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Abstract

In this paper, we establish strong duality between affinely adjustable two-stage robust
linear programs and their dual semidefinite programs under a general uncertainty set,
that covers most of the commonly used uncertainty sets of robust optimization. This
is achieved by first deriving a new version of Farkas’ lemma for a parametric linear
inequality system with affinely adjustable variables. Our strong duality theorem not
only shows that the primal and dual program values are equal, but also allows one to
find the value of a two-stage robust linear program by solving a semidefinite linear
program. In the case of an ellipsoidal uncertainty set, it yields a corresponding strong
duality result with a second-order cone program as its dual. To illustrate the efficacy
of our results, we show how optimal storage cost of an adjustable two-stage lot-sizing
problem under a ball uncertainty set can be found by solving its dual semidefinite
program, using a commonly available software.
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1 Introduction

Duality theory of linear programming and optimality principles of many classes of
nonlinear optimization problems are often grounded in Farkas’ lemma or its general-
izations. In 1901, Farkas [1] initially established a dual characterization for a system
of linear inequalities, which was then used to derive necessary optimality principles
for nonlinear programming problems, and these principles, known as Kuhn-Tucker
conditions, were published in the early 1950s by Kuhn and Tucker [2]. Importantly,
Farkas’ lemma provides a numerically verifiable dual condition for non-negativity of a
linear function over a system of linear inequalities as the dual condition can be verified
by solving a linear program. We refer the interested reader to [3—8] for the general-
izations of Farkas’ lemma and their applications to linear and nonlinear optimization
problems.

In this paper, by establishing a new generalization of Farkas’ lemma, we present
strong duality theorems for affinely adjustable two-stage robust linear programs with
a general uncertainty set. Affinely adjustable two-stage robust linear programs appear
in dynamic decision-making models in the face of evolving uncertainty (see Sect. 3 of
this paper and also [9,10]). Adjustable robust optimization is a powerful methodology,
which was pioneered by Ben-Tal and his co-workers (see, e.g., [11]) for treating
multi-stage robust optimization problems. It offers less conservative decisions than
the classical (deterministic) robust optimization [9] as some of the decisions can be
adjusted at later stages.

However, even two-stage robust optimization problems with adjustable variables are
in general computationally intractable. Indeed, the second-stage adjustable decision
is a mapping and so it is generally very difficult to establish numerically verifiable
solvability characterizations or approximations of the system with a mapping unless the
system is restricted to some special classes of mappings. A great deal of recent research
on two-stage adjustable robust linear programming assumes that the second-stage
adjustable decision satisfies an affine decision rule, which restricts the second-stage
mapping to depend affinely on the uncertain parameters (see, e.g., [9,11-16] and the
references therein).

Our main contributions in this paper include the following:

(i) By introducing the notion of a parameterized affine rule, we first establish a
new affinely adjustable two-stage version of Farkas’ lemma (see Theorem 2.1).
This two-stage Farkas’ lemma provides a numerically verifiable dual condi-
tion for non-negativity of a linear function over a two-stage system of linear
homogeneous inequalities with affinely adjustable variables, where the dual
condition can be verified by solving a semidefinite linear program. We give
a direct and self-contained proof for deriving the generalized Farkas’ lemma
using the Hahn—-Banach hyperplane separation theorem together with a variable
transformation.

(i) Employing the adjustable Farkas’ lemma, we then establish strong duality
between an affinely adjustable two-stage robust linear program and its dual
semidefinite program. In the case of an ellipsoidal uncertainty set, we derive a
strong duality for a two-stage robust linear program with its dual second-order
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cone program. These strong duality theorems not only show that the primal and
dual program values are equal, but also allow one to find the optimal value of
a two-stage robust linear program by solving a conic linear program such as a
semidefinite linear program or a second-order cone program.

Although we employ a traditional approach by making use of the Hahn—-Banach
hyperplane separation theorem to establish the new version of Farkas’ lemma, our use
of a variable transformation permits us to obtain numerically verifiable dual conditions
and consequently formulate a dual conic linear program for a two-stage robust linear
program. We utilize a general closed cone regularity condition, which guarantees that
strong duality holds between the primal and dual pairs, and hence obtain an exact
conic linear program for the two-stage robust program.

The regularity condition is guaranteed by a Slater-type strict inequality condition.
As an illustration, we obtain a semidefinite linear program as an exact dual problem for
an adjustable two-stage lot-sizing problem on a network under a simple strict inequality
condition and show how optimal storage cost of an adjustable two-stage lot-sizing
problem under a ball uncertainty set can be found by solving its dual semidefinite
program, using a commonly available software package.

The outline of the paper is as follows. Section 2 presents generalizations of Farkas’
lemma for systems of parametric linear inequalities involving adjustable variables.
Section 3 establishes strong duality between two-stage robust linear programs and
their dual conic linear programs and provides exact conic linear programs for these
two-stage programs under a regularity condition. Section 4 describes an application of
our duality results to find the optimal storage cost of an adjustable two-stage lot-sizing
problem with uncertain demand by solving its dual semidefinite program. Numerical
examples are also given to illustrate how a two-stage program and a two-stage lot-
sizing problem can be solved, using a MATLAB software package. The last section
summarizes the main results and provides perspectives.

2 Adjustable Farkas’ Lemma

Let us first start by fixing some notations and definitions. The notation R" signifies the
Euclidean space whose norm is denoted by || - || for each n € N. The inner product in
R” is defined by (x, y) := x " y for all x, y € R". The origin of any space is denoted
by 0 but we may use 0,, for the origin of R” in situations, where some confusion might
be possible. For a non-empty set £2 C R", conv £2 denotes the convex hull of §2 and
cl £2 stands for the closure of £2, while coneco §2 := R, conv §2 stands for the convex
conical hull of £2 U {0, }, where Ry := [0, +oo[C R. As usual, the symbol I, stands
for the identity (n x n) matrix. A symmetric (n x n) matrix A is said to be positive
semidefinite, denoted by A > 0, whenever xTAx > 0forallx e R". If xT Ax > 0
for all x € R" \ {0,}, then A is called positive definite, denoted by A > 0.
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A general parametric (semi-infinite) linear homogeneous system with adjustable
variables reads as follows:

N
xeR" x(), @+ ua) x+0]x@) <0, j=1.....q. VueU, (1)

r=1

wherea’. e R",r =0,1,...,5,j=1,...,qand §; := (9},...,9}") e R", j =

1, ..., q are fixed and the set U is assumed to be a spectrahedron (see, e.g., [17]) given
by
N
Ui={u:=@,....u;) €ER* : Ag+ Y u,A, = 0) 2)
r=1
with the symmetric square matrices A,,» = 0, 1, ..., s. In what follows, we assume

that U is non-empty and bounded.

Note that, in (1), the adjustable variable x(-) is a mapping x : U — R, and so it
is generally hard to obtain numerically verifiable dual solvability characterizations of
the system with a mapping x(-) unless the system is restricted to some special classes
of mappings. We now introduce a parameterized affine rule, where the mapping x (-)
satisfies the rule:

x(u) :=py+ (1 —p)Wu. (3)

Here, y € R™ and W € R”™*¢ are non-adjustable variables and p € [0, 1] is a scale
parameter. If p €]0, 1[ then, by considering ¥ := py and W o= (1 — p)W, the
second-stage decision rule in (3) becomes the standard affine rule x(ul =y + Wu
(cf. [11, Page 356]) (see also, [10, Equation (8)]), where y € R™ and W € R™*S are
non-adjustable variables. Other special cases of commonly used affine rules and their
corresponding results are given later in this section.

