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Abstract

Demiclosedness principles are powerful tools in the study of convergence of iterative
methods. For instance, a multi-operator demiclosedness principle for firmly nonex-
pansive mappings is useful in obtaining simple and transparent arguments for the weak
convergence of the shadow sequence generated by the Douglas—Rachford algorithm.
We provide extensions of this principle, which are compatible with the framework of
more general families of mappings such as cocoercive and conically averaged map-
pings. As an application, we derive the weak convergence of the shadow sequence
generated by the adaptive Douglas—Rachford algorithm.
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1 Introduction

Demiclosedness principles play an important role in convergence analysis of fixed
point algorithms. The concept of demiclosedness sheds light on topological properties
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of mappings, in particular, in the case where a weak topology is considered. More
precisely, given a weakly sequentially closed subset D of a Hilbert space H, the
mapping T : D — 'H is said to be demiclosed at x € D, if for every sequence (xy)
in D such that (x;) converges weakly to x and T (x;) converges strongly, say, to u,
it follows that T'(x) = u. By its definition, demiclosedness holds trivially whenever
T is weakly sequentially continuous; however, it does not hold in general. Let Id
denote the identity mapping on . A fundamental result in the theory of nonexpansive
mappings is Browder’s celebrated demiclosedness principle [1], which asserts that,
if T is nonexpansive, then the mapping Id —7 is demiclosed at every point in D.
Browder’s result holds in more general settings and, by now, has become a key tool in
the study of asymptotic and ergodic properties of nonexpansive mappings; see [2—5],
for example.

In [6], Browder’s demiclosedness principle was extended and a version for finitely
many firmly nonexpansive mappings was provided. As an application, a simple proof
of the weak convergence of the Douglas—Rachford (DR) algorithm [7,8] was also
provided in [6]: The DR algorithm belongs to the class of splitting methods for the
problem of finding a zero of the sum of two maximally monotone operators A, B :
‘H = H;see (25). The DR algorithm generates a sequence by an iterative application of
the DR operator (see (26), (27) and the comment thereafter), which can be expressed in
terms of the resolvents (see Definition 2.3) of A and B. If the solution set is nonempty,
then the DR sequence converges weakly to a fixed point such that the resolvent of A
maps ittoazero of A+ B. Thus, we see that, in fact, we are interested in the image of the
DR sequence under the resolvent of A. This image is often referred to as the shadow
sequence. The resolvent of a maximally monotone operator is continuous (in fact,
firmly nonexpansive), but not weakly continuous, in general. Hence, the convergence
of the shadow sequence cannot be derived directly from the convergence of the DR
sequence, unless the latter converges in norm. However, in general, norm convergence
does not hold: In [9], an example of a DR iteration which does not converge in norm
was explicitly constructed. Regardless of this fact, the weak convergence of the shadow
sequence was established by Svaiter in [10]. A simpler and more accessible proof of
the weak convergence of the shadow sequence was later given in [6] by employing a
multi-operator demiclosedness principle. A demiclosedness principle for circumcenter
mappings, a class of operators that is generally not continuous, was recently developed
in[11].

In this paper, we present an extended demiclosedness principle for more general
families of operators, which are not necessarily firmly nonexpansive, provided that they
satisfy a (firm) nonexpansiveness balance condition. We are motivated by the adaptive
Douglas—Rachford (aDR) algorithm which was recently studied in [12] in order to find
a zero of the sum of a weakly monotone operator and a strongly monotone operator.
Furthermore, the framework of [12] has been recently extended in [13] in order to
hold for monotonicity and comonotonicity settings as well. In both studies [12,13],
the convergence of the shadow sequence generated by the aDR is guaranteed only
under the assumption that the sum of the operators is strongly monotone. Moreover,
the corresponding resolvents in the aDR are not necessarily firmly nonexpansive,
and consequently, the demiclosedness principles of [6] cannot be directly applied in
this framework. Our current approach is compatible with the framework of the aDR.
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Consequently, we employ our generalized demiclosedness principles in order to obtain
weak convergence of the shadow sequence of the aDR in most cases. To this end, we
employ and extend techniques and results from [6].

The remainder of this paper is organized as follows: In Sect. 2, we review pre-
liminaries and basic results. New demiclosedness principles are provided in Sect. 3.
In Sect. 4, we employ the demiclosedness principles from Sect. 3 in order to obtain
the weak convergence of the shadow sequence of the adaptive Douglas—Rachford
algorithm. Finally, in Sect. 5, we conclude our discussion.

2 Preliminaries

Throughout this paper, H is a real Hilbert space equipped with inner product (-, -) and
induced norm || - ||. The weak convergence and strong convergence are denoted by —
and —, respectively. Weset Ry :={r e R:r > 0}and Ry; :={r e R:r > 0}.
Given a set-valued operator A : H = H, the graph, the domain, the set of fixed points
and the set of zeros of A, are denoted, respectively, by gra A, dom A, Fix A and zer A;
i.e.,

gra A = {(x, uye HxH:ue A(x)}, dom A := {x eH:Alx) # @},

Fix A := {er:xeA(x)} and zer A := {er:OeA(x)}.

The identity mapping is denoted by Id and the inverse of A is denoted by A™!, i.e.,
gra Al = {(u,x) e H x H :u € A(x)).

