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Abstract

This article introduces the Generalized Minimum Branch Vertices problem. Given an
undirected graph, where the set of vertices is partitioned into clusters, the Generalized
Minimum Branch Vertices problem consists of finding a tree spanning exactly one
vertex for each cluster and having the minimum number of branch vertices, namely
vertices with degree greater than two. When each cluster is a singleton, the problem
reduces to the well-known Minimum Branch Vertices problem, which is NP-hard. We
show some properties that any feasible solution to the problem has to satisfy. Some
of these properties can be used to determine useless vertices or edges, which can be
removed to reduce the size of the instances. We propose an integer linear programming
formulation for the problem, we derive the dimension of the polytope, we study the
trivial inequalities and introduce two new classes of valid inequalities, that are proved
to be facet-defining.
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1 Introduction

In this paper, we introduce the Generalized Minimum Branch Vertices (GMBYV) prob-
lem: given an undirected graph G = (V, E), where V is partitioned into clusters
Vi, ..., Vi, the aim is determining a connected subgraph spanning exactly one vertex
for each cluster, and with the minimum number of branch vertices, namely vertices
with degree greater than two. The GMBYV problem is NP-hard, and indeed when each
cluster is a singleton, it reduces to the Minimum Branch Vertices (MBV) problem.
The MBV problem was introduced by Gargano et al. [1]. Carrabs et al. [2] proposed
four mathematical formulations, while Silvestri et al. [3] derived some valid inequal-
ities and proposed a hybrid formulation with both undirected and directed variables,
which was solved through a branch and cut algorithm. Landete et al. [4] investigated
decomposition methods for degree dependent spanning tree problems. Merabet et al.
[5] proposed a generalization of the MBV problem, introducing the definition of k-
branch vertex, a vertex with degree greater than k + 2. Furthermore, in [6], it is showed
that, given a connected graph with n vertices and minimum degree at least equal to
(ﬁ + o(l))n, with s > 1, then there exists in the graph a spanning tree having at
most s branch vertices.

The GMBYV problem arises in the context of optical networks. When designing
Metropolitan Area Network (MAN), we need to interconnect several Local Area Net-
work (LAN), by selecting a hub for each LAN, and then connecting hubs through
transmission links. If more than two links entering a hub are chosen, the optical signal
has to be split using a dedicated network device, a switch. Then, the minimization of
the number of switches in the network is required to minimize the costs. This prob-
lem can be modelled as a GMBV problem, where each LAN is a cluster, each hub
is a vertex and hubs, where a switch is deployed, are branch vertices. Notice that, in
location problems, hubs are facilities, that serve as transhipment and switching point
to consolidate flows at certain locations for transportation, airline, and postal systems
so they are vital elements of such networks. Here, with the word “hub”, we refer to
one of the most simple network devices used as a connection point for devices in a
network. Basically, it is a simple repeater because it repeats the signal that comes in
one of its ports out all other ports. To the best of our knowledge, the GMBYV problem
has never been introduced before. However, in the literature, the generalized version of
other network design problems have been extensively studied. Feremans et al. [7] pro-
vided a definition of the Generalized Network Design Problem, as a problem defined
over clustered graph and where the feasibility conditions are expressed in terms of
the clusters. Myung et al. [8] introduced the Generalized Minimum Spanning Tree
problem, and Feremans et al. [9] proposed several mathematical formulations for it.
Moreover in [10], they developed new valid inequalities and designed a Branch and
Cut algorithm. Fischetti et al. [11] conducted a polyhedral analysis for the Generalized
Travelling Salesman Problem, and in [12], they proposed a Branch and Cut algorithm.
Other applications in the optical networks with clustered graphs arise in the wavelength
routing and assignment problem ([13] and [14]), Partition Graph Coloring problem
([15,16] and [17]), and Bandwidth Allocation problems ([18]).

@ Springer



358 Journal of Optimization Theory and Applications (2021) 188:356-377

V, V, V, V,

Vi Vi
V3 \£

(a) (b)
Fig.1 a A graph G with five clusters. b A gst of G with one branch vertex

The remainder of the paper is organized as follows. In Sect. 2, we introduce the
definition of the problem and some notations. In Sect. 3, we propose an integer linear
programming formulation for the GMBYV problem. Section 4 reports some properties
about clustered graphs. In Sect. 5, we derive the dimension of the polytope, and we
studied the trivial inequalities and introduce two new classes of valid inequalities, that
are proved to be facet-defining. Conclusions are given in Sect. 6. Finally, in Appendix,
we prove some facetal results regarding the polytope of the MBV problem, that are
necessary for the proof of some propositions in Sect. 5.

2 Definition of the Problem and Notation

Let G = (V, E) be an undirected graph, where V is the set of vertices, and E is the set
of edges. We denote by n the number of vertices, and by m the number of edges in G.
Moreover, G is clustered, which means that V is partitioned into & clusters, Vi, ..., Vi;
see Fig. la. A generalized spanning tree (gst) of G is a subgraph G = (Vr, ET) of
G,such that Grisatreeand [Vr NV;| = 1,foranyi = 1,...,k. Avertex v € Vr
is a branch vertex if its degree is greater than two in Gr. The Generalized Minimum
Branch Vertices (GMBV) problem, consists of finding a gst in G, with the minimum
number of branch vertices. Since exactly one vertex for each cluster can be selected,
from now on we assume that G does not contain any edge within any cluster. Let us
consider the graph G shown in Fig. 1a. An optimal solution to the GMBYV problem in
G is the tree in Fig. 1b, having only one branch vertex.

3 Mathematical Formulation

The GMBYV problem can be formulated as an integer linear program (ILP) as follows.
The binary variables are:

— X, Ve € E,isequal to 1 if e is selected, and O otherwise;

— Yy, YU € V,isequal to 1 if v is selected, and O otherwise;
— Zy, Yv € V,isequal to 1 if v is a branch vertex, and 0 otherwise.

@ Springer



Journal of Optimization Theory and Applications (2021) 188:356-377 359

Given E’ € E and V' C V, we use the notations x(E') = ),z X, and y(V') =
Y peyr Y. For S, T C V, we define

ES:T)={{u,v}e E:ueS,veT}.

E(S) = E(S : S) is the set of the edges having both extremes in S. We denote by
3(S) = E(S : V\ S) the set of edges incident to vertices in S, and by N(S) = {v €
VAS: HHu,v} € §(5),u € S}. When S = {v}, §({v}) and N({v}) become §(v)
and N (v) respectively, and we denote by d(v) the cardinality of 6(v). Let us denote
by KC the set of indices of the clusters, L = {1, ..., k}. Given S € V, we define
w(S) = |{i € £ :V; C S}, that is the number of clusters included in S. Given a
vertex v € V, we denote by /(v) the index of the cluster containing v, and then by
Vi(v) the cluster containing v. Finally, given a subset of vertices V' C V, we denote by
G[V'] = (V’/, E(V")), the subgraph induced by V'. When V' = {ay, ..., a;}, instead
of G[{ay, ..., a}], we use simply Glay, ..., a].

