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Abstract

Alzalg (J Optim Theory Appl 163(1):148-164, 2014) derived a homogeneous self-
dual algorithm for stochastic second-order cone programs with finite event space.
In this paper, we derive an infeasible interior-point algorithm for the same stochas-
tic optimization problem by utilizing the work of Rangarajan (SIAM J Optim 16(4),
1211-1229,2006) for deterministic symmetric cone programs. We show that the infea-
sible interior-point algorithm developed in this paper has complexity less than that of
the homogeneous self-dual algorithm mentioned above. We implement the proposed
algorithm to show that they are efficient.

Keywords Second-order cone programming - Stochastic programming - Infeasible
interior-point algorithms - Euclidean Jordan algebra

Mathematics Subject Classification 90C25 - 90C06 - 90C15 - 90C30 - 90C51 - 90C60

1 Introduction

Two-stage stochastic second-order cone programs [1] have been defined to formu-
late many applications of second-order cone programs [2] that involve uncertainty in
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data. General and different classes of optimization problems, such as stochastic lin-
ear programs, stochastic quadratic programs, and quadratically constrained stochastic
quadratic programs, can be recast as stochastic second-order cone programs [1,2]. In
[1], the reader can find various application models of stochastic second-order cone
programs, namely the stochastic Euclidean facility location problem, the portfolio
optimization problem with loss risk constraints, the optimal covering random ellip-
soid problem, and an application in structural optimization.

Alzalg and Ariyawansa [3] (see also Alzalg [4,5]) proposed polynomial-time
decomposition-based interior-point algorithms for stochastic programs over all sym-
metric cones including second-order cones. While the decomposition-based interior-
point algorithms exploit the structure in a problem, there are other classes of algorithms
such as infeasible interior-point algorithms and homogeneous self-dual algorithms,
which are particularly designed for general problems. However, when applied to
problems with structure, in many cases homogeneous and infeasible interior-point
algorithms can be designed to exploit the structure by carefully tailoring the opera-
tions of the algorithm. In [6], Alzalg has derived a homogeneous self-dual algorithm
for stochastic second-order cone programs with finite event space of their random vari-
ables. In this paper, the focus is on developing an infeasible interior-point algorithm
for stochastic second-order cone programs.

For deterministic nonlinear programming problems, several infeasible interior-
point methods have been proposed. See, for examples, the work of Nesterov [7] in
nonlinear programming, the work of Rangarajan [8] over symmetric cones, the work
of Potra and Sheng [9] over the semidefinite cone, and the work of Xiaoni and Sanyang
[10] over the second-order cone. See also the work of Castro [11] and that of Castro
and Cuesta [12] which present interior-point methods for large-scale deterministic
optimization problems by exploiting block-angular structures. As mentioned earlier,
we are concerned to derive an infeasible interior-point algorithm for stochastic second-
order cone programs with finite event space of their random variables by utilizing the
work of Rangarajan [8]. We will see that the infeasible algorithm developed for these
problems has complexity less than that of the homogeneous algorithm developed in
[6] for the same problems.

We organize this paper as follows. In Sect. 2, we briefly review some preliminary
definitions, symbols, and notations from the theory of the Jordan algebra associated
with the second-order cone. Section 3 presents the definition of a stochastic second-
order cone programming with finite event space in primal standard form as defined
in [1]. In Sect. 4, we exploit the special structure in our stochastic second-order cone
programming problem to present a method for computing the search direction. In
Sect. 5, we state the infeasible interior-point algorithm for solving the stochastic
second-order cone programming problem and estimate its computational complex-
ity with the method presented and analyzed in Sect. 4 and applied on our problem. In
Sect. 6, we test the generic infeasible interior-point algorithm for stochastic second-
order cone programs with some numerical examples. Section 7 gives some concluding
remarks.
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2 The Algebra of the Second-Order Cone: Definitions and Notations

The definitions and notations presented in this section are necessary to proceed with
our subsequent development. Those who are not familiar with the basics of the theory
of algebra of the second-order cone are highly encouraged to read [2, Section 4].

We use “,” for adjoining vectors and matrices in a row and use ;" for adjoining
them in a column. For each vector x € R” whose first entry is indexed with 0, we write
X for the subvector consisting of entries 1 through n — 1 (therefore x = (xo, )ET)T €
R x R"~1). We let £" denote the nM-dimensional real vector space R x R"~! whose
elements x are indexed from 0.

In Table 1, we list some symbols and notations of the theory of the Jordan algebra
associated with the second-order cone. This table presents these notations and defini-
tions in both single and block-settings. The nth-dimensional second-order cone, which
is denoted by 51 and defined in Table 1, is the norm cone for the Euclidean norm.

We point out that the direct sum (of two square matrices A and B) used in Table 1
is the block diagonal matrix

A O
won=[4 9]

where O and O are zero matrices with appropriate dimensions.
Note that the idempotents ¢ (x) and ¢>(x) defined in Table 1 satisfy the properties

ci(x)ocr(x) =0,
ci(x)oci(x) =ci(x),
c2(x)oea(x) = ca(x),
ci1(x)+cr(x) =e.

Any pair of vectors {c1, ¢} that satisfies the above properties is called a Jordan frame.
We say that elements x and y operator commute iff they share a Jordan frame, i.e.,
X = A1c] + Axex and y = wic1 + wacy for a Jordan frame {c1, ¢>}. In block-setting,
the vectors x = (x1; x2;...;x,) and y = (yy; yo; ...; y,) operator commute iff x;
and y; operator commute foreachi =1,2,...,r.

3 Stochastic Second-Order Cone Programs with Finite Event Space

We first write the stochastic second-order cone programming (SSOCP) problem in its
general definition as defined in [1, Section 2], and then we consider the special case
in which the event space is finite with K realizations.

