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Abstract

The present paper is devoted to building degree theory for a generalized mixed quasi-
variational inequality in finite dimensional spaces. Then, by employing the obtained
results, we prove the existence and stability of solutions to the considered generalized
mixed quasi-variational inequality.
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1 Introduction

Variational inequalities are a flexible and unifying framework, which incorporates
optimization problems, fixed point problems, transportation problems, financial equi-
librium problems, migration equilibrium problems, saddle point problems and so on;
see, e.g., [1-7]. This is the reason why there is vast literature studying the theory and
applications of variation inequalities. There are two kinds of important extensions of
the classic variational inequalities. One is the mixed variational inequality (MVI, also
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known as Hemivariational inequality), which is characterized by the involvement of a
proper, convex and lower semicontinuous function into the classic variational inequal-
ity. The mixed variational inequality has been studied by many scholars and has also
been applied to many practical problems, such as circuits in electronics, power control
problems in ad hoc networks and economic equilibrium problems (see, [8—13]). The
other important extension of the classic variational inequalities is the quasi-variational
inequality (QVI), whose constraint set depends on the decision variables. This char-
acterization of the quasi-variational inequality allows one to model many complex
problems, such as impulse control problems, frictional elastostatic contact problems,
and power markets and generalized Nash equilibrium problems in game theory (see,
[1,2,14-17]). However, the above-mentioned two kinds of extensions of variational
inequalities are not enough for the applications of variational inequalities. In some
practical situations, we need to consider more general extensions of variational inequal-
ities to model more complicated problems, and thus, it is necessary for us to study
them first from the theoretical point of view.

The generalized mixed quasi-variational inequality (GMQVI) considered in this
paper is, obviously, a generalization of the above mentioned MVIand QVI. In addition,
the GMQVI can be also applied to model the noncooperative game in practice; see
Example 2.1.

The degree theory is widely used in the study of differential equations and more
general functional equations. Particularly, it is also a powerful way to study the exis-
tence and stability of solutions for various kinds of variational inequalities. Facchinei
and Pang [2] employ the degree theory to obtain some existence theorems for varia-
tional inequalities and quasi-variational inequalities (see Proposition 2.2.3, Theorems
2.3.4,2.8.3 and Corollary 2.8.4 of [2]). These results give some necessary and suffi-
cient conditions for the existence of solutions of the variational inequalities and the
quasi-variational inequalities. Later, some results by Facchinei and Pang are extended
by Kien et al. in [3] to the cases of the variational inequality and the generalized
variational inequality (GV]) in infinite dimensional reflexive Banach spaces. Also, in
[18], Kien et al. build a degree theory for the GVI in finite dimensional spaces by
using a different method under different conditions. As an application, they employ
the obtained degree theory to prove some results of existence and stability of solutions
to the GVI. Recently, Wang and Huang [19] build a degree theory for a so-called
generalized set-valued variational inequality which is actually a generalization of the
GVI and utilize the obtained results to prove an existence of solutions to the gener-
alized set-valued variational inequality in Banach spaces. For more related works on
the applications of the degree theory to variational inequalities, we refer readers to
[20-27] and the references therein.

As mentioned above, there are few papers studying the GMQVI theoretically, espe-
cially constructing the degree theory for the GMQVI although there are abundant
results on the degree theory for variational inequalities and quasi-variational inequal-
ities in the literature. In this paper, by means of the generalized f-projection operator
and the Brouwer degree, we focus on the establishment of a degree theory for the
GMAQVI and then employ the obtained results to prove the existence and stability of
solutions to the GMQVI. The results presented in this paper extend and improve some
corresponding results in [2,18].
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The rest of the paper is organized as follows. In Sect. 2, we recall some basic
notation and preliminary results. Then, in Sect. 3, we build the degree theory for the
GMQVI. As applications, by using the obtained results, we show some results on the
existence and stability of solutions to the GMQVI.

2 Preliminaries

Throughout this paper, unless otherwise stated, we suppose that the norm and the
dual pair in Euclidean spaces IR” are denoted by || - || and (-, -), respectively. Let
f : R" — R be a convex function, K : R” = R" be a set-valued mapping with
nonempty, closed and convex values, and F : R" =2 R" be a set-valued mapping. In
this paper, we are interested in the following GMQVI: find x € K (x) and x* € F(x)
such that

(x*,y—x)+ f(y) — f(x) >0, forally e K(x). )]

The GMQVI is a class of general models in the study on variational inequalities,
and many kinds of existing problems can be cast as its special cases, some of which
are listed as follows:

. If f(x) = Oforall x € R", then the GMQVI reduces to the following generalized
quasi-variational inequality problem (GQVI) : find x € K(x) and x* € F(x)
satisfying

(x*,y —x) >0, forallye K(x), 2)

which is introduced and studied in [1] by Chan and Pang.

L If F: R" - R” is a single-valued mapping and K(x) = C with C being
a nonempty, closed and convex subset of R", then the GMQVI reduces to the
following MVI: find x € C such that

(F(x),y—x)+ f(y) — f(x) =0, forallyeC, 3

which has been considered by Facchinei and Pang in [2].

. If f(x) =0forall x € R"” and K(x) = C with C being a nonempty, closed
and convex subset of IR”, then the GMQVI reduces to the GVI: find x € C and
x* € F(x) such that

(x*,y—x) >0, forallyeC. )

which has been studied by many authors; see, e.g., [1-3].

Among many GMQVT’s applications, the following general noncooperative game is
used to illustrate its importance in practice.

