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Abstract

We suggest a new approach to creation of general market equilibrium models involv-
ing economic agents with local and partial knowledge about the system and under
different restrictions. The market equilibrium problem is then formulated as a quasi-
variational inequality that enables us to establish existence results for the model in
different settings. We also describe dynamic processes, which fall into information
exchange schemes of the proposed market model. In particular, we propose an itera-
tive solution method for quasi-variational inequalities, which is based on evaluations
of the proper market information only in a neighborhood of the current market state
without knowledge of the whole feasible set and prove its convergence.

Keywords General market equilibrium - Quasi-variational inequality - Local
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1 Introduction

Variational inequalities give a suitable common format for many applied problems
arising in Economics, Mathematical Physics, Transportation, Communication Sys-
tems, Engineering and are closely related with other general problems in Nonlinear
Analysis, such as fixed point, game equilibrium, and optimization problems. For this
reason, their theory and solution methods are developed rather well; see, e.g., [1-5]
and references therein. Nevertheless, many models describing rather complex behav-
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ior of systems with interdependent elements require a somewhat more general format,
where the fixed feasible set is replaced with a set-valued mapping. This modification
leads to the so-called quasi-variational inequalities; see, e.g., [1,3,6-9] and references
therein. However, these problems are much more difficult for solution than the usual
variational inequalities and the existing general solution methods are very expensive
and applicable mostly for small dimensional problems; see, e.g., [7,10,11].

For this reason, we are interested in revealing new general classes of applications,
which can be formulated as (quasi-)variational inequalities in order to derive existence
properties in a unified manner and enable us to develop efficient methods for finding
their solution under rather natural assumptions that may be also treated as dynamic
processes converging to equilibrium states and justifying these equilibrium concepts.
In this work, we intend to present implementation of this approach for general mar-
ket equilibrium models. Traditionally, these models play one of the main roles in
Economics. They in particular indicate ways of equilibrating different interests and
opportunities of active elements (agents, participants) involved in economic systems
and may serve as a basis for description of behavior of these very complex systems.

We recall that investigation of the general equilibrium models dates back to the book
by Walras [12]. Since then, a number of different kinds of these models were proposed;
see [3,13—17]. More detailed surveys and expositions of the basic contributions in this
field can be found in [18,19]. These models usually describe markets of a great number
of economic agents (customers and producers) so that actions of any separate agent
cannot impact the state of the whole system; hence, any agent utilizes some integral
system parameters (say, prices), rather than the information about the behavior of
other separate agents. The traditional approach is based on the assumption that the
agents are able to determine precisely their desirable collections of commodities for
any vector of common market prices. Then, an equilibrium market state is defined
from the complementarity conditions between the price and excess supply of each
commodity since the usual material balance condition needs additional restrictive
assumptions. At the same time, it holds for each commodity with positive equilibrium
price; see, e.g., [18,19].

In this paper, we suggest some other approach to creation of general equilibrium
models. The current market state is supposed to be defined by the vector of transaction
quantities of the agents. These quantities satisfy the balance equation. We suppose
that the agents have only partial and local knowledge about the current and future
behavior of this so complicated system and evaluate their feasible volume transaction
and price sets in aneighborhood of the current market state. Due to these limitations, the
general market equilibrium problem is formulated as a quasi-variational inequality and
corresponds to the local maximal market profit state concept. This approach enables
us to utilize well developed tools from the theory of quasi-variational inequalities
for establishing existence results. However, finding market equilibrium points by an
iterative solution method seems rather difficult in the general case. We suggest iterative
processes, which have rather natural treatment and are convergent for some classes of
market equilibrium problems. In particular, we propose an iterative solution method for
quasi-variational inequalities, which is based on evaluations of the market information
in a neighborhood of the current market state rather than whole feasible set, which
may be unknown, and prove its convergence under rather weak assumptions.
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We outline now briefly the further organization of the paper. In Sect. 2, we recall
some auxiliary properties and facts from the theory of quasi-variational inequalities. In
Sect. 3, we describe a single commodity market equilibrium model and its variational
inequality re-formulation. In Sect. 4, we describe a general multi-commodity market
equilibrium model in the form of a quasi-variational inequality and give its basic
properties. Implementation issues of this model are discussed in Sect. 5. Section 6
involves description and substantiation of some dynamic market processes converging
to equilibrium points. In Sect. 7, we give a comparison of the presented model with
the existing basic general and partial equilibrium models. Section 8 contains some
conclusions.

2 Basic Preliminaries

We first recall several continuity properties of set-valued mappings.

Definition 2.1 Let W and V be convex sets in the /-dimensional Euclidean space R’,
W C V,andlet T : V — TI(R') be a set-valued mapping. The mapping T is said to
be

(a) upper semicontinuous (u.s.c.) on W, if for each point v € W and for each open set
U suchthat U D T (v), there is an open neighborhood V of v such that T(w)cU
whenever w € V AW,

(b) lower semicontinuous (I.s.c.) on W, if for each point v € W and for each open
set U such that U () T (v) # &, there is an open neighborhood V of v such that
UNT(w) # @ whenever w € V(O W;

(c) continuous on W, if it is both u.s.c. and l.s.c. on W.

Here and below, I1(X) denotes the power set of X, i.e., the family of all nonempty
subsets of X. Let H be asetin R and let H : H — H(H) and G : H — IT(R)) be
set-valued mappings. Then, we can define the quasi-variational inequality problem
(QVI for short): Find x* € H (x*) such that

dg* € G(x™), (g, y —x") >0 Vye Hx). @)

If the feasible mapping H is constant, problem (1) reduces to the usual variational
inequality problem (VI for short).

It is well known that QVIs can be converted into the fixed point format by using

the projection mapping; see [7, Theorem 5.1]. Let 7x (x) denote the projection of a
point x onto a set X.

Proposition 2.1 Suppose that the sets H (x) and G (x) are nonempty, convex and com-
pact for each x € H. Then, QVI (1) is equivalent to the fixed point problem

_x* (= jTH(x*)[x* — QG(X*)],
for some 6 > 0.
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We now give existence results for general QVIs on compact sets; see, e.g., [3,
Theorem 9.14].