Letr > 1 be an integer. Fori = 1,2, ..., r, let mg, my, ng, no;, 1, n; be positive
integers such that nop = Y ;_,no; and n = > ;_, i;. The two-stage SSOCP with
recourse is the problem:
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Table 1 Notations of the theory of the Jordan algebra associated with the second-order cone

Symbol Definition and description

In single-setting

12
Il =1l The Euclidean norm which is defined as |lu| = (Z?:l luj |2) foru € R"

en The n-dimensional real vector space R x R"~! whose elements are indexed from 0
er The second-order cone of dimension n defined as £} := {x € £" 1 xo > || %]}

e The identity of E" which is defined as e := (1; 0)

x =0 (x>0) meansthatx € £ (x €int(£}))

x>yory=<x x—y>0.(Wealso write x > y or y < x to mean thatx — y > 0)

=T
Arw(x) The arrow-shaped matrix associated with x € £"; Arw(x) := |:);0 . ’; i|
0fn—1
Ox The quadratic representation of x € " which is defined as
2 T
Oy = 2Arw2(x) — Arw(x2) = Hx||~ ZxoX T
2xgx  det(x)] +2xx
xoy The bilinear map o : E" x E" —> E";x 0y 1= [ x'y :| = Arw(x)y
' ’ " Lxoy +yox

A1(x), A2(x)  The eigenvalues of x which are defined as 11 7 (x) := xo & [|X]|

c1(x), cr(x) The eigenvectors of x which are defined as ¢ 2(x) := % (1; j:i>

flx1l
x| The inverse of x; x ! 1= ﬁcl(x) + ﬁcz(x) (provided that A1, 1o # 0)
x" Same as x" ! o x forn > 2; x" := A (x)er(x) + A5 (x)ea(x)
x1/2 The square root of x; /2= VA1 (X)ep(x) + /A2 (x)ea(x) (provided that Ay, Ao > 0)
tr(x) The trace of x which is defined as tr(x) := A1 (x) + A2(x) = 2x¢
det(x) The determinant of x which is defined as det(x) := A1 (x)Ap(x) = xg —|Ix Hz
xTy The Frobenius inner product of x and y defined as xTy = %tr(x oy)
In block-setting
& E=EM xEM x...x &M
&t Ep =& x &2 x o x el
xeé& x:=(x1;x2;...;x;)andeachx; € " fori =1,2,...,r
e The identity of £; e := (e1; €2; ...; €r)
x>0x>0 x;>0(x; >=0fori=12,...,r
Arw(x) Arw(x) := Arw(x1) ® Arw(x) @ - - - ® Arw(x,)
Ox Ox = 0x, ®0x, ®--- & Ox,
xoy xXoy:=(Xj0y[;xXx20y)...:Xr0Yy,)
x| x =@ L b xh (provided that each x; is invertible)
x" x = (x"x0" s x ) forn > 2
K2 V2= (e 12 012k, 102
tr(x) tr(x) := ) r_; tr(x;)
det(x) det(x) := []i_, det(x;)
xTy xTy ¢=xlTJ’1 +x2Ty2+---+x,Tyr
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min 7(xg) := ¢} xo + E [Q(x0, ®)]
s.t. Woxo = ho, )
xp >0,

where E[Q(xg, w)] := fQ O(xg, w)P(dw) and Q(xq, w) is the minimum value of
the problem
min ¢(@)"x(w)

s.t. W(w)x(w) = h(w) — B(w)xg, )

x(w) =0,
where xo := (xo1;X02;...;X0r) € E"0 x £M02 x ... x £"0r jg the first-stage
decision variable, x(w) = (x{(®); X2(®); ...;: X, (@) € EM x EM x .. x &
is the second-stage variable, the matrix Wy = (Wy1, Wi, ..., Wp,) € R™0>70
(with Wy; € R™0*70i) and the vectors kg € R™0 and ¢¢ := (¢co1; co2; ... Cor) €

R™ (with ¢o; € &™) are deterministic data, and the matrices W(w) :=
(Wi(w), Wa(), ..., Wr(w)) € R™*" (with Wi(w) € R™>%) and B(w) =
(Bi(w), Bo(w), ..., Br(w)) € R™*" (with B;j(w) € R™*") and the vectors
h(w) € R™ and ¢(w) = (c1(0); e2(w); ...; cr(w)) € R (with ¢;(w) € £") are
random data whose realizations depend on an underlying outcome w in an event space
2 with a known probability function P.

To write the extensive formulation of the SQSOCP problems (1) and (2), we examine
problems (1) and (2) when the event space €2 is finite.

Let{(B;, Wi, h;,¢;) : I =1, ..., K} be the set of the possible values of the random
variables (B(), W(®), h(w), ¢(»)) and let p; := P(B(w), W(®), h(w), ¢(w)) =
(B1, Wi, hy, ¢;) be the associated probability for/ = 1,2, ..., K.Fori =1,2,...,r
and/ =1,2,..., K, let n; and nj; be positive integers such that n; = Zle ny.

Thus, in analogue to the above notations, the matrices B;; € R™1*™i and Wj; €
R™1*Mi and the vectors ¢;; € ™ are realizations of random data such that B; :=
(Bi1, Biz, ..., Bip), Wi = (Wi, Wi, ..., Wi, and ¢; := (¢p15 €25 .. .5 ¢r). Then,
problems (1) and (2) become

K
min n(xo) := efxo + Y _ prQi(xo)
k=1 3)
s.t. Woxo = hy,
x9 > 0,
where, for/ =1,2,..., K, Qj(xo) is the minimum value of the problem
min ¢;"x;
s.t. Wix; = h; — Bixo, 4
x; > 0.
For convenience, we redefine ¢; as ¢; := p;¢; foreach! = 1,2, ..., K and conse-

