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Abstract

In this paper, we propose non-model-based strategies for locally stable convergence to
Nash equilibrium in quadratic noncooperative games where acquisition of information
(of two different types) incurs delays. Two sets of results are introduced: (a) one,
which we call cooperative scenario, where each player employs the knowledge of the
functional form of his payoff and knowledge of other players’ actions, but with delays;
and (b) the second one, which we term the noncooperative scenario, where the players
have access only to their own payoff values, again with delay. Both approaches are
based on the extremum seeking perspective, which has previously been reported for
real-time optimization problems by exploring sinusoidal excitation signals to estimate
the Gradient (first derivative) and Hessian (second derivative) of unknown quadratic
functions. In order to compensate distinct delays in the inputs of the players, we have
employed predictor feedback. We apply a small-gain analysis as well as averaging
theory in infinite dimensions, due to the infinite-dimensional state of the time delays,
in order to obtain local convergence results for the unknown quadratic payoffs to a
small neighborhood of the Nash equilibrium. We quantify the size of these residual
sets and corroborate the theoretical results numerically on an example of a two-player
game with delays.
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1 Introduction

Game theory provides a theoretical framework for conceiving social situations among
competing players and using mathematical models of strategic interaction among
rational decision-makers [1,2]. Game-theoretic approaches to designing, modeling,
and optimizing emerging engineering systems, biological behaviors and mathematical
finance make this topic of research an extremely important tool in many fields with a
wide range of applications [3-5]. Indeed, we can find numerous results for both theory
and practice in the corresponding literature of differential games [6—12].

In this context, we can view games roughly in two categories: cooperative and
noncooperative games [13]. A game is cooperative if the players are able to form
binding commitments externally enforced (e.g., through contract law), resulting in
collective payoffs. A game is noncooperative if players cannot form alliances or if
all agreements need to be self-enforcing (e.g., through credible threats), focusing on
predicting individual players’ actions and payoffs and analyzing Nash equilibria [14].
Nash equilibrium is an outcome which, once achieved or reached, means no player
can increase its payoff by changing decisions unilaterally [13].

The development of algorithms to achieve convergence to a Nash equilibrium has
been a focus of researchers for several decades [15,16]. Some papers have also looked
at learning aspects of various update schemes for reaching Nash equilibrium [17].
Related to extremum seeking (ES), the authors in [18] study the problem of computing,
in real time, the Nash equilibria of static noncooperative games with N players by
employing a non-model-based approach. By utilizing extremum seeking (ES) [19]
with sinusoidal perturbations, the players achieve stable, local attainment of their
Nash strategies without the need for any model information.

On the other hand, time delays are some of the most common phenomena that arise
in engineering practice and industry, involving networking problems in areas such as
network virtualization, software defined networks, cloud computing, the Internet of
Things, context-aware networks, green communications, and security [3,4,20]. Hence,
the motivation for employing ES to optimize such engineering processes commonly
modeled by such a game-theoretic framework is very clear and highly demanding. We
can even find publications on differential games with delays [21-27], but the literature
has not addressed in this context extremum seeking feedback.

However, it seems not so simple to address this problem. Notice that despite the
large number of publications on delay compensation via predictor feedback, there
was no work in the literature which rigorously concerns ES in the presence of time
delays. The reason was that delay compensation (such as predictor feedback [28])
is inherently model-based, whereas ES is inherently non-model based. In addition,
this is an extremely important problem, because ES is all about convergence, with a
good convergence rate, whereas a delay, when it is simply ignored, severely restricts
the convergence rate or destabilizes the closed-loop system. Fortunately, we gave
a positive answer to this question in our earlier publications [29,30] by introducing
solutions to the problem of designing multi-variable ES algorithms for delayed systems
via predictors based on perturbation-based (averaging-based) estimates of the model.
Since we have reached the point where we have quite a deep understanding of the
options for multi-input ES with delays, it seems natural to move on to the direction
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of developing solid results for games under time delays through the multi-variable
ES perspective. This is particularly challenging since in the literature for multi-input
delay compensation, most authors consider a centralized approach for the predictor
design (all vector multiplying the control inputs needs to be known), while games are
decentralized.

In this sense, this paper pursues two sets of responses for games with full sharing
of information, as well as more challenging case of games where there are restrictions
on sharing of information by the players. For the former, the predictor-based delay
compensator for the average system needs to be multi-variable, which means that each
player would need to know at least about the existence of other players, including
how many of them there are, and possibly also know something about their payoff
functions. The key is the square matrix of the second derivatives (Hessian) in [18]
due to the players’ payoffs, which must be estimated using the perturbation signals
of each player. Such a perturbation-based estimate of the matrix needs to be shared
by all the players. In this case, the game exhibits some kind of “cooperation” among
the players for a collective delay compensation. Basically, the players are forced to
cooperate minimally so that the Nash equilibrium can be achieved in a scenario with
delays. For the latter, which we call noncooperative scenario, we are able to develop
a result for N-player games with discrete (point) delays, where the players estimate
only the diagonal entries of the Hessian matrix. Hence, we are also able to dominate
sufficiently small off-diagonal terms using a small-gain argument [31] for the average
system.

Our analysis presents a properly designed sequence of steps of averaging in infinite
dimensions [32], Lyapunov functional [30] for the cooperative result and small-gain
theorem for input-to-state stable (ISS) cascades of dynamical ODE- and PDE-systems
[31] in the noncooperative outcome in order to prove closed-loop stability. For both
scenarios of games, a small neighborhood of the Nash equilibrium is achieved, even
in the presence of arbitrarily long (but fixed) delays. A numerical example with a
two-player game address illustrates our theoretical results.

2 Notation and Terminology

We denote the partial derivatives of a function u(x, ¢) as dyu(x,t) = du(x,t)/dx,
oru(x,t) = du(x,t)/dt. We conveniently use the compact notation u,(x, t) and
us(x, t) for the former and the latter, respectively. The 2-norm (Euclidean) of a finite-
dimensional (ODE) state vector 9 (¢) is denoted by single bars, |9 (¢)|. In contrast,
norms of functions (of x) are denoted by double bars. We denote the spatial £;[0, D]
norm of the PDE state u(x, t) as ||u(t) ||2£2([O,D]):= fOD u®(x, t)dx, where we drop the
index £>([0, D]) and writeitas || - || = || - | 2,0, py)» if not otherwise specified [28].

As defined in [33], a vector function f (¢, €) € R" is said to be of order O(¢) over
aninterval [¢, p],if 3k, € : | f(z, €)| < ke, Ve € [0, €] and V¢ € [11, £2]. In most cases
we use k and € as generic constants, and we use O(¢) to be interpreted as an order of
magnitude relation for sufficiently small €.
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The definitions of input-to-state stability (ISS) for PDE-based and ODE-based
systems is assumed to be as provided in [31,33], respectively.

Let A € R” be an open set. By CY(A; ), we denote the class of continuous
functions on A, which take values in 2 € R™. By ck (A; £2), where k > 1 is an
integer, we denote the class of functions on A € R” with continuous derivatives of
order k, which take values in £2 € R™. In addition, C([a, b]; R") is the Banach space
of continuous functions mapping the interval [a, b] into R”, see [34, Chapter 2].

According to [34,35], we assume the usual definitions for any delayed-system
x(t) = f(t,x;),t > tg and x(tgp + ®) = £(O®), ® € [—Dpnax, 0], where 1 is an
arbitrary initial time instant 7o > 0, x(¢) € R¥ is the state vector, Diax > 0 is the
maximum time delay allowed, the history function of the delayed state is given by
x(©) = x(t + ©) € C([—Dmax, 0]; RY), and the functional initial condition & is
also assumed to be continuous on [— Dpyax, 0]. Without loss of generality, we consider
to = 0 throughout the paper.

3 N-Players Game with Quadratic Payoffs and Delays: General
Formulation

As discussed earlier, game theory provides an important framework for mathemati-
cally modeling and analysis of scenarios involving different agents (players) where
there is coupling in their actions, in the sense that their respective outcomes (outputs)
vi(t) € R do not depend exclusively on their own actions/strategies (input signals)
0;(t) € R, withi = 1,..., N, but at least on a subset of others’. Moreover, defining
0:=[01, ..., QN]T, each player’s payoff function J;(0) : RY 5> R depends on the
action 6; of at least one other Player j, j # i. An N-tuple of actions, #* is said to be
in Nash equilibrium, if no Player i can improve his payoff by unilaterally deviating
from 6, this being so for all i [13]. Despite the vast number of publications on Nash
equilibrium seeking [18], its study under time-delays is still an open problem.