Definition 2.1 Let D € H be nonempty, let T : D — H be a mapping, set T > 0 and
6 > 0. The mapping T is said to be

(i) nonexpansive, if
IT@) =T <lx—yl. Vx,yeD;
(ii) firmly nonexpansive, if

T =T+ [ Ad=T)(x) — Ad =T < Ix = yI% Vx,y €D,

equivalently,
(x =y, T =T = |[T@ =T, Vx,ye D;
(iii) t-cocoercive, if TT is firmly nonexpansive, i.e.,
(f =y, T@ =T =|T)—=T|> Vx,yeD;

(iv) conically 6-averaged, if there exists a nonexpansive operator R : D — H such
that
T=(0-06)Id+6R.
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Conically 6-averaged mappings, introduced in [14] and originally named conically
nonexpansive mappings, are natural extensions of the classical 8-averaged mappings;
more precisely, a conically #-averaged mapping is 0-averaged whenever 6 € 10, 1[.
Additional properties and further discussions of conically averaged mappings, such
as the following result, are available in [13,15].

Fact2.1 Let D < H be nonempty, let T : D — H and let 0,0 > 0. Then the
following assertions are equivalent:

(1) T is conically 8-averaged;
(i) (1 —o)Id+4oT is conically c0-averaged,
(iii) Forallx,y € D,

1-0
I70 =T = =3I = =4 =T)) - da =Ty

Proof See [13, Proposition 2.2]. O

Lemma 2.1 Let D € H be nonempty,letT : D — H and let T,6 > 0.

(i) If T is T-cocoercive, then it is T'-cocoercive for any T’ € 10, t].

(ii) If T is conically 0-averaged, then it is conically 0'-averaged for any 0’ € [0, oo[.
Proof (i): Follows immediately from the definition of cocoercivity. (ii): Follows from

the equivalence (i) < (iii) in Fact 2.1. O

Remark 2.1 We note that cocoercivity and conical averagedness generalize the notion
of firm nonexpansiveness as follows:

(i) By Definition 2.1(ii) and (iii) , the mapping 7 is firmly nonexpansive if and only if T
is 1-cocoercive. Consequently, by employing Lemma 2.1(i), we see that whenever
T > 1, a T-cocoercive mapping is firmly nonexpansive.

(i1) Similarly, the mapping 7 is firmly nonexpansive if and only if it is conically
%-averaged. Consequently, by employing Lemma 2.1(ii), we see that whenever
0 < %, a conically 8-averaged mapping is firmly nonexpansive.

In our study, we will employ the following generalized notions of monotonicity.

Definition 2.2 Let A : H = H and let « € R. Then A is said to be

(i) a-monotone, if
(x—yu—v) = allx = yl?, Vx,u, (y,v) € grad;
(ii) a-comonotone, if A~! is a-monotone, i.e.,
(x—y,u—v)>aolu— v||2, Y(x,u), (y,v) € gra A.
The «-monotone operator A is said to be maximally o-monotone (resp. maximally o-
comonotone), if there is no @-monotone (resp. e-comonotone) operator B : H = H

such that gra A is properly contained in gra B.
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Remark 2.2 Common notions of monotonicity are related to the notions in Definition
2.2 as follows:

— In the case where @ = 0, 0-monotonicity and 0-comonotonicity simply mean
monotonicity (see, for example, [16, Definition 20.1]).

— In the case where « > 0, @-monotonicity is also known as a-strong monotonicity
(see, for example, [16, Definition 22.1(iv)]). Similarly, o-comonotonicity is «-
cocoercivity in Definition 2.1(iii).

— In the case where o < 0, «-monotonicity and «-comonotonicity are also known
as a-hypomonotonicity and «-cohypomonotonicity, respectively (see, for exam-
ple, [17, Definition 2.2]). In addition, «-monotonicity is referred to as a-weak
monotonicity in [12].

We continue our preliminary discussion by recalling the definition of the resolvent.

Definition 2.3 Let A : H = H. The resolvent of A is the operator defined by
Ja:=1d+A)"L
The relaxed resolvent of A with parameter A > 0 is defined by
Jh =1 —=2)Id+rJ4.

When A = 2, we set Ry = Jﬁ = 2J4 — 1d, also known as the reflected resolvent of
A.

We conclude our preliminary discussion by relating monotonicity and comono-
tonicity properties with corresponding properties for resolvents by recalling the
following facts.

Fact 2.2 (resolvents of monotone operators) Let A : H = H be a-monotone, where
a e R Ify > 0issuch that 1 + ya > 0, then

(1) Jya is single-valued and (1 + ya)-cocoercive;
(ii) dom J, 4 = H if and only if A is maximally a-monotone.

Proof See [12, Lemma 3.3(ii) and Proposition 3.4]. O

Fact 2.3 (resolvents of comonotone operators) Let A : H = H be a-comonotone,
where @ € R.If y > 0 is such that y + a > 0, then

(1) Jya is at most single-valued and conically M—avemged;
(ii) dom J, 4 = H if and only if A is maximally a-comonotone.

Proof See [13, Propositions 3.7 and 3.8(1)]. O
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3 New Demiclosedness Principles for Generalized Nonexpansive
Mappings

In this section, we extend the multi-operator demiclosedness principles for firmly
nonexpansive mappings from [6] to more general families of operators. To this end,
we employ and extend techniques and results from [6] in a weighted inner product
space. We begin our discussion by recalling the following fact.