K

quently rewrite the objective function of Problem (3) as n(xg) := cho + Z Qi(xp).
=1
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We write the SSOCP problems (3) and (4) as an SSOCP problem with finite event
space in primal standard form and get

mincg)-xo —1—ch1 + .- —}—c-l';x[(
s.t. Woxg = hy,
Bixo + Wixy =hy,
. , : ®)
Bgxo + Wgxg = hg,
X0, X1, e xg =0,
where the variable x¢ := (x¢1; X02; ...; Xgr) € EM0 x £"02 x ... x £"0r g the first-
stage decision variable, and x; := (x;1; X72; ...; X)) € EM x EM2 x ... x M for
I =1,2,..., K, are the second-stage decision variables.
The dual of (5) is the problem
maxhgyo —i—h{yl + .- +h-1r(yK
s.t. Wgyo ~|—BlTTy1 + - +B;(yK + 5o = co,
Wiy + 51 =cy,
. (6)
Wiyg + sk = ck,
50, S1,  eees SK >0,
where y = (yo;¥ii...;¥x) € RMHEM g 5 dual variable and s; =
(Sk1; Sk2s -5 Sgr) € E™L x £M2 % ... x E™r are dual slacks fork =0, 1, ..., K.

Note that the programs in (5) and (6) are SSOCPs in primal and dual standard
forms, respectively, with block diagonal structures [2, Definition 2]. It will become
clear in our subsequent development (see, in particular, Theorems 5.1, 5.2) that the
size of problems (5) and (6) increases with K, and thus is huge in practice since K is
typically very large.

The infeasible interior-point algorithm in [8] can be directly applied to the primal-
dual pair (5) and (6), but we emphasize that doing so is not good from a computational
point of view because the computation of the search direction is very expensive. In
fact, algorithms that exploit the special structures in problems (5) and (6) are very
important specially when K is large, which is the case in practice. In the remaining
part of this paper, we will see that this computational work can be significantly reduced
by exploiting the special structure of problems (5) and (6).

4 Computation of Search Directions

In this section, we present a method for computing the search direction for the
infeasible algorithm that exploits the special structures in (5) and (6). This method
decomposes the problem into K smaller computations that can be performed in par-
allel. We start by making some assumptions about the primal-dual pair (5) and (6):
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Assumption 4.1 The m( rows of the matrix Wy = (W1, Woa, ..., Wo,), the m rows
of W, = (Wy, Wia, ..., Wy,) , and the m; rows of B; = (By1, B, ..., By are
linearly independent for each/ = 1,2, ..., K.

Assumption 4.2 Both primal and dual problems are strictly feasible, that is, there exist
primal feasible vectors xq, X, ..., Xg suchthatx; > Ofork =0, 1, ..., K, and there
exist dual-feasible vectors y and sq, §1, ..., Sg suchthats; > Ofork=0,1,..., K.

Assumption 4.1 is of fundamental importance to ensure nonsingularity. Assump-
tion 4.2 guarantees strong duality for the primal-dual pair (5) and (6).

Given Assumptions 4.1 and 4.2, the optimality conditions for the pair (5) and (6)
are as follows:

Woxo = ho; (7a)

Bixo+Wix;=h;, [=1,2,...,K; (7b)
K

Wgyo + Z B,Tyl + 50 = ¢o; (7c) 7
=1

Wiy +si=¢, 1=1,2,...,K; (7d)

sroxy =0, k=0,1,...,K; (7e)

X, 5. >=0, k=0,1,...,K. (71)

Note that using (7a—d) we have that

T

K
xo + Z(WlTyl +50) ' x;
=1

K K K
ZCZxk - Zhb’k = (WJ)’O + Z Bl y +S0)
k=0 k=0 =1

K
— (Wox0) yo — D _(Bixo + Wixp)'y,
I=1

K
= lesk > 0.
k=0

Hence, for given primal feasible vectors xo, ..., xx and dual-feasible vectors y and
50, ..., 85K, Zf:o xzsk = 0 is sufficient for optimality, and therefore Zf:o xlsk is
called the duality gap. By using [2, Lemma 15], for x4, s > 0,k = 0,1,..., K,
Zf:o stk = 0 is equivalent to (7¢).

The key idea of the path-following interior-point algorithms is to replace the com-
plementarity equation (7e) by the parameterized equation xj o s = pex, for u > 0
where ¢; be the identity element of £ x £™2 x ... x E™r fork =0,1,..., K, we
then obtain the so-called perturbed optimality conditions. We accordingly consider
the system
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Woxo = ho;
Bixo+Wix;=h;, [=1,2,...,K;

K
Wgy0+ZBlTyl+s0:co;

=1
WlTyl—i—sl:cl, [=1,2,...,K;
xyosy=uer, k=01,...,K;
X, S >0, k=0,1,..., K.

Under Assumptions 4.1 and 4.2, system (8) has a unique solution denoted by

((x0(0), yo(). so(w)) ... (xx (), yx (W), s (1)) for any o > 0. We call
Xo(1), - .-, X () and (o (1), $0(1)) , - - -, (Vi (1), sk (1)) as the p-centers of pri-
mal and dual problems, respectively. The set of all u-centers is called the central

path of primal and dual. If x approaches 0, then the limit of the central path exists,
and since the limit points do satisfy the complementarity condition, they produce an
g-approximate optimal solution of primal and dual problems.

In order to solve system (8), we apply Newton’s method to find an e-approximate
optimal solution of our problem. That is, we compute the Newton search direction
((Axo, ASo, Ayo) e, (AxK, ASk, AyK)) and make a step in this direction to
obtain the new iterate ((xo(a), yo(@), s0(@)), ..., (xg (@), yg (@), sk (@))) belong
to the sufficiently small neighborhood of the central path. The corresponding Newton
equations are:

®)

WoAxg =rpo; where rpo == ho — Woxo;

BiAxg + WiAx; =rp; rp i=h; — Bixo— Wix;
K K

WgAyo + Z Bl Ay, + Asg = ra0; rao == ¢o — Wy yo — Z Bly, —so; (9
=1 =1

WAy, + Asi = rar; rai i=c— Wy —si;

S o Axy + ASsgpoxy = rek, Fek = O L€} — Sk O Xk.