For instance, the applications in economic analysis can be used to motivate the
problem. Consider the dividend policies of two gas stations, where each station is
powered by a different oil refinery. Basically, the price at the pumps is adjusted based
on the current price a barrel of oil and stocks bought at previous values. Thus, the
stations take time to pass on to consumers variations in the price of a barrel of oil in
refineries. In this context of game theory, each gas station could be viewed as a player
and the aforementioned phenomenon described can be interpreted as distinct delays
D; applied to their strategies (price at the pumps). An increase in the pumps’ price of
the ith gas station results in lower, but not zero, sales of the ith gasoline y;(¢) and,
consequently, increased sales for the other gas station; see Fig. 1.

Hence, we consider games where the payoff function of each player is quadratic,
expressed as a strictly concave combination of their delayed actions

N N N
1 o .
Ji(@(t — D)) = 3 E E Efikl‘l}k@j(t — Dj)Or(t — D) + E hfjej(t —Dj) +c,
J=1k=1 =1

ey
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Fig. 1 Nash equilibrium seeking
schemes applied by two players PLAYER 1
(N = 2) in a duopoly market NASH EQUILIBRIUM SEEKING
structure with delayed players’
actions 01(t) i (t)
e~ Dis
MARKET
67D2 s
02(t) ya(t)
PLAYER 2
NASH EQUILIBRIUM SEEKING

where 6(t — D) € Ris the decision variable of Player j delayed by D; € R+ units
of time, Hk, h ¢; € R are constants, H’ < 0, Hl H,é and €& = ek > 0,
J J J
Vi, j, k.
Without loss of generality, we assume that the inputs have distinct known (constant)
delays which are ordered so that

D =diag{Dy, D;,..., Dy}, 0<D; <---<Dy. (2)

Moreover, given any R" -valued signal f, the notation £ denotes

2=t —D)=[fit — D) fot = D) ... fn(t — D" . 3)

Quadratic payoff functions are of particular interest in game theory, firstly because
they constitute second-order approximations to other types of non-quadratic payoff
functions, and secondly because they are analytically tractable, leading in general
to closed-form equilibrium solutions which provide insight into the properties and
features of the equilibrium solution concept under consideration [13].

For the sake of completeness, we provide here in mathematical terms, the definition
of a Nash equilibrium 6* = [0, ..., 9}‘\‘,]T in an N-player game:

Ji6F,60%)) > Ji(6:,6%), V6 €®;, ie{l,.... N}, )

where J; is the payoff function of Player 7, the term 6; corresponds to its action, while
©®; is its action set and 6_; denotes the actions of the other players. Hence, no player
has an incentive to unilaterally deviate its action from 6*. In the duopoly example just
mentioned, @] = ®; = R, where R denotes the set of real numbers.

In order to determine the Nash equilibrium solution in strictly concave' quadratic
games with N players, where each action set is the entire real line, one should differ-
entiate J; with respectto 6; (t — D;), Vi = 1, ..., N, setting the resulting expressions

1 By strict concavity, we mean J; (@) is strictly concave in 6; forall 6_;, this being so foreachi =1, ..., N.
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equal to zero, and solving the set of equations thus obtained. This set of equations,
which also provides a sufficient condition due to the strict concavity, is

ZellH,’jej"+h’_0 i=1,...,N, 5)

which can be written in the form of matrices as

1 g1 1 1 " 1
651H121 612H12 eiNHz GL h%
521H21 622sz E2NH2N 6, h3
== .| (6)
N N * N
'ENIH 16N2H 6NNH On hy
Defining the Hessian matrix H and vectors 6* and & by
1 gl 1 gl 1 % 1
6121H121 6122H122 e]NH2 0] h%
e Hy, enHy, ... ey H; 0F h
21151 €ty 2N 2 2
H:= . ) , 0= 1|, h= , (D
N gN _N gN N * N
exiHyy enHy, - ENNH On hy
there exists only one Nash equilibrium at 6* = —H ~#, if H is invertible:
* 1 gyl 1 71 1 1 -1 1
QL 6%1H121 6£2H122 %NleN h%
6, €,y enHs, ... eyHsy h;
== . ) ) )
% N gN _N gN N N N
Oy eniHyy €naHy, - eyyHyy hy

For more details, see [13, Chapter 4].

The control objective is to design a novel extremum seeking-based strategy to
reach the Nash equilibrium in (non)cooperative games subjected to distinct delays in
the decision variables of the players (input signals).

Figure 2 contains a schematic diagram that summarizes the proposed Nash equi-
librium policy for each ith player where its output is given by

yi(t) = Ji(0(r — D)), ©))

where the vector 6_; (t — D_;) represents the delayed actions of all other players. The
additive-multiplicative dither signals S;(¢) and M;(¢) are

Si(t) = a; sin(wjt + w; D;), (10)

M;(t) = gsin(a}it), an

1
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Fig.2 Block diagram
illustrating the Nash equilibrium
seeking strategy of Sect. 5
performed for each player. In red
color, the predictor feedback
used to compensate the
individual delay D; for the
noncooperative case

with nonzero constant amplitudes a; > 0 at frequencies w; # ;. Such probing
frequencies w;’s can be selected as

w =wjw=0Ww), i€l2 ..., N, (12)

where o is a positive constant and ] is a rational number. One possible choice is
given in [36] as

1
a)l/- ¢ {a)}, E(w/j +w,’<), a)/] +2a);<, a); +a),’< :I:a);}, (13)

for all distinct i, j, k and /. The remaining signals are defined throughout the paper
depending on the type of game in question: cooperative games (Sect. 4) or noncoop-
erative games (Sect. 5).

By considering éi (¢) as an estimate of 6, one can define the estimation error:

0i(1) = 6;(t) = 67" (14)
Then, from Eqs. (10), (14) and Fig. 2, it is easy to get

0;(t) = Si (1) + 6; (1) (15)
= a; sin(w;it + w; D;) + 6;(t) + 67, (16)

with the following time-delayed version

6;(t — D;) = a; sin(w;t) + 6;(t — D;) + 6} a17)
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Therefore, from (1) and (17), the ith output signal in (9) can be rewritten as

N
Yi () = S €l Hiy [a, sin(a; )0t — Dy) + ag sin(wt); (1 — DJ-)] n

k=1

o1 —
™=

—_

J

i H/i'k [Glfaj sin(w;t) + O}‘ak sin(a)kt)] +

+
N1 —
M=

~
I
_
~
Il
_

e Hiy [9;:9}(; — D)) + 070 (1 — Dk)] n

+
11—
-
Mz ™M=

N N N
1 .
+§Z ekH kaJaksm(a)]t)sm(a)kt)+ ZZE/k /’-k979,f+
j=1k=1 j 1 k=1
1 N N )
+EZZE;kH;ij(t—Dj)Qk(t—Dk)-i-
j=1 k=1
+Zh a]sm(wjt)—l-Zh’Q(t—D)—l-Zh 0+ (18)

The estimate G; of the unknown gradient of each payoff J; is given by
Gi() = Mi(0)yi (0). (19)

Plugging (11) and (18) into (19) and computing the average of the resulting signal,
lead us to

GM(1) = — /M(r)y,dr_Zel/Hl’lejw(t—D)+Z lel/Hl’JQJ*+h’

=0, from (5)

N
Z JHL07 (1 — D). (20)

with IT defined as

1
T:=27 x LCM {—} , 1)
w;

and LCM standing for the least common multiple.

At this point, if we neglect the prediction loop and the low-pass filter (both indicated
in red color) in Fig. 2, the control law U;(¢) = k,-él-(t) could be obtained as in the
classical ES approach. In this case, from Egs. (14) and (20), we could write the average
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version of
bi (1) = Ui (1) (22)
such as
5% (1) = kG2 (1)

N
=k Y e H,0%( - D)). (23)
j=1

Therefore, by defining 0N (1) 1= [éf“’(r), éé‘v @, ..., 5/?/" ()17 € RY in order to take
into account all players, one has

0% (1) = KHOY (1 — D), (24)

with K:=diag{k;,...,ky} and H given by (7). Equation (24) means that even if
K H was a Hurwitz matrix, the equilibrium 5;“’ = 0 of the closed-loop average sys-
tem would not necessarily be stable for arbitrary values of the time-delays D;. This
reinforces the demand of employing the prediction feedback U; (1) = k; Gi (t+ Dj)—
or even its filtered version—for each player to stabilize collectively the closed-loop
system, as illustrated with red color in Fig. 2.