Proposition 2.2 Suppose that the set H is convex and compact, the mapping H : H —
l'I(H ) is continuous on H, the mapping G : H — TI(RY) is upper semi-continuous
on H, the sets H(x) and G (x) are nonempty, convex and compact for each x € H.
Then, QVI (1) has a solution.

Moreover, it was noticed in [8, Theorem 3] that the above conditions may be relaxed,
if the feasible mapping value includes the current point.

Proposition 2.3 Suppose that the set His nonempty, convex and compact, the mapping
G:H — IR is upper semi-continuous on H, the set G(x) is nonempty, convex
and compact for each x € H x e H(x) forall x € H. Then, QVI (1) has a solution.

3 A Single Commodity Market Equilibrium Model

For the simplicity of exposition, we begin our considerations from a simple equilibrium
market model of a homogeneous commodity, which was suggested in [20-22] for
description of a simple market based on a suitable auction implementation mechanism.
Its further development and applications are described in [23-26].

The model involves a finite number of traders and buyers of this commodity, their
index sets will be denoted by I and J, respectively. Hence, the initial roles of agents
are fixed. For each i € I, the ith trader chooses some offer value x; in his/her capacity
segment [a/, B/] and has a price function g;. Similarly, for each j € J, the jth buyer
chooses some bid value y; in his/her capacity segment [« ;’ , ,3}’ ] and has a price function
h ;. The signs of all the lower and upper bounds are arbitrary in general, but the standard
choice is to set o, = 0 and &/ = 0; hence, the upper bounds are chosen to be positive.
Then, we can define the feasible set of offer/bid volumes

x,y) 1 Xxi=Y vy

iel jes 2)
xi € lof. Bjli e 1y elo). Bl je )},

where x = (x;)ie1, ¥y = (¥j) jes. We suppose that the prices may in principle depend
on offer/bid volumes of all the participants, i.e., g = gi(x,y) and h; = h;(x,y).
We say that a pair (X, ¥) € D constitutes a market equilibrium point if there exists a
number A such that

2):», if X =af,
gi(X,y) =4, if X € (o], B, 3)
<i, if x =8, fori €1,
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and
<xi if y;=d,
hj(x,5) 1 =4 if §; €@} B}, @)
> A, if &j:ﬂ}/, for j € J.

Observe that the number A can be treated as a market clearing price, which equilibrates
the market and yields also the offer/bid volumes for all the participants. In fact, the
minimal offer (bid) volumes correspond to traders (buyers) whose prices are greater
(less) than A, and the maximal offer (bid) volumes correspond to traders (buyers)
whose prices are less (greater) than A. The prices of other participants are equal to
%, and their volumes may be arbitrary within their capacity bounds, but should be
subordinated to the balance equation. It follows that agents’ prices at equilibrium may
in general differ from the market clearing price.

In [20] (see also [21,22]), the following basic relation between the equilibrium
problem (2)—(4) and a VI was established.

Proposition 3.1 (a) If (x, y, x) satisfies (3)—(4) and (x,y) € D, then (x,y) solves
VI:
Find (x,y) € D such that

Y @D —F) = Y i@~ ) =0 Y.y eD. (5

iel jelJ

(b) Ifapair (x,y) € D solves VI (5), then there exists . such that (%, v, x) satisfies
(3)-4).

Therefore, we can apply various results from the theory of VIs (see, e.g., [21]) for
investigation and solution of the above equilibrium problem. For instance, if the set D
in (1) is nonempty and bounded, the functions g; and h; are continuous for all i € I
and j € J, and then VI (5) has a solution.

4 A General Multi-commodity Market Equilibrium Model

We now present a multi-commodity extension of the model described in Sect. 3, thus
also extending those in [22,24].

The model is an n-commodity market involving m economic agents, and they are
producers and consumers with respect to these commodities. We suppose that the
agents can strike preliminary (or virtual) bargains until an equilibrium state will be
attained. Then, all these deals become fixed. Denote by N = {I,...,n} and I =
{1,...,m}, the index sets of commodities and agents at this market, so thati € [
indicates the ith agent and j € N indicates the jth commodity. Observe that roles of
the agents with respect to the commodities at the market may be changed. Next, let the
vector x' = (xi1,...,xn) | define the current transaction quantities of commodities
of the ith agent, so that x;; > 0 means that his/her current sold volume of the jth
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commodity equals x;;, whereas x;; < 0 means that his/her current purchased volume
of the jth commodity equals —x;;. The current market state is thus supposed to be
completely defined by the virtual volume vector x = (xHjer.

Behavior of economic agents may in general depends on their current various goals
and restrictions. In our model, the agents determine first their current particular feasible
volume transaction sets ¥;(x) C Y; for i € I, which are supposed to be nonempty
sets in R” and attributed to each market state x. Similarly, the agents determine their
feasible price sets P; (x) C P; fori € I, which are also supposed to be nonempty sets
in R’j_ and attributed to each market state x. The sets Y;(x) and P;(x) are different
for each agent i and depend on actions of all the agents in our model. The sets ¥; and
Piel give the total market transaction bounds (respectively, the total market price
bounds) that may be unknown to the agents in general. These sets define the set-valued
market transaction mapping x — Y (x) on the set Y, where

Yy =[[rvi, v=]]v
iel iel
and the set-valued feasible market price mapping x +— P (x) on the set Y where
Py =[]Px), Px)SP=]]P vxeV.
iel iel

Both volume and price mappings describe the behavior of the economic agents with
respect to market states. Using these sets, the agents can make some transactions
and change their current transaction volumes. Next, any market transaction must also
satisfy the balance equation. Hence, the particular feasible volume transaction sets
together with the balance equation determine the set-valued feasible market transaction
mapping x — D (x) with the values

Dx)={yeR™ : Y y =0, yieYi(x),ieI}. (6)
iel
We say that a vector x € D(x) is a market equilibrium point if
dpe P(x), (p.y—X) =0 Vye D). (N

This problem can be treated as an extension of VI (5) to the multi-commodity case.
Therefore, the general multi-commodity market equilibrium problem is formulated as
a QVI. We observe that the value

—(p, %) ==Y (p', ¥

iel

gives precisely the difference between the total bought and sold amount at the current
market state x and current price vector p of the agents, i.e., it is the current possible
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profit of the market. Therefore, the market equilibrium point x € D(x) can be treated
as the state that provides the maximal possible market profit at the current prices
of the agents subject to the constraints determining the balance and current feasible
transactions.

