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Abstract

In this paper, we propose the descent method with new inexact line-search for uncon-
strained optimization problems on Riemannian manifolds. The global convergence
of the proposed method is established under some appropriate assumptions. We fur-
ther analyze some convergence rates, namely R-linear convergence rate, superlinear
convergence rate and quadratic convergence rate, of the proposed descent method.
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1 Introduction

Since the non-convex problems can be translated into convex problems with appro-
priate Riemannian metrics, and constrained optimization problems can be written as
unconstrained optimization problems from the Riemannian geometry viewpoint, in
recent years, many concepts, techniques, as well as methods of optimization theory
have been extended from Euclidean space to Riemannian manifolds; see, for instance,
[1-15]. It is an emerging area of research in convex analysis, optimization theory,
game theory, etc; see, for example, [12,14] and the references therein.

The descent method is one of the oldest and widely known methods for solv-
ing minimization problems. Many convergence results for descent method have been
established in the setting of Euclidean space. For instance, some line-search tech-
niques for the general descent method in R” are proposed by Nocedal and Wright
[16]. They proved the global convergence and studied convergence rate of steepest
descent method, Newton’s method and coordinate descent method. Shi and Shen [17]
also proved the global convergence and local convergence rate of descent method with
new inexact line-search in R”. The new inexact line-search in [17] has many advan-
tages comparing with some other similar line-searches, such as Armijo line-search
and Wolfe line-search; see [18,19]. Based on the results in [17], a new inexact line-
search for quasi-Newton method is proposed and some global convergence results
are established by Shi [20]. Recently, some authors focused on extending the conver-
gence results for descent methods from Euclidean space to Riemannian manifolds. In
particular, the steepest descent method and the Newton method to solve convex opti-
mization problems on Riemannian manifolds have been studied by Udriste [14], in
which the linear convergence result for the steepest descent method is obtained under
the assumption of exact line-search. Smith [21] considered the steepest descent, New-
ton method and conjugate gradient method on Riemannian manifolds and analyzed
their convergence properties by employing the Riemannian structure of the manifold.
The full convergence result for the steepest descent method with the Armijo line-search
on Riemannian manifolds has been studied by da Cruz Neto et al. [4,5]. A combina-
tion of generalized Armijo method and generalized Newton method in the setting of
Riemannian manifolds is investigated by Yang [15]. The global convergence results
for these methods with less restrictions are obtained. Estimations of linear/quadratic
convergence rate for the generalized Armijo—Newton algorithms are also derived in
[15]. Moreover, the global and local convergence analysis of the exact and approxi-
mate line-search such as the Newton’s method, the gradient descent method and the
trust-region method on Riemannian manifolds is studied in [22-27].

Motivated by the results described above, in this paper, we propose a new inexact
line-search for the descent method on Riemannian manifolds and establish its conver-
gence results. Since the computation of the exponential mapping and parallel transport
can be quite expensive in the setting of manifolds, and many convergence results show
that the nice properties of some algorithms hold for all suitably defined retractions and
isometric vector transports on Riemannian manifolds (see, for example, [6,13,28]),
we replace the geodesic by retraction and parallel transport by isometric vector trans-
port, respectively. As a result, the global convergence result of the descent method,
with new inexact line-search for unconstrained optimization problems on Riemannian
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manifolds, is proved under some appropriate assumptions. Moreover, we analyze the
convergence rate, such as R-linear convergence rate, superlinear convergence rate and
quadratic convergence rate, of the descent method on Riemannian manifolds. To the
best of our knowledge, these results have not been studied before, and it is very inter-
esting to explore the convergence results for a new inexact line-search algorithm on
manifolds by utilizing Riemannian techniques.

The present paper is organized as follows: In Sect. 2, we recall some notions and
known results from Riemannian geometry, which will be used throughout the paper.
We propose the descent method with new inexact line-search for unconstrained opti-
mization problems on Riemannian manifolds. In Sect. 3, the global convergence result
for the descent method on Riemannian manifolds is proved. Section 4 is devoted to
analyze the convergence rate of the descent method with new inexact line-search.

2 Preliminaries

In this section, we recall some standard notations, definitions and results from Rie-
mannian manifolds, which can be found in any introductory book on Riemannian
geometry; see, for example, [2,3,7].

Let M be afinite-dimensional differentiable manifold and x € M. The tangent space
of M at x is denoted by 7y M and the tangent bundle of M by TM = J,.c, Tx M,
which is naturally a manifold. We denote by g, (., .) the inner product on 7, M with the
associated norm || - ||. If there is no confusion, then we omit the subscript x. If M is
endowed with a Riemannian metric g, then M is a Riemannian manifold. Throughout
the paper, unless otherwise specified, we assume that M is a Riemannian manifold.
Given a piecewise smooth curve y : [tg, 1] — M joining x to y, thatis, y(f) = x
and y (t1) = y, we can define the length of y by [(y) = fab lly’(¢)||ds. Minimizing this
length functional over the set of all curves, we obtain a Riemannian distance d(x, y)
which induces the original topology on M.