On the other hand, the derivative of (20) is

. N g
GI'(6) = )_eijHyj0}"(t = D)), @5)
j=1

and delaying by D; units the time-argument of both sides of the average version of
(22), we obtain

02 (t — D;) = U™ (t — Dy). (26)
Thus, Eq. (25) can be rewritten as
. N
Gy =) e H, Ut — D). 27)
j=1
Taking into account all players, from (20) and (27), it is possible to find a compact
form for the overall average estimated gradient G*' (1):=[G{' (1), ..., G}/ O e RN

according to

G¥(t) = HO™(t — D), (28)
Gy = HUM(t — D). (29)
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where H is given in (7) and U™ (1):=[U™ (1), U (1), ..., U 1)]" € RV,

Throughout the paper the key idea is to design control laws (policies) for each player
in order to achieve a small neighborhood of the Nash equilibrium point. To this end,
we use an extremum seeking strategy based on prediction feedback to compensate
multiple and distinct delays in the players’ actions. Basically, the control laws are able
to ensure exponential stabilization of Gav(t) and, consequently, of 6% (1). From (28),
it is clear that if H is invertible, éa"(t) — 0 as éav(t) — 0. Hence, the convergence
of 82V (¢) to the origin results in the convergence of #(z) to a small neighborhood of
0* in (4) via averaging theory [32].

4 Cooperative Scenario with Delays

In the cooperative scenario, the purpose of the extremum seeking is to estimate the
Nash equilibrium vector 6* by sharing among the players their outputs (payoffs)

yi(t) = Ji(0(r — D)) (30)

in (1), as well as their own actions 6; (¢) and control laws U; (¢). In this sense, we are
able to formulate the closed-loop system in a centralized fashion with a multivariable
framework on which each state variable corresponds to its corresponding player.

In this section, ¢; € RY stands for the i-th column of the identity matrix Iy € RV*V
foreachi € {1,2,..., N}.

4.1 Centralized Predictor with Shared Hessian Information Among Players

To this end, we redefine perturbation signals in (10) and (11) through a vector form
S(t) and M () € RY by

S(t) = [arsin@i (t + D) -+ ay sin(@n (t + D))", (31

2 2 . !
M) = |:a_1 sin(wit) --- a s1n(a)Nt)i| . (32)

Notice that the delayed signal S? of S is a conventional perturbation signal used
in [36]. We also set the matrix-valued signal N (¢) € RN*N a5

16/ ., 1 .
— | sin“(wit) — =), i=],
a? 2

Nij() =3 "y

—— sin(w;t) sin(w;t), i # j.
a,-aj

(33)

By using the above signals, we develop a multivariable extremum seeking scheme
in order to compensate collectively the presence of multiple input delays. Let the input
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signals (14) be constructed in the vector form as

() = 6(t) + S(1), (34)
where 6 is an estimate of 6*. We also introduce the estimation error

6(t):=0 (1) — 6*. (35)

Note that the error is defined here with 2 rather than 6. With this error variable, the
individual output signals or payoffs y; (#) can be rewritten as

3 =4 (6" +60) + 5P ). (36)
To compensate the delays, we propose the following predictor-based update law:

0ty =U), (37)
N !
Ui(t) = — Ui (t) + ck; (Mi(f)yi(f) + Ni()yi (1) Zej / Uj(f)df>,
j=1  Ji=Dj
(38)

for some positive constants ¢, k; > 0 with k; being the elements of the diagonal matrix
K e RV*N Without loss of generality, we consider ¢; = ¢ in Fig. 2. Moreover, in
the particular case of the cooperative scenario, the signal N; (¢) used in (38) is simply
defined by

Ni(@):=[Ni1(1) ... Nin(0)], (39)

representing the vector with the elements of each row of the matrix N (#) with N;;
given in (?)3).

Since P (1) = UP (1), differentiating the error variable 6 with respect to ¢ yields
. N
0ty =U" (@) =) eUi(t — Dp), (40)
i=1
which is in a standard form of a system with input delays. As we will see later, the

terms in the parentheses on the right-hand side of (38) correspond to a predicted value
of HO at some time in the future in the average sense, i.e.,

N t
G¥+D) =GV +HY ¢ / U™ (7)dr. (41)
i=1  Ji=Di

We obtain the future state (41) by simply applying the variation of constants formula
to (29).
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4.2 Reduction Approach: Exponential Stability Deduced from the Explicit
Solutions

For the sake of simplicity, we assume ¢ — oo in (38) resulting in the following
expression:

N '
Ui(t) = ki Mi(t)J’i(t)+Ni(t)yi(t)zej/ R Uj(r)dr |, (42)
j=1 i

such that the delayed closed-loop system (40) and (42) can be written in the corre-
sponding PDE representation form, given by [29]:

. N

0(t) =) eui(0,1), (43)
i=1

orui(x,t) = oxui(x,t), xe€ 10,D;[, i=1,2,...,N, (44)

u; (Di, 1) = Ui (1). (45)

The relation between u; and U; is given by u;(x,t) = Uj(x +t — D;).
In the reduction approach [37] (or finite-spectrum assignment), we use the trans-
formation

» N t+D;
Z@#) =0@t) + Z/ e;Ui(t — D;)dt
i=1"1

N D;
00+ Y [ e (46)
i=1

It is not difficult to see that Z satisfies

N

Z@t) =Y eli(). (47)

i=1
This is the key fact in the reduction approach since Eq. (47) can be written in the
simple form
Z(t) = U(1). (48)

By employing the feedback law U (1) = —15_ Z (1) into (48), which replaces (43), with
K > 0 being a diagonal matrix K = diag(k; --- ky), k; > 0, then the closed-loop
system (43)—(45) becomes

Z(t)=—KZ(@), (49)
Qui(x,1) = deu;(x,1), xe€ 10,D;[, i=1,2,...,N, (50)
ui(Di,t) = —ki Z; (1). (51)
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Exponential stability of the closed-loop system can be shown directly from (49) to
(51) since the solution of the Z—subsystem is easily calculated as

Z(t) = exp(—K1)Z(0). (52)

Hence, Z(t) — 0 exponentially as t — +oc. Then, for ¢t > D;, the solution to the
u;—subsystem in (51) is obtained as

ui(x,t) = —kiel exp(—K(x +t—D;)Z(0), x e 10,D;i[, t> D;. (53)

Clearly, for each x € ]0, D;[, the state variables u; (x, t), and consequently u(x, f),
converge to 0 as t — +oc. The rate of convergence is exponential.

However, the control law U (1) = —K Z(t) cannot be implemented since Z(f) in
(46) was constructed with the unmeasured signal ] (t) in (35). However, in the average
sense, the average version of (42) returns

- N 4
U (t) = KH eaV(t)+Zj:1 e /t_p,- U¥(rydr | (54)
—-K
Zav(t)
since
av 1 av
G (1) = / M;(t)y;idt = ZEUHUQJ - D)), (55)
Hav(t) = / Ni(t)ydt = ZEU i ], (56)

or, equivalently, Gav(t) = HO™(t — D) and I:Ia"(t) = H, where I:Ii"“’ is the ith row
vector of the Hessian H.

In the next sub-section, we show the average control law (54)—or its equivalent
filtered version in (38)—is indeed able to stabilize in the average sense the closed-loop
system (43)—(45).

4.3 Stability Analysis

In what follows, we make the same assumption as in [ 18] concerning the Hessian matrix
H, which describes the interactions among the players in our cooperative game.

Assumption 1 The Hessian matrix H given by (7) is strictly diagonal dominant, i.e.,

ZleuH’|<|e Hi|, ie{l,...N}. (57)
J#i
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By Assumption 1, the Nash equilibrium 6* exists and is unique since strictly diagonally
dominant matrices are nonsingular by the Levy—Desplanques theorem [38]. To attain
6* stably in real time, without any model information (except for the delays D;), each
Player i employs the cooperative extremum seeking strategy (38) via predictor feed-
back with shared information. The next theorem provides the stability/convergence
properties of the closed-loop extremum seeking feedback for the quadratic N-player
cooperative game with delays under the cooperative scenario.

Theorem 4.1 Consider the closed-loop system (38)—(40) under Assumption I and
multiple and distinct input delays D; for an N-players game with payoff functions
given in (1) and under the cooperative scenario. There exists a constant ¢* > 0 such
that Ve > ¢*, 3 w*(c) > 0 such that Vo > w*, the closed-loop delayed system (38)
and (40) with state 9~,-(t — D)), Ui(t), VTt € [t — Dj,t] and Vi € 1,2,..., N, has
a unique locally exponentially stable periodic solution in t of period I, denoted by
611t — D)), U (1), Vr € [t — Dy, ] satisfying, Vt > 0:

172

N t
(Z (67 - D,-)]2 + U o) +/ [Uin(r)]zdt) < O0(/w). (58)
t—D;

i=1

Furthermore,
limsup [0(1) — 6% = O(la| + 1/w), (59
t——+00

where a = [a; ay --- an]T and 6% is the unique Nash equilibrium given by (8).