The ILP formulation is the following:

Minimize z = Z Zv (D

veV

subject to

x(E)=k—1 )
y(Vi)=1 iek 3
X(E(S)) = y(S) -1 SCV:S|=2,u(S)>0 4
x(8(v) =2y < (d(v) —2)zy veV (5
xe € {0, 1} ecE (6)
v € {0, 1} veV (1)
zv € {0, 1} veV (8

The objective function (1) minimizes the number of branch vertices. Constraint (2)
requires that the number of selected edges coincides with the number of clusters minus
one. Constraints (3) guarantee that exactly a vertex is selected for each cluster. Con-
straints (4) are the Generalized Subtour Elimination Constraints (GSECs), introduced
in [10]. Constraints (5) ensure that a selected vertex v is a branch vertex if at least
three edges in §(v) are selected. The objective function forces variables z, to zero
when x(6(v)) < 2 holds.

It is worth noting two particular cases of the GSECs:

x(E({v}: Vi) < w iel,veV\(WUV) (9
x(8(v) = y veV (10)

Constraints (9) are obtained from constraints (4), when S = V; U {v}, while (10) are
obtained choosing § = V \ {v}. Let us note that constraints (9) ensure that y, is equal
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to 1 if at least one edge incident to v is selected, while constraints (10) ensure that y,
is equal to O if no edge in §(v) is selected.

4 Properties of the Clustered Graphs

In this section, we show some properties that any feasible solution to the GMBV
problem satisfies. Some of these properties can be used to determine useless vertices
or edges since they do not belong to any feasible solution. These elements could be
identified and removed to reduce the size of the graph. Moreover, they will be used in
Sect. 5 to obtain some polyhedral results about the GMBYV polytope.

4.1 v-Connection

Definition 4.1 Given a vertex v € V, G is v-connected if there exist vertices a; €
Vi, ..., ax € Vi, with ap) = v, such that Glay, . . ., ax] is connected.

Given the graph G = (V, E), shown in Fig. 2a, it is easy to see that it is v{-connected
since the subgraph G[vy, v4, v5, vg] is connected (see Fig. 2b). On the contrary, G is
not vy-connected, because neither G[v;, v3, vs, vg] nor G[va, v4, V5, Vg] is connected.
If the subgraph Glay, ..., ax] is not connected, let us denote by c(ay, ..., ai) the
number of connected components of Glay, ..., ai]. Then, we define

¢y =min{c(ay,...,ax) :ar € Vi,...,ar € Vi, app) = v,

Glay, ..., ar] is not connected}.

For example, in the graph shown in Fig. 2a, it results that c(va, v3, vs, vg) =
= c(v2, v4, V5, V6) = 2, then ¢, = 2.

Remark 4.1 If each cluster is a singleton, given a vertex v € V, G is v-connected if
and only if G is connected.

Indeed, since each cluster is a singleton, we have that V| = {a1}, ..., Vi = {ax}, and
Glay, ...,ar] = G. Therefore, the v-connection is an extension of the connection
property to clustered graphs.

Lemma 4.1 Given a vertex v € V, G is v-connected, if and only if there exists a
feasible solution to the GMBYV problem containing v.

Proof 1f G is v-connected, there exista; € Vi, ..., ax € Vi, with ajp) = v, such that
Glay, ..., ar] is connected. Therefore, there exists a gst G in Glay, ..., ai], thatis
a feasible solution to the GMBYV problem containing v.

On the contrary, let G be a gst containing v. The subgraph induced by the vertices
in Gt is connected, and then G is v-connected. O

Thanks to Lemma 4.1 it is possible to identify in G vertices that are useless because
they do not belong to any feasible solution. To this end, for any v € V, we have to
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Fig. 2 a A graph G, such that G is vi-connected, but not vy-connected. b A connected subgraph
Glv1, v4, vs, v6]

Fig.3 A v-connected (dotted V,

line) and u-connected (dashed
line) graph, such that the edge
{u, v} does not belong to any _

Vs
feasible solution .

check if G is v-connected and, if this condition does not hold, v can be removed from
G. In what follows, we assume that G is v-connected, for any v € V, to guarantee
that any vertex may belong to a feasible solution to the GMBYV problem. It is worth
noting that in G there could be useless edges too. Indeed, given an edge {u, v} € E,
even if G is both u-connected and v-connected, it may not be contained in any feasible
solution, as shown by the following remark:

Remark 4.2 Given anedge e = {u, v} € E, evenif G is u-connected and v-connected,
this does not imply that there exists a feasible solution to the GMBV problem in G,
containing e.

Let us consider the graph shown in Fig. 3: it is u-connected and v-connected. It is easy
to see that edge {u, v} cannot belong to any feasible solution, since the contemporary
selection of u and v does not allow to reach cluster V3.

Given 1 <[ < k and {ay,...,a;} C V, with h(ay) # h(ax) # ... # h(a;), we
denote by G(ay, ..., a;) the subgraph of G obtained by removing all vertices in Vj,;),
except for a;, fori = 1,...,[. Thus,

Gay,...,a)) = GV \ (Vi@ap \{atB} \ (Vi \ a1} \ -\ Vi \ {ar}}]

Lemma 4.2 Given an edge e = {u, v} € E, G(u) is v-connected, if and only if there
exists a feasible solution to the GMBYV problem in G containing e.
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Fig.4 A graph G, such that
vertex vy is a generalized cut
vertex

Proof Since G (u) is v-connected, there exist a; € Vi, ..., ax € Vi, with ap) = v,
suchthat Glay, ..., ax]is connected. Moreover, Vj,(,) in G (1) is a singleton containing
only vertex u, thus ay(,) = u. Therefore, in Glay, ..., ai] there exists a gst, G7 =

(Vr, ET), spanning u and v. If edge e belongs to E7, the lemma is proved. Otherwise,
we can build a new gst, G = (Vr, E7), where E/. = E7 U {e} \ {¢/}, with ¢’ one of
the edges in E7 belonging to the cycle generated by the introduction of e in Gr.

On the contrary, if there exists a gst, Gt = (Vr, E7), in G containing edge e, then
Gr is a connected subgraph containing u and v, and this implies that G(u) is v-
connected. O

4.2 Generalized Cut Vertex

In this section, we extend the notion of cut vertices to clustered graphs, where a cut
vertex is a vertex whose removal disconnects the graph.

Definition 4.2 A vertex v € V is a generalized cut vertex in G, if there exists a vertex
u € N(v), such that G[V \ Vj 1] is not u-connected.

In the graph depicted in Fig. 4, v; is a generalized cut vertex, and indeed
it results that G[V \ Vj(y,)] is not u-connected for any u € N(vy), with
N(vy) = {v3, v4, vg, v7}. If v is a generalized cut vertex, let us denote by c(v) =
min{c, : u € N(),G[V \ Vju@lisnotu-connected}. In the previous exam-
ple, we have that c(vi) = min{cy,, cy,, Cvg, Cv; )}, Where ¢y, = e = 3, ¢y =
min{c(v4, vs, v7), c(v4, Ve, v7)} = 2, and ¢, = 2. Therefore, c(vy) = 2.