Example 2.1 Consider a general noncooperative game, in which we suppose that there
are N players each of whom has a certain cost function and strategy set which depends
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on the other players’ strategies. For each i € {1,2,---, N}, we use the set-valued
mapping K; : R" = R™ to denote the ith player’s strategy and his/her cost
function is defined by

0i(x) =: gi(x) + fi(xi), Yxi € R, x = (x;)]L, € RMT2HH = R",

where f; : R" — R and g; : R" — R are two convex functions.

It is known that a point (x;);_, is called a generalized Nash equilibrium for the
general noncooperative game if for each fixed but arbitrary tuple of rival action x_; :=
(CHAEEEN S xi*+1, -+-, X§), X[ solves the cost minimization problem in the variable

y; defined as

minimizey, 6;(y;,x—;) = & i, x—i) + fi(y)
subject to y; € K;(x_;).

We could prove that a point (x});_, is a generalized Nash equilibrium for the general
noncooperative game if and only if for eachi € {1,2,---, N},
0 €3 fi(x}) + 0y, & (x/", x2) + N, xr ) (), (5)

where N K,'(Xi,-)(xfk) denotes the normal cone of K;(x*;) at x7, and 9 f;(x) and
dy; 8i (x, x* ;) denote subdifferential of f; and g; with respect to x;, respectively.
Moreover, the problem (5) is equivalent to finding x* € K; (x*;), u? € oy, gi (x], x*;)
and 57 € 9 f; (x7) such that

(i, yi —x{) + (s, v = x[) 20,V yi € K;(xZ)).

Now, let F(x) = [T, dygi(x), £(x) = Y1, fitx) and K(x) = [TY, Ki(x—s).
As done in the proof of Proposition 1 in [28], the problem (5) can be formulated as
follows: find x* = (x7* N e K(x*) and u* € F(x*) such that

i=1

W y—x")+f - f&H=0,VyeK@x", (6)
which is a form of GMQVI.

Next, we present the definition of the Brouwer degree and its properties, which
could be found in [29-31]. To this end, we assume that D is an open, bounded set in
IR" with the boundary 9 D and the closure clD.

Definition 2.1 Suppose that ¢ : clD — R” is a continuous mapping and p €
R"\¢ (@ D). Then we define d(¢, D, p) := d(¢, D, p) = eré,l(p) sgn(qu(x),

where sgn is the sign function, dA) : clD — R” is a continuously differential function
such that ||¢(x) — ¢(x)| < dist(p, ¢ (D)) for all x € clD, and Jé(x) denotes the

Jacobian determinant of ¢3
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Theorem 2.1 Suppose that ¢ : cID — R" is a continuous mapping and p €
R"\¢ (0 D). Then, the Brouwer degree d(¢, D, p) has the following properties:

(a1) (Normalization) If p € D, then d(I, D, p) = 1, where I denotes the identity
mapping, that is, 1 (x) = x forall x € R".

(az) (Existence) If d(¢p, D, p) # 0, then there is x € D such that ¢ (x) = p.

(a3) (Additivity) Suppose that D1 and Dy are disjoint open subsets of D. If p ¢
¢ (cID\(D1 U D)), then

d(¢, D, p) =d(¢, Dy, p) +d(¢, D2, p).

(as) (Homotopy) If ¢; : [0, 1] x cID — R" is continuous and p ¢ U,c[o,11¢:(0 D),
then d(¢:, D, p) does not depend on t € [0, 1].

(as) (Excision) If Do C clD is closed and p ¢ ¢(Dy), then d(¢, D, p) =
d(¢, D\Do, p).

(ag) If p ¢ ¢(3D), then d(¢, D, p) = d(¢ — p, D, 0).

Then, we introduce some basic notation and preliminary results as follows.

Definition 2.2 Let O C R” be a nonempty set and F : O = R" be a set-valued
mapping.
(ay) F is said to be upper semicontinuous at x € O, if for any open set V C
R" with F(x) C V,there exists an open neighborhood U of x such that F(y) C V
forall y e U N O.If F is upper semicontinuous at every x € O, we say that F is
upper semicontinuous on O.
(a2) F is said to be lower semicontinuous at x € O, if for any open set W C
R"™ with F(x) N W # (, there exists an open neighborhood U of x such that
F(y)NW #@forally e UNO.If F is lower semicontinuous at every x € O,
we say that F is lower semicontinuous on O.

Suppose that K : R" = R" is a set-valued mapping with nonempty, closed and
convex values. For each x € R”, the generalized f-normal cone operator associated
with the set K (x) at x’ is defined as follows:

lpeR" :{p,y —x') + f(x') = f(3») =0,Vy € K(x)}, if x" € K(x),
@7

S N _
Ni (X>(x )= { otherwise.

Obviously, the problem (1) is equivalent to the following problem: find x € K (x)
such that

0 € F) + Nf ().
For any fixed p > 0, let /' C R" be a nonempty, closed and convex set, f :
N — R U {+0o0} be a proper, convex and lower semicontinuous function, and G :
R" x N' = ] — 00, +00] be a function defined as follows:

G(p,x) = IxI* = 2(p, x) + l@l* +2pf(x), Yo e R, Vx e N. (7
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Through the rest of this paper, unless otherwise stated, we take p = 1 in (7).

Definition 2.3 [32] We say that I7 j{/ : R" = N isageneralized f-projection operator
if

Mg = {u e N: G(g.u) = infen'G(g, )}, Vo eR"

Remark 2.1 The generalized f-projection operator is a generalization of the resolvent
operator for the subdifferential d f of a proper, convex and lower semi-continuous
functional f; see Remark 3.2 of [33]. In addition, if f(x) = 0 for all x € A/, then the
generalized f-projection operator IT /j\cf is equivalent to the following metric projection
operator

(@) ={ueN:|u—g¢|=infyepnly—9l}, YoeR"

Lemma 2.1 [32,34] The following statements hold:

(1) Forany given ¢ € R", I1 f\cﬂp is a nonempty and single-valued.
(ii) For any given ¢ € R", x = 17/}\(/(,0 if and only if

(x—g.y—x)+fM—f)=0, YyeN.