Here, [ varies from 1 to K and k varies from 0 to K, and o €]0, 1[ is a parameter.
Short-, semi-long-, and long-step algorithms are associated with the following cen-
trality measures defined for each pair (xg, s¢):

" 2 2
dp(xg,sp) = Z: ((M <Qxi{25ki) - ,u> + ()»2 (Qxlil/lskz) - M) ) k=0,1,.... K,
dy(xg, s;) = max { Al (Qxl/Zski) — K|, )Kz (Qxl/Zski) — K } , k=0,1,...,K,
I<i<r ki ki

d_co(Xg, Sg) := (4 — min {}»1 <Q 1/2sk,') L A2 (Q l/Zski)} , k=0,1,..., K.
I<i<r X ki X i

Let y €]0, 1[ be a given constant. We define the following neighborhoods of the
central path for our problem:

NE@) = {(x0, Y0, 50 - - XK, Y- Sk) * dF (X1, k) <y, X > 0,5 > 0,k=0,1,..., K},

MNo(y) = {(x0, Y050+ - -+ XK. Y. SK)  da(xp,85) S ypn X > 0,5 =0, k=0,1,..., K},

Nooo¥) = {(X0. Y050, - - . XK. YK .SK) : d—co (X, k) <y, X = 0,5 >0,k=0,1,....K}.
(10)
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Here, u = m Zf:o x[si. The iterates of our algorithm will be restricted to
a specific neighborhood, namely the minus-infinity neighborhood, N _(-), of the
central path, which is defined above based on the minus-infinity centrality measure
d_co(Xk, Sk).

Note that foreachk = 0, 1, ..., K, the elements x; and s of the Newton equations
given in (9) may not operator commute. For this reason, system (11) may not have
unique solution. In order to overcome this difficulty, we scale the variables used in
the Newton system (11) in a way that the scaled variables operator commute and the
perturbed complementarity equation is preserved (see Lemma 4.2). In other words,
we form different, but fully compatible, perturbed optimality conditions, and conse-
quently lead ourselves to different Newton equations shown in (11) where their scaled
elements, Sk and Xy, operator commute as will be seen in Lemma 4.1. The way of
scaling that we use is well known and proposed originally by Monteiro [13] and Zhang
[14] (called Monteiro-Zhang family of directions) for semidefinite programming and
generalized later by Schmieta and Alizadeh to symmetric programming [15].

Let p € £ be such that p > 0. With the quadratic form of p, we define w := Q,w,
and w := prl w. From [15, Lemma 8], we have that Q prl = [, so the operators
= and - are inverse of each other. Furthermore, from [2, Theorem 8], the existence of
w~! indicates the existence of W~ and w~.

The above definitions are also applied to multiple block cases as follows:

W= (W; W ...; W), W:=W;Wy;...;w,) and A:= (A, Ay, ..., A),
where A; = A,‘prl fori=1,2,...,r.

Foreachk =0, 1, ..., K, an invertible vector p, is chosen as a function of x; and
sk, and for each choice of p, we get a different search direction. The following three
choices of p; are the most common in practice [15]:

— Choice I (The HRVW/KSH/M direction) We may choose p; = s;'/? and obtain
s = ey. This choice is analogue of the X § direction in semidefinite programming
and is known as the HRVW/KSH/M direction (it was introduced by Helmberg,
Rendl, Vanderbei, and Wolkowicz [16], and Kojima, Shindoh, and Hara [17] inde-
pendently, and then rediscovered by Monteiro [13]).

— Choice I (The dual HRVW/KSH/M direction) We may choose p;, = x; Y2 and
obtain X; = ej. This choice of directions arises by switching the roles of X and
S; it is analogue of the SX direction in semidefinite programming and is known
as the dual HRVW/KSH/M direction.

— Choice III (The NT direction) We choose p, in such a way that X; = si. In this
case, we choose o

—1/2

i h-1/2
P = [ka‘/2 (Qup125%) 1/2] - [st’l/z (QSk‘/Zxk)l/z]

This choice of directions was introduced by Nesterov and Todd [18] and is known
as the NT direction.

The following lemma is due to the discussion after Definition 32 in [2].
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Lemma 4.1 Suppose that x, s > 0,k =0, 1, ..., K. Then, for each of the choices
I, Il and Il of py, X and sy operator commute.

We have the following proposition, where the first item is based on the fact that
Q 1/zskl and Q 1/2xk, have the same spectrum [2, Proposition 2.11] and the second

1tem follows from [8, Proposition 3.2].

Proposition 4.1 Let y € [0, 1] be a given constant, then

1. d_oo(xk, S) is symmetric with respect to xp and sy, that is d_oo(Xg, Sr) =
d_oo(Sk, x1), k=0,..., K, and 50 is N_oo ().

2. N_oo(y) is scaling invariant, that is (xg, Y0-80,---, XK., YKk,S5K) € N_oc(y) iff
(X0, ¥0s S5 - +» XK, Yk Sg) € Nooo(¥).

We also have the following lemma, where item 1 follows from Q5 Q-1 = I and
item 2 follows from [15, Lemma 28].

Lemma4.2 Let xi,s, > 0,k = 0,1,..., K, and p; be invertible. Then, for each
k=0,1,..., K, we have x,fsk = x_kTs_k. Moreover, s o X = ey iff Sg o Xy = jey.

As a result, we have the following lemma.

