone or the quasi-interior of its dual cone is nonempty.
However, there are no sufficient conditions for ensuring a cone having a compact base.
So, it is also deserved to study the sufficient conditions for a cone having a compact
base.
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