(i) [1T{x — Tyl < llx — yll, forallx, y € N.

Lemma 2.2 [35] Let X be a topological space, Y be a regular topological space and
F: X = Y be an upper semicontinuous mapping with closed values. Then F is closed
(i.e., its graph is closed).

Lemma 2.3 [35] Let X and Y be topological spaces and F: X = Y be an upper
semicontinuous mapping with compact values. Then for any compact subset E of X,
F(E) is compact.

Definition 2.4 [36] Let O be a nonempty subset of R” and K’ : O = R" be a
set-valued mapping.

(a1) K" is said to be outer semicontinuous at wg € O, if limsup,,_, ,, co K'(w) C
K'(wp). If K’ is outer semicontinuous at every w € O, we say that K’ is outer
semicontinuous on O.

(ap) K’ is said to be inner semicontinuous at wg € O, if K'(wg) C
liminf,— yye0 K'(w). If K’ is inner continuous at every w € O, we say that
K’ is inner semicontinuous on O.

(a3) K’ is said to be continuous at wo € O, if liminf,_ 0 K'(w) =
limsup,, ., ,,oco K'(w) = K'(wo). If K" is continuous at every x € O, we say
that K’ is continuous on O.

According to Exercise 5.6 and Theorem 5.19 of [36], K is inner semicontinuous
at a point wg € O if and only if K’ is lower semicontinuous at the point wg € O,
while the outer semicontinuity of K’ at the point wy € O is equivalent to its upper
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semicontinuity at the point wy € O and the closedness of K'(wyp), if K’ is locally
bounded at the point wy € O. Moreover, it follows from Theorem 5.7 of [36] and
Lemma 2.2 that K’ is outer semicontinuous, if K’ is an upper semicontinuous mapping
with closed values. Obviously, the mapping K’ is continuous at wg € O if and only
if for any {w,} C O with w, — wy € O, K'(w,) Mosco-converges to K'(wg); see
Definition 3.2 of [23] and page 152 of [36]. By Theorem 3.2 of [23], it is easy to obtain
the following lemma.

Lemma 2.4 Assume that K’ : RP = R" is a set-valued mapping with nonempty,
closed and convex values. Suppose that f : R" — ] — 00, +00[ is convex, and K’
is continuous at Ay € RP. Then for each sequence {(u};, )} C R" x RP such that

up — upyand hy — ro € Aasn — +00, Hf,()w)uﬁ converges to Hf,()to)u(*;.

3 Degree Theory for the Generalized Mixed Quasi-variational
Inequality

In this section, we build the degree theory for the GMQVI. To this end, we first give
the following approximate continuous selection lemma.

Lemma 3.1 [37] Suppose T : R" = R" is an upper semicontinuous mapping with
closed and convex values. Then, for any € > 0, there exists a continuous and single-
valued mapping T, : R" — R" such that for every x € R", there exist y € R" and
z € T(y) satisfying

[y —xll <€ and [z —=Tc(x)|| <e. ®)

Assume that F' satisfies the conditions for the existence of an e-approximation. We
define @, : R" — R" by the following formula

De(x) = x — M}, (x — fe(x)),

where f¢ is an approximate continuous selection of F which satisfies (8).
The following lemma about @, plays an essential role in building the degree theory
for the GMQVI.

Lemma3.2 Let f : R" — R be a convex function, K : R" = R" be a set-
valued mapping with nonempty, closed and convex values and F : R" = R" be an
upper semicontinuous mapping with nonempty, compact and convex values. Besides,
suppose that 2 C R" is a nonempty, bounded and open set, K is continuous on clS2
and (0 ¢ F(082) + N[];(am(E).Q). Then the following assertions hold:

(ay) There exists €1 > 0 such that 0 ¢ ®@.(052) for all € €]0, €1].

(az) There exists €3 > 0 such that

d(®e, 2,0) =d(®P, 2,0), Ve, € €]0, e].
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Proof (a;) Suppose the conclusion is not true. Then there exists a sequence {ex} with
ex — 0T and asequence {x;} with x; € 92 such that D, (xr) = 0.DuetoLemma?2.1,

we know [T IJ; ) (+) is single-valued and

e = T (= fo (00)). ©)

In light of compactness of 352, we can assume that x; — x € 952. Since K : R" =
IR" is continuous on £2 and x; € K (xx), we know x € K (x). Lemma 3.1 implies that
there exist y; € R"” and zx € F(yx) such that

lye — xill < € and  |lzx — fe, )|l < €,

and thus {yr} is bounded and y; — X. Since F is an upper semicontinuous mapping
with compact and convex values, Lemma 2.3 implies that c1(F ({yx})) C cl(F (cl{yx}))
is a compact set. By {zx} C cl(F({yx})), without loss of generality, we can assume
that zx — zo. Since |lzk — fe, (xp) |l < €k and ¢ — 0%, we obtain Ser (Xk) = 20.
Since F is an upper semicontinuous mapping with closed values, we deduce from
Lemma 2.2 and z; € F(yx) that zg € F(X).
Taking k — ooin(9), Lemma 2.4 implies that x = 17,];@) (x—z0). Now Lemma 2.1

and the definition of N IJ; o () yield
0 € 20+ Nj i) () € F@) + Ni i) (0,
which contradicts 0 ¢ (F(082) + N;;(BQ)(B.Q)). The proof of the part (a;) is com-
pleted.
(a2) Assume that there exist sequences {€;} and {¢;} with 0 < €, < ¢, — 0
satisfying

d(D¢,, $2,0) #d(@eL,Q,O). (10)