Proof The proof is carried out in 5 steps as follows.

First, in Steps 1 and 2, we write the equations of the closed-loop system as well as
its corresponding average version by employing a PDE representation for the transport
delays. In Step 3, we show the exponential stability of the average closed-loop system
using a Lyapunov—Krasovskii functional. Then, we invoke the averaging theorem for
infinite-dimensional systems [32] in Step 4 to show the exponential stability of the
original closed-loop system. Finally, Step 5 shows the convergence of 8(¢) to a small
neighborhood of the Nash equilibrium 6*.

Step 1: Closed-loop System

A PDE representation of the closed-loop system (38), (40) is given by

6(1) = u(0, 1), (60)
u;(x,t) = D luy(x, 1), xe 10,1[, (61)
u(l,t) = U(1), (62)

1
U@t) = —cU(@t) +cK <é(z) + FI(;)/ Du(x, t)dx), (63)

0

where u(x, 1) = (u1(x, 1), ur(x,1), - ,un(x, 1))’ € RN and

G(t) = [MiO)y1 (1) ... My@®Oyn®]" e RVV, (64)
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H(t) = [Ni(Oy1(t) ... Ny@®yn®]" e RVV, (65)

It is easy to see that the solution of (61) under the condition (62) is represented as

ui(x,t) = Ui(Dix +t — D;) (66)

foreachi € {1, 2, ..., N}. Hence, we have

1 i —t+ D;
/ Diu;(x,t)dx = f U; (r—-’_l, t) dr
0 t—D; Di
t

= / Ui (t)dr. (67)

t—D;

This means that

1 N 1
/ Du(x, t)dx = Zei/ Dju;(x, t)dx
0 ] 0

N t
= Zei/ Ui (t)dr. (68)
i=1 =D

Thus, we can recover (40) from (61) to (63).
Step 2: Average Closed-loop System
The average system associated with (60)—(63) is given by

By (1) = 4y (0, 1), (69)

Uay (X, 1) = D gy 1 (x, 1), x € 10,1, (70)

tay(1, 1) = Uy (1), (71)
1

Uav(t) = _CUav(t) +cKH <9~av(t) +/ Duav(xa t)dx) , (72)
0

where we have used the fact that the averages of é(t) and H (t) are calculated as
H, (1) and H.

Step 3: Exponential Stability via Lyapunov—Krasovskii Functional

For simplicity of notation, let us introduce the following auxiliary variables

1
v(t):=H <9av(t)~l—/ Duav(x,t)dX>, (73)
0
U= U,y — KV. (74)
With this notation, (72) can be represented simply as Uaw = —cU. In addition,

differentiating (73) with respect to ¢ yields

O = HUy (1). (75)
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We prove the exponential stability of the closed-loop system by using the Lyapunov
functional defined by

1 1
V@) =9OTKO0) + prain(—H) [ (43000 Dita ., 1)
0

o' (=00 @). (76)

l\)l'—‘

Recall that K and D are diagonal matrices with positive entries and that H is a
negative-definite matrix. Hence, all of K, D, and —H are positive-definite matrices.
In particular, we use the Gershgorin circle theorem [38, Theorem 6.1.1] to guarantee
AH) S U lN: 1 pi, where L(H) denotes the spectrum of H and p; is a Gershgorin disc:

pi=1z€C:lz—€ H;l < (77)

i gyi
€ H;;

J#
Since éfi Hl.il- < 0 and H is strictly diagonally dominant, the union of the Gershgorin
discs lies strictly in the left-half side of the complex plane, and we conclude that
Re{A} < Oforall A € A(H).

For simplicity of notation, we suppress explicit dependence of the variables on ¢.
The time derivative of V is given by

1
= 27} KHU,, + 2)\mm( H) Uav
1 T 1
4 Amin(—H)u(0)" u(0) — mm( H)
1 ~ .
X /0 ttay () ity (X)dx + UT<—H) (Usy — K HUy)

1 1
<29TKHU,, + - UT( H)Uypy — —— Amin(—H) x
8Dmax

x /0 (14 0y ()7 Dt () +
+UT (—H)Usy + U" (=H)K (= H)Usy. (78)
Applying Young’s inequality to the last term leads to
UT(—H)K(—H)Uy < %UT(—HKHKH)l? + %UaTv(—H)UaV. (79)
Then, completing the square yields
V<UT"(-HU - 9"K(-H)K®

_SDImaX)\mm( H)/ (1+x)uav(x) Dutgy (x)dx
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~ . 1 -~ ~
+UT(—H)Uy + EUT(—HKHKH)U
= 07 (-H) (Uav + c*f/> —9TK(~H)K?

~ 5o min(—H) / (1 4 2)itay (1) Ditgy (¥)dlx, (80)

where ¢*:=1 + Amax(—H K HK H)/ Amin(—H). Hence, by setting Uy = —cU for
some ¢ > c¢*, we see that there exists u > 0 such that

V< —uv. (81)

Finally, it is not difficult to find positive constants «, 8 > O such that

1
a <|éav<r)|2 + / |ttay (x, 1) *dx + |0(r)|2) < V()
0
~ 1 ~
<8 <|eav<r>|2 + / lutay (x, 1)|*dx + |U(r>|2> : (82)
0

Therefore, the average system (69)—(72) is exponentially stable as long as ¢ > ¢*.
Step 4: Invoking the Averaging Theorem for Infinite-Dimensional Systems
Indeed, the closed-loop system (38)—(40) can be rewritten as:

n(t) = f(wt,n), (83)

- T
where n(t) = [1(0), ;)] = [O(I), U(t)] is the state vector and 7,(©) =
n(t + ©) for —Dy < @ < 0. The vector field f is given in Eq. (84), such that
° . T
n() = [9 (1), U(t)] = f(wt, ny). At this point, it is worth to note that the vari-

able n; € C([—Dy, Q]; R2N) does not include only terms that suffer a discrete delay
action (for instance, 0;(t — D;) and U, (¢t — D;)), but this representation also includes
operations with terms of distributed delays such as fB p, Vit + t)dr. For the sake of

- - T
clarity, let us express the discrete terms by n;; = [01 (t —Dy),...,0n( — DN)] s

and n; = [U1(t — Dy), ..., Un(t — DN)]T, for ® = —D; in each element of the

vector, whereas ;3 = [U1(t + ©1), ..., Un(t + @N)]T denotes the distributed terms

for ®; € @ = [—Dy,0]. The variable v = g(t, n;) with g : R, x 2 — R and
T .

v = [fi)Dl nt3 (r)dr fBDN N3 ](‘E)dt] , Where 77[['3] represents the ith element

of the vector 1,3, while f : Ry x £2 — RV is a continuous functional from a neigh-

borhood £2 of 0 of the supremum-normed Banach space X = C([—Dy, 0]; R?V) of

continuous functions from [—Dy, 0] to R?V.
From Eq. (40), one has

6(t)=U(t — D),
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with U(t — D) = [Ui(t — D1), Us(t — D2), ..., Un(t — Dy)]". Noting that the

term szD U;(t)dr = fEDi U;(t 4+ t)dt and plugging (12), (32) and (33) into (38),

one can write
. 2 . i 16 -2 / 1
U;(t) = —cU;(t) + ck; y; (1) { — sin(w;wt) + — | sin (w;wt) — 7 X
i a

a; :

0 0
X / U;(t +1)dt + Z —_— sm(a) wt) s1n(a) wt) / Uj(t+t)dr
—D; i aaj —D;

Then, the dynamics of n are simply

1 1
.