We now consider a parametric linear homogeneous inequality system with affinely
adjustable variables as follows:

N
xeRy e R WeR™, @+ ) wa)Tx+0/xw) <0, j=1,....q,

r=1

(RS)
x(w) =py+A—-p)Wu, Vu e U,
where U is the parameter set given as in (2). In what follows, weuse W, r = 1,...,s
as the columns of the matrix W.
Leta; : R - R", j=1,...,q, be given by
N
aj(u) :=aJO~+Zura; for u:= (uy,...,us) € R 4)

r=1
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witha; eR"r=0,1,...,s,j=1,...,q fixed as above and denote

C := conecof(a; (), pb;, (1 — puib;, ..., A =pusj) = j=1,..., q.u:=(ui,...,us) € U}.

)

Theorem 2.1 (Adjustable Farkas’ Lemma) Let p € R",v € R", 0, € R",r =
1,...,s and assume that the adjustable linear homogeneous inequality system (RS)
has a solution; i.e.,

X = {(x, y, W) e RHmtmxs . aj(u)Tx +6ij(u) <0, j=1,...,q,
x(u)=py+ A —p)Wu,Vu € U} # 0.

Let W.,r =1, ..., s be the columns of the matrix W. Suppose that the cone C in (5)
is closed. Then, the following statements are equivalent:
(a) The following implication holds:
[x R,y eR", W e R™, aj() x+6]x(u) <0, j=1,....4q,
s
x(u)=py+ 1A —p)Wu, Yu € U] - pTx + UTy + ZarTWr > 0.

r=1

(b) Thereexistk?zo,A;eR,j:l,...,q,r:1,...,ssuchthat

q s q
Y]+ Y ) =0, v+ 3 i =0
j=1 r=1 j=1

q K
o,+Z)\;(1—p)9j=o,r=1,...,s, A‘}A0+ZA;Ar30, i=1,....q.
j=1 r=1

To prove this theorem, we need the following technical lemma.
Lemma 2.1 Consider the cone C gi_ven as ir; (5). Then, for each v* € C, there exist

ajzo,jzl,...,qanduf ::(u{,...,u§)€U,j:l,...,qsuchthat
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q
V¥ = Zaj(aj(uf), p0;, (1 — pyul6;, ..., (1 — p)ulb;),
j=1

where the affine maps a;, j = 1,...,q are given as in (4) and the convex set U is
defined as in (2).

Proof Let v* € C. By the definition of C and the Carathéodory’s theorem, we find
aj; =20, j= l,...,qanduﬁ = (u{l,...,ugl) eU,j=1,...,q,i=1,....n+
m 4+ ms 4+ 1 such that

n+m+ms+1 N B ..
v =) aji(aj@’®y, p0;, (1 = pyui'0;, ..., (1= p)ui'6;).  (6)
j=1 i=1
n+m+ms+1
For each j € {1,...,q}, leta; := > ajj > 0. If a; = 0, then we take
i=1
. it it . ! n+m+ms+1 .
w = (uy,...,uy ) € U.Ifa; > 0, then we put u/ ::a—j » ajul' e U,
where the latest relation holds due to the convexity of U. As a; is an affine map, it
. n+m+ms+1 B

holds that «ja;(u’) = > ajiaj(u’'). Now, we get by (6) that

i=1
vi =Y "aj(ajwh), pbj, (1 = pyul0j, ..., (1 — p)ul6;),
j=1

which completes the proof of the lemma. O

Proof of Theorem 2.1 [(a) =—> (b)] Assume that (a) holds. We first show that
_(@vU,UI»H',O—s)EC’ (7)

where C is given by (5).

(Applying the separation theorem) Suppose by contradiction that — (g, v, o1, . .., 0y)
¢ C. As C is closed and convex, we can invoke the strong separation theorem (see,
e.g., [18, Theorem 2.2]) to find (x*, y*, z],...,z}) € R*™ ™M\ {0,411 ms) such
that

N
sup {((x*, vzl 2. e) tce C} <—px*—vly = ZU,TZ;‘. ®)
r=1
Note by 0, 4m+ms € C that
N
o oy 4 ZJ,Tz:‘ <0. )
r=I1
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We assert further that
(v, 28, ..., 28),¢) <0 forall ceC. (10)

Otherwise, there exists ¢p € C such that ((x*, y*, z}, ..., z}), co) > 0. This, together
with the fact that Acp € C for all A > 0, implies that

((* ¥, 2] 25D, Aco) = M(x™, y*, 21, ..., 7)), co) = +00 as A — +oo.

This clearly contradicts (8), and hence, assertion (10) is valid. This, together with the
fact that (aj(u), p0;, (1—p)u16j, ..., (1—pusd;) € C,j =1,...,qforallu € U,
implies that

aj@) x4+ o0y + A =p) Y ub]zF <0, j=1,....q, Yui=(uy,..., u) eU. (11

r=1
By X # 0, we find (x,y, W) € R""Hmxs guch that a;(u) 'x + pejTy + (1 —
K - N
0> urQITWr <0,j=1,...,qforallu € U, where W,,r = 1,...,s, are the
r=1 ’
columns of the matrix W. This, together with (11), entails that

s
aj@) x4+ p0 Y+ (1= p) Y u bW <0, j=1,..., q, Yu = (ui,..., ug) € U,

r=1

where x* 1= ¥ 4+ Ax*, y* i= Y+ Ay*, W= W, + A5, r =1,...,sforA > 0.In
other words, by denoting W*, A > 0, the matrix with its columns as Wr)‘, r=1,...,s,
we assert by (12) that x* € R”, y* € R™, W* € R™** and aj () "x* + 9]—.'—x(u) <
0,x(u) = py* + (1 —p)W*u, j =1,...,q forall u € U. On the one hand, as (a)
holds, we arrive at

s
o' +v Ty + ) 6, W =0 forall 1> 0. (13)
r=1

Now, by (9), we obtain that

s N N
o +uTyt + X:U,TW,A =p x40 ¥+ ZU,TW, + AT +uTy + Za;zf) — —00
r=1

r=1 r=I1

as A — +oo. This clearly contradicts (13), and consequently, (7) holds.

(Employing a variable transformation) By (7) and Lemma 2.1, we finda; > 0, j =
l,....qandu/ := (uf,...,ui) €U, j=1,...,q such that

q s
-9 =2 aj(a)+ ) ura)).
j=1 r=1
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q q
—v = Za,p@,, —0, = Zotjui(l —p)0j,r=1,...,s.
j=1 j=1

Lettingk(} =aj 20,)\; :=<xju{ eR,j=1,...,q,r =1,...,s, we obtain that

q N q
0.0 0
P+ W0+ Wa) =0, v+ > %6, =0,
j=1 r=1 j=1

q
Ur+ZA§(l—p)9j=O,r:1,...,s.
j=1

. s .
The relation u/ € U means that Ag + Y ul A, > 0 for j=1,...,q. We show that

r=1

S
WA+ WA =0, j=1,....q. (14)

r=1

Let j € {1,...,q} be arbitrary. If)n(} = 0, then k; =O0forallr =1,...,s, and
hence, (14) holds trivially. If 29 # 0, then

N S )\'r N .
WA+ WA =29 (Ao +> A—{)Ar) = (Ao + ZuiAr> >0,
r=1 r=1"J r=1

showing (14) holds, too. So, we arrive at the conclusion that (b) holds.