Let

H(t,x) = x = tITf, ) (x = fo () = (1 = DT (¥ = for (), ¥ (t,x) € [0, 1] x cl2.
This indicates that
HO,x) = x = [T}, (x = fo () = P/ (x)
and
H(1,x) = x = [T} (x = fo (1)) = Pe, (x).
If0 ¢ H(t,d82) forall ¢ € [0, 1], then, in view of (a4) of Theorem 2.1, we have

d(H(0,-),$2,0)=d(H(1,-), £2,0),
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which is in contradiction with (10). Hence, for each k, there exists #; € [0, 1] such
that O € H (t, 0§2). This implies that, for each k, there exists x; € 952 such that

X = 0T ok = fee () + (1= 1) T (ot — fo (30)). (1)

By compactness of [0, 1], it is reasonable to suppose that 7y — 7. Thanks to com-
pactness of 3£2, we assume naturally that x; — X € 962. Since K : R” = R" is
continuous on cl§2 and x; € K (x;), we get x € K (x). Lemma 3.1 implies that there
exist yr, y; € R"; zx € F(yx) and zj € F(y;) such that

vk = xell < €, Nzx — feo Ol < €k, lyg — xell < € and [z — fo Oll < €.

Hence {y} and {y, } are bounded, and both of them converge to x. Since F is an upper
semicontinuous mapping with compact and convex values, it follows from Lemma 2.3
that cl(F({y,/C})) and cl(F ({yk})) are two compact sets. Owing to {zx} C cl(F({yx}))
and {z;(} C cl(F({ y,/(})), without loss of generality, we can suppose that z; — zo and
zj, = z{. Since ||zx — fe )| < €k, ex — 07, ||z — fo ol < €, and €, — O,
we know f¢, (xx) — zo and féé (xXx) = 2.

Since F is an upper semicontinuous mapping with closed values, z; € F(y;) and
Zk € F(yr), Lemma 2.2 implies that z, € F(X) and zg € F(¥).

Letting k — oo in (11), Lemma 2.4 implies that x = 5171];(2)()2 —z0) + (1 —

DT} 5 (& — 2)). and thus
et} (@) — F@)+ (1 = DI} o (= F(¥) = [T} (& — F@)).

Therefore 0 € F(x) + N,{()E)()E). Since x € 052, this is in conflict with 0 ¢ F(9$2) +
NI’;(BQ) (0£2). This completes proof of Lemma 3.2. O

Thanks to Lemma 3.2, we know there exists € > 0 such that 0 ¢ ®.(9§2) and
d(Pe, £2,0) = d(De, £2,0) for all €, € € 10, €], which allows us to give the
following definition.

Definition 3.1 Let f : R” — IR be convex function, K : R" = R” be a continuous
and set-valued mapping with nonempty, closed and convex values and F : R" = R”
be an upper semicontinuous mapping with nonempty, compact and convex values.
Besides, suppose that £2 C IR” is a nonempty, bounded and open set, K is continuous
on2and0 ¢ F(0Q)+ Nlj;(ag) (0£2). The degree of the GMQVI defined by F and K
with respect to £2 at 0 is the common value d (@, §2, 0) for € > 0 sufficiently small
and denoted by d(F + Nf, 2,0).

Remark 3.1 (1) Though there have been a large number of papers on the degree theory

for set-valued mappings heretofore (see [37-39]), we point that to some extent, the
degree theory for the generalized mixed quasi-variational inequality in the present
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paper is different from degree theory for upper semicontinuous and set-valued map-
pings with compact and convex values. It is established by the single-valued mapping
D

2)If f(x) =0and K(x) = C forall x € R" with C being a nonempty, closed
and convex subset of IR”, then Definition 3.1 reduces to Definition 2.1 of [18].

The following theorem gives some properties of the degree for the generalized
mixed quasi-variational inequality.

Theorem 3.1 Let f : R" — R be a convex function, K : R" = R" be a set-
valued mapping with nonempty, closed and convex values and F : R" = R" be an
upper semicontinuous mapping with nonempty, compact and convex values. Besides,
suppose that 2 C R" is a nonempty, bounded and open set, K is continuous on clS$2

and 0 ¢ F(082) + NIJ;(BQ)(Z).Q). Then the following assertions hold:
(a1) (Normalization) Assume that there exists X € 2 N (Nyern K (x)) such that
fR) = infyex o fO). If F =1 — 3 forany x € R, then d(F + N/, 2,0) = 1.
(az) (Existence) If d(F + Nf, £2,0) # 0, then there exists X € §2 such that

0 € F(F) + Ni ) (D).

(a3) (Additivity) If $21, §22 are disjoint open subsets of §2 such that 0 ¢ (F(-) +
N{ (, O)l2\(821 U 22)), then

d(F +N.,2,0)=d(F + N, 2,,0) + d(F + N, 2,,0).

(as) (Homotopy) Fori € {1,2}, F: : R" = R" is an upper semicontinuous
and set-valued mapping with nonempty, compact and convex values. Moreover, O ¢
tF1(02) + (1 —1t)F(082) + N};(ag)(a.())for allt € [0, 1]. Then

d(Fi+NL,2,0)=d(F, + N, 2,0).
(as) (Excision) If D C 2 is a closed set such that 0 ¢ F(D) + N'Ié(D)(D), then
d(F+ NL,2,0)=d(F +N., 2\D,0).
(ag) If f : R" — R”" is a single-valued and continuous mapping such that f (x) €

F(x) for all x € R", then d(F + N1, 2,0) = d(®, £2,0), where ®(x) = x —
T @ = F)).