Remark 4.3 If each cluster is a singleton, a generalized cut vertex is exactly a cut
vertex.

Lemma 4.3 Givenavertexv € V,if G[V\Vj)]is notu-connected, foranyu € N (v),
and c(v) > 3, thenv is a branchvertex in every GMBYV feasible solution which contains
v.

Proof Let us suppose that G[V \ Vj,] is not u-connected, for any u € N(v), and
c(v) > 3. Whenever in cluster Vj,(,) we select v, to guarantee connectivity, we have
to select at least three edges in 6 (v). Therefore, v is a branch vertex in every feasible
solution which contains v. O
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Lemma 4.4 [favertexv € V isnota generalized cut vertex, then there exists a feasible
solution to the GMBYV problem containing v, and exactly one edge incident on v.

Proof Since v is not a generalized cut vertex, for any u € N(v), G[V \ Vju] is
u-connected. W.l.o.g., let us assume Vj ) = Vi. According to the definition, there
existay € Va,...,ar € Vi, with apy = u, such that Glay, ..., ar] is connected.
Therefore, there is a spanning tree G7, = (V7,, Er,) in Glaz, ..., ai], that is a
gst in G[V \ Vj)] containing u. Finally, if we consider G = (Vr, Er), where
Vr = Vr,U{v}and Er = E7, U{u, v}, itis a feasible solution to the GMBYV problem
in G, containing v and exactly one edge in § (v). O

Notice that, if v € V is not a generalized cut vertex, we have at least d(v) feasible
solutions to the GMBYV problem containing v, and exactly one edge incident on it, one
for each edge in §(v).

Lemma 4.5 If there are no generalized cut vertices in G, then there exists a feasible
solution to the GMBYV problem containing v, and at least two edges in §(v), for any
veV.

Proof Since G does not contain any generalized cut vertex, d(v) > 2 for any v € V.
Given v € V, let us consider u € N(v). Since u is not a generalized cut vertex,
according to Lemma 4.4, there exists a feasible solution to the GMBYV problem, G,
containing u and exactly one edge in (). In more detail, let us assume that {u, v}
belongs to G7. Therefore, G contains {u, v} and at least another edge incident on v,
and thus it is a feasible solution to the GMBYV problem containing v, and with at least
two edges belonging to §(v). O

5 Polyhedral Analysis
Let us denote by P(G) the polytope described by the constraints (2)—(8), that is:
P(G) = conv{(x, y,z) € REITWVI: (x 'y, 7) satisfies (2) — (8)}. (11)

In this section, we examine some properties of the polytope P (G). To assure that each
vertex could be a branch vertex in a GMBYV solution, we assume that k > 4 and N (v)
contains at least three vertices belonging to three different clusters, for any v € V.
Let us consider the set W = {v € V : |V} | = 1}, containing vertices which belong
to clusters that are singletons. We denote by t = |V \ W|, and by s the number of
clusters that are not singletons, namely s = |{i € K : |V;| > 1}|. We assume that:

(A1) G does not contain any generalized cut vertex;

(A2) ift > 0, there exist S C S» C ... C S;—y C V, with u(S;) =0and |S;| =i,
foranyi =1,...,t — s, such that G[V \ S;] does not contain any generalized
cut vertex.

Let us consider the graph G = (V, E) shown in Fig. 5. Here we have, k = 4,t =6
and s = 3. G satisfies assumption (A1). Moreover, it satisfies assumption (A2), with
S1 = {v1}, $2 = {v1, v4} and S35 = {vy, v4, v7}.
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Fig.5 A graph G = (V, E),
withk =4,t =6ands = 3,
satisfying assumptions (A1) and
(A2)

Let us introduce some results, which were proposed by [11] for the Generalized
Travelling Salesman problem, and here they are adapted to the GMBYV problem.

Definition 5.1 Let ax < By + yz + § be a valid inequality for P(G). We denote
by H(«, B, v, §), the face of P(G) induced by x < By + yz + 8. Given a vertex
v € V\ W, the v-restriction of ax < By 4 yz 4+ § is the inequality obtained through
the deletion of the variables y,, z, and x,, for all e € §(v).

Lemma 5.1 Given a valid inequality ax < By + yz + 6, foranyv € V\ W, the
dimension of H(a, B, v, 8) is greater than or equal to the sum of the following quan-
tities:
(i) the dimension of the face of the polytope P(G[V \ {v}]) induced by the v-
restriction of ax < By + yz +6;
(ii) the rank of the matrix containing the coordinates of the extreme points of
H(w, B, v, 8) with y, = 1, restricted to yy, z, and x., for any e € §(v).

Proof Let us consider the matrix X, where each row is an extreme point of the face
H(a, B, y, 6). Let us note that, since the polytope does not contain the origin, the
dimension of H(«, B, ¥, 8) is the rank of X minus 1. Given v € V \ W, matrix X can
be partitioned in this way:

X11 0 00
X=|X21 X210
X31 X311

The last two columns are associated with variables y, and z,, respectively, while

X . . .
the submatrix |: X221| contains variables x,, with e € §(v). It results that rank X >
32

X210
Xpll1)
the face of P(G[V \ {v}]), induced by the v-restriction of a«x < By 4+ yz + 4. O

rank X1 + rank where rank Xj1 minus 1 is exactly the dimension of

Given V' C V, we represent V' by its characteristic vector, vWoe B", with "X =1
if v e V/, and vl‘)/ " = 0 otherwise. Analogously, given E’ C E, let xE' c B™ be its
characteristic vector, with f, =1lifee E',andx f, = 0 otherwise. Moreover, we
denote by 0 and 1, the vectors of all zeros and all ones, respectively.
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Proposition 5.1 If (Al) and (A2) hold, then dim(P(G)) =m +2n — k — 1.

Proof Inequality dim(P(G)) < m + 2n — k — 1 is trivial, and indeed constraints (2)
and (3) are valid for P(G), and they are linearly independent. We show the inverse
inequality by induction on ¢#. We recall that t = |V \ W/, namely ¢ is the number
of vertices which belong to clusters that are not singletons. When ¢t = 0, the GMBV
problem reduces to the MBV problem and the claim is true (see [3]). Let us assume that
the claim holds for ¢, we prove it for 7+ 1. Since t > 0, then there exists at least a vertex
v € V\ W. According to Lemma 5.1, given the valid inequality 0 < 0, dim(P(G)) >
X210
X311
choose v € V' \ W such that G[V \ {v}] satisfies the same conditions as G. Thus, from
the induction hypothesis, it follows that rank Xy1 = |E \ §(v)| + 2|V \ {v}| — k — 1.
X210
X311
the columns associated to y,, z, and x,, e € §(v), of the incidence vectors of GMBV
solutions containing vertex v. We have to exhibit d (v) 42 incidence vectors belonging
to P(G), such that, when restricted to y,, z, and x., e € §(v), are linearly independent.
Due to assumption (A1) and Lemma 4.4, for any u € N(v), there exists a gst Gru =
(Vru, E7u), such that y, = 1, x(, = 1, and x(6(v)) = 1. Therefore, for any
u € N@), (@Ere yVrv 1 \ pvh belongs to P(G), and matrix X3, is the identity
matrix Iqcv). Moreover, (x Ere yVre 1), with u € N(v), belongs to P(G) too. Due
to Lemma 4.5, there exists a gst Gr = (Vr, E7), with y, = 1 and x(6§(v)) > 1.
Thus, (£7, vV7, 1) belongs to P(G). Introducing in the matrix the incidence vectors
of these solutions, we have:

rank Xi1 + rank :| Furthermore, assumption (A2) implies that we can

Therefore, we need to show that rank = d(v) 4+ 2. This matrix contains

Liw) 10
B‘(”i?]z 1000...0 11
32 1...10...011
The rows of this matrix are linearly independent, and thus its rank is d (v) + 2. O