[(b) =— (a)] Assume that (b) holds. Then, there exist )\9. > 0, A;. e R,j =
1,...,q,r=1,..., s such that

q S q
P+ WJa)+> Nah) =0, v+ > 2900 =0, (15)
j=1 r=1 j=1

q s
a,+ZA;(1—p)9j=0,r=1,...,s, A(}A0+ZA;A,30,j=1,...,q.

j =1 r=1
(16)
(Employing an inverse variable transformation) Given j € {1, ..., g}, we consider
the following matrix inequality
N
WAg+ > 1A, = 0. (17)

r=1
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We claim by (17) and the boundedness of U that if k(} = 0, then A; = 0 for all
r =1,...,s. Suppose, on the contrary, that A(} = 0 but there exists ro € {1, ..., s}
N
with A;.O # 0. In this case, (17) becomes Y A;A, >0.Letu := (uy,...,us) € U.
r=I1

N
It follows by definition that Ag + > u, A, > 0 and

r=1

§ N s
Ao+ Y G +yADA; = (Ao + Zﬁ,A,) +y Y A, = Oforally > 0.

r=1 r=1

This guarantees that u + y()\}, e, )c}) € U for all y > 0, which contradicts the fact
that U is a bounded set. So, our claim must be true. ' A ‘

By U # ¢, for each j € {1,...,q}, we can take @/ := (@,...,uy) € U and
define &/ := (u, ..., uy), where

; ul, if x? =0,
wr =1 1,...,
“r St #o0, y
J
Then, it can be checked that
N .
s Ao+ Y ulA,, ifxf}:o,
AO + Z 17;{ Ar = r=l1 s
=1 (A0 + X A5A,), i AT #£0,
J r=l1

D) ; .
which shows that Ag + Y %/ A, > 0, and so, @/ € U. Then, we have

r=I1

,\Oa°+2/\; ;)_Z,\Oa +Z (18)
q

Z 0j, r=1,...,s, (19)

1 —

MWMQ

~.
I

Wherewenotethatifk(} = 0,then)»§ =0forallr =1,...,5,j=1,...,gasshown
above.

To prove (a), let (x, y, W) € R"+7+m>$ pe such that aj (u) " x +6J—.'—x(u) <0,j=
1,...,qgforallu € U, where x(1) = py + (1 — p) Wu. It means that

N
aj) x+p0y+1=p)> w6 W, <0,

r=1

@ Springer



Journal of Optimization Theory and Applications (2020) 187:488-519 497

j=1,...,q9, Yu:=wy,...,us) € U, (20)

where W,.,r =1, ..., s are the columns of the matrix W. Observe by (15), (16), (18)
and (19) that

N
gaTx + va + ZarTWr

r=1

q K
=_ Z,\g(aj(ﬁffx +p0]y+ (1= p) Zﬁiejwr) >0,
r=1

j=1
where the last inequality holds due to (20) and the fact that W oe U, j=1,...,q.
So, (a) holds. The proof of the theorem is complete. O

Let us now examine some particular cases of the adjustable linear homogeneous
inequality system (RS). The first particular caseis x (u) := p(x1, ..., Xn)+(1—p)Wu
with 1 < m < n; i.e., the adjustable variable x(-) depends on some components of
the non-adjustable (first-stage) variable x 1= (x1, ..., Xy, ..., Xy).

Corollary 2.1 (Partially adjustable Farkas’ lemma) Let 1 < m < n and denote
x = (§,¢), where & := (x1,...,xp) and ¢ = (X1, ..., Xn) are partitions of
X = (X1, .oy Xy Xp). Let (91, 2) eR" xR"™™ 0, e R, r =1,...,s, and
assume that the adjustable linear homogeneous inequality system (RS) with x(u) :=
p& + (1 — p)Wu has a solution; i.e.,

X5 = {(x, W) e R" x R"** :aj(u)Tx +6?j—~rx(u) <0, j=1,....q,
x(u) = p&+ (1 —p)Wu,Vu € U} # 0.

Suppose that the following cone

C3 = coneco{(aj(u) + pb}, ..., a7} ) + p6}' am M, ..., a’j(u),

77
(I —=pubj,..., (1 - p)us9/-) :
i=1...qu:=®i,... u) €U} 21
is closed, where aj(u) = (a} (u), ...,a;' (w)) for u € U. We also partition a; as
a; = (a;l,a;z) with a;I e R™ anda;2 eR" ™ forr=0,1,...,5,j=1,...,q.

Then, the following statements are equivalent:
(1) The following implication holds:

[x eR". W eR™, aj)'x+60]xw) <0, j=1,....q.

T s
1 T

x(u) = + 1 —-p)Wu, Vu e U| = x4+ o, W, >0,

(W) = p& + (1 — p) ] (m) z;,

where W, r =1, ..., s are the columns of the matrix W.
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(ii) Thereexist)»? > 0,)»3 eR,j=1,...,q,r =1,...,s such that
q s q s
0.0 0 0.0
o1+ ) (Galy +150; + Y Mjah) =0, o2+ Y (Gagy + Y Mialy) =0,
Jj=1 r=1 j=1 r=1

q s
ar+ZA;-(1—p)9j=0, r=1,...,s, A(}A0+ZA;Ar:0, ji=1,....q.
j=1 r=1

Proof Let X = (£,¢, Wi,..., W), zz;? = (aj?1 + ,09‘/,a?2,0m,...,0m),5; =

(ajl,a?z, @;),r = 1,...,s,j = 1,...,q, where @J’ = Op,..., (0 —
)0, ...,0,) € R™*¥ with 6; standing at the rth position, and define affine maps
aj RS — RS j=1,...,qas
A
aj(u) = 5? + Zu,ﬁ; for u = (uy,...,u;) € R°.
r=1
In what follows, we also use the notation @ (u) := (Ejl. W), ..., E;f+"’xs(u)) foru e U

and j=1,...,49. Seté} :=0,,j=1,...,q, and observe that X, # ¢, if and only
if X # 0, where

X = (&, 9, W) € RMHMXS o RM 5 RM*S :Ej(u)Tf—i—a;rf(u) <0, j=1,...,q,
Xw)=py¥+ (1 — p)Wu,Yu € U}.

Assume (i) holds. Then, the following implication holds:

[F e R, 5 R, W eR™, @)X +0/Fw) <0, j=1,....q,
Xw)=py+ (1 —p)Wu, Vu e U] = §'% >0, (22)
where = (p1, 2,01, ..., 0y). Moreover, it can be verified that the closedness of

C»> guarantees the closedness of the following cone C, where

C = coneco{(aj(u),pgj, 1 - p)ulgj,...,(l - ,o)usgj),j =1,...,q|
w:=(ur, ... us) € U} = conecof (aj () + pb}. ..., a" (u) +p9'.",a;.”+‘(u),
e d @), (L= )iy, oo (1= p)ushy, O O) 2 =1 q,
u::(u1,...,us)eU}.

Applying the adjustable Farkas’ lemma given in Theorem 2.1, we find A(; >0, A; €
R,j=1,...,q,r =1,..., s such that ‘

r=1

q N K
F+Y @+ Ww) =0, 940+ ) WA =0, j=1.....q.
j=1 r=1
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which shows that

q K} q §
o1+ 3500 4200+ 3 ) =0, g+ 3y + 3 =0
j=1 r=1 j=1 r=1

q K
ar+ZA;-(1—p)9j=0,r=1,...,s, A?AO+ZA;A,:O, ji=1,....q.
j=l1 r=1

This means that (ii) is valid. In this way, we can employ Theorem 2.1 to show that the
inverse implication also holds and so, the proof is complete. O

Remark 2.1 For the case of x(u) := px + (1 — p)Wu (i.e., the adjustable variable
depends on the entire components of the non-adjustable variable), we can employ
the adjustable Farkas’ lemma in Theorem 2.1 to derive the following version of the
Farkas’ lemma.