=g =nly,

N N

[ T =fn= 77[[2 ]s
2 16 1

[ 1 = fyyl = _uygl + ck1y1 { sin(w/lwt) +— |:sin2(a)awt) - 7i| v+
ai al 2

N
4
+ Z T sm(wlwt) sin(a’; a)t)vJ]
j=2

2 16 . 1
ng] = fN4i = —cr/gl + ck;y; { sin(w)or) + — [smz(a)l/-wt) - 5] v+
a4
l

+ Z sin(a);wt) sin(w/j-wt)Uj} ,

7

. 2 . 16 [ . 1

ngN] = fon = 7cr]£N] +ckyyy { — sin(yor) + 2 [Slnz(w;vwf) - *] UN+
ay ay 2

N—-1

+ j; ana; sin(w;\]wt) sin(w}wt)vj s

(84)

where y; = y;(t) = y;i(wt, n;1) according to (18), for all i € {1, ..., N}, satisfying

R (/1

yi = 3 H ik [a sm(w a)t)n +ak sm(wkwt)n :|
,:1k:1
1 N N

+ 3 Z Z € kH]k |:9ka] sm(w wt) +6 ay sm(a)ka)t)]

j=lk=1
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Ej'kH]i'kajak sin(w} wt) sin(w]/(a)t)-i-

+._.
e
M=

~
Il
—_
~
I
—_

N N
U1 o gepll] 4 1 i (1 [k]
iKH] [9:’7” "zl}"‘ D2 my+

4
™=
Mz

j:lk:l j=lk=1
1 N N N
+ 3 D0 D HOTOL + Y Haj sin@) wt)-‘rZh’r]l[{]-‘rZhlﬁ*-i-c,
j=1k=1 j=1 j=1

Therefore, f(wt, n;):=[f1, ..., fan]T is simply given by the right-hand side of equa-
tion (84) such that the averaging theorem by [32] (see Theorem A.1 in Appendix) can
be directly applied, considering v = 1/€.

From (81), the origin of the average closed-loop system (69)—(72) with transport
PDE for delay representation is locally exponentially stable. Then, from (73) and (74),
we can conclude the same results in the norm

N ) D; 1/2
<Z [éfw(t—Di)] +/ [u?v(x,t)]zdx+[u?V(Di,t)]2)
0

i=1
since H is non-singular.

Thus, there exist positive constants « and B such that all solutions satisfy

() < ae Plw(0), vit=>0,

- 2 )
where W (1) 2 YN | [Q;W(: - D,-)] + P [ e, 0] dx + [ (Dy, )], or equiv-
alently,

N

~ 2 1
w(r) éZ[QﬁV(t—Di)] +f i [U2 ()] de + [UM 0] (85)
=D

i=1

using (66). Then, according to the averaging theorem by [32] (see also Theorem A.1 in
Appendix), for w sufficiently large, (38)—(40), or equivalently (69)—(72), has a unique
locally exponentially stable periodic solution around its equilibrium (origin) satisfying
(58).

Step 5: Asymptotic Convergence to a Neighborhood of the Nash equilibrium

By first using the change of variables 191- (t)::éi (t — D;) = é, (t — D;) — Gi*, and
then integrating both sides of (60) over [¢, o + D;], we have:

B B o+D;
191-(0+Di)=19i(t)+f u; (0, s)ds, i=1,...,N. (86)
t
From (66), we can rewrite (86) in terms of U, namely

Yi(o + D;) =9 (1) + / 0 U; ()dz. (87)
t—D;
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Now, note that
0;(c) = di(c + D;), Yo €[t — D;,1]. (88)

Hence,
- - o
6;(0) = 0;(t — D;) + / Ui(t)dr, VYo €[t — D;,t]. (89)
t—D;

Applying the supremum norm to both sides of (89), we have

sup éi(o)‘
t—Dj<o<t
~ o
= sup |6;(t—D;)|+ sup / Ui(r)dr
t—D;<o<t t—Dj<o<t |Jt—D;
t
< sup |0i(t—D;)|+ sup / |U;i(T)|dt
t—D;<o<t t—Dj<o<t Ji—D;
t
< 10;(t — Dy) —I—f |Ui(t)|dt  (by Cauchy-Schwarz)
t—D;
) P 1/2 t 1/2
< |gie - b +(/ dr) x (/ |U,-(r)|2dr)
t—D; t—D;

. 1/2
< |6i(t = Dy)| + \/E([ Ui2(f)df> : 0)
t

7Di

Now, it is easy to check

~ 2 1 1/2
6;(t — D;) +/ Uf(r)dr) , 91)
t—D;

1/2

2 t
+ / Uf(r)dr) . 92)
t—D;

< (\é,»a — D))

¢ 1/2
(o)
t—D;

By using (91) and (92), one has

6i(t — Dy)

172
6t — Di)’ + \/E(ftD Uf(r)dr)
=D
< <1+/E~)(

t—D

3 ) ' 1/2
ei(t—D,»)) + / U,?(r)dr) . (93)
From (90), it is straightforward to conclude that

6i(t — Dy)

sup
t—Dj<o<t

. 172
6:(0)] = 1+ VD)) ( B3 U,?(r)dr) (94)
t—D;
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and, consequently,

1/2
Ul-2(r)dr> ) (95)

6.1 5(1+JE-)<

P t
0;(t — Di)‘ +f

t—D,

Inequality (95) can be given in terms of the periodic solution éin (t — D;), UZ.I7 (1),
VYt € [t — D;, t] as follows:

~ 2
6.(0| = 1+ VD)) (

6i(t — D)) — 6Tt — D)+ 67t — Dy)| +

' 12
+/ [Ui(t) — U (x) + Ul-n(r)]zdr> . (96)
t—D;

By applying Young’s inequality and some algebra, the right-hand side of (96) and
6; (1) ‘ can be majorized by

2

- - 2 -
Gi(t—D,-)—GiH(t—Di)’ 167 - pp| +

6.0 sﬁ<1+m)(

t t
+/ [U:(t) — U"(0)] de +/
t—D; t—

o 5 >1/2
(U] dr | . (97)

D;

According to the averaging theorem by [32], we can conclude that the actual state
converges exponentially to the periodic solution, i.e., 6;(t — D;) — 0{7 (t—D;)—0
and f[lfDi [Ui(r) — Ul-r[(r)]2 dr — 0, exponentially.

Hence,

lim sup 4; ()] = ~/2 (1 + ﬂ)

t— 400
2 t
x ( + / i (r)]zdr>
t—D;

Then, from (58), we can write lim sup,_, | ., |5(t)| = O(1/w).From (35) and recalling
that () = (1) + S(¢) in (34) with S(r) in (31), one has that (1) — 6* = 6(t) + S(¢).
Since the first term on the right-hand side is ultimately of order O(1/w) and the second
term is of order O(|a|), we arrive at (59). O

. 1/2
011t — D)

5 Noncooperative Scenario with Delays

In the game under the noncooperative scenario, again subject to multiple and distinct
delays, the purpose of the extremum seeking is still to estimate the Nash equilibrium
vector 0%, but without allowing any sharing of information among the players. Each
player only needs to measure the value of its own payoff function
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Yi(t) = Ji(0(t — D)), (98)

with J; given by (1). In this sense, we are able to formulate the closed-loop system in
a decentralized fashion, where no knowledge about the payoffs y_; or actions 6_; of
the other players is required.

5.1 Decentralized Predictor Using Only the Known Diagonal Terms of the Hessian

In such a decentralized scenario, the dither frequencies w_;, the excitation amplitudes
a_;i, and consequently, the individual control laws U_;(¢) are not available to the
Player i. Recalling that the model of the payoffs (1) are also assumed to be unknown,
it becomes impossible to reconstruct individually or estimate completely the Hessian
matrix H given in (7) by using demodulating signals such as in (33). Hence, the
predictor design presented in Sect. 4 must be reformulated for noncooperative games.

However, it is still possible to design Nash equilibrium seeking control laws for a
class of weakly coupled noncooperative games, as shown in the following. For such a
class of games, we consider efi = 1and Gj»k = elij =¢€,VYj #k,suchthat 0 <€ < 1
in (1) and (7).