Lemma 5.2 Given a valid inequality ax < By + yz + 6 inducing a proper face of
P(G), if there exists a vertex v € V \ W such that:

(i) P(G[V \ {v})) satisfies assumptions (Al) and (A2);
(ii) the v-restriction of this inequality is facet-defining for P(G[V \ {v}]);
(iii) there are d(v)+2 incidence vectors of GMBYV solutions containing v and belong-
ing to H(w, B, v, 8), such that their restriction to x., e € §(v), y, and z,, are
linearly independent;

then, ax < By + yz 4 8 is facet-defining for P(G).
Proof Inequality ax < By + yz + 8 induces a proper face of P(G), then

dim(H(a, B,y,8)) < m + 2n — k — 2. Therefore, we have to prove the inverse
inequality. From Lemma 5.1 follows that

. . o X210
dim(H(a, B,y,68)) > dim(v — restriction) + rank |:X32 1 1i| .
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Hypothesis (ii) implies that the v-restriction of the inequality is a facet of P(G[V \
{v}D, then, for the Proposition 5.1 it results that dim(v — restriction) =
=|E\S()|+2|V\{v}|] —k—2=m+42n —k —d() — 4. Moreover, Hypothe-

sis 2 implies that rank fg; } (1) = d(v) + 2. Therefore, we have that

dim(H(a, B,y,8) >m+2n—k—dw) —4+dv)+2=m+2n—k—2. 0O

Lemma 5.3 Given a valid inequality ax < By + yz + 8 inducing a proper face of
P(G), if there exists a vertex v € V \ W such that:

(i) P(G[V \ {v}]) satisfies assumptions (Al) and (A2);
(ii) the v-restriction of this inequality is trivial;
(iii) there are d(v)+ 1 incidence vectors of GMBYV solutions containing v and belong-
ing to H(w, B, y, 8), such that their restriction to x., e € §(v), y, and z,, are
linearly independent;

then, ax < By + yz + ¢ is facet-defining for P (G).
Proof The proof of this lemma is almost the same as the one of Lemma 5.2. O

Remark 5.1 Inequality x, > 0,¢ € E,isafacetof P(G) if G\ {e} satisfies assumptions
(A1) and (A2).

Proof From Proposition 5.1 follows that dim(P(G \ {e})) = m — 1 +2n —k — 1.
Thus, in P(G) there exist m + 2n — k — 1 affinely independent incidence vectors
which satisfy x, > 0 with equality. O

Remark 5.2 Given e = {u, v} € E, inequality x, < 1 is a facet of P(G), if and only
ifu,veWw.

Proof 1t is easy to see that, when u (respectively v) does not belong to W, inequality
Xe < 11is dominated by x(E({u} : Vi) < yu (respectively, x (E({v} : Viw))) <
Vy). We show the converse by induction on ¢. If t = 0, we reduce to the MBV problem
and the claim is true. We now assume that the result holds for ¢, and we show its
validity for r 4+ 1. Given that t > 0, there exists a vertex w € V \ W, such that
the graph G[V \ {w}] satisfies (A1) and (A2). Thanks to the induction hypothesis,
the first request of Lemma 5.2 is satisfied, and to complete the proof it remains to
exhibit d(w) + 2 GMBYV solutions, such that y,, = 1, x, = 1, and the restrictions of
their incidence vectors to yy, 2y and x ¢, with f € 6(w), are linearly independent.
Since w is not a generalized cut vertex in G, for any w € N (w), there exists a gst
Grio = (Vypa, Ega) in G, such that y,, = 1 and x(§(w)) = 1. Furthermore, since
both u and v belong to W, it is always possible to choose a subgraph G4, such that
e € Egi. Therefore, (mEr7, vV 1\ v{*)) belongs to P(G), for any w € N(w),
and satisfies x, < 1 to equality. Moreover, (mEro vV 1) belongs to P(G) too.
Finally, from Lemma 4.5 follows that there exists a GMBYV solution Gt = (Vr, ET),
such that y,, = 1 and x(6(w)) > 1. We can always choose a subgraph G such that
e € Er. Thus (mf7,vV7 1) belongs to P(G). Obviously, the restrictions of these
GMBYV solutions to y,, 2y and x ¢, with f € §(w), are d(w) + 2 linearly independent
vectors satisfying y,, = 1 and x, = 1. O
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Remark 5.3 1. Inequality y, > 0, v € V, is not facet-defining for P(G).
2. Inequality y, < 1, v € V, is not facet-defining for P(G).

Proof 1. Inequality y, > 0 is not facet-defining for P(G), and indeed we have that
the face P(G) N {(x, y,z) : y» = 0} is properly contained in the proper face
P(G)N{(x,y,2): x(E{v}:V;)) =0}, for any i # h(v).

2. The inequality y, < 1, v € V, does not define a facet of P(G), because of the
constraints (3).

O

Remark 5.4 Inequality z, < 1, v € V, is a facet of P(G), if assumption (A2) holds
for S1,...,S(—s C V\ {v}.

Proof We prove the proposition by induction on 7. When ¢t = 0, all clusters are
singleton, so the GMBYV problem reduces to the MBV problem, and the claim is true.
Let us assume that the claim holds for ¢, we prove it for # 4+ 1. Since ¢ > 0, then there
isavertexu € V\ W, withu # v, such that G[V \ {u}] satisfies assumptions (A1) and
(A2). By the induction hypothesis, the first request of Lemma 5.2 is satisfied. If we
prove that the second hypothesis of Lemma 5.2 is satisfied too, we are done. To this
end, we exhibit d(u) + 2 GMBYV solutions containing u, satisfying z, = 1, and such
that the restrictions of their incidence vectors to y,, z,, and x,, e € §(u), are linearly
independent. By Lemma 4.4, for any w € N (u), there exists a gst Grw = (Vrw, ETw)
in G, with y, = 1 and x(8(u)) = 1. The vector (z£ V7" 1\ v!}) belongs to
P(G) and satisfies z, = 1, forany w € N (u). Furthermore, (£7" vV 1) € P(G)
too. By Lemma 4.5, there exists a GMBYV solution Gy = (Vr, Er) having y, = 1
and x(8(u)) > 1, thus (m£7, v¥7 1) belongs to P(G). These are d(u) + 2 GMBV
solutions, which contain u, satisfy z, = 1, and such that their restriction to the variables
associated to u gives rise to a full rank matrix. O