Lemma 4.3 (Lemma31,[2]) The searchdirections (Axy, Ay, Asg), k=0,1,..., K,
solve the Newton equations (9) iff the search directions (AXy, Ay, Asp), k =

0,1,..., K, solves the scaled Newton equations:
WoAXg = Fpo;  where P po == ho — WoXo; (11a)
BiAxo + WAX] =F ) Py i=h — Bixo — Wix; (11b)
K K
Wo Ayg+ ) BT Ay, + Aso = Fao: Fao = eo — Wolyo = D Bi'yi —s0: (11¢)
=1 I1=1
WiTAy, + As; = Far; Fa =c1— Wiy —si; (11d)
Sk 0 AXf + Asy 0 Xk = Fek, Fek = O jLex — Sk o Xk. (11e)
(11

Using Assumption 4.2 and using part 5 of Theorem 8 in [2], we conclude that
X, Sk > 0 fork =0,1, , K. Since x; and §k operator commute, it follows that
Xi o sg > 0. This under Assumptlon 4.1 validates the operations described in our
upcoming computations. In particular, the matrix M; defined in (13a) is nonsingular
and positive definite foreach/ = 1, 2, ..., K, and the matrix M defined in (13c) and
the matrix WoM, ! WJ in (13e) are also nonsingular and positive definite.

Our main result in this section is the following proposition.

Proposition 4.2 The solution of the scaled Newton equations in (11) at (Xi, yy, Sk) is

(AXE, Ayy., Asg) = (By. ok, —%5 'o(skoB)+¥5 'ofer), k=0,1,.... K, (12)
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where
M, = MArw(s_l)’lArw(x_z_l)_lmT; (13a)
v, =M Fpr+ Wilsi™! o (F7 0 Far)) — Wilsi ™! o Par)); (13b)
K
Mo = Arw(¥g~)Arw(so) + Y BI'M; ' By (13¢)
=1
K
v = My (Zyv, — Fao+ %! 0f‘c0>; 13y (19
=1
g = (WoMy ' Wo ) ! (7 po — Wovo): (13e)
Bo = My Wo'ao + vo; (13f)
a = —M BB+ (13g)
B =5 oGoWile)) —si ol ofa) +s7 oFa. (130

Here, [ varies from I to K.

Proof From equation (11e), we obtain
Asg = =X "o (sg 0 A¥D) + ¥ o Fuk, (14)

fork = 0, 1,..., K. Substituting (14) into (11d), we get —W;"Ay, + ¥ o (s; o

AX]) = —Fg + %1 o Fa. Using the above equality, we can write AX; as
Ax; =5, o (X0 (Wi Ay)) =51 o (K10 Far) + 51" oFe (15)
forl =1,2,..., K. Now, we substitute (15) into (11b) to obtain

BIAYo + Wilsi ™' o (1o (W' Ayp) =517 o 1o Pa) + 517" o Fer) = Fpy
forl=1,2,..., K. It follows that
Ay, = —M] ' B/Axo + vy, (16)
where M; and v; are defined in (13a, b) for/ = 1,2, ..., K. By using (14) and (16)

in (11c), we obtain

K
Fao = Wo Ayg + ZﬁT(—MflﬁAfo + i)
I=1
—X0 ' 0 (500 AX0) + %5 ' 0 Fep.
Thus,
K
AX) = MO_IETA)’O + My (ZQT% —Fa0+%0 o fco) .
=1
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So, AXx( can be written as
AXy = My Wo Ayg + vo, (17)
where My and v are defined in (13c, d).
Substituting (17) into (11a) we get fpo = %(Mo_lmTAyo + vg), which then is
used to express Ay as
Ayo = WoMy ' Wo )™ (7 po — Wovo). (18)
By substituting (17) in (16), Ay; can be expressed as

Ay, = —M; B (My ' Wo  Ayg +vo) + vi, (19)

for/ = 1,2,..., K. Hence, we can denote Ay, = ay, AXy = B, and Asp =

—x_k_1 o (s o B + x_k_l o Fck, where a; and B, are defined in (13e-h) for k
0,1,..., K. The proof is complete. O

5 Infeasible Interior-Point Algorithm for SSOCPs and Its Complexity
Estimates

The generic infeasible algorithm for the primal-dual pair (5) and (6) is stated formally
in Algorithm 5.1.

Note that we can provide different values for the primal step lengths agjo) , Ol;)Jl), cee
;J ,3 , the dual step lengths ot[%), a‘(f]), ey ot[(lj,g , and the largest step length @/ as long
as we can satisfy all the required conditions. However, if we choose ozgo) = “;(;]1) =

e “;]1)( = oz‘(ijo) = ozéjl) =...= aéjlg = &), we can satisfy all the required
conditions and remain inside the neighborhood while making a comparable progress
toward feasibility and complementarity.

Note that the Rangarajan’s results in [8] apply to all types of symmetric cones.
Because it is well known that the second-order cone is a particular symmetric cone
with the standard inner product, we can apply the Rangarajan’s result in [8, Theorem
3.11] for iteration bound to our problem setting and obtain a bound for the number of
iterations required to obtain e-approximate optimal solution as we will see below. For
this reason, Algorithm 5.1 is well defined and it converges.

o

Algorithm 5.1 Generic infeasible interior-point algorithm for solving the SSOCP (5)
and (6).
Input 1 >8>0 >0,¢">0,and y €]0, I[
0 O 0 0 (0 0
(x5 x QP s) € M),

) 0) 0) 0) (0) (0) :
bpo =Fp1 = =Gk =Ldyg =¢g) = = =1and j =0
AT T
while "5 x,((J) s,(cj) >er YK, x,EO) s,(co) do
choose scaling elements p(()] ), p%’ ), ey p%) form the corresponding scaled
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iterate
and compute (AXp", Ay(()]), AsoV, ..., AxEY), Ay ) , Asg D) using (12)
and (13)

fork =0,1, , K do _
Ax( ) = Q 0 I AXEY), Ay(J) Ay(J) Asm = QP<,->Ask(/),
k

xip() = x(]) +04Ax(]) Yi(la) = y(]) +otAy(]) si(a) == s(])+otAs(])
end for
compute the largest step length @/ €]0, 1] such that for all « € [0, &/]
satisfying that
(xo(@), yo(@), s0(@), ..., ¥k (@), yx (@), sk (@) € N- oo(TV),
SR o xk (@) si (@) > ,max (d)(j) ¢>(”) —a) Y f x ,((0) s,({o) and