Following the non-sharing information paradigm, the ith-player is only able to
estimate the element H[il. of the H matrix (7) by itself, and this being so for all players.
Therefore, only the diagonal of H can be properly recovered in the average sense. In
this way, the signal N;(¢) is now simply defined by:

16( ,2 1)
N;i(t):=N;i(t) = — | sin (wit) — = |, 99)
a 2

i
according to (33). Then, the average version of
Hi(1) = Ni(0)yi () (100)
is given by

HY (1) = [N (0)yi (D] = H];

"

(101)

In order to compensate the time-delays, we propose the following predictor-based
update law:

b.(t) = U (1), (102)

t
U,m=—ciU,-(r>+c,-k,-(éi<r>+1€r,-(r> / U,-(r>dr>, (103)
t—D;

for positive constants k; and c;.
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5.2 ISS-Like Properties for PDE Representation

For the sake of simplicity, we assume ¢; — 400 in (103), resulting in the following
expression:

t
Ui(t) = k; (Gi(z) + H; (z)/ U; (r)dr) , (104)
t—D;

such that the delayed closed-loop system (27) and (104) in its average version can be
written in the corresponding PDE representation form, given by

Gav(t) = Ze”H,’] ud(0, 1), (105)

a,uiV(x,t) = axul.v(x, t), xe€ 10,D;[, i=1,2,...,N, (106)
ui'(Di, t) = UM (). (107)

The relation between u{" and U is given by ui(x,t) = U™ (x +t — D;).
Analogous to the developments carried out in Sect. 4.2, we use the transformation
[37]

N t
G (1) = G™() + Ze;jH;j / U (t)de
j:l I—Dj
N N D
=G (1) +Ze;jH;j/0 Ut (&, 1)dE. (108)
j=1
Taking the time-derivative of (108), we obtain
K3 X N . . D;
G (@) =GN () + ZefjHi’j/O B,u;‘-v(’g‘, t)dE. (109)
j=1

Then, by plugging (105) and (106) into (109), one has

N ;
Z CHu® (0, t)—}—ZeU / (5. 1)dg

J

N
Z l lll J (0 t)+Z€UHl [ Z}V(Dj,t)_uiv(o, I)]
J

G (1)

€;

Il
Mz i

LHLuY (D). (110)

~.
Il
—_
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Substituting (107) in (110), it is not difficult to see that C_??V satisfies
> N . .
Gy =) e HL,UY®). (111)
j=1

Now, after adding and subtracting the next terms outside the parentheses into (104),
U; (t) can be rewritten as:

t . . t
Ui(t) = ki | Gi(t) + Hi(t)/ Ui(t)dt + Zef/.Hi’j/ Uj(tydr | +
t—D; ’ t—D;

j#i i
- kiszjHiij/

t
-, Uj(t)dr, (112)
J#i -Db;

whose average is

t t
UM =k [ G+ BN @) f U (0)de + ) el Hj; f U (odr | +
t—D; _D;

j#i =Y
—k; ZGE,/'Hiij / » U;W(t)dr

t
j#i =b;

t t
=k | G¥(t) + €} H}; / UM (t)dr + ) el H, / U¥(rydr | +
t—D; ’ “Jt—D;

J#i J
—k Ze,?jH;j/ | U (r)dr

t
j#i 1=D;

N '
=k | G () + ZefjHi‘j/ U;‘V(r)dr +
j:1 t—Dj

—ki fojHiij/

t
U™ (v)dr. (113)
j#i =p;

By defining the auxiliary signals

. t
$i(D. 1= — ZH;jf U, (r)dr,
j# R
. 1
¢i(1,1):=— ZH,{,/O Djuj(§,t)dg, (114)
J#i
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and recalling that ej.k =¢€,Vj # k, Eq. (113) can be rewritten from (108) as
UM (t) = kiGN (t) + ekip™ (D, 1). (115)

Taking into account all players and defining G (1):=[G (), ..., Gn()]T € RV,
U@):=[Ui@),...,Uv®]" € RN and ¢(D, t):=[¢1(D., 1), ..., on(D,1)]T € RV,
it is possible to find a compact form for the overall average game from Eqs. (111) and
(115) such as

GV(1) = HKG™(t) + eHK¢™ (1, 1), (116)
Ju™ (x,1) = D' u™(x,1), xe€ 10,1[, (117)
u™(1,1) = KG™(t) + eKop™ (1, 1), (118)
K = diag {ky, ..., ky} being a positive-definite diagonal matrix, with entries k; > 0.

From (116), it is clear that the dynamics of the ODE state variable G (1) is expo-
nentially ISS [31] with respect to the PDE state u(x, t) by means of the function
¢*V (1, t). Moreover, the PDE subsystem (117) is ISS (finite-time stable) [31] with
respect to G () in the boundary condition u?'(1, 1).

5.3 Stability Analysis

In this sub-section, we will show that this hyperbolic PDE-ODE loop (116)—(118)
contains a small-parameter € which can lead to closed-loop stability if it is chosen
sufficiently small. To this end, in addition to Assumption 1 formulated in Sect. 4.3,
we further assume/formalize the following condition for noncooperative games.

Assumption 2 The parameters e’} r and e,i j which appear in the Hessian matrix H given
by (7) satisfy the conditions below: '

6?.:1, e;.k:elijze, Vj #k, (119)

with 0 < € < 1 in the payoff functions (1).

Assumption 2 could be relaxed to consider different values of the coupling param-
eters ¢; for each Player i. However, without loss of generality, we have assumed the
same weights for the interconnection channels among the players in order to facilitate
the proof of the next theorem, but also to guarantee that the considered noncooperative
game is not favoring any specific player. To attain 6* stably in real time, without any
model information (except for the delays D;), each Player i employs the noncooper-
ative extremum seeking strategy (103) via predictor feedback.

The next theorem provides the stability/convergence properties of the closed-loop
extremum seeking feedback for the N-player noncooperative game with delays and
non-sharing of information.

Theorem 5.1 Consider the closed-loop system (105)—(107) under Assumptions 1 and
2 and multiple and distinct input delays D; for the N -player quadratic noncooperative
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game with no information sharing, with payoff functions given in (1) and control laws
U;(t) defined in (103). There exist ¢ > 0 and w > 0 sufficiently large as well as
€ > 0 sufficiently small such that closed-loop system with state 67[ (t — Dy), Ui (1),
YVt € [t — D;,t]and Vi € 1,2,..., N, has a unique locally exponentially stable
periodic solution in t of period I, denoted by éin (t — Dy), Uil7 (t), VT €[t — D;, t]
satisfying, ¥t > 0:

1/2

t
(§ :[éi”(t—D,-)]er/ i [Uin(r)]zdr> <01 /w). (120)
1—=D;

i=1

Furthermore,
limsup |0(t) — 6% = O(Ja| + 1/w), (121)
t— 400

where a = [ay as --- ay]! and 0* is the unique Nash equilibrium given by (8).

Proof The proof of Theorem 5.1 follows steps similar to those employed to prove
Theorem 4.1. In this sense, we will simply point out the main differences, instead of
giving the full independent proof.

While in Theorem 4.1 it was possible to prove the local exponential stability of the
average closed-loop system using a Lyapunov functional (76), a different approach
is adopted here for the noncooperative scenario. We will show that it is possible to
guarantee the local exponential stability for the average closed-loop system (116)—
(118) by means of a small-gain analysis.

First, consider the equivalent hyperbolic PDE-ODE representation (116)—(118)
rewritten for each Player i:

é?V(t) = H kG (1) + eH].kip™ (1, 1), (122)
dud (x,1) = D; ' ud(x,1), x € 10,1, (123)
u(1,1) = kGY (1) + ekip™ (1, 1), (124)

where Hl.il. <0,k >0,0 <e <1and D;” "'~ 0. The average closed-loop system
(122)—(124) satisfies both Assumptions (H1) and (H2) of the small-gain theorem [31,
Theorem 8.1, p. 198] for the hyperbolic PDE-ODE loops (see also Theorem A.2 in
the Appendix) with n = N, ¢ = D; !, F(G¥,u™,0) = H.k; G + eH\ki¢™ (1),
a(x) = f(x,1) = gx, G, u™) =0, p(0, u™, G) = k;G™ + eki¢p™(1), N =
max(kl-,ek,-kHDN), L = max(|Hill-|k,',€|Hl-li|kikHDN), Y2 = k,‘, A = Y = 0,
B = €kikyDy, by = 0 foreachi € {1,...,N}.. Assumption (H1) holds with
M=1,y= e|Hiil.|kikH Dy,o = |Hiii |k; as it can be readily verified by means of
the variations of constants formula

1
G (1) = exp(—|H};1kit) G (0) + / exp(—|H/; ki (t + s))e H ki (1, s)ds,
0
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and from the application of the Cauchy—Schwarz inequality to the term ¢*¥(1,¢) in
Eq. (114):

1 1
_ 1 2 1 2
¢?V(Lr)sZ|H,~3|(/O D?dr) X</o [uj‘-V(s,mzds)

J#i
| 3
< kyDy ( / uaV(s,oTu“(s,r)ds) : (125)
0

since Z]/y#i |Hiij| < kg < %|Hiii|, where ky is a positive constant of order O(1),
according to Assumptions 1 and 2.