Remark 5.5 Inequality z,, > 0, v € V, is a facet of P(G) if

1. G[V \ {v}] satisfies assumptions (A1) and (A2);
2. w(N(@)) > 1.

Proof We distinguish two cases:

— v € W: we prove the assert by induction on ¢. For ¢ = 0, each cluster is a singleton,
and thus the GMBYV problem reduces to the MBV problem and the claim is true.
Let us assume that the claim is true for ¢, we prove it for ¢ + 1. Since ¢ > 0, there
exists u € V \ W, such that the graph G[V \ {u}] satisfies (A1) and (A2). Let us
note that u # v, since v € W. Therefore, by the induction hypothesis, the first
request of Lemma 5.2 holds, and to complete the proof, we have to exhibit d (1) +2
GMBYV solutions, satisfying y, = 1 and z, = 0, such that the restrictions of their
incidence vectors to yy, 7, and x,, with e € §(u), are linearly independent. Given
w € N(u), w # v, thanks to Hypothesis 1, there exists a gst Gjv = (Vjuw, Efu)
in G[V \ {v}], such that y, = 1, x{,,») = 1 and x(§(u)) = 1. To obtain a gst in G,
it is sufficient to add an edge connecting v to a vertex in V7, and this can always
be done thanks to Hypothesis 2, which ensures that there exists i € K\ {/(«)} such
that V; € N(v). Therefore, Gyv = (Vyw, E7w), where Vzv = V7, U {v} and
Erv = Ef, U{e}, withe € 6(v) N§(V;),is agstin G. There are two possibilities:
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— Ifv ¢ N(u),then (mEr  vV7* 1\p!*-"}) belongs to P(G) and satisfies z, = 0,
for any w € N (u). Therefore, these are d (1) GMBYV solutions containing u.

— On the contrary, if v € N(u), (mfrv, vVt 1\ vV for any w # v,
are d(u) — 1 GMBYV solutions. Furthermore, let us consider the graph
GTU,/ = (VT,,,/, ETwr), with V.., = Viw U {v} and E;y = Efy U {u, v},
where (V7. , Efu) is a gst in G[V \ {v}], for a given w’ € N(u) \ {v}, such
that y, = 1 and x(6(u#)) = 1. This is a GMBYV solution containing two edges
in §(u) and satisfying z, = 0.

Thus, in both cases, we have built d(z) GMBV solutions containing u# and
satisfying z, = 0. The remaining two are the followings: one is that repre-
sented by (zfr*,vVr* 1\ v¥}), for a given w € N(u) \ {v}; the other one
is (mEr,wV7, 1\ »!)), where V7 = V7 U (v}, Er = E; U{e}, e € §(v) N8(V;),
and (V7, E7) is a gst in G[V \ {v}] having y, = 1 and x(§(u)) > 1. It is easy
to see that these d(u) + 2 GMBYV solutions are such that their restrictions to the
variables related to u are linearly independent.

—v e V\ W:Since v ¢ W, then we can apply Lemma 5.3. The v-restriction of
Zp > 0 is the trivial inequality O > 0. Therefore, to complete the proof it remains
to exhibit d(v) + 1 feasible solutions to the GMBYV problem, satisfying y, = 1
and z, = 0, such that the restrictions of their incidence vectors to y,, z, and
Xe, With e € §(v), are linearly independent. For any u € N(v), there exists a
gst Gru = (Vyu, E7v) in G, such that x(§(v)) = 1 and z, = 0. Therefore,
(mEre vVre 1\ v{"}) belongs to P(G) for any u € N(v). Furthermore, given
u € N),let Gru = (Vyu, E7v) be a gst in G having x(§(v)) = 1 = x({u, v}).
Since (N (v)) > 1, then there exist e € E7« and f € 6(v) \ {u, v}, such that
Gr = (Vr, ET), where Vr = Vyu and ET = E7« U {f} \ {e}, is a gst satisfying
x(8(v)) = 2. Therefore, (r£7, vV7 1\ p{¥}) belongs to P(G) and satisfies z, = 0.
It is straightforward to verify that, the restrictions of the incidence vectors of these
d(v) + 1 GMBYV solutions to the variables related to v, are linearly independent.

]

Proposition5.2 Givenk € K andv € V \ (W U Vi), x(E({v}: Vk)) < y, is a facet
of P(G) if

1. G[V \ {v}] satisfies assumptions (Al) and (A2);
2. G[V \ Vi] does not contain any generalized cut vertex.

Proof We assume that E({v} : Vi) # @, otherwise x(E({v} : V%)) < y, reduces to
yv > 0.

To prove this proposition we use Lemma 5.3. The v-restriction of the inequality
x(E({v} : Vk)) < y,isthetrivial inequality O < 0. Thus, it remains to exhibitd(v) + 1
feasible solutions to the GMBYV problem, satisfying y, = 1 and x(E({v} : V})) = y,
such that the restrictions of their incidence vectors to y,, z, and x,., with e € §(v),
are linearly independent. G[V \ V] does not contain any generalized cut vertex,
then given u € N(v) \ Vi, there exists a gst G = (Vju, E7u) in G[V \ Vi,
such that x(§(v)) = 1. Thus, for any e = {v, w} € E({v} : V), it results that
Grue = (Vyue, ETue), where Vyue = Vi, U{w} and Eque = E7, U {e},is a gst in
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G.Itis easy to see that, (zr £ vV7¢ 1\ v!"}) belongsto P(G) foranyu € N (v)\ Vi,
and for any e € E({v} : Vj), satisfying x(E({v} : Vk)) = y,. These solutions are
d) — |E({v} : Vi)DIE{v} : V)|, but only d(v) — 1 of them are such that the
restrictions of their incidence vectors to the variables related to v are linearly inde-
pendent. Furthermore, given u € N (v) \ Vi and e € E({v} : Vi), (mEree wVree 1)
belongs to P(G) and satisfies x (E ({v} : Vk)) = y,.Finally, givenu € N(v)\ Vi, there
exists a gst G5 = (V5, E7) in G[V \ V], such that x(6(v)) > 1. Therefore, given
e = {v,w} € E({v} : Vi), itresults that Gge = (V7e, ETe), where Ve = Vi U {w}
and Ete = E; U {e}, is a gst in G, such that (JIETE, pVre 1) belongs to P(G) and
satisfies x (E ({v} : Vi) = yy. O

Proposition 5.3 Given v € V, inequality x(§(v)) > yy is a facet of P(G) if

1. G[V \ {v}] satisfies assumptions (Al) and (A2);
2. w(N()) > 1.

Proof We distinguish two cases:

— v € W:in this case inequality x(§(v)) > y, becomes x(6(v)) > 1. We prove the
proposition in this case by induction on . For t = 0, the GMBV problem reduces
to the MBV problem and the claim is true (see Proposition A.1 in Appendix). Let
us assume that the claim is true for ¢, we prove it for ¢t + 1. Since ¢ > 0, there
exists u € V \ W, with u # v, such that the graph G[V \ {u}] satisfies (A1) and
(A2). To complete the proof, we have to exhibit d(u) + 2 feasible solutions to the
GMBYV problem, satisfying y, = 1 and x(8(v)) = 1, such that the restrictions of
their incidence vectors to y,, z, and x., with e € §(u), are linearly independent. It
is easy to see that the d(«) +2 GMBY solutions that we have built in point 5 of the
proof of Proposition 5.5, satisfy x(§(v)) > 1 with equality, and their restrictions
to the variables related to u are linearly independent.