Fact3.1 Let F : ' H — 'H be a firmly nonexpansive mapping, let (x;)72, be a sequence
in'H, and let C, D C 'H be closed affine subspaces such that C —C = (D — D)*.
Suppose that

Xp—X, (1a)
F(xp)—y, (1b)
F(xi) — Pc(F (xx)) = 0, (Ic)
(xk — F(xx)) — Pp (g — F(xg)) — 0. (1d)

Theny e C,x € y+ D,and y = F(x).
Proof See [6, Corollary 2.7]. O
3.1 Demiclosedness Principles for Cocoercive Operators

Let n > 2 be an integer and set @ := (w1, W2, ..., w,) € R’_Lr. We equip the space

H:=H'=HxHx---xH, (2a)

n

with the weighted inner product (-, -),, defined by

n
(X Yo=Y oilx.yi), ¥Xx= (1. x%). Y= Ly2 ... €H.
i=1

(2b)

Thus, H is a Hilbert space with the induced norm [|x ||, = /X, X)e.
Lett := (11, 72, ..., 7o) € R"\{(0, ..., 0)}. Let C C H be the subspace defined
by
C = {(rlx, X, ..., TyX) 1 X € H}.
In the following lemma, we provide a formula for the projector P¢, which will be
useful later.

Lemma 3.1 Let x := (x1, X2, ..., X,) € H. Then the projection of x onto C is
n
LW TiX
Pc(x) = (tiu, nou, ..., tyu), whereu := E;I—“; 3)
Diml @IT]
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Proof Fix x := (x1, x2, ..., x,) € H. Since Z?:l a)itiz > 0, u is well defined by (3).
Sety = (t1u, ©ou, ..., t,u). We prove that (x —y) L z foreach z € C; consequently,
Pc(x) = y. Indeed, let z = (v, Tav, ..., Tyv) € C. Then

n

(Z,x = Y)o = Zwi(fiv,xi — Tu)
i—1

n
= <v, D oimi(xi — Tiﬁ)>
i=1
n n
= <v, Za)ir,-xi — (Zwiri2>ﬁ> = (v,0) =0.
i=1 i=1

O

Theorem 3.1 (demiclosedness  principle for cocoercive  operators) Let
(P15 P25 -y pn), (T1, T2, ..., Ty) € R, Foreachi € {1,2,...,n},letF; : H — H
be ti-cocoercive and let (x,-,k);:o:o be a sequence in 'H. Suppose that

Vie{l,2,...,n}, Xi k=X, (4a)
Viel{l,2,....n}, Fi(xig)—y, (4b)
n n n
> ok — TiFi(xig) —> — (Z Pm) Y+ pixi, (40)
i=1 i=1 i=1
vVi,je{l,2,...,n}, Fi(xig) — Fi(xjr) — 0. 4d)
Then Fi(x1) = Fa(x2) = - = Fy(xy) = y.
Proof Foreachi € {1,2,...,n}, set
Pi
w; = —
Ti

and equip ‘H with the inner product (-, -), as in (2). Let F : H — H be the mapping
defined by

F(Z) = (tlFl(Zl)7 tze(Zz)a MR tnFn(Zn))a Z= (217 225 enns Zn) € H

Then for every u = (uy, us,...,uy),v = (v1,v2,...,0,) € H, since F; is 7;
cocoercive, it follows that

(w—v, F) — F)), = > wi{ui —vi, tFi(u;) — 7 F; (v;))
i=1

> Y ot Fi(ui) — Fin)|* = | F(w) — F)]3,
i=1
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which implies that F is firmly nonexpansive. Set x := (x1,Xx2,...,X,), y =
(t1y, 2y, ..., T,y) and, foreach k = 0, 1,2, ..., set Xx = (X1 4, X2k - - » Xn.k)-
Then

xr—x and F(xp)—y. (@)

Let C and D be the affine subspaces of ‘H defined by
C:={(tix,ox,...,T;x) :x € H} and D:=x —y+C*.
Then C — C = (D — D). Consequently, by employing Lemma 3.1, we arrive at

" wiTAFi (xi g n it Fi(xg
Pc (F(xp) = (1ot - . ., 7,T%), where Ty 1= L=t — ’(2”") = Z’—l’n)’ iFixie)
D1 0iT D=1 PiTi

Since vy is a weighted average of the F;(x; x)’s, (4d) implies that
Vie{l,2,...,n}, Fi(xix)—vr—>0 as k— oo;
consequently, we conclude that
F(xi) — Pc (F(xy)) — 0. (6)
We now employ the projections

o1 oi (xik — T Fi(xip))
Yo PiTi ’

Pc (xx — F(xp)) = (tiuig, ..., tyly), where g =

and ;
Di=1 Piki
Yot

By invoking (4c), we see that uy — —y + u, which, in turn, implies that

Pc(x —y)=(niu,...,tqu) —y, whereu =

Pc (xx — F(xg)) > Pc (x — y).
Consequently,

xp — F(xp)—Pp (xr — F(xp))
=xp = F(xp) = P, o1 (xk — F(xp))
=xr—Fxp)—(x—y+Per(xp—Fxp)—(x—y)) (D
=({d—Pcr) (xp — F(xg)) — (Id —=Pp1) (x — y)
= Pc (xx — F(xx)) — Pc (x —y) = 0.
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Finally, since (5), (6) and (7) satisfy (1), we may employ Fact 3.1 in order to obtain
y = F(x), that s,
Fixp))=y, Vie{l,2,...,n},

which concludes the proof. O

As a consequence of Theorem 3.1, we obtain the demiclosedness principle for
firmly nonexpansive operators [6, Theorem 2.10].