YK X (@) Tsp(@) < (1_(1_ﬁ)a) K | x ()7 s,

choose primal step lengths oz(J) a;fl),... (j) > Oand dual step lengths
ac(/o),.. afj’; >0
such that
(xo(ot(])) yo(a(])) S()(O((])) XK(Ol(j)) yK(a(])) S]((Ol(j)))
eN (),

Zk oxk(a(j))TSk(Ol(])) > max (d)(])(l (])) ¢(])

(1 _a(J) )Zk X (0) (0) and

AT .
Zk Oxk(a(j))TSk(Ol(])) < (1 _ (1 _ ﬁ)ol(])) Z ()x]((]) s]({]).
for k = 0 1 K do
Xk (a k) _x(]) +[x(])Ax(]) yk(a(n) _ y(]) +“z(1§<)Ay(])
s (a(])) —s(])—i— fijk)As(])
1
xk(/+1) _xk(a(J)) y(1+) =y, (a(J)) Sk(]+1) _sk(a(J))

¢(J+1) ¢(/)(1_ (1)) ¢(1+1) ¢(1)( c(l]k))

end for
J=Jj+1
end while
An immediate result motivated by [8, Theorem 3.3] is that if @/) > o* for all j and
for some «* > 0, then Algorithm 5.1 will terminate with (x(()] ), y(()] ), (()] ), .. x(Kj),

7

y%),s%)) such that Hf'(])H <e€ ||r(0) || and ||r(1)|| <e€ ||r

; 1
(o) . . .
d < Ol—In{— terations.
an Zx € Zx s, in <a* n (g)) iterations
Rangarajan [8] proved that such a lower bound on o* exists and established an

estimate of the lower bound. Taking into account such bounds in [8] and applying this
to our problem setting, we define

o* = min (1 re 20 b 0))
T K+ Dr+1—p)oe o' ofc )’
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where k= EE = (64 VEFT)’. ¢ < 9+ (L and £ < JRG +
4W) for some constant W > (. This leads to the following theorem which gives
polynomial convergence results for Algorithm 5.1.

Theorem 5.1 Algorithm 5.1 will terminate in O(((K + 1)r)? ln(el,)) iterations if the
NT direction is used at every iteration, and will terminate in O(((K + 1)r)>> ln(ei,))
iterations if the HRVW/KSH/M direction or the dual HRVW/KSH/M direction is used
at every iteration.

The above theorem is a consequence of [8, Theorem 3.11] where the underlying
symmetric cone is replaced by the product [T/, EN X ER o x EN

We estimate the computational complexity of Algorithm 5.1 for computing the
search directions with the method described in Sect. 4 applied to problems (5) and (6).
The dominant computations occur at (13) in Proposition 4.2. In Table 2, we list the
corresponding numbers of arithmetic operations for these computations where m| =
mo and ng = nj = --- = ng. Note that the most expensive steps in each iteration are
the computations of M, Yin (13¢,d). In particular, we analyze the computational work
in (13c, d) and also (13a, b) in detail. For any o := (0;; @,; . ..; 0,) with o; € £,
the j™ block of BITMI_1 By is written as

.
(B/M;'B10); = BJ;(M; "' Bjo) = B, M, (Z Bie ) =Y B M, 'Bje;.

i=1

The number of arithmetic operations required to compute B M Bll is (’)(mon(), no;)
foralli, j = 1,2, ..., r.Accordingly, the number of arlthmetlc operations required to
compute BlTMl_lB; is O(m(z)nOinoer) = O(m%n(z)) (noting that Y 7_, no; = ng). The
inverse of M( requires (’)(ng) arithmetic operations Thus, the number of arithmetic
operations required for Mo is O(K mo”o + no) as listed in Table 2. Similarly, the
number of arithmetic operations required to compute M; = W Arw(s;)™ TArw(x; l)m
isO (m%no), since when we make a column-wise decomposition of W;, we can compute
Arw@) W, " in O(mong) by ArwE) W, = [X7 0 w1 ... X7 0 Wy, .

In addition, the number of arithmetic operations required to compute Arw (s;) _IET
is O(mong). The inverse of M; requires O(mg) arithmetic operations. Thus, the number
of arithmetic operations required for M l_l is (’)(m%no + mg) foreachl =1,2,..., K
Accordingly, the number of arithmetic operations for (13c, d) in each iteration is
dominated by O(K (mono ~|—n0)) From the data presented in Table 2, it follows that the
total number of arithmetic operations in each iteration is dominated by O(K (mon0 +
no)) for any choice of p stated in Sect. 4. We then have the following theorem.

Theorem 5.2 Suppose that m| = my and no = n| = - -- = ng. By utilizing Proposi-
tion 4.2 for computing the search directions in Algorithm 5.1, we have that the number
of arithmetic operations in each iteration of Algorithm 5.1 is (’)(K(m%n% + ng)).

We investigate the comparison between Algorithm 5.1 and the homogeneous self-
dual algorithm presented in [6].
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First, we provide an evidence of a clear superiority of Algorithm 5.1 over the
homogeneous self-dual algorithm in terms of complexity estimates of the number of
arithmetic operations needed per iteration. Theorem 5.2 is the counterpart of Theorem
5.1 1in [6]. In [6, Theorem 5.1], the number of arithmetic operations in each iteration
of the homogeneous self-dual algorithm is O(K (m%ng + mg)). Therefore, the Theo-
rem 5.2 in this paper demonstrates that Algorithm 5.1 for our problem has complexity
less than that of the homogeneous algorithm developed for the same problem in [6].
The reason of this superiority of Algorithm 5.1 is probably due to the fact that the
homogeneous algorithm is based on embedding the original problem into the larger
problem that is always feasible. From this point of comparison stems the importance
of the results of this paper.