— v € V\ W: we can apply Lemma 5.3. The v-restriction of x(§(v)) > y, is the
trivial inequality O > 0. For any u € N (v), there exists a gst Gru = (Vru, E7u) in
G such that x (8(v)) = 1. Therefore, it results that ( 7, vV7* 1\ v{"}) belongs to
P(G) and satisfies x (6 (v)) = yy, forany u € N (v). Furthermore, givenu € N (v),
(Ere Ve 1) belongs to P(G) too. It is easy to see that, the restrictions of the
incidence vectors of these d(v) + 1 solutions to the variables related to v are
linearly independent.

O
We now introduce a new family of valid inequalities, which strengthen con-
straints (5). Given v € V and H € N(v), we introduce the following function
ag : K\ {h(v)} — {0, 1}, suchthat oy (i) = 1 if H N V; # @, and O otherwise. Fur-
thermore, we denote by dy(v) = ZieK\{h(v)} ay (i), the number of clusters whose

intersection with H is non-empty. When H = N (v), instead of d 1 (v), we use simply
d(v). Obviously, d(v) < d(v), and when V = W, we have that d(v) = d(v), for any
veV.

Proposition 5.4 Given v € V, inequality
x(3(v)) — 2y < (d(v) = 2)zy (12)
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is valid for P(G).

Proof Let us note that, given v € V, x(8§(v)) < d (v) holds, and indeed it can be
selected at most one edge going from v to a vertex in N(v) N V;, forany i € K \
{h(v)}. Therefore, inequality (12) ensures that whenever at least three edges in §(v)
are selected, then v is a branch vertex. O

It is easy to see that inequalities (12) are stronger than constraints (5).

Proposition 5.5 Given v € V, inequality x(§(v)) —2 < d@) — 2)zy is a facet of
P(G)if
1. G[V \ {v}] satisfies assumptions (Al) and (A2);
2. w(N(@)) > 2;
3. ifve V\W, there exists uy, ..., Uy € N(), with h(uy) # h(up) = ... #
* h(ug(v)), such that G(uq, ..., ”J(v)) is v-connected.

Proof We need to face two cases:

— v € W: we prove the result by induction on ¢. For t = 0, each cluster is a singleton,
and thus the GMBYV problem reduces to the MBV problem and the claim is true
(see Proposition A.2 in Appendix). Let us assume that the claim is true for 7, we
prove it for ¢ + 1. Given ¢ > 0, there exists a vertex u € V \ W, with u # v, such
that the graph G[V \ {u}] satisfies (A1) and (A2). Thus, by the induction hypoth-
esis, the first request of Lemma 5.2 holds. It remains to exhibit d(u) + 2 feasible
solutions to the GMBYV problem, such that y, = 1 and x(§(v)) —2 = (d(v)—2)zy
is satisfied, for which the restrictions of their incidence vectors to y,, z,, and x,,
with e € §(u), are linearly independent.

Thanks to Hyphotesis 1, given w € N(u), w # v, there exists a gst
Givw = (Vju, Efw) in G[V \ {v}], such that y, = 1, x{, w} = 1 and x (6 (u)) = 1.
To obtain a feasible solution in G satisfying x(8(v)) — 2 =

= (d(v) — 2)zy, it is sufficient to add two edges connecting v to two vertices in
V7w, and this can always be done thanks to Hypothesis 2, which ensures that there
exists i, j € K\ {A(u)}, such that V;, V; € N(v). We distinguish two cases:

—ifv ¢ N(M), then for any w € N(u), GTw = (VTw, ETw) is a gst in G
satisfying y, = 1, x(6(#)) = 1 and x(§(v)) — 2 = (d(v) — 2)zy, where
Vrw = Vi Ulo), Ere = EzuUle, fI\(g)e € 8@)N8(Vi), f € 8)N3(V))
and g € E. \ {u, w}. Therefore, for any w € N (u), (mErv, pVrv 1\ ple-vh
belongs to P(G) and satisfies inequality (12) with equality;

—if v € N(u), we have that d(u) — 1 GMBYV solutions, one for each
w € N(u) \ {v}. Another one GMBYV solution is the following: given w’ €
N(u) and a gst (Viw, Efw) in G[V \ {v}] for which x(§(u)) = 1, let
us consider Grw = Vw, Epu), where V.., = Viw U {v} and Erw =
Ezw U {{u, v}, e} \ {f}, with e € 8(v) and f € Ej,. Thus, vector
( Epw yVro' 1 \ v} belongs to P(G) and satisfies inequality (12) with
equality;

Therefore, in both cases, we have d(u) GMBYV solutions containing u# and sat-
isfying x(6(v)) — 2 = (d(v) — 2)zy, and indeed x(§(v)) is always equal to
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two. The remaining two solutions are the followings: One is that represented by
(mEre yVre 1\ v}, for a given w € N (u), and the other one is (w7, v"7, 1\
vV, where Gr = (V7 U {v}, E7 U e, £} \ {g}), with G7 = (V7, E7) a gst in
G[V \{v}lhaving y, = 1,x(6(u)) > 1,e, f € §(v) and g € E;. These solutions
are such that their restrictions to the variables related to u are linearly independent.
—v € V \ W: we prove the result by applying Lemma 5.3. The v-restriction
of x(8(v)) — 2y, < (d(v) — 2)zy is the trivial inequality 0 < 0. It remains
then to exhibit d(v) + 1 feasible solutions to the GMBYV problem, satisfying
yy = 1 and x(8(v)) — 2y, = (d(v) — 2)z,, such that the restrictions of their
incidence vectors to y,, z, and x., with e € §(v), are linearly independent. For
any u € N(v), there exists a gst G. = (Vju, E74) in G, such that x(5(v)) = 1.
Since Hypothesis 2 holds, then there existe € §(v) \ {u, v} and f € E., such that
Gru = (Vyu, Eru) = (Viu, E7u U {e} \ {f}) is a gst in G, containing v and sat-
isfying x(6(v)) = 2. Therefore, for any u € N(v), (Ere Ve \ plvh belongs
to P(G) and satisfies with equality x(5(v)) — 2y, < (d(v) — 2)z,. Furthermore,
since (N (v)) > 3, it is always possible to choose e € §(v) in such a way that
the restrictions of the incidence vectors of these d(v) solutions are linearly inde-
pendent. Finally, thanks to Hypothesis 3, there exists a gst G = (Vr, ET) in G
containing dw) edges in 6 (v). Thus, (& Er _yVr 1) belongs to P(G) and satisfies
x(6(w)) — 2y, = (d(v) — 2)z,. It is easy to see that the restriction of this GMBV
solution to the variables related to v, is linearly independent of the previous ones.

m}

We now present a new family of valid inequalities, which is a generalization of inequal-
ities (12).