It follows that the small-gain condition in Theorem A.2 in the Appendix holds
provided 0 < € < 1 is sufficiently small. Therefore, if such a small-gain condition
holds, then Theorem A.2 (see the Appendix) allows us to conclude that there exist
constants 8, ® > 0 such that for every uf’ € (o, 1), va e RV, the unique
g_eneralized_ solution of this initial-boundary value problem, with u®¥(x, 0) = uf‘)" and
G*¥(0) = GY', satisfies the following estimate:

GV O]+ 1u™ (Dllos < OUGY| + 14§ lloo) exp(=51), Ve = 0.  (126)
Therefore, we conclude that the origin of the average closed-loop system (116)—(118)
is exponentially stable under the assumption of 0 < € < 1 being sufficiently small.
Then, from (28) and (108), we can conclude the same results in the norm

N 1/2
~ 2 Di 2
(Z [er(t—Di)] + / [ (0)] dr) (127)
0

i=1

since H is non-singular, i.e., Iéiav(t —Dy)| < |H‘1I|Gav(t)|.

As developed in the proof of Theorem 4.1, the next steps to complete the proof would
be the application of the local averaging theory for infinite-dimensional systems in
[32] showing that the periodic solutions indeed satisfy inequality (120) and then the
conclusion of the attractiveness of the Nash equilibrium 6* according to (121). O

6 Trade-Off Between Measurement Requirements and System
Restrictions in the Cooperative and Noncooperative Nash
Equilibrium Seeking Approaches

In the cooperative approach, there is a kind of information sharing that collectively
facilitates the elaboration of the control law implemented by each player. In the con-
text of extremum seeking, such information are the frequencies {w1, ..., wy} and
the amplitudes {aj,...,ay} of the dither signals as well as the players’ actions
{U1, ..., Uy} and the delays {D, ..., Dy}, which are known to all players in the
prediction process. From this perspective, through appropriate signals S(¢), M (¢) and
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N(t), each ith player is able to individually estimate (on average) the portion of the
advanced gradient of his payoff function, i.e., (A};‘-“’ (t + D;), and the Hessian matrix H
in (7) by employing (55) and (56). Note that Eq. (38) can be interpreted as a filtering
version of the advanced estimate éfw (t + D;). In other words, by assuming ¢; = c to
be sufficiently large (¢ — +00) in (38) and using (41), it is possible to rewrite (42) in
the following vector form:

U(t)=KG(t+ D), K =diag(k---ky), ki >0,

N ¢
Gt+D)=G)+H®N Y e / Uj(v)dr, (128)
j:1 t—D_,‘

where e; € RV stands for the ith column of the identity matrix 7y € R¥*¥ for each
jel{l,2,..., N}, and é(t), H () are given in (64) and (65), respectively. Therefore,
in the cooperative approach, the control law is able to predict totally the gradient such
that the average closed-loop equation in (29) is rewritten by

G¥(t) = HUY(t — D) = HKG™ (1),

with U™ (t — D) = [U™(t — Dy), U¥(t — Dy), ..., U (t — Dy)]" . Hence, for
H K Hurwitz, we can conclude G (t) — 0. Moreover, from (28) and the assumption
of H being invertible, one has 62" (r) — 0. Consequently, 62 (1) — 6*, i.e., the Nash
equilibrium is reached at least asymptotically, as shown in Theorem 4.1.

In the noncooperative scenario, there is no sharing of information among the players
and the construction of an estimate of the advanced gradient G (t+ D) asin (41) cannot
be conceived as described before for the cooperative case. On the other hand, the
control law (103) is designed using only information from the i-th player. In this case,
the closed-loop system is rigorously analyzed under a new perspective, by exploring
the small gains in the interconnections of the PDE-ODE cascades. In practice, the
control law (103) differs from (38) by estimating only the diagonal terms of the matrix
H (t) in (65), such that (104) can be written as

t
U(t)=K(é(t)+diag{]fl(t)}zy_l ejf ) Uj(‘l.')d‘r).
),

# G(1+D) ineq. (128)

Thus, unlike (41), there is no classical prediction a priori of é(t + D) in the non-
cooperative scheme. However, after some mathematical manipulations carried out in
Sect. 5.2, it is possible to rewrite (112) in the vector form:

Ut)=KG(t)+eKp(D, 1),
t

N
G =é(r)+[diag{1f1(r)}+H—diag{H}]Zej/ Ui,
j=1 R
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where G():=[G (), ..., Gy e RN and ¢(D, 1):=[¢1 (D, 1), ..., on(D, 01T e RN, with
G¥(t) and ¢; (D, t) defined in (108) and (114), respectively. Now, it is easy to verify
that even with G(¢) #* é(t + D), the average estimate is

N t
GV =Gt +D)=G"t)+H Ze,- / U (t)dr,
j=1 t=Dj

since [diag [I:I (t)}] = diag { H} according to (7) and (101). Hence,

av

U () = KG¥(t) + eKp™(D, 1),
= KG™(t + D) + Ko™ (D, 1). (129)

Finally, by plugging (129) into (29), we obtain
GY(t)=HU™(@t — D)= HKG™(t) + eHK¢™ (D, t — D).

Under the condition of H K being Hurwitz (with H being invertible), the small-gain
analysis performed in the proof of Theorem 5.1 guarantees that the Nash equilibrium
can be reached if € > 0 is sufficiently small, even in this more restrictive scenario of
measurement requirements and system restrictions. Additionally, in the limiting case
where ¢ = 0 both cooperative and noncooperative Nash seeking strategies become
equivalent.

7 Simulations with a Two-Player Game Under Constant Delays

For an example of a noncooperative game with 2 players that employ the proposed
extremum seeking strategy for delay compensation, we consider the following payoff
functions (1) subject to distinct delays D; = 20 and D, = 15 in the players’ decisions,
ief{l,2})

J1(@(t — D)) =-5 912(t — D1) +5€61(t — D1)62(t — D)+

+2500,(t — Dy) — 150 6>(t — D) — 3000, (130)
J2(6(t — D)) = =563(t — Dy) + 5 €6 (t — D1)62(t — Dy)+
— 150 6,(t — Dy) + 150 65(t — D») + 6000, (131)

which, according to (8), yield the unique Nash equilibrium

100 + 30e
of = —————, 132
! 4 — €2 (132)
60 + 50e
0 = ————. 133
2 4—62 ( )
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Fig.3 Nash equilibrium seeking
schemes with delay
compensation for a two-player
noncooperative game

In order to attain the Nash equilibrium (132) and (133) without any knowledge of mod-
eling information, the players implement a non-model-based real-time optimization
strategy, e.g., the proposed deterministic extremum seeking with sinusoidal perturba-
tions based on prediction of Sect. 5, to set their best actions despite of the delays (see
Fig. 3). Specifically, the players P; and P; set their actions, 81 and 6, according to (15)
with adaptation laws éi (t) in (102) and (103), respectively. The gradient estimates éi
for each player and the diagonal estimate H; of the Hessian are given respectively in
(19) and (100), where the dither signals S;(¢), M;(t) and N;(¢) are presented in (10),
(11) and (99).

For comparison purposes, except for the delays, the plant and controller parameters
were chosen as in [18] in all simulation tests: € = 1, a; = 0.075, a = 0.05,
ki = 2, ko = 5, w1 = 26.75 rad/s, w» = 22 rad/s and 0;(0) = él 0) = 50,
6,(0) = éz (0) = 65 = 110/3. In addition, the time-constants of the predictor filters
were set to ¢; = ¢o = 100.

Unlike other classical strategies for non-cooperative games [13] (free of delays),
when using the proposed extremum seeking algorithm, the players only need to mea-
sure the value of their own payoff functions, J; and J;.

In Fig. 4a, b, we can check the extremum seeking approach proposed in [18] is
effective when delays in the decision variables are not taken into account. The players
find the Nash equilibrium in about 100 seconds. On the other hand, in the presence of
delays Dp and D> in the input signals 61 and 6,, but without considering any kind of
delay compensation, Fig. 5a, b show that the game collapses with the explosion of its
variables. On the other hand, Fig. 6a, b show that the proposed predictor scheme fixes
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(a) Actions time histories for P; and P> when im- (b) Payoffs time histories for P; and P, when im-
plementing the Nash equilibrium seeker of [18] for plementing the Nash equilibrium seeker of [18] for
e = 1. The dashed lines denote the values at the e = 1. The dashed lines denote the corresponding
Nash Equilibrium, 67 = 43.33 and 03 = 36.67. values Ji and J3 at the Nash Equilibrium.

Fig.4 Delay free

150 I 2000

—i(t)
—2(t)

1001 1000 ¢

50

0 -1000
0 50 100 150 0 50 100 150

Time [sec] Time [sec]

(a) Actions time histories for P, and P> goes unsta- (b) Payoffs time histories for P; and P> goes unsta-
ble when implementing the Nash equilibrium seek- ble when implementing the Nash equilibrium seek-
ing scheme of [18] for e = 1. ing scheme proposed in [18] for e = 1.