We now give analogues of equilibrium conditions (3)—(4) for the above problem.
We will take the following basic assumptions.

(A1) The sets )7,~ C R”" are convex and compact for all i € 1. At each state x € Y,
the sets Y; (x) and P;(x) are nonempty, convex and compact for all i € I.

Let us define the problem of finding a feasible point ¥ € D(x) and a vector A € R”
such that

IpeP@E). Y (P —r )y —F)=0 VyeY@). 8)

iel
Proposition 4.1 Suppose that the assumptions in (A1) are fulfilled. Then:

(@) Ifapointx € D(%) solves QVI (6)—(7), then there exists ) such that (X, A) satisfies
(8).
(b) If a pair (x, 2 € D(X) x R” satisfies (8), then x solves QVI (6)—(7).

Proof 1If x € D(x) solves QVI (6)—(7), then it solves the optimization problem

min — {(p,y) : y € D(X)}. ©)

By using the suitable Karush—Kuhn—Tucker theorem for this problem (see, e.g., [27,
Corollary 28.2.2]), we obtain that (8) gives its necessary and sufficient optimality
condition. Conversely, let a pair (¥, ) € D(X) x R” satisfy (8). Using the same
Karush—Kuhn-Tucker theorem, we obtain that x solves (9), hence it is a solution to
QVI (6)—(7). O

Since Y (x) and P(x) are Cartesian product sets, problem (8) can be replaced by
the following equivalent system of partial QVIs:

3p' e Pi(X), (p' =k, y =) >0 ¥y eY;(¥), Viel. (10)

It is clear that (8) (or (10)) represents an analogue of the equilibrium conditions
in (3)—(4) for the above multi-commodity market equilibrium model, hence the point
X in (8), which is nothing but the Lagrange multiplier vector corresponding to the
balance constraint, should be treated as the genuine market equilibrium price vector
for this model. We observe that the equilibrium prices of the agents do not in general
coincide with A due to the presence of the constraints determining the feasible volume
transaction sets Y;(x) for all i € I. This is the case even for the simplest single
commodity equilibrium model due to (3)—(4). It follows that the agents cannot maintain
in general the unique market prices at a given state of the market as in the usual
Walrasian models.

We give the existence result for the market equilibrium problem as proper special-
ization of similar properties for general QVIs from Sect. 2.
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_ (A2) The mapping Y : Y — TI(R™) is continuous on Y, and the mapping P :
Y — TI(R™) is upper semi-continuous on Y .

Theorem 4.1 Suppose that assumptions (A1) and (A2) are fulfilled. Then, QVI (6)—(7)
has a solution.

The assertion follows from Proposition 2.2. Moreover, it seems now natural to
suppose that the feasible volume transaction set of each ith agent Y;(x) will contain
the current volume vector x!. This assumption allows us to take the existence result
for the usual VIs as in Proposition 2.3. Set

ﬁ::ye?:Zyiz()}; (11)

iel

cf. (2).
(A2)) The mapping P : Y — TI(R"™) is upper semi-continuous on 'Y, x € Y (x)
forallx € D, D # @.

Theorem 4.2 Suppose that assumptions (A1) and (A2') are fulfilled. Then, QVI (6)—(7)
has a solution.

Proof Let us take the following VI: Find a point X € D such that
3p € P(X), (p.y—%) 20 VyeD.

Under the above assumptions, it must have a solution; see, e.g., [3, Theorem 9.9]. Due
to (A2'), it also solves QVI (6)—(7). O

5 Implementation Issues

The multi-commodity equilibrium model presented in Sect. 4 seems incomplete with-
out a more detailed description of feasible transaction and price sets attributed to each
state x of the market. We now intend to discuss some approaches to determination of
these sets as building blocks of the whole market model. We suppose that the agents
have only partial and local knowledge about the market system. Hence, they are able to
only evaluate their market, industry and social goals and restrictions in a neighborhood
of the current market state. That is, each agent may evaluate his/her temporal capacity
bounds by using the information about the current supply or demand of some related
commodities as well as their bounds. For this reason, the feasible transaction set Y; (x)
of each ith economic agent is determined by his/her market capacity constraints. These
constraints can reflect both personal and common market or technology relationships
among several commodities that can be actively utilized by different agents. Also, the
initial distribution of commodity endowments must have clear impact on the feasible
transaction sets. For instance, the sets Y; (x) can be determined as intersections of per-
sonal and common obligatory feasible sets. Let ¥; C R” denote the set of obligatory
personal capacity constraints of the ith agent, which is independent of market states.
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Also, let W; c R™ denote the set of common market volume constraints that are
obligatory for the ith agent and may reflect common environmental or transportation
capacity restrictions. Then, the feasible transaction set Y; (x) at the state x is defined
as follows:

Yi(x) = ¥; () ¥ (x), where ¥/ (x) = {yi eR" : (x7',y)e Wi}.

In the general case, the sets W; may also depend on the current state x, i.e., their
precise values may be unknown. Similarly, each agent may insert also the set of
desirable market volume distributions in the above definition. But in the simplest case
Y; (x) is a box-constrained set of the form

Yi(x) = [ (x), d' (x)], (12)

where ¢/ (x) € R" and d'(x) € R”" give the current estimates of market capacity
bounds by the ith economic agent.