Corollary 3.1 (demiclosedness principle for firmly nonexpansive operators) For each
ie{l,2,...,n} let F; : H — H be firmly nonexpansive and let (x,-,k);:ozo be a
sequence in H. Suppose further that

Vie{l,2,...,n}, Xi k—>Xi, (8a)
Viel{l,2,....n},  Fi(xi©)—y, (8b)
n n
D ik = Fixin) = —ny + »_xi, (8¢)
i=1 i=1
vi,je{l,2,...,n}, Fi(xi 1) — Fj(xjx) — 0. (8d)
Then Fi(x1) = F2(x2) = -+ = F(xy) = y.
Proof The proof follows by observing that firmly nonexpansive operators are coco-
ercive with constant T = 1 and by setting 71 = ©» = -+ = 1, = 1 and
p1 =p2=---= p, = 1 in Theorem 3.1. O

Remark 3.1 By letting n = 1 in Corollary 3.1, we obtain a special case of Fact 3.1
where C = H and D = {x — y}, which, in turn, is equivalent to Browder’s original
demiclosedness principle [1] (alternatively, see [16, Theorem 4.27]).

Remark 3.2 (Theorem 3.1 vs. Corollary 3.1) A demiclosedness principle for cocoer-
cive mappings can be derived directly from Corollary 3.1 when we apply the latter
to the firmly nonexpansive mappings 71 F1, 12 F>, ..., 7, F,. However, this does not
yield Theorem 3.1: In this case, the cocoercivity constants will appear in (8b) and
(8d); however, they are neither a part of (4b) nor (4d).

Following Remark 3.2, in Theorem 3.1, the cocoercivity constants t; are not a part
of the conditions in (4) except for the condition (4c). In the following result, we do
not incorporate cocoercivity constants in any of the convergence conditions; however,
in exchange, we do impose a certain balance condition on these constants.

Theorem 3.2 (closedness principle for balanced cocoercive operators) For each
ie{l,2,....n}, let F; : H — 'H be a ti-cocoercive mapping where t; > 0 and
let (x,-,k);:io be a sequence in 'H. Suppose that there exists (p1, p2, ..., pn) € R |
such that the weighted average

n . .
XL ©)
2i=1 Pi
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and suppose further that

Vie{l,2,...,n}, Xi k=X, (10a)
Vie{l,2,....n}, Fi(xig)—y, (10b)
n n n
> pilxix — Fi(xin) — —(ZM))’ + Y pixi, (10¢)
i=1 i=1 i=1
Vi,jef{l,2,...,n}, Fi(xjg) — Fj(xj ) = 0. (10d)
Then Fi(x1) = Fa(x2) = -+ = Fp(xy) = y.
Proof In view of (9), we may choose (z{, 75, ..., 1,), 7/ €]0, 7;] such that
Z:‘I:l /Oir,'/ -1
2;1:1 Pi
By invoking Lemma 2.1(i), we see that foreachi € {1,2,...,n}, F; is t,.’—cocoercive.

Consequently, we may assume without loss of generality that there is equality in (9),
which we rewrite in the form

pi(ti =D+ o2 — D+ 4 pp(ta — 1) =0. (1)

Conditions (10a), (10b) and (10d) are the same as (4a), (4b) and (4d), respectively.
Thus, in order to employ Theorem 3.1 3.1 and complete the proof, it suffices to prove
that (4c¢) holds. Indeed, by combining (10c), (10d) and (11), we arrive at

Z,Oi (xi ke — T Fi(xi0)) = pr (X — Fi(xi0)) + pr(l — i) Fi(xi 1)

i=1 i=1 i=1

= pr (xik — Fi(xip) + pr(l — ) (Fi(xip) — Fi(x1.0))

i=1 i=2

n n n n
— —(Zp,)y + Zp[xi = —<Zpifi)y + Zpixi,
i=1 i=1 i=1 i=1

which is (4c¢). O

Remark 3.3 (on the balance condition (9)) We note that the conditions in (10) for
cocoercive mappings are a weighted version of the conditions in (8) for firmly non-
expansive mappings. However, the cocoercivity constants are required to be balanced
as in (9); that is, the weighted average of the cocoercivity constants has to be at least
1, which is always true for firmly nonexpansive mappings (see Remark 2.1(1)).
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3.2 Demiclosedness Principles for Conically Averaged Operators

In this section, we provide a demiclosedness principle for finitely many conically
averaged operators. This is yet another generalization of the demiclosedness principle
for firmly nonexpansive operators (Corollary 3.1), which we employ in our proof.

Theorem 3.3 (demiclosedness principle for conically averaged operators) For each
ief{l,2,...,n}, let T; : H — H be conically 0;-averaged where 0; > 0, and let
(x,-,k);:io be a sequence in H. Suppose that

Viefl,....,n}, xjr—=xi, (12a)

Vie{l,....n}, T(xi0)—26iy+ (1 —20)x;, (12b)
Xik — Ti(xi k)

Z#_) ny—i—Zx,, (12¢)

i=1

Vi, jef{l,2,....n} (g —xjk) — (th 291, iR _ ik 291.()(}’1()) =0
i J

(12d)

Then T; (x;) = 26;y + (1 —26;)x; foralli € {1, ..., n}.