Another point of comparison is to look at the number of iterations needed to obtain
e-approximate optimal solution. As far as the homogeneous self-dual algorithm is con-
cerned for comparison purposes, there is no confirmed evidence of a clear preference
of Algorithm 5.1 over the homogeneous self-dual algorithm in terms of the number of
iterations needed to obtain e-approximate optimal solution because the latter has also
apolynomial convergence [19,20]. However, numerically speaking, in the next section
we will demonstrate through a simple numerical example (Example 6.1) such a clear
preference of Algorithm 5.1 over the homogeneous self-dual algorithm in terms of
both: the number of iterations needed to obtain e-approximate optimal solution and
the number of arithmetic operations needed per iteration.

It is known that the homogeneous self-dual algorithm begins with a solution that is
feasible with respect to both the linear equalities and the second-order cone constraints,
but Algorithm 5.1 begins with a solution that may be infeasible with respect to the
linear equalities but is feasible with respect to the second-order cone constraints. In fact,
on the other side of the comparison mirror, the main advantage of the homogeneous
algorithm is to be able to detect infeasibility since the homogeneous self-dual model
produces a problem with a strictly feasible starting point and has a relatively simple
certificate of infeasibility. In fact, Algorithm 5.1 does not have this advantage, but it
is worth mentioning that Algorithm 5.1 can also be modified to detect infeasibility by
extending the constraint set and adding extra variables to make the so-called self-dual
embedding (see for example [21]), where the original primal and dual problems are
embedded in a larger problem with a known strictly feasible starting point on the
central path.

6 Implementation of the Algorithm

In this section, we implement the generic infeasible interior-point algorithm to solve
some two-stage SSOCP problems. To obtain our numerical experiments, we used
MATLAB version R2013b on Windows 7 Ultimate, which were carried out on a PC
with Intel(R) Core(TM) i15-4210U CPU at 2.40 GHz and 6 GB of physical memory.
Our numerical results are presented and discussed in the following three examples. In
these examples, “Iter” denotes the number of iterations, “CPU(s)” denotes the CPU
time (in seconds) required to get an approximate optimal solution of the underlying
problem, and “Gap” denotes the value of duality gap with a step length o*.
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Fig.1 The relationship between 0.181
the duality gap and the number

of iterations in Example 6.1 o-16r

0.141
0.121

0.1r

GAP

0.081

0.06

0.041

0.02 ! ! ! ! ! ! ! ! ! y

Example 6.1 In this example, for simplicity, we consider the simple case of K = 5
scenarios of SSOCP problems where the matrices Wy, W;, By, and B; and the vectors

co, ¢1, hg, and h;, with p; = % = % as the associated probability for each /| =
1,2,...,5, are as follows:
Wo Wi Wa W3 Wy Ws
(1) (l) 8 8 100 100 100 100 100
0010 010 010 010 010 010
000 1 001 001 001 001 001
B; By B3 By Bs
1000 1000 1000 1000 1000
0100 0100 0100 0100 0100
0010 0010 0010 0010 0010
) cl ) c3 cq cs
8; 2 2 2 2 2
L5 2 2 2 2 2
i 2 2 2 2 2
ho h hy h3 hy hs
88(2)(5) 0.05 0.06 0.07 0.08 0.09
0'005 0.01 0.01 0.01 0.01 0.01
0.005 0.01 0.01 0.01 0.01 0.01

The parameters of problems (1) and (2) 5.1 are givenby e = 0.1, 8 =0.3,y = 0.9
and o = 0.25. With the initial values x* = e,s\" = ¢, ") = 0,fork =0, 1,...,5,
and with optimal @ = 0.7, the solution is reached after 3 iterations with Gap = 0.0147

@ Springer



Journal of Optimization Theory and Applications (2019) 181:324-346 341

and C PU = 0.0936. The curve in Fig. 1 illustrates the relationship between the duality
gap and the number of iterations for this example. After running the algorithm, we
obtain the following results:

X0 X k%) X3 x4 x5
88(2)23 0.0361 0.0433 0.0500 0.0562 0.0622
0'0050 0.0043 0.0035 0.0028 0.0023 0.0018
0.0050 0.0043 0.0035 0.0028 0.0023 0.0018

50 51 52 53 54 S5
_009(())97;)0 0.7584 0.6751 0.6165 0.5717 0.5356
_0'0970 —0.0419 —0.0231 —0.0132 —0.0075 —0.0040
—0.0970 —0.0419 —0.0231 —0.0132 —0.0075 —0.0040

Yo Y1 »2 y3 Y4 s
__171'1956566 1.2369 1.3403 1.4190 1.4819 1.5338
_ 10.4637 2.0375 2.0202 2.0107 2.0052 2.0021

1 4'251 2.0375 2.0202 2.0107 2.0052 2.0021

It is important to point out that a very similar numerical example has been reported
in [20, Subsection 5.1] to test the performance of the algorithm proposed in [6].
The following remark demonstrates that Algorithm 5.1 is more efficient than the
homogeneous algorithm proposed in [6].

Remark 6.1 The following observations compare the performance of Algorithm 5.1
and the algorithm proposed in [6].

1. The optimal solution in Example 6.1 obtained by Algorithm 5.1 has been reached
after 3 iterations, while the optimal solution in [20, Subsection 5.1] obtained by
the homogeneous self-dual algorithm proposed in [6] has been reached after 6
iterations.

2. Solving Example 6.1 using Algorithm 5.1, we have

K K
Zx-krsk = 0.1762, and Zc{xk — hly, =0.1755, and hence
k=0 k=0
K
> xlsi = (elxx — hlye) | =7.0000¢ — 04,
k=0

while solving the same example using the homogeneous self-dual algorithm pro-
posed in [6], we get

K K
> xisi =0.03900232, and Y cjxi — by, = 0.049936, and hence
k=0 k=0
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K

szsk — (clxk - hlyk>

k=0

= 0.01093368.