The evaluation of the current feasible price set P; (x) by the ith economic agent can
be based on possible industrial capacity and social constraints and the agent’s profit
as the goal function. In other words, each ith agent solves the optimization problem:

max — (p',x'), (13)
previ(x)

where V;(x) C R’ and takes its solution set as P; (x), i.e.,
P;(x) = Argmax{(p', x') : p' € Vi(x)}.

The set P; (x) is non-empty if we impose certain additional assumptions on V; (x). For
instance, this is the case if V;(x) is non-empty and compact. Then, u; (x) = pi s xi)
for some p' € V;(x) is the optimal value function for (13). We note that (p, x*)
gives precisely the profit of the ith agent within his/her own prices. The feasible set
Vi (x) in (13) may depend on the current state x and reflect also utilization of common
waste treatment plants or environmental restrictions for some industry technologies
of different agents, partial budget type restrictions, common transportation capacity
restrictions, application of nonlinear production technologies, utilization of special
financial tools, etc.

Let us take the simplest case with independent linear production technologies. For
each x' define the index sets N/ and N/, which determine the agent’s supply and
demand commodities. It follows that x;; > 0if j € N and x;; < 0if j € N/'. Then,
Vi(x) = V; becomes a polyhedral set, i.e.,

Vi={veS) : Y alvis > v, jeN T, (14)

seN/
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where a - is the amount of the sth commodity used for production of one unit of the jth
commodlty by the ith economic agent. The inequalities in (14) mean that the minimal
price p;; of the jth commodity cannot be greater than the expenses for all the factors
(resources) used for production of one unit of this commodity. Also,

n
gﬁ_: ZGRi:ZZJ':l
j=l

is the standard simplex in R”. Hence, the relative price scale is taken here. Then,
(13)—(14) reduces to the linear programming problem:

max — (p', x'), (15)
p'eVi

besides, we have
Pi(x) = dpi(xh), (16)

i.e., the solutipn set of problem (14)—(15) is the sub-differential of its optimal value
function p; (x') = p;(x), whichis clearly convex. Due to (16), QVI(6)—(7) is rewritten
as follows:

3 e dwi(x), Viel, Y (p'y —&) =0 Vy= (e € DE. (17

iel
If we set

() =y pi(xh), (18)

iel

and take the sets Y;(x), i € I, in accordance with (12), then the above QVI becomes
equivalent to the quasi-optimization problem: Find a point x € D(x) such that

u(x) = u(y) Vy e Dx), (19)

since the function u and set D(x) are convex. This means that the set of market
equilibrium states coincides with the set of the points with minimal pure expenses (or
maximal profit) of the whole market. If the sets V;,i € I, are nonempty, the set D(x)
given in (6) is nonempty and D(x) C Y for each state x € ¥ and some convex and
compact set Y, and the functions ¢’ and d’ are continuous on Y, then Proposition 2.2
implies that QVI (17) has a solution and this assertion is true for the quasi-optimization
problem (18)—(19).

Example 5.1 Let us give an example of the feasible price mapping calculation in case
(14)—(15). We take a separate agent and remove the index i for simplicity. Let n = 3,
N’ = {1}, N" = {2, 3}, az; = 2, a3; = 3. Then, problem (14)—(15) takes the form:
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max — {x1p1 +x2p2+x3p3 : 2p2+3p3 > p1, pr+p2+p3=1,
p1>0,p2>0, p3 >0}.

For x’ = (1,—1,—1)T, we have P;(x') = {p’}, where p’ = (3/4,0,1/4)T, the
optimal value u* = 1/2. For x” = (1, =2, =3) T, we have P;(x”) = [p’, p”], where
P’ =(2/3,1/3,00T, u* = 0. Also, for x”” = (1, =2, —4) T we have P;(x’) = {p"},
w* = 0. In the general case, the feasible price value may be one of vertices or faces
of the polyhedral set V; depending of the volume vector x'.

We observe that the non-industrial consumption commodities can be taken into
account similarly. The agent should only indicate that consumption expenses per unit
of the sth commodity will be covered with selling all the commodities such that
aéj > 0. The coefficient values a_éj will give the corresponding relative scale, i.e.,
the relative weights of commodities for any agent. In such a way, this model can in
principle describe a pure exchange market. Similarly, common waste treatment or
environment restrictions can be inserted in the model. In the general case, all these
parameters and the index sets N/ and N;" may also depend on the current state x, i.e.,
the agents can change their preferences for commodities with respect to the current
distribution of volumes.

We intend now to illustrate the process of creation of the whole market model by

using some of the proposed partial blocks.

Example 5.2 (A market equilibrium model with treatment of industrial wastes)
Consider a market system with m economic agents and n commodities. Some of these
economic agents are industrial firms whose outputs may contain polluted substances,
which require certain treatment by using the corresponding technologies. As above,
we denote by I = {l,...,m} and N = {l,...,n} the index sets of agents and
commodities. For simplicity, we suppose that there exists a unique firm denoted as
agent m having plants for treatment of these polluted substances and set J = I \ {m}.
Foreachagenti € J,theindex sets N/, N/, and L; of supply and demand commodities
and polluted substances, respectively, are supposed to be fixed. Although polluted
substances belong to outputs, we consider them as demand commodities, since the ith
agent buys their treatment service from the mth agent. It follows that L; C N/'. Also,
let

L={]JL

ieJ

denote the index set of all the polluted substances and let / denote the number of these
substances. Next, we suppose that firm m is a municipal (or state) property and that its
prices are under regulation, i.e., its price mapping p,, (x) is single-valued and given
explicitly so that the unit treatment price (charge) ps(x) = pms(x™) for the sth
substance may in principle depend on the volumes of all the polluted substances. The
feasible volume transaction set ¥,, C R/ is supposed to be fixed and nonempty, convex
and compact. For simplicity, we suppose that all the other agents have linear production
technologies and fixed capacity bounds. As above, let ai y denote the amount of the sth
commodity used for production of one unit of the jth commodity by the ith economic
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agent. If s € L;, this means that the sth substance appears as a by-product of the jth
commodity and needs the treatment service. Then, the feasible volume transaction set
Y; C R" of agenti € J is defined as follows:

Y; = yieRn 2 yij € laij, Bijl, J €N,

> alyij+yis <0, 5 € N/'\ L;,
JjeN!

i
Zasjyij+yiS:O’ SELi ’
JjeN!

and supposed to be nonempty and bounded. The feasible price set P;(x) fori € J
is then represented as the sum P;(x) = Pi’(x) + Pl.’ "(x), due to the presence of two

different sources of expenses. In order to define the first term P/ (x), we take the same
optimization problem (15), but modify the set V; to be

Vi={veS, : > alvig=wvij. jeNt.
sEN/\L;

it is only supposed to be nonempty. The treatment expenses are not included in the
first term, and they determine the second term components

Pli(x) =) al;pms (™).

seL;
The feasible volume transaction set Y;, (x) is defined as follows:
Ym(x)={ym€Ym : Zaisxix'i‘.Vms:Ov s€N,
iel
where the set Y, m C R reflects the treatment technologies constraints,

s _ |1 ifsels
=0, if s¢L;.

Therefore, QVI (6)—(7) will give equilibrium states for this market system. It can be
also transformed into a VI. It suffices to define the common constraint set

W = {xeR"’” : ZSisxis—I—me:O, selLy,
ieJ
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and take Y,,(x) = Y, = f’m. Let us define the following VI: Find a point x € B such
that

dp e P(x), (p,y—x)>=0 VyeB, (20)
where

B=WnNY, Y:nYi, Px)=]]P .

iel iel

Under the above assumptions, VI (20) is clearly equivalent to QVI (6)—(7). Moreover,
if the set B is nonempty and the treatment charge functions p, are continuous,
then VI (20) has a solution; see, e.g., [3, Theorem 9.9]. Next, VI (20) admits some
dimensionality reduction after the sequential substitution of the variables x,,; and
xis, s € L with the corresponding variables x;;, j € N/, i € J due to the equality
constraints in W and Y;.

It should be observed that utilization of common services with congestion
effects described above is typical for modern telecommunication systems as well
as for industrial and energetic systems with common transportation lines; see, e.g.,
[23,25,26,28-30]. Next, the price mapping x — P(x) need not be potential, i.e., VI
(20) cannot be in general replaced by an optimization problem, as the simple example
below shows.

Example5.3 Let us take m = 3, n = 3, N = Nj = {1}, N = NJ = (2,3},
L = L1 = Ly = {2, 3}. This means that agents 1 and 2 produce commodity 1 and have
two by-products (polluted substances) whose treatments are marked as commodities
2 and 3 produced by agent 3. Let a%l =2, a%l =3, a%l =1, a%l =4, pnkx) =
0.5x32 + 0.1x33, p33(x) = 0.2x33. It follows that

x32 = —(x12 + x22) = 2x11 + x21, X33 = —(x13 + x23) = 3x11 + 4x21.
Therefore,

Pl (%) = 2p3(x) +3p33(x) = 4dxy +4.2x2,
PA(x) = p3(x) +4p33(x) = 3.7x11 + 4. 1xa1.

Since the Jacobian of the mapping x — P(x) = (p'(x), p2(x) " is not symmetric,
P is not the gradientmap of a function.

6 Convergence of Dynamic Processes

The existence of natural dynamic market processes converging to an equilibrium point
is very essential for justification of any suggested equilibrium concept. But it is well

known that substantiation of such dynamic processes is much more difficult in com-
parison with that of static existence results. In fact, the multi-commodity equilibrium

@ Springer



Journal of Optimization Theory and Applications (2021) 188:332-355 345

model from Sect. 4 is formulated as QVI (6)—(7). However, even finding its solution by
an iterative solution method seems very difficultin the general case; see, e.g., [7,10,11].
In this case, we have additional restrictions due to partial and local knowledge of the
agents about the system. In fact, we intend to describe a process of changing the mar-
ket states that continues until attaining a solution of problem (6)—(7), thus creating
a decentralized (self-regulation) transaction mechanism. The implementation of this
mechanism is clearly attributed to a suitable information exchange scheme of this
model and depends on the properties of the defined sets and mappings. Therefore, any
chosen iterative solution method must admit a natural treatment of this method as a
dynamic process for finding market equilibrium points in the above model together
with suitable convergence conditions. For this reason, it is more suitable to select rather
broad classes of equilibrium problems of form (6)—(7) and suitable natural converging
dynamic processes. First of all, we observe that converging dynamic processes based
on bilateral transactions were proposed for the single commodity market equilibrium
model from Sect. 3; see [31-33]. We now give examples of iterative processes, which
have rather natural treatment and are convergent for some classes of multi-commodity
market equilibrium problems.

Let us take assumptions (A1) and (A2’) and suppose in addition that the set P; (x)
is determined as the solution set of optimization problem (14)—(15) for alli € I and
xevY. Then, as indicated in Sect. 5, QVI (6)—(7) can be replaced with the quasi-
optimization problem (18)—(19) where the function p and set D(x) are convex. In
addition, we observe that the appearance of the moving feasible set D (x) reflects both
relationships and restricted knowledge of the agents. Hence, problem (18)—(19) can
be also treated as a relative optimization problem; see [34].

Bearing in mind Proposition 2.1, we can apply the simplest projection method

XD =7 w0y P =0 p®1, pP e P, 6 >0, k=0,1,.... @1

for finding a solution of problem (18)—(19). However, its convergence needs additional
assumptions since problems (14)—(15) may have many solutions, i.e., the function p
is in general non-differentiable. This gives a quasi-optimization problem with convex
non-differentiable function and creates certain difficulties for convergence properties
of method (21). At the same time, extensions of more sophisticated non-differentiable
optimization methods (see, e.g., [5,35,36]) do not admit a natural treatment within the
above market equilibrium model and its information exchange scheme. We can take
the stationary case where the agents utilize only fixed feasible transaction sets. More
precisely, we take the following assumptions.