Proof (a;) According to Definition 3.1, there exists € > 0 such that
d(I + NL,£2,0)=d(®:, 2,0),
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where
De(x) = x — [T} (x — (x — %) =x — [T}, (&), YxeR".

Since f(X) = infyek (v) f(x), we know that Pz (x) = x — X forall x € R".
Now, it follows from Theorem 2.1 that

d(I + Nf, 2,0)=d(P, 2,00 =dI —x,2,00=d(, 2,%) = 1.
(az) Owing to Definition 3.1, there exists € > 0 such that d(F + Nf, 2,0 =
d(®e, $2,0) for all € € (0, €]. Suppose that {e;} is a sequence satisfying ¢, — 0.

Thus, d(P,, £2, 0) # 0 for k sufficiently large. From (az) of Theorem 2.1, it follows
that there exists x; € §2 such that @, (x;) = 0. Therefore,

X = M, O — fog (x0). (12)

By similar arguments as the proof of (a1) in Lemma 3.2, we know x; — X, f¢, (xx) —
20 and 7 — 20 € F(3). Letting k — oo in (12), we obtain ¥ = [T}, ;, (¥ — z9) . In
light of Lemma 2.1, the definition of N ié(») (+) implies that

0 €20+ Nf sy @) C F@) + Nf 5, @.

Since 0 ¢ (F(082) + N};(am)(aﬂ), we have x € K(x) N £2.

(az) We show that there exists € > 0 such that 0 ¢ &, (cl£2\(£2; U §2;)) for all
€ € ]0, €]. Indeed, if the conclusion is not true, then there are sequences {ex} and {xi}
with ¢ — 07 and x; € cl2\(£21 U £2») such that

e = I Ok = g (X0)). (13)

Using similar arguments as the proof of (a;) in Lemma 3.2, we know that x, yy —
X, fe (xk) = zo and zx — zo € F(X). Taking k — oo in (13), we have

%=} )& — 20).
From Lemma 2.1 and the definition of N Ij;(») (+), we deduce that
0 €20+ Nf ()@ C F@) + Ni 5, (@), for some T € cl2\(21 U 22),

which contradicts 0 ¢ (F(-) + NI{(.)('))(CI.Q\(.Ql U £22)). Thus, 0 ¢ & (cl2\(£2; U
§27)) for all € € ]0, €]. From (a3) of Theorem 2.1, it follows that

d(Pe, $2,0) = d(Pe, £21,0) + d(Pe, §22,0).
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This implies that
d(F + N, 2.0)=d(F+N., 2,00 +d(F + N.,2,.0).

(ag) For i € {1, 2}, suppose that fg : R" — R" is an approximate selection of F;
satisfying the conclusion of Lemma 3.1. Set

He(t,x) = x — ITf o [x = (f ) + (1= 1) f2 @),

We assert that there is € > 0 such that 0 ¢ H.(z,952) for all ¢+ € [0, 1] and
€ € [0, €].

In fact, if the claim is not true, then there exist a sequence {f;} with #; € [0, 1] and
a sequence {€;} with e — O such that 0 € H, (f, 52). This means that, for each
k, there exists x; € 952 such that

xe= Il — (e fL G + (= ) 2 @) - (14)

By compactness of [0, 1], assume that tx — fy. By the same methods as the proof of
(az) in Lemma 3.2, it is easy to show that x; — x € 952, felk (xx) — z1 for some

z1 € Fi(x) and fszk (xx) — zo for some z3 € F»(x). Letting k — oo in (14), yields

X = H,{@) [x — (toz1 + (1 — 1t9)z2)]. From Lemma 2.1 and the definition of N,{(A)(-)
we can infer that

0 € (foz1 + (1 — 10)22) + N5y (®) C 10F1(F) + (1 — 1) Fa(¥) + N 3 (B).

which contradicts O ¢ 7 F1(082) + (1 —t)F2(082) + N,{(m)(ag) forall r € [0, 1].
Thus, the assertion is true and (a4) of Theorem 2.1 implies that

d(H.(0, "), £2,0) = d(H:(1, ), £2,0) for all € €]0, €].
Therefore
d(Fi + NL,2,0)=d(F, + N/, 2,0).

(as) Using the similar arguments as the proof of (a;) in Lemma 3.2, we can prove
that there exists € > 0 such that 0 ¢ @.(D) for all € € (0, €]. Applying (as) of
Theorem 2.1 to @, we know that the property (as) holds.

(ag) Taking f. = f for all € > 0, we can obtain the desired conclusion.

This completes the proof of Theorem 3.1. O

Obviously, if K (x) = C with C being a nonempty, closed and convex subset in R”,

then the condition (a;) can be easily satisfied in Theorem 3.1. Next we give a simple
example with K (x) depending on x such that the condition (a;) holds.
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For any x € R",let K(x) = {u € R" : |u| < x| +2}, f(x) = x||? and
={ueR":|x|| <r,( > 0)}.Itiseasy tocheck thatx = 0 € 2N (N cr K (x))
satisfies f(X) = infyecx(x) f(y) for any x € R".

In order to study the stability of isolated solutions to the GMQVI, we first introduce
the following definition.

Definition 3.2 A vector xo € K is called an isolated solution of the GMQVI, if there
exists a neighborhood V| C R” of x¢ such that x( is the unique solution of the GMQVI
in clVj.