3. According to Theorem 5.2, for any choice of p, the number of arithmetic operations
in each iteration is dominated by O(K (m oo +n0)) whichin our caseis K (mon0 +
no) = 1600. Solving this problem using the homogeneous self-dual algorlthm the
number of arithmetic operatlons in each iteration is dominated by O(K (monO +
no)), which in that case is K(mono + ”0) = 5440.

In the following example, we consider K scenarios of our problem where K varies
from 5 to 50.
Remark 6.2 Consider K scenarios of SSOCP problems where K = 10, 15, ..., 50 and
pr= % as the associated probability for/ = 1,2, ..., K. Welet Wy = Iy)xny, Wi =
Ly scny and By = [ Ly scmy Oy x(mj—my) |- We also let

8'? 5 0.020
: 0.005
: 2
co=| " lern, ¢=|_ |erR", hy=]0005]| cRrmo and
0.5 . :
1.5 2 0.005
1
[
0.04 + 755
0.01
h = 0.01 eR™ [=1,2,....K
0.01

As in Example 6.1, the parameters of Algorithm 5.1 are given as ¢ = 0.1, 8 = 0.3,
y = 0.9 and 0 = 0.25. With the initial values x\” = e, 5" = e, y'¥ = 0, for
k=0,1,..., K, the solutions are reached and the numerical results of Algorithm 5.1
are summarized in Table 3.

Finally, Fig. 2 illustrates the relationship between the duality gap and the number of
iterations for some numerical results with fixed « = 0.0003 in Table 3. It is interesting
to note that the duality gaps decrease in a linear pace as the number of iterations
increases.

Remark 6.3 The algorithm is performed with the accuracy € = 10! for a number of
SSOCPs in which their data are generated randomly. We input (mq, ng) and (my, n1) as
the dimensions of coefficient matrices Wy and W;, respectively,/ =0, 1, ..., K. For
suitability, we assume (mg, ng) = (m1, n1). In each problem, we also consider a finite
event space with K scenarios. The algorithm proceeds to generate the deterministic
data Wy, hg and cp andrandom data B;, Wi, h;and¢; forl = 1,2, ..., K,withp; = +
as the associated probability. We summarize the numerical results of Algorithm 5.1
for this example in Table 4.
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K=10 / ’ K=15 / : “kK=20, "

K=25/ T K=30, K=35/

K=40 / D K=45 K=50 /7

Fig.2 The duality gap versus the number of iterations [Table 3 for which « is fixed (¢ = 0.0003)]

Table 4 The numerical results of Example 6.3 with optimal values for o

Problem size

(I, m)&(s, n) K Iter CPU (s) Gap o
(5, 10) 5 11 0.14040090 0.113369732 0.1
(10, 20) 10 13 0.43680279 0.101689883 0.1
(15, 30) 15 9 1.66921070 0.177520305 0.1
(20, 40) 20 10 4.33682780 0.177053070 0.09
(25, 50) 25 9 9.21965910 0.218042132 0.08
(30, 60) 30 8 16.0681029 0.236607181 0.08
(35,70) 35 9 31.1845998 0.243461841 0.07
(40, 80) 40 9 52.3539355 0.269078010 0.06
(45, 90) 45 9 81.1829204 0.258468730 0.06
(50, 100) 50 11 148.278950 0.251315772 0.04

7 Conclusions

Interior-point methods are one of the most effective classes of algorithms for solving
SSOCPs. In this paper, we have developed an infeasible interior-point algorithm for
solving SSOCPs as an alternative to the homogeneous self-dual algorithm proposed in
[6]. We have presented a method for computing the search direction by exploiting the
special structure in the SSOCP problem. The polynomial convergence of the proposed
algorithm has been demonstrated for three important directions: the NT direction, the
HRVW/KSH/M direction, and the dual HRVW/KSH/M direction. More specifically,
we have seen that given a Cartesian product of 7 second-order cones with appropriate
dimensions in the first-stage problem, a Cartesian product of r second-order cones
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with appropriate dimensions in the second-stage problem, K number of realizations,
and a stopping criterion €* > 0, we need at most O(((K + 1)r)? ln(e%)) iterations to
terminate the algorithm if the NT direction is used, and at most O (((K + Dr)%3 ln(ei*))
iterations to terminate the algorithm if any of the other two directions is used.

We have also estimated the number of arithmetic operations in each iteration of
the proposed algorithm. More specifically, by assuming that the dimensions of the
underlying second-order cones in each stage have the same sum which equals ng and
that the number of linear equalities in each stage equals m(, and by utilizing our method
for computing the search directions, we need at most O(K (m%n%) + ng)) arithmetic
operations in each iteration of the algorithm. Given this result, we have concluded that
the algorithm developed in this paper for SSOCPs has complexity less than that of the
homogeneous self-dual algorithm developed in [6] for the same problem. Finally, we
have also presented computational results on three simple problems for the algorithm
and have shown that the proposed algorithm is efficient. Our numerical results show
also a clear superiority of the infeasible interior-point algorithm developed in this
paper over the homogeneous self-dual algorithm developed in [6].

Future work is devoted to develop an infeasible interior-point algorithm for solving
stochastic convex optimization problems over nonsymmetric cones (non-self-scaled
cones). Despite widespread applications of nonsymmetric programming problems,
they have been studied narrowly in comparison with symmetric programming prob-
lems such as linear programming, second-order cone programming, and semidefinite
programming. This probably is due to the fact that there is a unifying theory based on
Euclidean Jordan algebras that connects all symmetric cones. This makes developing
an infeasible interior-point algorithm for nonsymmetric optimization problems more
challenging. However, this could be achieved for instance by adopting local Hessian
norms on the underlying nonsymmetric cone and its dual cone and by using properties
based on skew-symmetry of the constraint system of the resulting model.
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