Letp € R", 0, € R",i = 1,...,s, and assume that the adjustable linear homo-
geneous inequality system (RS) with m = n and x(u) := px + (1 — p)Wu has a
solution; i.e.,

Xp = {(x, W) eR" xR s aj)"x +6/x) <0, j=1,....q.
x(u) =px+ A —p)Wu,Vu € U} # 0.

Suppose that the following cone Cy is closed, where

Cy = coneco{(aj(u) + 00, (1 = p)ur0;, ..., (1 — ,o)uSGj) :
j=1,...,q,u:= (ul,...,us)eU}.

Then, the following statements are equivalent:
(1) The following implication holds:

[x e R", W e R, aj(w) x+6/xw) <0, j=1,....q,

S
xw)=px+1—p)Wu, VueU]l= o x+Y oW, >0,

r=1

where W,.,r =1, ..., s are the columns of the matrix W.
(i) Thereexist)»(; 20,)»; eR,j=1,...,q,r =1,...,s such that

q N q
o+ Y 19aV+2900;+) " Wa)=0. o, +Y 21— p)0;=0,r=1,....s,
j=1 r=1 j=1

N
WA+ WA =0, j=1.....q.

r=1
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In the second particular case, where 6; := 0,,j = 1,...,q (i.e., there are no
adjustable variables in the system (RS)), the adjustable Farkas’ lemma reduces to
the semi-infinite Farkas’ lemma (see, e.g., [19]) for a linear homogeneous inequality
system.

Corollary 2.2 (Semi-infinite Farkas’ Lemma) Let o € R", and assume that the

adjustable linear homogeneous inequality system (RS) with 0; := 0y, j = 1,...,¢q
has a solution; i.e.,

X={xeR":ajw'x<0, j=1,....q, YucU}#0.
Suppose that the following cone C is closed, where

C:= coneco{aj(u) cj=1,...,q,ue U}. (23)

Then, the following statements are equivalent:

(1) The following implication holds:
[x e R", aj(u)Tx <0, j=1,...,q, Vue U] :>50Tx > 0.
(i1) Thereexist)»(/). > O,Ar/ eR, j=1,...,q,r =1,..., 5 such that
q N K
o+ (Gal + ) aa) =0, A0+ ) KA =0, j=1.....q.
j=1 r=1 r=1
Proof Observe first that X # 0, if and only if X # J, where

X o= {(x,y, W) e RS i) Tx 460 x(w) <0, j=1,....q,
x(u) = py + (1 —p)Wu,Vu € U},
with6; :=0,,j=1,...,q.

Assume (i) holds. Then, by letting v := o0, := 0y, r = 1, ..., s, we get from (i)
the following implication

[x eR", y e R", W e R™, a;@) x +0/x@) <0, j=1,....q,

s
xw)y=py+A—p)Wu, VueU]l=p x+v'y+) oW, >0, (24

r=I1

which lands in the form (a) of Theorem 2.1. In this setting, it can be verified that the
closedness of C implies the closedness of C in (5) as

C = coneco{(aj(), 0m, O, ....0n) : j=1,....,q,u €U}
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Applying now Theorem 2.1, we assert that (24) is equivalent to saying that there exist
A? >0,2;€R, j=1,....,q,r =1,...,s such that

q s q
o+ W)+ Wah) =0, v+ > 2900 =0, (25)
j=1 r=1 j=1

q K
or+ Y M(l=p)f;=0,r=1,....5, A+ Y MA, =0, j=1,....q.

j=1 r=1
(26)
Note that conditions (25) and (26) are exactly (ii) because v = o, = 0,,, ¥y = 1,...,5s
and 0; := 0y, j = 1,...,q. In this way, we can employ Theorem 2.1 to show that
the inverse implication also holds, and so the proof is complete. O

We close this section with a remark that, in a special case where the parameter set
U in (2) is a singleton, the adjustable Farkas’ lemma reduces to a classical form of
the Farkas’ lemma for a linear homogeneous inequality system.

3 Exact SDPs for Two-Stage Robust Linear Programs

In this section, we apply the adjustable Farkas’ lemma obtained in Theorem 2.1 to
derive strong duality relations for a two-stage robust linear optimization problem,
where the dual problem is a conic linear program and so, the optimal value of the
underlying two-stage robust linear optimization problem can be found by solving this
conic linear program.

A linear program in the face of constraint data uncertainty can be captured by the
program

inf {¢'x i a;)'x <bjw), j=1,...,q), (27)

xeR?
where ¢ € R" is fixed, u € U, the uncertainty set
N
Ui={u:=@.....u) eR" : Ag+ > u;A; = 0}
i=1

is a non-empty bounded spectrahedron defined as in (2), and a; : R® — R",b; :
R — R, j=1,...,q are affine mappings given, respectively, by

S s
aj(u) = a?—i—Zuia;, bj(u) := b? —i—Zuibi- for u = (uy,...,us) € R,
i=1 i=1

where @} € R", b € R,i =0,1,...,5,j =1,...,q are fixed.

@ Springer



502 Journal of Optimization Theory and Applications (2020) 187:488-519

We consider an adjustable uncertain two-stage linear program of (27) as

inf  {c'x : aj(u)Tx +60x) < bij), j=1,...,q}, (UP)
x€R™, x(+) J
where 0; = (9},...,9;”) e R", j=1,...,q are fixed, x := (x1,...,x,) is the

first-stage (here-and-now) decision vector and x (-) is the second-stage (wait-and-see)
adjustable decision vector given by

x(u) =py+ (1 —p)Wu

with the non-adjustable y € R™, W € R™*S and p € [0, 1] as in (3). The first-stage
decisions x, . . ., x, are made before the uncertain parameters uy, . . ., ug are realized,
whereas the second-stage adjustable decisions can be made after some of the uncertain
parameters have revealed their values.

The adjustable robust two-stage counterpart of (UP) reads as follows:

inf {c"x taju) x+ GJTx(u) <bju), (RP)
xeR™ yeR™ WeRmMxs

xw)=py+A—-p)Wu, j=1,...,q, Vu e U}.

We propose a semidefinite programming (SDP) dual problem for (RP) as

q 9 ?
sup {_Z()‘(])'bo_’_z)‘lbl . C"‘ZO‘O“O""Z)‘ ):O, Z)»?»,O@j:(),
j=1 i=1 j=1 i=1 j=1

(*9,35)
(DP)
D A=) =0, 2940+ > 2iA; = 0.
j=1 i=1
MWeR M eRi=1,....5, )= 1,...,q].
The following theorem describes a strong duality relation between the adjustable

robust two-stage linear problem (RP) and its semidefinite programming dual prob-
lem (DP).