Fig.5 Uncompensated delays

this with a remarkable evolution in searching the Nash equilibrium and simultaneously
compensating the effect of the delays in our noncooperative game.

This first set of simulations indicates that even under an adversarial scenario of
strong coupling between the players with € = 1, the proposed approach has behaved
successfully. This suggests our stability analysis may be conservative and the theoret-
ical assumption 0 < € < 1 may be relaxed given the performance of the closed-loop
control system. In Fig. 6¢, d, different values € = 0.5 and € = 0.1 are considered in
order to evaluate the robustness of the proposed scheme under different levels of cou-
pling between the two players and the corresponding impact on the transient responses
(the smaller coupling € is, the faster is the convergence rate).

In a nutshell, independently of the values used for €, the simulation tests indicate
that even with multiple and distinct delays in the player actions, both of them were
able to optimize their payoff functions in the noncooperative game by seeking the
desired Nash equilibrium.
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(a) Actions time histories for P; and P> when im- (b) Payoffs time histories for P; and P> when im-
plementing the proposed Nash equilibrium seeker plementing the proposed Nash equilibrium seeker

for ¢ = 1. The dashed lines denote the values for ¢ = 1. The dashed lines denote the values of
07 = 43.33 and 05 = 36.67. Ji and J3 at the Nash Equilibrium.
60 60
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Time [sec] Time [sec]

(c) Actions time histories for P; and P> when im- (d) Actions time histories for P; and P> when im-
plementing the proposed Nash equilibrium seeker plementing the proposed Nash equilibrium seeker
for ¢ = 0.5. The dashed lines denote the values for ¢ = 0.1. The dashed lines denote the values
07 = 30.67 and 05 = 22.67. 07 = 25.81 and 65 = 16.29.

Fig.6 Compensated delays

8 Conclusions

We have introduced a non-model-based approach via extremum seeking and predic-
tor feedback to compute in a distributed way for Nash equilibria of (non)cooperative
games with N players with unknown quadratic payoff functions and time-delayed
actions, under two different information sharing scenarios—cooperative and noncoop-
erative. In the noncooperative scenario, a player can stably attain its Nash equilibrium
by measuring only the value of its payoff function (no other information about the
game is needed), while in the cooperative scenario the players must share part of
the information about the Hessian matrix estimated by each of them. Local stability
and convergence are guaranteed by means of averaging theory in infinite dimensions,
Lyapunov functionals and/or a small-gain analysis for ODE-PDE loops. Numerical
simulations conducted for a two-player game under constant delays support our the-
oretical results.
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Such approaches have potential for many applications. One possibility is in elec-
tronic markets, where players negotiate prices in real time as the supply and demand
fluctuates, such as households in a smart electric grid, and in addition time-delays
appear naturally for different reasons or can be even artificially introduced to perturb
the overall large-scale system.

For future research, it seems that the general formulation could have many possible
options or directions, with various delays needed to be compensated. The players
can have their inputs delayed and their measured payoffs delayed simultaneously.
Extension to more general non-quadratic payoff functions would be of interest as well.
Note also that for games, we only explored the gradient extremum seeking approach.
It would be important to check if the Newton-based extremum seeking would also be
viable or not for games. For a future investigation topic, it would be also interesting
to see the proposed scheme or even different extremum seeking designs [39] facing
games with other sort of infinite-dimensional PDE dynamics [40,41] rather than pure
delays.

Acknowledgements The first and second authors thank the Brazilian funding agencies CAPES, CNPq and
FAPERI for the financial support.

Appendix: Averaging and Small-Gain Theorems
Theorem A.1 (Averaging Theorem for FDEs [32]) Consider the delay system
x(1) = f(t/e, x1), Vi=0, (134)

where € is a real parameter, x; (@) = x(t+O) for —-r < ® <0,and f : R4 x 2 —
R" is a continuous functional from a neighborhood $2 of 0 of the supremum-normed
Banach space X = C([—r, 0]; R™) of continuous functions from[—r, 0] to R". Assume
that f(t, @) is periodic in t uniformly with respectto ¢ in compact subsets of §2 and that
f has a continuous Fréchet derivative 0 f (t, ¢)/dp inpon Ry x 2. If y = yg € §2
is an exponentially stable equilibrium for the average system

() = folyr), Vt=0, (135)

where fo(p) = limr_)oo%fOT f (s, )ds, then, for some €g > 0 and 0 < € < €,
there is a unique periodic solution t — x*(t, €) of (134) with the properties of being
continuous in t and €, satisfying |x*(t, €) — yo| < O(e), for t € Ry, and such that
there is p > 0 so that if x (-; @) is a solution of (134) with x(s) = ¢ and |¢ — yo| < p,
then |x(t) — x*(t,€)| < Ce "9 for C > 0and y > 0.

Theorem A.2 (Small-Gain Theorem for ODE and Hyperbolic PDE Loops [31]) Con-
sider generalized solutions of the following initial-boundary value problem

X(t) = F(x(),u(z,t),v(t)), Vt=>0, (136)
ur(z, 1) +cuz(z, 1) = a(x)u(z, 1) + gz, x(0), u(z, ) + f(z, 1), V(z,1) €[0, 1] xRy,
(137)
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u,1) = p(d@),u(z, 1), x(@)), vt>0, u(z,0)=up, x(0)=xo. (138)

The state of the system (136)—(138) is (u(z, 1), x(t)) € C°([0, 1] x Ry) x R", while
the other variables d € CO(R; RY), f € C([0, 11 xRy) andv € CO(R, ; R™) are
external inputs. We assume that (0,0) € C°([0, 1]) x R” is an equilibrium point for
the input-free system, i.e., F'(0,0,0) = 0, g(z,0,0) = 0, and ¢(0, 0,0) = 0. Now,
we assume that the ODE subsystem satisfies the ISS property:

(H1) There exist constants M, o > 0, b3, y3 > 0, such that for every xog € R",
u e C%0,1] x Ry) and v € CO(R, ; R™) the unique solution x € C! (R, ; R")
of (136) with x(0) = x¢ satisfies the following estimate

|x(1)] = M|xo|exp(—o1) +013§§t(V3IIM(S)|Ioo +b3lv(s)D), Vr=0. (139)

We next need to estimate the static gain of the interconnections. To this purpose,
we employ the following further assumption.

(H2) There exist constants by, y1, 2, A, B > 0 such that the following growth
conditions hold for every x € C'RL:RY, u € C90,1] x Ry) and d €
CORy; RY):

1g(z, x, u)| < Allulloo + y1lx], Vz €0, 1], (140)
lp(d, u, x)| < Bllullco + y2lx| + b2ld|. (141)

Letc > 0% bea given constant and a € C 0(10, 1]) be a given function. Consider the
mappings as F : R” x C([0, 1]) x R" — R", g : [0, 1] x R" x C°([0, 1]) — R,
¢ : R? x C°([0, 1]) x R* — R being continuous mappings with F(0,0,0) = 0
for which there exist constants L > 0, N € [0, 1] such that the inequalities
maXOSZSI(lg(Zﬂx7u) - g(zv Y, w)') + |F(.X_, u, U) - F(_)_)v w, U)| = Ll-x - }’| +
Lllu — wleos lo(d,u,x) — ¢(d, w,y)| < Nlx — y| + N|u — wl|oo, hold for all
u, we C°0,1]), x,y € R", v e R™, d € Re. Suppose that Assumptions (H1) and
(H2) hold and that the following small-gain condition is satisfied:

z 1
(1ys + A max (p(z) / —dl) + (a3 + B) max (p(2))
0<z<1 o p) 0<z<l1

z

+ 2\/()/1}/3 + A 1(yny3 + B) max (p(z)) max (p(z) / Ldl> <1 (142)
0=<z<l 0=<z<l1 o r0

with p(z):=exp (¢~ [ a(w)dw) for z € [0, 1] [recall (8.2.11) and (8.2.14)] in
[31, Section 8.2]. Then, there exist constants §, ®, y > 0 such that for every ug €
CO([0, 11),x0 € R",d € CO(R+; RY) withuo(0) = ¢(d(0), ug, x0), f € C°([0, 1]x
R, ), and v € CO(R, ; R™) the unique generalized solution of the initial-boundary
value problem (136), (137), (138) satisfies the following estimate:
x@] + lu@®lloo = @(xol + lluglloo) exp(—31)

+y [ max (Ju(s)]) + max (I ()loc) +0r3§1§t(\d(S)l)] . Vi=0. (143)

0<s

2 If the scalar ¢ < 0 is considered, the direction of convection must be reversed such that the boundary
u(0, t) is replaced by u(1, t) and vice versa.
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