Proof Foreachi € {1,...,n}, set

1 1 d-T;
Fi=(1- d4+—T=1d— —L).
20; 26; 26;

Then Fact 2.1(ii) and Remark 2.1(ii) imply that F; is firmly nonexpansive. By employ-
ing (12a) and (12b), we see that

Fieip = (1 1) + —(1 1)++1_29’ (13)
(i) =(1——)x; —Ti(xi )=~ (1— =—)x; Xi=y.
i (Xi & 26, ik 29,'1 ik 20, iTY 20, i=)
Next, by invoking (12¢), we obtain

n n

Xk — Ti(xi0)
DGk = Fixi) = ) =5 ny+Zx, (14)
1

i=1 i=1

Finally, by employing (12d), we see that for all i, j € {1, ..., n},

1 1 Ti(xie) Ti(xjx)
Fi(xig) = Fi(xjp) = ( 20 )xz k= (1 - ﬁ)xj,k -
1

; 26, 20,
Ti(xig) —xie  Ti(xjx) — Xjk
P , & : 0.
(xz,k x./,k) + 26, 291 >

(15)
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Consequently, in view of (12a), (13), (14) and (15), we apply Corollary 3.1 to obtain

1 1 .
y = Fitn) = (1= 35 )6 + 55 Titw). Vi€ (1.....n),
1 1

which concludes the proof. O

Remark 3.4 (Theorem 3.3 vs. Corollary 3.1) Since firmly nonexpansive operators are
conically 6-averaged with 6 = % it is clear that the assertion of Theorem 3.3 is more
general than the one of Corollary 3.1. However, in view of the proof of Theorem 3.3,
we conclude that the two assertions are equivalent.

We proceed in a similar manner to our discussion of demiclosedness principles for
cocoercive operators; namely, we would like to have convergence conditions as in (12)
of Theorem 3.3 that do not incorporate the conical average constants 6;. Indeed, in
the following result, we provide such conditions while, yet again, imposing a balance
condition on the 6;’s. We focus our attention on a result concerning two mappings,
which we will use in applications.

Theorem 3.4 (demiclosedness principle for two balanced averaged operators) Let
T1, Ty : H — H be 01- and 0x-averaged mappings where 01, 0y €]0, 1[, respectively,
and suppose that there exist scalars p1, p2 > 0 such that

02 P1

0 < and 6, < . (16)
p1+ P2 p1+
Let (x1,4)72 and (x2,x)72 be sequences in H such that
X1 k—x1 and X3 ;—Xx2, (17a)
Ty (x1,0)—y and Tr(x)—Y, (17b)
p1(x1k — Ti(x1,0)) + p2(x2,k — T2(x2,1)) — 0, (17¢)
Ty (x1,1) — Ta(x2,4) — O. (17d)

Then T1(x1) = Tr(x2) = y.

Proof As in the proof of Theorem 3.2, by employing Lemma 2.1(ii), we may assume
without the loss of generality that there is equality in (16), which we rewrite in the
form

(1 =6) + (5~ ) =0, (180
and ,0191 = ,0292. (ISb)

By combining (17a), (17b) and (17c), we see that p;(x; — y) + p2(x2 — y) = 0,
equivalently,
_ P1X1 + p2X2

= 6)x1 + 01 x3. (19)
p1+ 02
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Wesety = %(xl + x7). By invoking (18a), it follows that

201y + (1 = 201)x1 = (1 — 01)x1 + O1x2 = O2x1 + O1x2,

20
200y + (1 = 262)x2 = 6x1 + (1 — 62)x2 = Ox1 + O1x2. @0
Consequently, (17b) and (19) imply that
Ty (x1,)—201y + (1 = 201)xy, o1
T (x2, 1) =202y + (1 — 262)x2.
Now, by (18b), (17¢) and the definition of 7y, it follows that
X1k — Thi(x1k) 4 Y2k Ta(x2,k)
26, 26,
1 _
= m(m (16 = Ti(x1,0)) + p2 (26 — T2(x2,0)) ) = 0= =2y + x1 + x2.
(22)
In addition, from (18a) it follows that
g — Xog) — (Xl,k T Xk — Tz(Xz,k)) _
LR Ak 26, 26, -
~ Nio) = =200)x6 | (1 =2602)x0k — Ta(x k)
= +
26, 20,

(23)
= (1_201)(T (i) — xik) + TiGeg) — Talxog) + (1_292)()( —Ta(x2.0))
T 1(61k Lk 1 (X1.k 2(x2 4 2% 26 — Ta(x2.k

— T , . — T
— (1 —20y) <xl‘k 2011()61,0 L 2k 202(X2,k)> + (T10rp) — Ta(rag).
By combining (23) with (22) and (17d), we obtain
X1k —Tixre)  xox — To(xok)
- — (= LI ’ 0. 24
(X1, — x2.%) < 20, 20, > - (24)

Finally, in view of (17a), (21), (22) and (24), we employ Theorem 3.3 in order to
obtain

Ti(x1) =261y + (1 —260))x; and Tr(xp) = 26>y 4+ (1 — 262)x3.