Theorem 3.1 (Strong duality with SDP duals) Let the feasible set of problem (RP)
be non-empty and let the following cone Cp be closed, where

Cp:= Coneco{(aj(u), biw), pbj, (1 — puibj, ..., (1 - p)usel,-) :
i=1....qu:=(i...,u) €U} (28)

Then, we have

(9.20)

q
inf (RP) = max { Z()»Obo-l—Z)»lbl) : c+Z(x°a°+Zx'a ) =0,
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q q s
Z,\‘}pej =0, Z,\f,(l —p)0; =0.2940 + Z/\’in >0,

j=1 j=1 i=1
MWeRLA eRi=1,....5,j= 1,...,q}.
Proof (Verifying weak duality) Let us first show that

inf (RP) > sup (DP). 29)

This holds trivially if the feasible set of problem (DP) is empty. Now, take any A? >
0’)“5' €R,.j=1...,q,i=1,..., s suchthat

q s q q
c+ Y WY+ Aal)y=0.> 2900, =0. Y A1 -p)9;=0.i=1,....5.
= i=1 j=1 j=1
(30)
$ .
A(}AO+Z/\’/-AizO,j=1,...,q. (31)
i=1
Consider any j € {l,..., q}. By the compactness of U, as shown in the proof of
Theorem 2.1, we conclude by (31) that if A? = (0, then )J/. =O0foralli =1,...,s
Then, take %/ := (ﬁ{, ..., 7)) € U and define i/ := (ﬁ{, ..., i)y with
=~ e 0 _
N ;s 1fkj =0, '
up =93 £30 20 i=1,...,s.
A_(/).’ 1 1 # 5

It shows that 7/ € U. Then, we have
q S .
Z(,\an + Z/\ a) = Zk(}(a? +) wdt)
j i=1
Z(A%MZ)J bl) = ZAO b°+Z~jbl (32)

q
Z)vjej =Z,\3a‘{9j,i= 1,....s, (33)
j=1 =

wherewenotethatifk? =O,thenkj. =O0foralli =1,...,s,j=1,...,q as said

above.
Now, let (x, y, W) € R"T"+MXs be 3 feasible point of problem (RP);
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ie,aj(u) x+ ejT(py + (1= p)Wu) <bj),j=1,...,qforallu € U.Denote
by Wi, i =1, ..., s the columns of the matrix W. We get by (30), (32) and (33) that

—c x—Z(AObO+Zklb’

q
> 2@ —i—Zu]a’) x+p9Ty+(1—p)Z’zzfeT (b0+Zi?’b’
=1

J i=1 i=1

I
M= T

M aj@)"x +6] (py + (1= pWil) —b;@))] <0,

~.
Il

Where we should remind that 7/ € U for j = 1,...,q. It entails that cTx >

s . .
— Z (Aobo + 2 A5bY), and s0 (29) is valid.
i=1

(Verifying strong duality) To prove the converse inequality of (29), we may assume
= inf (RP) € R. Then, it holds that

[x eR", y e R", W € R™*, a;ju)'x +6’J~Tx(u) <bjw), j=1,...,q,
x(u) =py+ A —p)Wu, VueU]:>ch—ﬁzO. (34)

We now verify that

[x eR", yeR", WeR™, r eR, aj(u)Tx —i—@}r
x(u)+bjw)y <0, j=1,...,q, 1t <0,
x) = py+(1—p)Wu, Yu e U] = ¢"x + 7t > 0. (35)

To see this, assume on the contrary that there exist (X, 3, W) € Rrtmtmxs qnd 7T < 0
such that

S
aj) T+ p0] T+ A= p)Y uib] Wi +b;)i <0, j=1,....q, VueU,
i=l1

(36)
' T+ ur <0, (37)
where W;, i = 1, ..., s are the columns of the matrix W. Let us consider the following

possibilities:
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Case 1 (f = 0): We get by (36) and (37) that

N
ajw) T+ p0]y+ (1 —p)ZuiejTW,- <0, j=1,....,q. Vu e U,
i=1

T <0.

Let (X, 5, W) € R*T"+7m%s be 3 feasible point of problem (RP);
s —
ie., aj(u)Tf—i— pH;ri—i— (1-=p)> uréj—.rW, <bjw),j=1,....,qforallu € U,

r=1
where W,,r = 1, ..., s are the columns of the matrix W. It entails that

)
aj) X +p0) v+ A= p) Y w0 W <bjw), j=1,....q, ¥
r=1

=uy,...,ug) €U, (38)

M= X 4K,y =Y+ AY, Wi)‘ =W, +AW;,i=1,...,sforA > 0.In
other words, by denoting W*, A > 0, the matrix with its columns as Wi)‘, i=1,...,s
we assert by (38) that x* € R", y* € R”, W* € R™* and a;(u)"x* + 0] x(u) <
bju), x(u) = py* + (1 — p)W*u, j = 1,...,q for all u € U. Then, by (34), we
arrive at the assertion that ¢ | x* > w for all A > 0. This assertion contradicts the fact
that ¢ 'x < 0 and thus

where x

cTx* =¥+ AT = —00 as A — +oo0.

Case 2 (t < 0): We get by (36) that

a/(u)T< >+,09T< )+(1—p)zueT
X(%)fbj(u), j=1,...,q9, Vuel.

Similarly, by (34), we obtain that ¢ (L> > w, which contradicts to the inequality
in (37). Consequently, (35) holds.

(Homogenization of (35)) Let X := (x,t),a'; = (ag,b;),r =0,1,...,5,j] =
1,...,q,52+1 0., 1), d q+1 =(0,,0),r =1,...,sand 6,41 := Oy, and define
affinemaps @; : RS — R j=1,...,¢+1las

N
aj(u) ::'d’?—i—Zurﬁ; for u = (uy,...,us) € R%.
r=1
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In what follows, we also use the notation @ (u) := ('07} W), ..., 5?“ (uw)) foru e U
and j =1,...,¢q + 1. From (35), we obtain the following implication:

[KeR"™L yeR", WeR™, @) X460 xw) <0, j=1,....q+1,
x)=py+1—p)Wu, Yue U] = ¢'x >0, (39

where ¢ := (c, ). Moreover, it can be verified that the closedness of Cp guarantees
the closedness of the following cone C, where

C = coneco{(a/(u), P8, (1 — p)ui6j, ..., (1 — ,o)uSGj) :
i=1....g+ 1l u= (... ,u) €U}
= COHCCO{(OH, 17 Omv Om’ ey Om)» (a](u)v bj(u)v pgjs (1 - p)blle], .

“ey

(l—p)u‘gej) : j:l,...,q,u::(u1,...,us)eU}.

Applying the adjustable Farkas’ lemma given in Theorem 2.1, we find A? >0, )»? €
R,j=1,....,g+1,r=1,...,s such that

q+1 K q+1
T 30+ D w0 =0, Y Kt =0,
j=1 r=1 j=1
q+1 s
DA =p)0;=0.r=1,....5, AAg+ > AjA, =0, j=1,....q+]1,
j=1 r=1

which shows that

q s q
4 Y0+ Y ) =0, 3008, =0,
j=1 i=1 j=1

q s
Z)\;(l—p)&/ =0,r=1,...,s, A‘}A0+ZA;A, =0,j=1,....q,
j=1 r=1

q s

— 0 0,0 i 7,0

T4 20+ Y000+ 3 ikl =
j=1 i=1

q s
The last equality entails that 7t < — ) ()»(]).b? +> )Jjb‘j). So, & < sup (D P), which,
j=1 i=1

together with (29), guarantees that inf (R P) = sup (D P) and the dual problem (DP)

attains its solutions. The proof of the theorem is complete. O
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Remark 3.1 For the case of x(u) := p(x1,...,xp) + (1 —p)Wuwithl <m <n
(i.e., the second-stage decision variable x(-) depends on some components of the
first-stage decision variable x := (x1, ..., Xy, ..., X»)), we can employ the Farkas’
lemma in Corollary 2.1 instead of Theorem 2.1 to derive a strong duality relation
between the adjustable robust two-stage linear problem (RP) and its corresponding
dual semidefinite programming problem.