(B1) At each state x € Y, it holds that Y (x) = Y;, where the set Y; C R" is convex
and compact for each i € I. The set Din(11)is non-empty.

(B2) At each state x € Y the set Pi(x), is determined as the solution set of opti-
mization problem (14)—(15), where the set V; is non-empty for all i € I.

Then, QVI (6)—(7) reduces to the set-valued VI: Find a vector x € D such that

Ip e P(¥), (p,y—x)>0 VyeD. (22)
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Moreover, due to (16) this problem is equivalent to the convex optimization problem:

min — w(x);
xeD

cf. (19). It is clear that VI (22), (11) has a solution under the assumptions in (B1)-
(B2). This result follows, e.g., from Theorem 4.1. Next, we can find a solution of VI
(22), (11) by using the fixed point iterate (21) that now reduces to the sub-gradient
projection method:

XD = 7 x® — 9 p®7, p® e apu(x®), 6 >0, k=0,1,..., (23)

with the standard step-size rules:

o0 oo
Zek = 00, Ze,? < . (24)
k=0 k=0

Its convergence property is well known and can be deduced, e.g., from Lemma 2.1 in
[37, Chapter V].

Proposition 6.1 Suppose that assumptions (B1)—(B2) are fulfilled. If a sequence {x®}
is subordinated to rules (23)—(24), it converges to a solution of problem (22), (11).

Nevertheless, implementation of each iterate may be not so easy within the informa-
tion exchange scheme of the multi-commodity market model. Bearing in mind (12),
we specialize the market capacity bounds as follows

(BY') At each state x € Y, it holds that Yi(x) = ¥; = [, d'l foralli € I. The set
D in (11) is non- empty.

Clearly, (B1")-(B2) imply (B1)-(B2). According to the sub-gradient projection
method, the agents first determine their price vector p® for the current market state
x® from the optimization problems of form (14)—(15). Afterward, they find the next
state x *1) from (23). This problem now decomposes into n independent single com-
modity market equilibrium problems of form (5) with affine price functions. In fact,
the jth commodity market problem is written as VI: Find xéfj D e D such that

Yo 40 T = - =0 g e Dy, 29)
iel
where yjy = (01, ..., )ij)—r and
bj: y(/)ERm : ZyU:O, ylje[cl]’dlj]’ iely. (26)
iel

This problem can be solved by simple solution algorithms including the bilateral
exchanges; see [31,32]. Therefore, process (23) can be naturally implemented within
usual market mechanisms.
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We still intend to present the simple method for finding a solution of QVI (6)—(7)
within the assumptions from (A1) and (A2") with moving feasible transaction sets.

(C1) The sets )?, C R”" are convex and compact for all i € 1. At each state x € Y s
the set Yi(x) C 17, is convex and compact for each i € I.

In general, the set-valuedness of the price mappings P; may create certain difficul-
ties for the agents since the clear choice of unique prices is more suitable. For this
reason, we suppose that each ith economic agent bearing in mind some most suitable
reference price vector v’ chooses his/her feasible price value P;(x) at state x, i.e.,
problem (14)—(15) is replaced by the optimization problem

n
max — >~ {pijxij = 058 (piy — )} )
p'eV; =
where §; > 0 is a suitable weight parameter chosen by the ith agent. Since it has the
unique solution p’(x’) = p’(x), the mapping x +— P;(x) is now single-valued for
eachi € I and so is x — P(x). If we denote by 1, (x") the optimal value of problem
(27), (14), then the function »; will be convex and differentiable and n/(x') = p'(x").

In turn, p(x) = (p'(x));es is the gradient of the convex function

n(x) =Y mi(x). (28)
iel

In other words, we take the following assumptions.

(C2) At each state x € Y, the point p'(x) = p'(x') is determined as a unique
solution of optimization problem (27), (14), where the set V; is non-empty for all
iel.

(C3) At each state x € D, it holds that x € Y (x), the set D is non-empty, the
mapping D : Y — T1(D) is lower semi-continuous on Y.

Then, QVI (6)—(7) reduces to the single-valued problem: Find a vector x € D(x)
such that

(p(x),y —Xx) =0 Vye D). (29)

Its solution can be, however, deduced from the usual VI: Find a vector x € D such
that

(p(X),y —%)>0 VyeD, (30)

where the set D is defined in (11). From (C1) and (C3), it follows that Dis nonempty,
convex and compact. From (C2), it follows that the mapping p is continuous on Y.
Hence, VI (30) has a solution x € D. Due to (C3), we have x € Y(x), therefore,
X € D(x). This means that x is a solution to QVI (29). We observe that the reverse
implication (29) = (30) does not hold in general.

Proposition 6.2 Suppose that assumptions (C1)—(C3) are fulfilled. Then, QVI (29) has
a solution.
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Moreover, VI (30) is equivalent to the convex smooth optimization problem:

min — 7(x),
xeD

where 1(x) is defined in (28). It follows that we can in principle apply one of various
well known smooth optimization methods (see, e.g., [38]) for finding a solution of
QVI (29). However, most of them are too sophisticated and do not fall into the above
market information exchange framework. For instance, even simple projection and
conditional gradient methods with line-search or utilization of a priori information
cannot be taken due to the indicated information restrictions. For this reason, we
will present a dynamic process based on the parametric conditional gradient method
without line-search, which was proposed in [39] for custom optimization problems.
Given a point x € D, we define the auxiliary problem

i ,Y)- 31
yggg)—><pcw y) (31)

We denote by Z(x) the solution set of problem (31), thus defining the set-valued
mapping x — Z(x). Observe that Z(x) is determined only by the local information
from D(x) rather than D and that the set Z(x) is always non-empty, convex, and
compact.

Method (PCGM)

Initialization: Choose a point w® ¢ E, a number B8 € (0, 1), and a positive
sequence {8} — 0. Sets = 1.