Theorem 3.2 Assume that f : R" — R is a convex function, K : R" = R" is
a continuous and set-valued mapping with nonempty, closed and convex values and
F : R" = R”" is an upper semicontinuous mapping with nonempty, compact and
convex values. Suppose that xo is an isolated solution of the GMQVI and il is the

collection of all open and bounded neighborhoods V1 of xo such that clVy does not
contain another solution of the GMQVI. Then

d(F + N}, V2,0) = d(F + N{. V3,0)

for all Va, V3 € L. The common value d(F + Nf, V1, 0) for all Vi € M is called the
index of F + NIJ; and denoted by i (F + N'Ié, X0, 0).

Proof We use the same arguments as in [18] for the proof below. Taking any V € 1,
we have

0¢ FOV) + N};(W)(BV).

Therefore d(F + N A , \7, 0) is well defined. We now assume that V», V3 € . Put
Vi=WUV;edand D = clV, N V5, where Vi = R"\ V3. We infer that D is a
bound and closed setin clV; and 0 ¢ F (D) + N};(D) (D). By (as) in Theorem 3.1, we
have

d(F + NJ,Vi,0) = d(F + N, Vi\D, 0) = d(F + NI, V3,0).
Using similar arguments for D = clV3 N V;, we get that

d(F + N, Vi,0) = d(F + N, Vi\D, 0) = d(F + NI, V»,0),
and thus

d(F + N1, V5,00 =d(F + N, V5,0), ¥V, V3edl

This completes the proof of Theorem 3.2. O
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Remark 3.2 Theorems 3.1, 3.2 and Definition 3.2 extend the corresponding theorems
and definition in [18] for the GVI to the cases of the GMQVI. In addition, if f(x) =0,
for all x € R" and F is a continuous and single-valued mapping, then thanks to
Definition 3.1 and (a») of Theorem 3.1, it is easy to obtain Theorem 2.8.3 of [2].

4 Applications

In this section, we employ the results presented in Sect. 3 to prove the existence and
stability of solutions for the GMQVL
The following theorem is an extension of Corollary 2.8.4 of [2].

Theorem 4.1 Let f : R" — R be convex, K : R" =% R” be a set-valued mapping
with nonempty, closed and convex values and F : R" = R" be an upper semicontin-
uous mapping with nonempty, compact and convex values. Suppose that there exist a
bounded and open set 2’ C R" and a vector X € 2’ satisfying

(a) the mapping K is continuous on cl2’;
(b) the vector X belongs to Nyec10r K (x);

(c) forany x € cl2', f(X) =infyex ) f (),
(d) the following holds

(xe K@) : inf (x*,x =X+ f(x)— f(X) <0}N3R =0.

x*eF(x)
Then the GMQVI has a solution.
Proof Assume that the GMQVTI has no solution. Hence 0 ¢ F(9£2') + N)é(a.rz/) (082"
and thus the degree d(F + Nf, £2’,0) is well defined. Put

H(t,x) = tF(x) + (1 = )(x = §) + N}, @), ¥ (1.x) €[0,1] x 2,

which implies that H (0, x) = x — & + N}, (x) and H(1,x) = F(x) + Nj,, ).

We show that 0 ¢ H (¢, 82") forall ¢t € [0, 1]. Indeed, if 0 € H(0, 32’), then there
exists xg € 952’ such that X — xo € N};(xo)(xo). Owing to definition of N,{(xo)(xo),
we have

(X = X0,y — x0) + f(x0) — f(y) =0, Yy e K(xg). (15)
Letting y = X in (15), we obtain
(X —x0, & — x0) + f(x0) — f(X) 0. (16)

From f(X) = infyeck (v f(x), it follows that xo = X. This contradicts the fact that
x0 € 082" and X € 2/. Hence 0 ¢ H(0, 382").
If0 € H(1,02') then 0 € F(32') + N 5, (852'). which is conflict with 0 ¢

K2
FOR2') + N{ y0n (082)).
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If there exist 79 € (0, 1) and x; € 3§2" such that 0 € H (fo, x), then
’ / A f ’
0enF(xy+1 —to)(xo—x)+NK(x6)(x0). (17)
Due to (17), there exists xg')‘ eF (x(’)) satisfying
* / I f /
—toxg — (1 —19)(xg — X) € NK(X(,)) (xp)-
Thanks to the definition of N Ié /(x()), we infer that
(Xo)
(toxg + (1 —10)(xg — X), y = x0) + f(y) = f(x5) =0, Vy e K(xp),

and thus

1 —1
)

1
(xg, ¥y — x0) + g(f(y) = fxp) = (xg— %, x0—y) Vy e K(xp). (18)

Letting y = % in (18), 7o € (0, 1) and X # x;, yield

1—19 n N
(xo— X, x5 — %) > 0.
fo

1
(x5, & — x0) + 5()”()?) — fxp) =

Since tp € (0, 1) and f(X) = infxeK(xé)f(x), we know that

1
fxp) — f(R) < 5(f<xé> — f(2)),
and thus
1
infyee p ) (6, X0 = %) + f(x0) = f () < (x5, x0 — &) + 5(f(x6) — f(&) <o.

This conflicts with the condition (d) and thus the claim is true. By (a;) and (a4) of
Theorem 3.1, we infer that d(F + Nf, 2,0)=d( —x+ Nf, £2',0) = 1. In view
of (a») of Theorem 3.1, there exists Xy € £2’ N K such that 0 € F(xy) + NI];(XO)()EO)'

Lemma 2.1 and the definition of N Ij;(.) (+) imply that x is a solution of GMQVI. This
completes the proof of Theorem 4.1. O

Remark 4.1 If f(x) = 0, forall x € R" and F is a continuous single-valued mapping,
then Theorem 4.1 reduces to Corollary 2.8.4 of [2].