Let us consider a particular case of the adjustable robust two-stage linear prob-
lem (RP), where the uncertainty set U in (2) is replaced by the following ellipsoid

E:={ueR : uTMugl} (40)

with a symmetric (s x s) matrix M > 0.Let B be an (s X s) matrix such that M = BTB.

In this case, we obtain strong duality with a second-order cone programming
(SOCP) dual for the adjustable robust two-stage linear problem (RP) under ellipsoidal
uncertainty.

Corollary 3.1 (Strong duality with SOCP duals) Consider the problem (RP) with U
in (2) replaced by E in (40), and let the feasible set of problem (RP) be non-empty.
Assume the following cone Cp be closed, where

Cp = coneco{(aju), bj(u), pb;, (1 — puib;, ..., (1 — p)ugb;) :
j=1,...,q,u:=(u1,...,ux)€E}.
Then, we have

inf (RP) = max{ Z(Aobo Z)Jb’
)

j=1

c+ Z(,\an + Z/\ =0, Zx(}pej -0,
j=1

J=1

Z%‘(l —p)B; =0, [BG. ... 25 <20,
j=1

)L(}GRJF,/\;eR,i:l,...,s,j:l,...,q}.

Proof Let A;,i =0,1,...,sbe (s + 1) x (s + 1) matrices given by

. M0 . 0 ¢ .
AO.—( 0 1>7 Al‘—<eTO>9l_1""7s’ (41)

1

where ¢; € R® is a vector whose ith component is one and all others are zero. Then,
the ellipsoid E in (40) lands in the form of the spectrahedron U in (2). Therefore, we
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invoke Theorem 3.1 to assert that

inf (RP) = max [ Z(/\Ob°+ZA’ b

(AO x’
+ Y000+ 3 K =0, Y0ty =0,
j=1 i=1 j=1

q s
Z/\’j(l —p)0; =0, 2940+ ZA;Ai >0,
j=1 i=1

)\(}em,x;eR,i:l,...,s,j:L...,q],

where A;,i =0, 1,...,s are given as in (41). In this case, we can verify that
s .
WA+ Y MA =0 S IBG. .. A < 4Y, j=1.....q.
i=1
So, the proof is complete. O

As an application of Theorem 3.1, we derive, in the following corollary, a charac-
terization of solution in terms of linear matrix inequalities for the adjustable robust
two-stage linear problem (RP).

Corollary 3.2 (Characterization of solution for (RP)) Let the optimal solution set of
problem (RP) be non-empty and let the following cone Cp be closed, where

Cp = coneco{(a;u), bj(u), pb;, (1 — puib;, ..., (1 — p)ugb;) :
j=1,...,q,u:=Wy,...,us) € U}.

Let (x,5, W) € R"™ ™5 pe q feasible point of problem (RP). Then, (X,y, W) is
an optimal solution of problem (RP) if and only if there exist )»(/). > 0, A’/. eR,j=
1,...,q,i =1,...,s, such that ‘

q N q
e+ 000+ Y ey =0, 31098, =0,
j=1 i=1 j=l1

q s
YA —p0;=0i=1,....5, AAg+> 254 =0, j=1.....q
j=1 i=1

c'x+ Z(,\Obo ZN bi) =0. (42)
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Proof [=] Let (x,y, W) € R"*"+"*S be an optimal solution of problem (RP).
Since Cp is closed, we assert by Theorem 3.1 that

c'x = max [—Z Obo Z)Jb’
)

0 41
(O i=1

q
ety (W99 + Zx =0, ngpe,- =0,
j=1

j=1

q K

Z)Jj(l —p)8; =0, ,\‘]?A0+Z,\;Ai > 0,
j=1 i=1
WWeRL A eRi=1,....5, )= 1,...,q}.

This shows that there exist )f} >0, )»3. eR,j=1,...,q9,i =1,...,s such that

q q
c+Z()\°a°+ZA D=0, 20, =0,
j=1

j=1

S
YA —p);=0i=1....5. A4+ 24 =0, j=1.....q
j=1 i=1

q
=y 99 + ZM bh).
j=1

and so, we obtain (42). _
[<=] Assume that there exist A0 > 0, AL € R, ,j=1,...,q,i =1,...,s such that

(42) holds. Under the closedness of Cp, we invoke Theorem 3.1 again to conclude
that

min (RP) = max { Z(/\Ob0+2k‘ bi)
)

j=1

c+ Z(xoao + Z,\ =0, Zx‘}pej -0,
j=1

j=1

N
ZA;(l —p)0; =0.2940+ > 25A; = 0,

j=1 i=1

A‘}eR+,,\§.eR,i:l,...,s,j:L...,q]. 43)
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Now, let (x, ¥, W) € RHMHmXs be an arbitrary feasible point of problem (RP). Taking
(42) and (43) into account, we see that

q s
c'¥ == 0909+ Aip}) <min(RP) < c'%.
j=1 i=1

So, (X,y, W) is an optimal solution of problem (RP), which finishes the proof. O

We now provide some sufficient criteria, which guarantee that the cone Cp in
Theorem 3.1 is closed.

Proposition 3.1 (Sufficiency for the closedness of C p) Assume that one of the fol-
lowing conditions holds:

(a) The uncertainty set U of problem (RP) is a polytope; R
(b) The Slater condition holds for the problem (RP); i.e., there is (x,y, W) €
RHMHMXS qych that

aj)'X+60] x(u) < bjw), x(u)=py+ (1 - oO)Wu, j=1,...,q, YueU.
(44)

Then, the following cone Cp is closed, where

Cp = coneco{(aju), bj(u), pb;, (1 — puib;, ..., (1 — plugb;) :
j=1...,q,u:=Wy,...,us) € U}.

Proof For each j € {1, ..., q}, let us define an affine map H; : R® — R" x R x
R™ x R™* as

Hj(u) = (ajw),bj@w), pb;, (1 — p)uibj, ..., (1 — puyb;),
u:=(uy,...,us) €U.

Then, H;(U) := |J H;(u), and so it follows that
uelU

q
Cp = coneco U H;U)
j=1

(a) When U is a polytope, the set H;(U) is also a polytope foreach j € {1, ..., g}
(see, e.g., [20, Proposition 1.29]), and so H;(U) is the convex hull of some finite
set (see, e.g., [20, Theorem 1.26]). It means that for each j € {1, ..., g}, there exist
ki e Nandu' € U,i = 1,..., k; such that
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H;(U) = conv{(a;),b;@), pb;, (1 — p)u'i6,....(1 — pul6;) : i =
1,... kj}. It follows that

q
conv UHj(U)
j=1
= conv{(a; '), b;u"), pd;, (1 — p)ui6;, ..., (1 — p)uld;) :
i=1,....kj, j=1....q}

q

is a polytope. So, Cp = coneco | conv ( U H;U )):| is a polyhedral cone and hence
Jj=1

is closed (see, e.g., [ 18, Proposition 3.9]).