By recalling (19) and (20), we arrive at T1(x1) = Ta(x2) = y. O

Remark 3.5 (on the balance condition) In Theorem 3.4, we did not provide an explicit
balance condition for the averagedness constants as we did in (9). However, we did
impose a stronger condition (16), which indeed implies

p101 + 020> _ 2p102
pr+p2 T (p1+p2)?

1
=z
-2
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that is, the weighted average of the 6;’s is at most % This is always true for firmly
nonexpansive mappings (see Remark 2.1(ii)).

4 Applications to the Adaptive Douglas-Rachford Algorithm

We recall that the problem of finding a zero of the sum of two operators A, B : H = 'H
is
find x € H such that 0 € Ax + Bx. (25)

In this section, we apply our generalized demiclosedness principles and derive the
weak convergence of the shadow sequence of the adaptive Douglas—Rachford (aDR)
algorithm, originally introduced in [12], in order to solve (25) for a weakly and a
strongly monotone operators. The analysis is then extended in [13], which includes
weakly and strongly comonotone operators as well.

Given (y, 8, A, u, k) € R?H_, the aDR operator is defined by

Tapr = (1 — k) Id4+«RyRy, (26)

where
Jii=Jya=Ud+y A7 Ri=J0, = (1) Id+AJ),

Joi=Jsg = (Ad+8B)"",  Ry:=Jl =1 —p)1d+pud.

Set an initial point xo € H. The aDR algorithm generates a sequence (x;)g-, by the
recurrence
xk+1 € TaDR(xk)v k = O’ 19 2’ st (27)

We observe that (26) coincides with the classical Douglas—Rachford operator in the
case where A = 1= 2,y = 6, and k = 1/2. Similarly to the classical DR algorithm,
the fixed points of T,pr are not explicit solutions of (25). Nonetheless, under the
assumptions (see [13, Section 5])

A—D@—-1)=1 and §=(H— 1)y, (28a)
equivalently,
8 14
A=1+— and p=1+ =, (28b)
y )

the fixed points are useful in order to obtain a solution as we show next.

Fact4.1 (aDR and solutions to the inclusion problem) Suppose that (y, ) € R%_ e
that A, u are defined by (28), that k > 0, and that Ji is single-valued. Then

() Id —Topr = «ku(J1 — J2R1);
(i) Ji(Fix T,pr) = zer(A + B).

Proof See [12, Lemma 4.1]. O
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Suppose that (x;);2, is generated by the aDR algorithm and converges weakly to
the limit point x* € Fix T,pr. Then Fact 4.1(ii) asserts that the shadow limit point
J1(x*) is a solution of (25). Our aim is to prove that, under certain assumptions, the
shadow sequence (J; (xk)),fio converges weakly to the shadow limit Jy (x*).

In our analysis, we will employ the convergence results [13, Theorems 5.4 and 5.7]:
Under the assumptions therein, the aDR operator (27) is shown to be averaged and,
hence, single-valued. Consequently, in these cases, we will employ equality in (27).

4.1 Adaptive DR Algorithm for Monotone Operators

We begin our discussion with the case where the operators are maximally ¢-monotone
and maximally -monotone. We will prove the weak convergence of the aDR algo-
rithm shadow sequence by means of a generalized demiclosedness principle. To this
end, we recall the following fact regarding the convergence of the aDR algorithm.

Fact4.2 (aDR for monotone operators) Let a, f € R such that o + B > 0 and let
A, B : ' H = 'H be maximally a-monotone and maximally B-monotone, respectively,
with zer(A + B) # &. Let (y, 8, A, 1) € ]RLr satisfy (28) and either

(14 2ya) =y, if a+8=0, (29a)
or (y +8)* < 4y8(1 + ya)(1 + 8p), if a+p>0. (29b)

Set k € 10, k[ where
1, ifa+p=0;

K= { 481+ ya)(1438) — (v + ) ot B0 (30)
Wiy + ot p ¢ '

Set a starting point xo € 'H and (xk)/fio by xx+1 = Tapr(xx), k =0,1,2,....Then

(i) xx — xp41 — 0;
(ii) xp—x* € Fix T,pr with J1(x*) € zer(A + B).

Proof Combine [13, Theorem 5.7] with [13, Corollary 2.10] and Fact 4.1(ii). O

Theorem 4.1 (weak convergence of the shadow sequence under monotonicity) Sup-
pose that A and B are maximally a-monotone and maximally B-monotone, respec-
tively, where o + 8 > 0 and zer(A + B) # . Let (v, 5, ., u) € Ri+ satisfy (28)
and (29). Let k € 10, k[ where « is defined by (30). Set a starting point xo € 'H and
(x1)72 o by xks1 = Tapr(xk), K =0, 1,2, ... Thenthe shadow sequence (J1 (x;))2
converges weakly

J1(xp)—=~J1(x*) € zer(A + B).
Proof Fact 4.2(ii) asserts that

xp—x* € Fix T,pr with J1(x*) € zer(A + B). 31
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Consequently, (x;)72, is bounded. By combining (28) and (29), it follows that 1 +
ya > 0and 1 4+ 68 > 0 (see [13, Theorem 5.7]). Thus, we employ Fact 2.2 which
asserts that J; and J, are ti-cocoercive and tp-cocoercive, respectively, with full
domain, where

71:=14+ya and 1 :=1+446.