From Theorem 4.1, it is easy to get the following corollary.

@ Springer



58 Journal of Optimization Theory and Applications (2020) 187:43-64

Corollary 4.1 Assume that K C R”" is a nonempty, closed and convex set. Let F
K = R" be an upper semicontinuous mapping with nonempty, compact and convex
values. If there exists a vector X € K such that the set

L.(®):={xeK: infx*elg(x)(x*,x —x) <0}
is bounded (possibly empty), then the problem (4) has a solution.

Remark4.2 f L. (%) :={x e K : infx*eﬁ(x) (x*, x —x) < 0}isbounded, then L _ (x)
is bounded. Therefore, Corollary 4.2 extends and improves Theorem 3.1 in [18].

In the following example, we apply Theorem 4.1 to a generalized Nash game
problem.

Example 4.1 In Example 2.1, we introduced a generalized Nash game problem in
which the objective functions are nonsmooth. We continue this example by showing
the associated generalized mixed quasi-variational inequality is solvable. Set n = 3,
ni=ny=n3=1,forall x = (x1, x2,x3) € R3, X = Z?:l x; and

aX —b;, —o0o<X<py,
pX) =
amX —by, p1 <X < +oo,
where a; and b; (i = 1, 2) are positive numbers such that a; < a> and a1 81 — by =
axBr — by. For i € {1,2,3}, let fi(x;) = x|, Ki(x—;) = {u; @ |u;| < |x;|} and
gi(x) = x; p(X). According to the definition of subdifferential of convex functions,
we have

p(X) +xi{a1}, —o0 <X < By,
0y 8 (x) =3 pX)+xla,al, X =5,
pX) +xifaz}, B1 <X < —o0.

Obviously, foreachx € R3, F(x) = [[i_; 88 (x), f (x) = max{4az, 4}(37_, fi(x1))
and K (x) = ]_[?:l K;(x_;). According to Proposition 3 on page 122 of [40], it is easy
to know that F' is an upper semicontinuous mapping with nonempty, compact and con-
vex values. In addition, it is obvious that, f is convex and K is a continuous mapping
with nonempty, closed and convex values. Taking ¥ = 0, we know that the conditions
(b) and (c) of Theorem 4.1 hold. Since liminf |- toolinfycF () rek ) (x*, x) +
f(x)] = 400, there exists a bounded and open set 2’ C R3 such that £ € £2’ and the
condition (d) of Theorem 4.1 holds. The existence of an equilibrium is a consequence
of the application of Theorem 4.1.

In the rest of the section, we give a stability result of solutions to the GMQVL.
Assume that M and A are nonempty subsets of R¥ and R™, respectively. Let K :
A x R" = IR” be a set-valued mapping with nonempty, closed and convex values,
F: M x R" x R" = R” be a set-valued mapping and f : R” — IR be a convex
mapping. We introduce the following parametric generalized mixed quasi-variational
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inequality: for each given (A, u) € A x M, find x € K(, x) and x* € F(u, x) such
that

(x*,y—x)+ f(y) — f(x) >0, forally € K(A, x). (19)

By Lemma 2.1 and the definition of the generalized f-normal cone operator, we know
that x € K(A, x) and x* € F(u, x) is a solution of the problem (19) if and only if
x € K(A, x) satisfies

0 € F(i.x) + Nj o), (20)

where N I£ Gy @) is the value at x of the generalized f-normal cone operator associ-
ated with the set K (A, x) and (u, A) are parameters.

Let K1 : A = R” be nonempty, closed and convex values. If f =0, K(&, x) =
Ki(d)forall (&, x) € AxR", thenthe problem (20) reduces to the following problem:
find x € K (&) satistying

0€ F(u,x) + Nk, (%), 2

The problem (21) is called the parametric generalized variational inequalities, studied
by Kien et al. [18].

We denote by S(u, 1) the solution set of the problems (19) with parameters (x, 1).
Our main aim is now to investigate the behavior of S(u, A) when (i, A) varies around

(1o, 20)-

Lemma4.1 [41] Let X be an arbitrary metric space, A be a closed subset of X, L
be a locally convex linear space and G : A — L be a continuous mapping. Then
there exists a continuous extension F : X — L of G, i.e, F(a) = G(a) forall a € A.
Furthermore, F(X) C con(G(A)), where con(G(A)) is convex hull of G(A).

Theorem 4.2 Suppose xo € S(wo, Lo) is an isolated solution. Let Xo, Ao and M be
neighborhoods of xq, Ao and g, respectively. Let K : Ag x R" = R be a set-valued
mapping with nonempty, closed and convex values, F : M x R" = R" be a set-
valued mapping and f : R* — R be convex. Assume that the following conditions
are satisfied:

(1) F(-,-) is a lower semicontinuous mapping with nonempty, closed and convex val-
ues on Mo x Xo and F (o, -) is an upper semicontinuous mapping with nonempty,
compact and convex values on X,

@i1) K (-, -)iscontinuouson B( g, B1) X Xo, where B(Ag, B1) := {)1 e Agp: ||)_L—)L0|| <
B1} for some B1 > 0;
(iil) the index

i(F(10: ) + Ni- o snetstony: X0-0) # 0,
where clB(xo,r1) = {y € Xo : ||y — xoll <ri}.
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Then there exist a neighborhood My of o, a neighborhood Ay of Ao and an open
bounded neighborhood Qg of xo such that the following assertions are fulfilled:

(a) The solution map S: M x A = R" of the problem (19) defined by S’(M, A) =
§(M, A) N Qo is nonempty for all (u, A) € My x Ay and S(o, o) = {x0}.
(b) S is lower semicontinuous at (g, Ag).