(b) As U is compact and H; is affine (and thus continuous) for j € {1,..., g},

j
Moreover, H;(U) is a convex set for each j € {1, ..., g} due to the convexity of U

(see, e.g., [18, Proposition 1.23]). Assume now that the Slater condition (44) holds.
We assert that

q
the set H;(U) is a compact set. This entails that H;(U) ] is also a compact set.
=1

q
(04,0, 01, Ops - ..., 0,) & conv UH,-(U) . (45)
——

K J=1

. q
Assume on the contrary that there existu’/ € U, 1t; >0, j =1,..., g with > =
=1

J
1 such that
(Onv 01 OWH Omv REEE ] Om)
—
N
q . . . .
=Y wi(a;@), biw!), pb;, (1 = puib;, ... (1= p)uif;).  (46)
j=1
Denote by Wr, r=1,...,s, the columns of the matrix W. From (44), we obtain that

q s . |
Zﬁj (aj(uJ)Tf-i- ,OE’jT'jf—i— 1—p) ZuﬁQIW,) < Zﬁjbj(u'/),
j=1

r=1 j=1
which clearly contradicts (46), and so (45) holds. Invoking [7, Proposition 1.4.7], we
conclude that Cp is closed. O

We close this section with a simple example that shows how we can employ the
strong duality obtained in Theorem 3.1 to verify the optimal value of an adjustable
robust two-stage linear problem by solving its corresponding SDP dual problem.
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Example 3.1 Consider an adjustable uncertain two-stage linear problem of the form:

inf { — X1 —2xp —3x3 : upxy + uxxy + uzxz + HTx(u) <38, (EU)
xeR3 x()

x1+2x <1,x3 <1,

—3x1 —x2 — x3 +9Tx(u) < 0},

where 6 := (1, 1, 1), x := (x1, x2, x3) € R¥isthe first-stage decision variable and x (-)
is the second-stage decision variable, which is an adjustable variable that is depending
on uncertain u := (u1, up,u3) € U. Here, we consider a linear decision rule x(-)
given by

x(u):=py+ A —p)Wu, uelU,

where y € R3 and W € R3*3 are non-adjustable variables, p €]0, 1[ and the uncer-
tainty U is an elliptope (see, e.g., [21, Pages 255-256]) given by

U= {(ur,us,u3) € R : 2141142143—“%—“%_“%"‘1 >0,
1_u%20,1—u320,1—u§20}. (47)

To treat this problem, let us consider a robust counterpart of (EU) as follows:

inf { — X1 —2xp — 3x3 1 uixp + upxy + uzxs + GTx(u) <38,
xeR3,yeR3, WeR3x3

(ER)

X1 42x < 1,x3<1,-3x; —x2 —x3+60 x(u) <0,

x() = py—+ (1 —p)Wu, VYu € U}.

Note that the uncertainty set U in (47) is a spectrahedron and is depicted in Fig. 5.8 of
[21, Page 232], and so the problem (ER) can be expressed in terms of problem (RP),
where ¢ := (—1, -2, -3),01 := 04 := (1,1, 1), 62 := 63 := 03, the spectrahedron
U is described by

100 010 001 000
Ag:=|010}),A;:=]1100]},4A2:=]1000]},A3:=]001 |,
001 000 100 010

and the affine mappings a; : R® — R3b; : R® — R,j = 1,2,3,4 are
defined by @) := (0,0,0),a} := (1,0,0), a? := (0,1,0),a; := (0,0, 1),a) :=
(1,2,0), a3 := (0,0, 1), af := (=3, =1, =1), @’ == (0,0,0) e R?,i = 1,2,3, j =
2,3,4,b) :=8,b):=1,j=2,3,b]:=0,b :=0€R,i=123,j=1234
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By direct calculation, we see that the problem (ER) has optimal solutions (for
instance, (X, y, W), where X := (1,0, 1),y := 03 and W := 03x3, is an optimal solu-
tion of problem (ER)) with the optimal value min (E R) = —4. Let us now verify the
optimal value of problem (ER). Since the Slater condition holds for the problem (ER),
the corresponding cone Cp is closed as shown by Proposition 3.1. So, we assert by
Theorem 3.1 that the exact SDP duality between (ER) and (ED) holds, where (ED) is
the following SDP dual problem:

4 3 4 3
0.0 Ppiy . 0 0 ioiy _
o {309+ 4+ 1,2+ 3] + Yy =0
G320 " o i=1 Jj=1 i=1
(ED)
4 4 3
0 i 0 '
> 290, =0.> a1 - p)0; =0,2940 + > Al A; > 0,
j=1 j=1 i=1
M eRy, M eRi=1,2,3,) = 1,2,3,4},

which amounts to the following one

max |—8x?—)\§—x§ -3 —1=022+29-20-2=0,
@525

(ES)
AMEA - —3=0,2+2,=0,i=0,1,2,3,
04142
) o0 cmn e .
50 zo,)\jeR+,,\’jeR,l=1,2,3,J=1,2,3,4}.

A A A
ERK

Using the MATLAB toolbox CVX (see, e.g., [22,23]), we solve the problem (ES) and
the solver returns the optimal value as —4. It shows that the exact SDP duality holds
for the problem (ER), that is, max (ES) = —4 = min (ER).

4 Adjustable Two-Stage Lot-Sizing Problems

In this section, we describe how the optimal storage cost of an adjustable two-stage
lot-sizing problem with uncertain demand can be found by solving a corresponding
semidefinite program in our duality scheme.

A lot-sizing on a network problem is to determine the stock allocation x;, for
i €{l,...,n}stores prior to knowing the realization of the demand u at each location,
where the demand u is uncertain and is assumed to reside in an uncertainty set U C R”.
After we observe the realization of the demand u, we can transport stock y;;,i =
l,...,n,j =1,...,n from store i to store j at unit cost 7;; in order to meet all
demand. The goal is to minimize the worst case storage costs with unit costs ¢;, i =
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1, ..., n and the cost arising from shifting the products from one store to another. This
model can be rewritten as an adjustable two-stage linear program (see, e.g., [16,24]).

We consider an adjustable uncertain two-stage lot-sizing on a network problem of
the form:

inf  {cTx 41 Vui= (... uy) €U, Iy = (yi) e R", (UL)

xeR" teR
vij=20,i=1,...,n,j=1,...,n,
O0<x;<M;,i=1,...,n,

n n

Ui = Xj Szyji—zyij,izl,...,n,
j=1 j=1

n n

szijyij <t}

i=1 j=1

where ¢ := (c1,...,¢n),¢ci € R,i = 1,...,n are the storage unit costs and M; >
0,i =1, ..., n are the capacities of the stores, 7;; > 0,7; =0,i =1,...,n,j =
1, ..., n are transport unit costs, u is uncertain and the uncertainty set U := {u =

Uy, ... up) €R" : Ag+ Y '_ uy A, = 0} is defined as in (2) with s := n.
The adjustable robust two-stage lot-sizing on a network counterpart of (UL) reads
as follows:

inf {cTx+1t:yj>0i=1,...,n,j=1,....n, (RL)
xeR" 1eR, y:=(y;j) R
O0<x;<M;,i=1,...,n,
n n
Ui —Xi < Zyji —Zyij,i =1....n,
j=1 Jj=1
n n
ZZ‘C,‘jyij <t,Vu:= (uy,...,uy) € U}
i=1 j=1
2 .
Foravectory € R" ,wecanlabelitasy := (Y11, -, Yin, Y20s-««> Y2ns-v-» Vnlsr«--»
. . 2 .. .
Yan) = D1y D i—1 Yijeij, where e;; is avector in R"" whose i jth element is one and
.. . . . 2
the othersare zerofori, j € {1, ..., n}. Inthis vein, we may write y := (y;;) € R" for
short. We also use the notation e; to denote the unit vector ¢, € R", k € {1, ..., n},

whose kth element is one and the others are zero. Let us denote ¢ := (c, 1), X :=

(x,1) e R" x R,

0 ._ ,r ._ 0 . pr ._ e e —p.. — P P
a;; = aj; .—O,H_l,bl.j .—bij =0,0; :=—ej,r=1,...,5,i=1,...,n,j =

1,...,n and set
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(—ex,0), k=1,...,n,
0. ) (ek—p0), k=n+1,...,2n, . B 3
ay = (—etomm, 0), k=2n41,...,3n, élk.—0n+1,k—1,...,3n+1,r—1,,..,n,

0,, —1), k=3n+1,
0, k=1,....2n,r=1,...,n,

0, k=1,...,n, -1, k=2n+i,r=i,i=1,...,n,
b= My_, k=n+1,...,2n, by =130, k=2n+irefl,....n}\{i},
0, k=2n+1,...,3n+1, i=1,...,n,
0, k=3n+1,r=1,...,n,
0,, k=1,...,2n,
O = { 2P eitk—2m — 2oizy Ck—2n)is k=2n+1,....3n,
(‘[11,...,‘L’],,,Tz],...,1.'2,,,...,T,,],...,‘L’nn)ER"Z, k=3n+1.