Due to the cocoerciveness of Ji, the shadow sequence (/i (xk)),fio is bounded and
has a weak converging subsequence, say,

J1 (xk/.) —y*. (32)
Set z; := Ri(xy), foreachk =0, 1,2, .... Then
zg;—~(1 — )X+ Ay = zn (33)
Moreover, Fact 4.2(i) and Fact 4.1(i) imply that
J1(xx) — J2(zk) — 0. (34
which, when combined with (32), implies that
Dz —y*. (35)

Thus, on the one hand, Ji (xg ].) — Jo(zk j) — 0 while, on the other hand,

Ji1(x;) — J2(zi;) = Ji(xe) — Ri(xg) + Ri(ek ) — Ja(z;)
= (0= 1) (0 = J1(x))) + (21 = J2(2,))

~A=DE* = y)+ @ —y) =2y + (A — Dx* 42"
(36)
By combining (31)-(36), we see that the sequences ()ck_,.)‘]’.o=0 and (zz j)‘j’."zo satisfy the
conditions in (10) by setting

pr:=A2—1>0 and pr:=1>0. (37)

With this choice of the parameters p;’s, we observe that the balance condition (9) is
satisfied as well. Indeed, (28) implies that

pr(tt =D+ (2 =) =G = Dya+4f =8+ p) = 0.
Consequently, we apply Theorem 3.2 in order to obtain y* = Jj(x*). O

Remark 4.1 We observe that Theorem 4.1 guarantees the weak convergence of the
shadow sequence whenever the original sequence converges weakly. In particular,
this is guaranteed under the conditions on the parameters in Fact 4.2. However, this
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is a meaningful contribution only in the case where o + 8 = 0: In the case where
o + B > 0, it is known that the shadow sequence converges not only weakly but, in
fact, strongly (see [12, Theorem 4.5] and [13, Remark 5.8]).

4.2 Adaptive DR Algorithm for Comonotone Operators

We now address the weak convergence of the shadow sequence in the case where the
operators are comonotone. To this end, we recall the following result regarding the
convergence of the aDR algorithm.

Fact4.3 (aDR for comonotone operators) Let o, B € R such that o + B > 0 and let
A, B : ' H = 'H be maximally a-comonotone and maximally B-comonotone, respec-
tively, such that zer(A + B) # &. Let (y,8,A, 0) € Rj—+ satisfy (28) and either

8=y + 2, if a+p=0, (38a)
or (y+8 <4y +a)+p), if «+p>0. (38b)

Set k € 10, k[ where
1, ifa+pB=0;

Fi=14y+a)8+B) -y +8> . (39)
Wy +oatp o TetE=0

Set a starting point xo € 'H and (xk)/f‘;o by xk+1 = Tapr(x%), k =0,1,2,....Then

(1) xx — Xg41 — O;
(ii) xp—x* € Fix T,pr with J1(x*) € zer(A + B).

Proof Combine [13, Theorem 5.4] with [13, Corollary 2.10] and Fact 4.1(ii). O

Theorem 4.2 (weak convergence of the shadow sequence under comonotonicity) Sup-
pose that A and B are maximally a-comonotone and maximally B-comonotone such
thata+ B > 0and zer(A+B) # . Let (y, 8, A, u) € Ri+ satisfy (28) and suppose
that

(y +6) =min{2(y + ), 2(5 + B)}. (40)
Let k € 10, k[ where i is defined by (39). Set a starting point xo € H and (x)32 by
Xt+1 = Tapr(Xk), Kk =0, 1,2, ....Thenthe shadow sequence (J; (xk))z‘;o converges
weakly

J1(xp)—=~J1(x*) € zer(A + B).
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Proof We claim that (40) implies (38). Indeed, if « + B = 0, we obtain

(y +8) <min{2(y + @),2(6 —a@)} <— (y+68) <2(y +«) and
(y+68) <206 —w
— §=y+2¢,

which is (38a). On the other hand, observe that (40) trivially implies that
(v +8)* < (Minf2(y + ). 26 + H)® <4y + )G + B).
Suppose that (y + 8)2 = (min{2(y + «), 2(6 + ,B)})2 =4(y + a)(6 + B). Then
(¥ +8) =2y + ) =2(f +9),

which implies that ¢ + 8 = 0. Thus, (38b) holds whenever & + 8 > 0 which concludes
the proof of our claim. Consequently, we employ Fact 4.3 in order to obtain

xp—x* € Fix Typr with J1 (x*) € zer(A + B).

We conclude that (x;)?2, is bounded. Now, (28) and (38) imply that y +a > 0
and § + B > 0 (see [13, Theorem 5.4]). Thus, by Fact 2.3, J; and J, are conically
01-averaged and 6;-averaged, respectively, with full domain, where

y 1)

and 92 = m (41)

91 = -

2y + )
Since J is conically averaged, the shadow sequence (J1(x¢)){2 is bounded and has
a weakly convergent subsequence, say, Ji(xx;)—y*. By the same arguments as in
the proof of Theorem 4.1, while employing Theorem 3.4 instead of Theorem 3.2, we
arrive at

ye= ("),

which concludes the proof. To this end, it remains to verify that (16) holds, and then,
Theorem 3.4 is applicable. Indeed, by (41), (37) and (28),

1 8 A—1
0 < P2 and 0 < il — Lf— and <
o1+ L+ 2 20y +a) ~ A 26+~ A
1 1
_r < — and _r ==
2(y +a) — A 264+ 8) — A
< yi =min{2(y +a),2(5 + B)}
< (y +98) <min{2(y +«),2(5 + B)},
which is (40). O
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Remark 4.2 We note that, in contrast to Theorem 4.1, Theorem 4.2 guarantees the
weak convergence of the shadow sequence under more restrictive conditions on the
parameters than the conditions in Fact 4.3, namely in the case where o + 8 > 0.
Nevertheless, Theorem 4.2 covers new ground since the convergence of the shadow
sequence in the aDR for comonotone operators has not been previously addressed.
Although outside the scope of this work, we believe that the convergence of the shadow
sequence may be strong whenever o + 8 > 0, as in the case of monotone operators.