Step 0 For the given number s, choose a positive sequence {7; ¢} such that 7, €
(0,1)and {75} - Oas!/ — oo.Setk =0,/ =0, x@ = 6D and choose a
number 6y € (0, 79 5]

Step 1 Find a point y® e Z(x®). If

(p(x®), x® — y®y > 5 (32)

go to Step 2. Otherwise, set w® = x® s =5+ 1 and go to Step 0. (Restart)
Step 2 Set d© = y® — x®) G+ D) — y &) 4 g q®) If

(p(x®Dy d®y < g(p(x®), d®)y, (33)

take Oxy1 € [6k, 11.s]. Otherwise, take Gx41 € (0, min{6, 141 s}] and setl =1 + 1.
Afterward, set k = k + 1 and go to Step 1.

Note that each outer iteration (stage) in s contains some number of inner iterations
in k with the fixed tolerance §;. Completing each stage, that is marked as restart, leads
to decrease in its value. Note that the choice of the parameters {1; } can be in principle
independent for each stage s. Also, by (32), we have (p(x®),d®) < —§; < 0in
(33). It follows that

n( ) = ®) < O (p ). d W) < por(p). V)
< —BOids. (34)
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besides, x®) e D for each k.
We show that each stage is well defined.

Proposition 6.3 Suppose that assumptions (C1)—(C3) are fulfilled. Then, the number
of iterations at each stage s is finite.

Proof Fix any s and suppose that the sequence {x ¥} is infinite. Then, the number of
changes of index [ is also infinite. In fact, otherwise we have 6y > 0 > 0fork large
enough, hence (34) gives n(x(k‘H)) < n(x(k)) — t,BQ_(SS — —ooast — oo, for k large
enough, which is a contradiction. Therefore, there exists an infinite subsequence of
indices {k;} such that

(patD) a®) > p(p®), a®0), (35)

where d®) = y(k’) — x®)_ Besides, it holds that O, € 0, 7151, Oi+1 € (0, 41,51,
where

lim 7/ = 0.
—00

Both the sequences {x®} and {y®} belong to the bounded set D and hence have
limit points. Without loss of generality, we can suppose that the subsequence {x*)}
converges to a point X and the corresponding subsequence {y*} converges to a point
y. Due to (32), we have

(p(@), 5 — %) = lim (p(x ), y& — x®) < —s,. (36)
[— 00
At the same time, taking the limit / — oo in (35), we obtain
(p(x),y —x) = B(p(x),y — X),
i.e., (1 = B){p(x),y —x) > 0, which is a contradiction with (36). O

We are ready to prove convergence of the whole method.

Theorem 6.1 Suppose that assumptions (C1)—(C3) are fulfilled. Then:

(1) The number of changes of index k at each stage s is finite.
(ii) The sequence {w®)} generated by method (PCGM) has limit points, all these limit
points are solutions of QVI (29).

Proof Assertion (i) has been obtained in Proposition 6.3. By construction, the sequence
{w®)} is bounded, hence it has limit points. By definition, for each s it holds that

(pw®),y —w®) = —5; Vy e D). (37)
Take an arbitrary limit point w of {w®)}, then

w= lim w®,
11— o0
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for some subsequence {w®)}, hence w € D. Then, D(w) is nonempty and w €
D(w). Take any y € D(w), then there exists a sequence of points {y("} — J,
y©) e D(w®)), since the mapping D is lower semi-continuous on Y. Setting s = s;
and y = y©) in (37) and taking the limit # — oo, we obtain

(p(w),y —w) = 0.

This means that w is a solution of QVI (29). Assertion (ii) is true. m|

Again, implementation of each iterate may be not so easy in general. Bearing in
mind (12), we specialize the feasible transaction sets and market capacity bounds as
follows.

(C1)Ateachstate x € Y = [| Y;, it holds that Y;(x) = Y; ([c! (x), d' (x)], where

iel

= [gi, hi]for alli € I, the set Y is bounded.

Clearly, (C1'), (C2)—(C3) imply (C1)-(C3). Following (PCGM), the agents deter-
mine their price vector p® for the current market state x©) in accordance with (C2).
However, changing the stage does not require calculation of the price since the real
state remains the same. This means that the agents only adjust their current tolerances
for determination of the sufficient decrease in the pure expenses of the market; see
(34). The main part of the iteration consists in solution of problem (31) at x® This
problem clearly decomposes into n independent single commodity market equilibrium
problems of form (5) with fixed prices. In fact, the jth commodity market problem is
now written as follows:

min  — sz(j)yll’
where

k k
Dj= y(j)eRm : Zyij =0, Yij € [z(j)’d( )] iel

iel

(f) and d .(/’F) are the corresponding capacity bounds; cf. (25)—(26). This problem can
be solved by simple arrangement algorithms. Therefore, (PCGM) can be naturally
implemented within usual market mechanisms.

It should be also noticed that (PCGM) has rather low computation expenses per
iteration and provides opportunities for computations in a distributed manner, where
computational units possess only limit data sets and information transmission flows are
also limited. These multi-agent computational procedures are developed very inten-
sively; see, e.g., [40,41].

We illustrate the proposed market model by a simple example.

Example 6.1 (A market equilibrium model with production delay). Consider a mar-
ket system with m economic agents and n commodities. We suppose that the agents
can utilize the purchased commodities only in the next time period, so that they utilize
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in the current production only the endowments b', i € I from the previous period. This
delay is typical for inter-temporal market models; see, e.g., [18,19]. Bearing in mind
the previous endowments, each agent i is able to determine some current reference
endowment vector b'. Similarly, taking into account the previous active prices, each
agent i is able to determine some current reference price vector o'. Next, each agent
i has the total market transaction set ¥; = [g', h'] such that b’ € ¥; and the tolerance
mapping x' > u’(x") such that u’(x') — 0 as x' — g’ or x' — h'. Then, agent
i determines the current market transactlon set Y; (x) = Y ﬂ([b’ N+ ul(x")) at
state x. The current market price vector p’(x) = p’(x’) at state x is then naturally
determined as a unique solution of optimization problem (27), (14). This means that
the current output commodity prices are evaluated together with the next input com-
modity prices. QVI (29) will give equilibrium states for this market system. If the set
Y is bounded, the set V; is non-empty, and the tolerance mapping ' is continuous for
each i € I, then conditions (C1’), (C2), and (C3) hold. Hence, by Theorem 6.1, QVI
(29) has a solution and each limit point of the sequence {w*)} generated by method
(PCGM) is a market equilibrium state.