Proposition 5.6 Givenv € V and H C N(v), with LZH (v) > 3, inequality

X(E({v} : H)) = 2yy < (dn (v) = D)z (13)
is valid for P(G).
Proof This inequality is derived from (12) and it ensures that, whenever at least three
edges belonging to E({v} : H) are selected, then v is a branch vertex. O

Proposition 5.7 Given v € V and H C N (v), with dy (v) > 3, inequality x(E ({v} :
H)) = 2yy < (dp(v) = 2)zy is a facet of P(G) if

1. foranyi € K \ {h(v)} such that H N\ V; # @, then |H N V;| = |[N(@) N V;|;

2. G[V \ {v}] satisfies assumptions (Al) and (A2);

3. w(H) > 2;
4. ifv e V\ W, there exist uy, co UG ) € H, with h(uy) # h(uz) # ... #
#* h(uJH(v)), such that G(uq, ..., “JH(u)) is v-connected.

Proof 1t is easy to see that, if there exists j € K \ {h(v)} such that H NV; # @ and
[H N V| # [N(v) N Vj|, then inequality x(E({v} : H)) — 2y, < (du(v) — 2)zy
is dominated by inequality x(E({v} : H U H")) — 2y, < (dg(v) — 2)zy, where

H =N nNV,.
The proof of this result is almost the same as the one of Proposition 5.5, and indeed
inequality (13) is a generalization of (12). m|
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6 Conclusions

We have provided a formulation for the Generalized Minimum Branch Vertices prob-
lem, and we have introduced several properties characterizing any feasible solution
to the problem, some of which could be used to reduce the size of the graph. Further-
more, we have derived the dimension of the polytope, studied the trivial inequalities,
introduced two new families of valid inequalities, and we have proved that they are
facet-defining. Finally, we have proved some facetal results regarding the polytope of
the MBV problem too. Future research directions will require the development of a
Branch and Cut algorithm, that implements the facets proposed in this paper.

Data Availability Statement Data sharing not applicable to this article as no datasets were generated or
analyzed during the current study.

Appendix

In this Appendix, we prove three results about the Minimum Branch Vertices Problem,
which are used in the proof of Propositions 5.3, 5.5 and 5.7.

Let G = (V, E) be an undirected connected graph, having n = |V| vertices and
m = |E| edges. The Minimum Branch Vertices (MBV) problem consists of finding a
spanning tree 7' of G, with the minimum number of branch vertices. The MBV problem
can be formulated as an integer linear program (ILP) as follows. For any e € E, let
X, be a binary variable equal to 1, if e is selected, and 0 otherwise. Moreover, for any
v € V, let z, be a binary variable equal to 1, if v is a branch vertex, and 0 otherwise.
The ILP formulation is the following:

Minimize z = sz (14)

veV

subject to

x(E)y=n-—1 (15)
X(E@S) <[S]—1 SCcV:IS|=3 (16)
x(B(v) =2 < (dW) —2)zy veV (17
xe € {0, 1} ecE (18)
zy € {0, 1} veV (19)

The objective function (14) minimizes the total number of branch vertices. Constraint
(15) ensures that the number of selected edges is equal to the number of vertices
minus 1. Constraints (16) are the classical Subtour Elimination Constraints. Finally,
inequalities (17) ensure that a vertex v is a branch vertex, whenever at least three edges
in 8 (v) are selected.

Let us denote by P (G) the polytope described by the constraints (15)—(19), that is:

P(G) = convi{(x, z) € REFIVI: (x, 7) satisfies (15) — (19)}. (20)
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Silvestri et al. [3] studied the facial structure of P(G). They showed that, if G is
2-connected, namely it does not contain any cut vertex, then the affine hull of P(G)
is the following:

aff(P(G)) = {(x,2) e REEFIVI: x(E)y =n — 1}

As a consequence, if G is 2-connected, then the dimension of P(G) isn +m — 1.
Moreover, they proved that, if G is 2-connected, then y, < 1,v € V,and x, < 1,
e € E, are facets of P(G). Finally, they showed that, given v € V, if also G \ {v} is
2-connected, then y, > 0 is facet-defining. To prove the polyhedral results we use the
following theorem (see Theorem 3.6 of Nemhauser and Wolsey [19]).

Theorem A.1 Let (A=, b=) be the equality set of S € RX, where A= is a matrix of
dimension m' x n' and b= has dimension m’, and let F = {x € S : mx = 7} be a
proper face of S. The following two statements are equivalent:

— Fisafacet of S.
— Ifxx = Ao forall x € F, then

(A, Ao) = (@ +uA~, amg + ub™) for some o € R and some u € R
Let us consider the following particular case of constraints (16):
x(6(w)) =1, veV 21

Proposition A.1 Let G = (V, E) be a 2-connected graph. For v € V, if G \ {v} is
2-connected, then inequality x(8(v)) > 1 defines a facet of P(G).

Proof Let us consider the proper face F,, = {(x,z) € P(G) : x(§(v)) = 1}, where
v € V such that G \ {v} is 2-connected. To prove that F, is a facet of P(G), we
show that if A(x,z)” = Ao, for all (x,z) € F,, then we can express (A, Ag) as
(am +uA=, amg +ub™), witha, u € R. W.l.o.g., we can assume that v = vy, where

V={v,...,u}, E={er,...,ep}and §(v) = {ey, ..., eq)}. In this case we have
that (w, m9) = (1,...,1,0,...,0,1) and (A=,b7) = (1,...,1,0,...,0,n — 1).
Let us represent (A, Ag) as (Sg, ..., Sm, !, -- -, In, A0), then equality A(x, z)T =)o

becomes ), SeXe + Dy hZo = Ao.

Since G \ {v} is 2-connected, then for any w € V \ {v}, there exists a spanning tree
GTu, = (V \ {v}, ETw) of G\ {v}, in which w is not a branch vertex. Givene € §(v), the
subgraph G, = (V, E7,), with ET, = E s U {e}, is a spanning tree of G, such that
w is not a branch vertex in G, and the degree of v in G is one. Thus, (& LI | \ v{W})
and (m£7w | 1) belong to F,. Since A(wE7w, 1\ v*HT — A(xfrw 1)T = 0, we have
that t,, = 0, for any w € V \ {v}. Furthermore, since G is 2-connected, there exists a
spanning tree G, = (V, E7,) of G, such that x (6 (v)) = 1. Therefore, (mEr 1\ vih
and (nETv, 1) belong to F,, and t,, = 0.

G \ {v} is 2-connected, then there exist two spanning trees of G \ {v}, Gj = ((V\
{v}, Ef)and G5 = (V\{v}, Ej),suchthat E; = Ej \{e}U{f}, wheree, [ ¢ 5(v).
Givene, € §(v), Gty = (V, Er;) and G, = (V, E7,) are two spanning trees of G,
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where E7, = Ej U{e,} and E7, = Ej, Uf{e,}. Since (mE1 1) and (m£72, 1) belong
to Fy, then A(x &1, )T — 4@, 1)7 = 0 and s, = sy. Since Gy, is a generic
spanning tree, we have that s := s,, for any e ¢ §(v).