Proof Thanks to the condition (i) and the continuous selection theorem (see [42]),
we infer that there exists a continuous mapping 771 : Mo x Xo — IR” such that
Ti(uw,x) € F(u,x), VY (u,x) e My x Xo. According to Lemma 4.1, we can assume
that 77 is continuous on M x IR”. For any (u, A, x) € My x Ag x Xo, consider the

mapping
_ f
D(u, A, x) =x — HK(A,X)OCIB(xO,rl)(x —Ti(u, x)).
We now show that @ is continuogs on My x B(Ag, B1) x clB(xg, r1).
In fact, for any gi~ven point (fig, Ao, X0) € My x B(Ag, B1) x clB(xp, 51) and for
any sequence (fin, Ay Xy) in My x B(rg, B1) X clB(xg, r1) with (f,, Ay, Xy) —
(fto, Ao, Xo) as n — +00, the continuity of 77 implies that T (i, X,) — T1(fo, X0)

as n — +o00. From the condition (ii) and Definition 2.4, K (-, -) N clB(xg, r1) is
continuous on X x B(Xg, B1). By Lemma 2.4, we infer that

! i T (. § f C e
HK(XH,)?")ﬂclB(xO,rl)(x" T1(ens %) = HK(XO,fO)mcls(xo,rl)(xo T1(jx0. o)),

as n — +o00.
Thus, @ is continuous on My x B(Ag, B1) x clB(xg, r1).
Since xg € S(uo, Lo) is an isolated solution, there exists an open and bounded

neighborhood Qg C Xg of x¢ such that xq is the unique solution in clQq of the
generalized equation

0 € F(0, %) + Nig 5 ().

Since x( belongs to the interior of clB(xg, r1), it is also the unique solution in cl1Q
of the following generalized equation

f
0. € F(1o, X) + N (39.00nclB(xg.r) ¥+
From the condition (iii) and Theorem 3.2, it follows that
f _ f
d(F (o, ") + NK().(),‘)QClB(X(),V])’ Q0,0) = i(F(pro, ) + NK()»U,~)0CIB(X(),}’1)’ x0, 0) # 0.

Owing to (ag) of Theorem 3.1, we know that

(@ (120, %0, ), 0, 0) = d(F (120, ) + Ni ;1 metis.ryy Q00 0) # 0.
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Note that any solution of the equation @ (ug, Ao, x) = 0 is also a solution of the
following problem

f
0 € F(ro, x) + Nk 3. 9nclB(xg.r) )

Hence, x¢ is a unique solution of @ (g, Ao, x) = 01in clQy.

We now can use similar arguments as the proof of Theorem 4.1 in [23] (see also
Theorem 3.2 of [18]) to complete the proof of the theorem. This completes the proof
of Theorem 4.2. O

By Theorem 4.2, it is easy to obtain the stability of solutions of the parametric
generalized variational inequalities (21). Below, we give an example to illustrate The-
orem 4.2.

Example 4.2 Let X = {(x1,x2) : x] +x3 < 100} C R%, A = A9 =[9,80] C R
and M = My = [—0.5,0.5]. Let f(x) =Oforallx € R?and F : M x R> = R? be
defined by

F(u,x) = {(u1, u2) : (x2 — u1)® + (x5 + px) — up)* < 1},
YueM, x=(x1,x3) € R>.

Define the mapping K : A x R> = R? by the following formula

K (A, x) = {(v1, v2) : 2v1 — vy < 4x2 + 1000, vy +v2 = 2Ax1},
VAe A, x=(x1,x2) € R2.

For each € > 0, let fo(u,x) = (x2,x3 + px1), Y e M, x = (x1,x2) € R%
Thus fe(u,x) € F(u,x) and @(u, A, x) = x — g 0 — fe(u, x)) for all
(u, x) € M x R?. Furthermore,

D (i, A, (x1,x2)) = (x1,x2) — Mg x)[(x1, x2) — fe(u, (x1, x2))]

= (x1,x2) — Mg g.n[(x1 — x2, X2 — X3 — px1)]

1 1
= (x1,x2) — (§x§ — X3+ §x1(2)» +u+1),x

e (21 D)
22 T ’
i

1
2

L LY
T Ty Ty 272

> ))-

) L2 (O
72~x2 X1

Obviously, @ (u, A, (x1, x2)) = 0 if and only if
(22)
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The above system of equations admits two solutions ()cl1 , le) = (0, 0) and (xlz, x%) =
(%, 2oty Taking (110, 20) = (0, 10), we infer that xo = (0,0) and x{, =
(%, 1) are the solutions of the problem (20) at (g, Ao)-

In addition, set B(rg, B1) = {A € Ap : ||L — 10]| < 1}. Since the mappings F and
K are continuous, it is easy to see that the conditions (i) and (ii) of Theorem 4.2 are
fulfilled.

Setr; =04 and V = {(x1, x2) : xlz + x22 < 0.16}. Since

Ko 1—x 19
2#_0 2 = —19x) + —,
2

1
L _ =

Jo (o, ho, (x1,x2)) = | 270
— ) X 2

(ho—13—

we know the index i (F (110, ')+N}£(/\0,-)mc13(x0,0.4)’ x0,0) =d(® (o, Xo, ), V,0) =
1.

Choosing M| = Mo, Aj = B(k, f1) and Qo = V., we know that S(u0, A0) =
S(mo, 20) N Qo = {x0} and S(u, X) = S(u, A) N Qo is nonempty for all (u, A) €
M1 x Ay and lower semicontinuous at (g, Ag).
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