7 Relationships with Some Other Basic Equilibrium Models

In this section, we intend to make a comparison of the presented model with the
existing basic general and partial equilibrium models.

We recall that the classical Walrasian type general equilibrium models describe a
market of a great number of economic agents, so that actions of any separate agent
cannot impact the state of the whole system and traditionally belong to the perfect
competition market models. These models are based on the assumption that any agent
does not utilize particular information about the behavior of the others, but accepts the
common market price values and then determines precisely his/her personal demand
and/or supply values. These values create the general market excess supply values
that have certain impact on the prices. Namely, a negative (positive) market excess
supply of a commodity forces its price to increase (decrease), thus defining the so-
called taitonnement process; see [12,19]. Hence, the model essentially exploits (in fact,
postulates) the assumption that there exists a common (market) price value for each
commodity at any moment that can be recognized by any separate agent. Then, the
budget constraint of any consumer involves just these common prices, which is usually
active for his/her optimal choice due to the basic non-satiability property of the utility
function. Similarly, any producer maximizes his/her profit, which is again determined
by the same common prices. Next, the equilibrium conditions in the classical models
are determined as complementarity relationships between the prices and market excess
supply values; see, e.g., [18,19].

Our model is based on the assertion that the agents of a general market do not
possess in fact a sufficient information about the current and future behavior of this
so complicated system. That is, information for their decision making can be only
partial and local. This means that each agent can evaluate his/her opportunities only
in a neighborhood of the current market state by using his/her technology peculiar-
ities and capacities, some integral parameters of the market (say, the current total
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supply or demand for certain commodities), and some information on other agents
due to the transaction process. For instance, this lack of information about the market
participants is typical for contemporary telecommunication-based systems; see, e.g.,
[29,42]. Besides, the behavior of each economic agent depends on his/her current
market, industry and social goals and restrictions. For this reason, the assumption that
there exists an “ideal broker” who is able to determine precisely the common market
price for each commodity at any moment and report simultaneously all these prices to
all the agents seems rather restrictive. Similarly, it seems too difficult requirement for
an agent to precisely fulfil the budget constraint with common prices also because of
the data uncertainty. It should be noted that common constraints may appear due to the
complexity of the system, these constraints can reflect common market, transporta-
tion, and/or technology relationships that are actively utilized by different agents. For
instance, markets with joint constraints arise often in telecommunication and energy
sectors; see, e.g., [28,30,42].

For this reason, we suppose that the agents will utilize their own prices that may
differ from the current market prices even at an equilibrium state. These prices are
values of their feasible price mappings attributed to the current market state that is
determined by the current distribution of commodities. Instead of the exact budget
constraint, any agent should simply indicate current sources that will cover his/her
consumption expenses for each purchased commodity, as described in Sect. 5. Sim-
ilarly, the agents determine feasible transaction sets dependent of the current market
state. This approach leads to a quasi-variational inequality formulation of the market
equilibrium state, which corresponds to the local maximal market profit in a neighbor-
hood of the current state. It was proved in Sect. 4 that the proposed market equilibrium
model also involves common market prices as the Lagrange multipliers corresponding
to the common balance constraint, but they are in general different from the equilib-
rium prices of the agents; see Proposition 4.1. It also follows that the agents may have
positive endowments at equilibrium due to the market capacity bounds as in the single
commodity case.

We observe that most imperfectly competitive (or partial) equilibrium models (see,
e.g., [43]) and some general market equilibrium models (see, e.g., [9,16]) are for-
mulated as non-cooperative game-theoretic problems. Due to the common balance
constraint in any market, the agents are mutually dependent, which contradicts to the
custom non-cooperative game setting with equal and independent players. But in the
imperfect competition case, actions of each agent can change the state of the whole
market so that agents’ utility functions depend on these actions (strategies). In order to
avoid the mentioned drawback, the imperfect competition models are based on uneven
roles of market sides. Namely, one side of the market (say, consumers) is presented by
a common price (inverse demand) function, whereas each agent from the other side
(producer) can change the state of the whole system by choosing his/her supply, so
that the common balance is always satisfied implicitly. Therefore, the model becomes
a game of producers and its solution is usually determined as its Nash equilibrium
point. However, this is not the case for the general market equilibrium models with
equal agents, which are then formulated as extended non-cooperative game-theoretic
problems; see, e.g., [9,16]. The presence of the joint binding constraints creates cer-
tain difficulties for players and needs in a special non-trivial mechanism for attaining
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such an equilibrium point; see, e.g., [44]. Therefore, our quasi-variational inequality
formulation of the market equilibrium problem seems rather natural and suitable for
different applications.

8 Conclusions

We described a new class of general market equilibrium models involving economic
agents with restricted knowledge about the system. Due to these limitations, the mar-
ket equilibrium problem was formulated as a quasi-variational inequality. We then
deduced existence results for the model from the theory of quasi-variational inequal-
ities. Besides, we indicated some ways of implementation of the proposed model
in different settings and made comparisons with the other basic general equilibrium
models. We also presented decentralized dynamic processes converging to equilibrium
points within information exchange schemes of the market model. In particular, we
proposed an iterative solution method for quasi-variational inequalities, which is based
on evaluations of the market information in a neighborhood of the current market state
rather than whole feasible set, which may be unknown, and proved its convergence.

Investigations of these models and methods can be continued in several direc-
tions. For instance, it seems worthwhile to adjust them to different applications, which
involve explicit technology, environment and transportation capacity restrictions and
develop new suitable dynamic processes.

The datasets generated during and/or analyzed during the current study are available
from the author on reasonable request.
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