Let Gy = (V \ {v}, ET) be a spanning tree of G \ {v}. Since d(v) > 2, there exist
e, f € 8(v), with e # f, such that Gy, = (V, E7)) and Gp, = (V, Er,) are two
spanning trees of G, where E7; = Er U {e} and E7, = Er U {f}. It is easy to see
that (71, 1) and (x£72, 1) belong to F, then A(x 7, )T — A(xE, 1)T = 0 and
se = sy. Since it can be done for any e, f € §(v), it follows that s’ := s, for any
e € §(v). Equation A(x, 2)T = A¢ reduces to

s'x () +5 x(E\8()) = Ao.
Let G = (V \ {v}, E}) be a spanning tree of G \ {v}. Given e € §(v), we have that
Gr = (V, Er), where E7 = E;U{e}, is a spanning tree of G. Since (mE7, 1) belong

to F, it results that Ag = 5" + s(n — 2).
Therefore, A(x, z)T = Ao becomes

s'x(8() + 5 x(E\8()) =5 +s(n—2).

Thus,
Mrg)=(",...,8,s,...,50,...,0, 5 +s(n—2)).
Note that
(amr +uA~, amg + ub™)
=(+u,...,oao+u,u,...,u,0,...,0,0a +un—1)).
Therefore, we complete the proof by setting « = s' — s and u = s. O

Proposition A.2 Let G = (V, E) be a 2-connected graph. For v € V, with d(v) > 3,
if G \ {v} is 2-connected, then inequality x (§(v)) — 2 < (d(v) — 2)z, defines a facet
of P(G).

Proof We prove the result by using Theorem A.1. Given v € V such that G \ {v} is
2-connected, let us consider the proper face F, = {(x,z) € P(G) : x(6(v)) + (2 —
d(v))z, = 2}. To show that F, is a facet of P(G), we need to prove that if A(x, z)T =
Mo, for all (x,z) € F,, then we can express (A, Ag) as (e + uA~, amg + ub™),
with o, u € R. W.lLo.g., we can assume that v = vy, where V = {v, ..., v,},
E ={ey,...,en} and 6(v) = {e1, ..., eqw)}. In this case, we have that (7, 79) =
,...,1,0,...0,2—d®),0,...,0,2)and (A=, b)) =(1,...,1,0,...,0,n—1).
Let us represent (A, Ag) as (S1,...,Sm, !, --., I, Ap); then equality A(x, 2T = i
becomes ), p SeXe + ) ey fuZv = Ao.

Since G \ {v} is 2-connected, then for any w € V \ {v} there exists a spanning tree
Gr, = (V\{v}, E7,) of G\ {v}, in which w is not a branch vertex. G = (V, E7),
where Er = E7, U{e, f}\ {g}, withe, f € 6(v) and g € E7,, is a spanning tree
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of G, such that w is not a branch vertex in Gr and the degree of v in Gr is two.
Therefore, it results that ( £7, 1 \ v{“”"}) and (7,1 \ v{”}) belong to F),, and satisfy
r(x,z)T = Xo. This implies that A(E7, 1\ vi@?HT — x(xf7 1\ v"HT =0, and
then t,, = 0, forany w € V \ {v}.

Since G \ {v} is 2-connected, then there exist two spanning trees G = (V\{v}, Ef)
and Gp = (V\ {v}, Ef) of G \ {v}, such that Ef = Ej \ {e} U {f} (see Dies-
tel [20]). Since d(v) > 3, there exist e,, f, € 6(v) and g € E7y U Eq, \ {e, f},
such that Gy; = (V, E7y) and G1, = (V, E7,) are two spanning trees of G, where
Er, = Ef Uley, fu} \{g} and E, = Ej U{ey, fo} \ {g}. Moreover, we have that
Er, = E7, \{e}U{f}. Itis easy to see that (rfn 1 \v*h and (rfr 1 \vith belong
to Fy.

Then A(x "1, 1\ v!"HT — 2", 1\ v = 0ands, = 5. Since G, isa generic
spanning tree we have that s := s,, for any e ¢ §(v).

Let Gy = (V \ {v}, Er) be a spanning tree of G \ {v}. Since d(v) > 3, there exist
e, f,g € 8(v), with e # f # g. There exist h, h’ € Er such that G, = (V, E7,)
and Gp, = (V, Er,), where E;, = Er U{e, f}\ {h}and Er, = E7 U {e, g} \ {h'},
are two spanning trees of G. It is easy to see that (w71, 1\ v!"}) and (m£72, 1\ v{¥})
belong to Fy; then A(z 1, 1\ v!"hT — A (@ F2, 1\ v!")T = 0and s = s,. Since it
can be done for any e, f, g € §(v), it follows that s" := s,, for any e € §(v). Equation
Ax, 2)T = A reduces to

s'x(8(v)) + 5 x(E\ §(v) + tyzy = Ao.
Let G7 = (V \ {v}, E}) be a spanning tree of G \ {v}. Givene, f € §(v), there exists
g € Ef,suchthat Gy = (V, E7), where ET = E;U{e, f}\{g},is a spanning tree of
G. Since (7, l\v{”}) belong to F,, it results that g = 25’ +s(n — 3). Finally, given
aspanning tree G5 = (V \ {v}, E7) of G\ {v}, there existey, ..., egw)—1 € E, such
that G = (V, E1)is aspanning tree of G, where E7 = E;US(v)\{e1, ..., eqw)—1}-
It is easy to see that (w7, 1) belongs to F,, then s'd(v) + s(n — 1 —d(v)) + 1, =

2s" + s(n — 3). It follows that t, = (s — 5)(2 — d(v)).
From these observations A(x, z)T = A¢ becomes

SxBW) +sx(E\NSW) + (" —5)2 —dW)zp =25 +s(n — 3).
Therefore, we have that
Mr) ="\ .8, s, ...,8, 6 —)2—-dW)),0,...,0,25 +s(n —3)).
Note that

(am +uA~=, amy + ub™)
=(a+u,...,o+u,u,...,u,x(2—4d()),0,...,0,2a +u(n —1)).

Therefore, we complete the proof by setting « = 5" — s and u = s. O

Silvestri et al. [3] introduced the following family of valid inequalities:
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Proposition A.3 Given v € V and H C §(v), with |H| > 3, inequality
xX(H) =2 < (|H| —2)zy (22)

is valid for P (G).
The following proposition states that inequalities (22) are facet-defining for P(G).

Proposition A.4 Let G = (V, E) be a 2-connected graph. For v € V and H C §(v),
with |H| > 3, if G \ {v} is 2-connected, then inequality x(H) — 2 < (|H| — 2)zy
defines a facet of P(G).

Proof Since inequality (22) is a generalization of (17), the proof follows from the one
of Proposition A.2. O
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