5 Conclusions

In this paper, we extend the multi-operator demiclosedness principle [6] to more
general classes of operators such as cocoercive and conically averaged operators. The
new findings are natural and consistent with existing theory and are later justified by
applications in which we show the weak convergence of the shadow sequence of the
adaptive Douglas—Rachford algorithm. It remains of interest to find new connections
between the demiclosedness principle and other classes of algorithms and optimization
problems.

Acknowledgements We thank the referees for their valuable insights and corrections. Sedi Bartz was
partially supported by a UMass Lowell faculty startup grant. Rubén Campoy was partially supported by a
postdoctoral fellowship of UMass Lowell. Hung M. Phan was partially supported by Autodesk, Inc. via a
gift made to the Department of Mathematical Sciences, UMass Lowell.

References

1. Browder, FE.: Semicontractive and semiaccretive nonlinear mappings in Banach spaces. Bull. Am.
Math. Soc. 74, 660-665 (1968)

2. Garcia-Falset, J., Sims, B., Smyth, M.A.: The demiclosedness principle for mappings of asymptotically
nonexpansive type. Houst. J. Math. 22, 101-108 (1996)

3. Li, G., Kim, J.K.: Demiclosedness principle and asymptotic behavior for nonexpansive mappings in
metric spaces. Appl. Math. Lett. 14(5), 645-649 (2001)

4. Osilike, M.O., Udomene, A.: Demiclosedness principle and convergence theorems for strictly pseu-
docontractive mappings of Browder—Petryshyn type. J. Math. Anal. Appl. 256(2), 431-445 (2001)

5. Zhou, H.: Demiclosedness principle with applications for asymptotically pseudo-contractions in Hilbert
spaces. Nonlinear Anal. Theory Methods Appl. 70(9), 3140-3145 (2009)

6. Bauschke, H.H.: New demiclosedness principles for (firmly) nonexpansive operators. In: Bailey, D.,
et al. (eds.) Computational and Analytical Mathematics. Springer Proceedings in Mathematics &
Statistics, vol. 50, pp. 19-28. Springer, New York (2013)

7. Douglas, J., Rachford, H.H.: On the numerical solution of heat conduction problems in two and three
space variables. Trans. Am. Math. Soc. 82, 421-439 (1956)

8. Lions, PL., Mercier, B.: Splitting algorithms for the sum of two nonlinear operators. SIAM J. Numer.
Anal. 16(6), 964-979 (1979)

9. Bui,M.N., Combettes, P.L.: The Douglas—Rachford Algorithm converges only weakly. SIAM J. Control
Optim. 58(2), 1118-1120 (2020)

10. Svaiter, B.F.: On weak convergence of the Douglas—Rachford method. SIAM J. Control Optim. 49(1),
280-287 (2011)

11. Bauschke, H.H., Ouyang, H., Wang, X.: On circumcenter mappings induced by nonexpansive operators
(2018). arXiv:1811.11420

12. Dao, M.N., Phan, H.M.: Adaptive Douglas—Rachford splitting algorithm for the sum of two operators.
SIAM J. Optim. 29(4), 2697-2724 (2019)

@ Springer


http://arxiv.org/abs/1811.11420

778

Journal of Optimization Theory and Applications (2020) 186:759-778

13.

16.

17.

Bartz, S., Dao, M.N., Phan, H.M.: Conical averagedness and convergence analysis of fixed point
algorithms (2019). arXiv:1910.14185

. Bauschke, H.H., Moursi, W.M., Wang, X.: Generalized monotone operators and their averaged resol-

vents. Math. Program. (2020). https://doi.org/10.1007/s10107-020-01500-6

. Giselsson, P., Moursi, W. M.: On compositions of special cases of Lipschitz continuous operators

(2019). arXiv:1912.13165

Bauschke, H.H., Combettes, P.L.: Convex Analysis and Monotone Operator Theory in Hilbert Spaces,
2nd edn. Springer, Berlin (2017)

Combettes, P.L., Pennanen, T.: Proximal methods for cohypomonotone operators. SIAM J. Control
Optim. 43(2), 731-742 (2004)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/1910.14185
https://doi.org/10.1007/s10107-020-01500-6
http://arxiv.org/abs/1912.13165

	Demiclosedness Principles for Generalized Nonexpansive Mappings
	Abstract
	1 Introduction
	2 Preliminaries
	3 New Demiclosedness Principles for Generalized Nonexpansive Mappings
	3.1 Demiclosedness Principles for Cocoercive Operators
	3.2 Demiclosedness Principles for Conically Averaged Operators

	4 Applications to the Adaptive Douglas–Rachford Algorithm
	4.1 Adaptive DR Algorithm for Monotone Operators
	4.2 Adaptive DR Algorithm for Comonotone Operators

	5 Conclusions
	Acknowledgements
	References