Then, the problem (RL) can be written as

inf  {€TX :aj) X+ 0 x@) <bijw).i=1....nj=1...n,
TeRn+! ,yeR”2

ak(u)Tf—i—G,;rx(u) <bi(u),k=1,....3n+1, x(u) =y, Yu € U},

n n
where a;;(u) = a?j + > urairj, bij(u) = b?j + > u,bi’j,ak(u) = a,? +
r=1 r=1

n n
Soural, bp(u) ==Y+ > u b} foru = (uy, ..., u,) € R".

r=1 r=1
The problem (AL) lands in the form of (RP) with p := 1, and therefore, we have a
corresponding SDP dual problem for (RL) as

n n 3n+1 n
0,0 07,0 .
, Sup {— D OBl + DA = D Ob + Y Ak
Oy hij A -Ae) i=1,j=1 r=1 k=1 r=1
n 3n+1
> My Y=o
i=1,j=1 k=1
n n 3n+1 n
S+ Y b+ Do Ma + D 0dal + Y xap =0,
i=1,j=1 r=1 k=1 r=1

n n
MWiAo+ Y A = 0.00Ag+ D ApA, = 0,
r=1 r=1

Aﬁ?j eR, A€ R,A) € Ry, AL €R,

r:1,...,n,i=1,...,n,j=1,...,n,k=1,...,3n+1},
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which amounts to the following one:

n
sp | - Z 2OM_ ,,+Zx2n+, L= Y ey (DL)

OYAGALAD) © k=nt1 i=1,j=1
n n n
0
+ Z )‘k(zei(kfbﬂ - Ze(k72n)i)
k=2n+1  i=1 i=1
0
+)"3n+](‘[119" > Tlns 1215 - - - T2n7~-"fnla-~7rnn)=07
3n
c— A" er_n — 29 =0,1-43 . ,=0
kek T kCk—n kek—2n =0, 3n+1 = U,
k=n+1 k=2n+1

n
/\?J-Ao + Z,\;jA, > 0. 20A0+ Y A A, =0,

A?/ € ]RJr,)ij e R, Ag eR4, A €R,

r:1,...,n,i:1,...,n,j=1,...,n,k=1,...,3n+1}.

The following result provides a strong duality relation between the adjustable
robust two-stage lot-sizing problem (RL) and its semidefinite programming dual prob-
lem (DL).

Corollary 4.1 (Strong SDP duality for (RL)) Assume that there exist X =

R1v.. %) € R and 3 == (5ij) € R" such that 5i; > 0,i = 1,....n,j =
1,...,1’!,0556\,' < M;,i = 1,...,n,ui—5c\i < ZT}:IS)\ji_Z.}}%:lﬁj’i =1,...,n,
forallu := (uy,...,u,) € U. Then, we have

inf (RL) = max (DL). (48)

Proof As mentioned above, it holds that

inf (RL) = inf (AL), (49)
and the problem (AL) is in the form of (RP) with p := 1. Under our assumption, we
see that the feasible set of problem (AL) is non-empty and the following cone Cy is

closed (cf. the proof of Proposition 3.1), where

Co := conecof (a;j (), bjj (), 0;;). (ak(w), bru), ) : i=1,....n,j=1,...,n,
k=1,....,3n+1,u := (ul,...,us)eU}.
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The closedness of Cp implies the closedness of Cr, where

Cr := conecof(a;j (), bij(u), 6;j, 0,2, ..., 0,2), (ak(w), bg(u), 0, 0,2, ...,0,2) :
i=1,....,n,j=1,....n,k=1,...,3n+1,
u::(ul,...,us)eU}.

Invoking now Theorem 3.1 with p := 1, we arrive at inf (AL) = max (DL). This,
together with (49), proves that (48) is valid. O

Now, let us apply Corollary 4.1 to find the optimal storage cost of the problem (RL)
by solving its corresponding SDP dual problem (DL) in the case, where the uncertainty

setisU := {(uy,...,uy) e R* : u% + -+ uﬁ < 1}. For the purpose of simplicity,
we choose the capacities of the stores M; := 100,i = 1, ..., n, the unit storage costs
¢ =C > 0,i =1,...,n and the transport unit costs 7;; := i + j if i # j and

1j:=0ifi=jfori=1,...,n,j=1,...,n.

More explicitly, we solve the SDP dual problem (DL) for n = 2, 3, 4 by using
the MATLAB toolbox CVX (see, e.g., [22,23]). The size of the SDP often depends
on the matrices A,,r = 1,...,n of the uncertainty sets. For instance, when n=4,
our procedure involves 29 (5 x 5) matrices. The numerical tests are conducted on a
computer with a 3.60GHz Intel(R) Core(TM) i7-4790 and 16.0GB RAM, equipped
with MATLAB R2017b. The following table of test results shows the worst-case total
storage cost and the corresponding time in seconds for the problem (RL) (Table 1).

In passing, we note that in the case of a polytope uncertainty set U, the problem (RL)
and its reformulation (DL) reduce to linear programs, respectively. We refer the
interested reader to [24] for a dual formulation test and to [16] for a Fourier—Motzkin
elimination test on lot-sizing problems.

Table 1 Worst-case total storage costs

n Unit storage cost (C) Worst-case total storage cost Time (s)
2 10 20 1.4861
2 15 30 1.5062
2 20 40 1.5131
3 10 30 1.6628
3 15 45 1.6998
3 20 60 1.7008
4 10 40 2.3402
4 15 60 2.4692
4 20 80 2.5191
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5 Conclusion and Future Work

In this paper, we have shown how strong duality between an affinely adjustable two-
stage robust linear program with a spectrahedron uncertainty set and its dual conic
linear program can be obtained by establishing, for the first time, a new version of
Farkas’ lemma for a parametric linear inequality system with affinely adjustable vari-
ables. We have also established that in the case of an ellipsoidal uncertainty set, our
strong duality yields a second-order cone program as its exact dual with the same
optimal value of its robust linear program. We have evaluated the efficacy of our main
duality theorem by applying it to find the optimal storage cost of an adjustable two-
stage lot-sizing problem under a ball uncertainty set via its dual semidefinite program.

Recently, exact conic programming relaxations and duals have been given for var-
ious classes of (static) single-stage robust SOS-convex polynomial programs under
suitable uncertainty sets [25-27]. This allowed robust solutions of special classes
of uncertain convex programs to be found by solving related conic programs. The
approach, presented in this paper, may be extended to study affinely adjustable robust
two-stage SOS-convex polynomial programs by way of examining suitable dual conic
programs and it will be treated in a forthcoming study.
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