Let V be the Levi-Civita connection associated with M. A vector field V : M —
T M along y is said to be parallel if V,,V = 0. We say that y is a geodesic when
V,y" = 0; in the case ||| = 1, y is said to be normalized. Let y : R — M
be a geodesic and P, | denote the parallel transport along y, which is defined by
Pyiy@),ym(v) = V(y(b)) foralla,b € Rand v € Ty )M, where V is the unique
C®° vector field such that VyyV=0and V(y(a)) =v.

A Riemannian manifold is complete if, for any x € M, all geodesic emanating from
x are defined for all t € R. By Hopf—Rinow theorem [29], any pair of points x, y € M
can be joined by a minimal geodesic. The exponential mapping exp, : TxyM — M is
defined by exp, v = (1, x) foreachv € T, M, where y (-) = y, (-, x) is the geodesic
starting from x with velocity v, that is, ¥ (0) = x and y’(0) = v. It is easy to see that
exp, tv = y,(t, x) for each real number 7.

The exponential mapping exp, provides a local parametrization of M via Ty M.
However, the systematic use of the exponential mapping may not be desirable in
all cases. Some local mappings to Ty M may reduce the computational cost while
preserving the useful convergence properties of the considered method. In this paper,
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we relax the exponential mapping by a class of mappings called retractions, a concept
that can be seen in [1,6,13,30,31].

Definition 2.1 Given x € M, a retraction is a smooth mapping R, : TxM — M such
that

(1) R((0,) = x for all x € M, where 0, denotes the zero element of T, M ;
(i) DR, (0y) = id7, m, where DR, denotes the derivative of R, and id denotes the
identity mapping.

As we know, the exponential mapping is a special retraction, and some retractions
can be seen as an approximation of the exponential mapping.

The parallel transport is often too expensive to use in a practical method, so we
can consider a more general vector transport (see, for example, [6,13,22]), which is
built upon the retraction Ry. A vector transport 7 : TM @ TM — TM, (1, &) —>
. &x with the associated retraction R, is a smooth mapping such that, for all 7, in the
domain of Ry and all &, ¢, € Tu M, (i) 73, &x € TR, (n)M;; (i1) P, &x = &y (i) Ty,
is a linear mapping. Let 95 denote the isometric vector transport (see, for example,
[13,22,31]) with R, as the associated retraction. Then it satisfies (i), (ii), (iii) and the
following condition (iv):

g(%(m)éxa fgS(nx)Cx) = g(é}-xs é‘x) (1)

In most of the practical cases, Jsy,) exists for all , € T M, and thus, we make this
assumption throughout the paper. Furthermore, let 7 _denote the derivative of the
retraction, that is,

d
ny(’]x)gx = DRX(nX)[é:X] == d_Rx(nx + t;;:x) . (2)
t t=0

Let L(T M, T M) denote the fiber bundle with the base space M x M such that the
fiber bundle over (x,y) € M x M is L(TyM, Ty M), the set of all linear mappings
from Ty M to Ty M. We recall, from Section 4 in [6], that a transporter .Z° on M to
be a smooth section of the bundle L(T M, T M), that is, for all x, y € M, Z(x, y) €
L(TxM,TyM)and .Z(x, x) = id, where id means the identity mapping. Furthermore,
Z(x,y) is isometric from T M to TyM, L x,y) = ZL(y,x) and L(x,2) =
ZL(y,z2)Z(x,y). Given a retraction Ry, for any ny, & € Ty M, the isometric vector
transport Js can be defined by

%(nx)s)c =Z(x, Re(nx))(&r).
In this paper, we require
TRy () 6x = T3 ()b

In some manifolds, there exist retractions such that the above equality holds, e.g.,
the Stiefel manifold and the Grassmann manifold [31]. Furthermore, from the above
equality and (1), we have
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161 = 1 T5n0)éx |l = 12(x, Ry () ()l
= TR, (roéx |l = IDRx () [Ex]I-

In this paper, we consider the following unconstrained minimization problem
min f(x), 3)
xeM

where f : M — R is a continuously differentiable function with a lower bound and
M is a complete Riemannian manifold.

Now, we describe the descent method with new inexact line-search on Riemannian
manifolds for finding the solution of the minimization problem (3).

New Inexact Line-Search on Riemannian Manifolds

Given  €]0, 1] and ¢ €]0, 1[, the Hessian approximation By is symmetric positive
definite with respect to the metric g, and s = W, where di € T, M is
a descent direction with g(grad f (xx), dx) < 0. The step size a is the largest one in

{sk, skB. sk B2, ...} such that

1
f Ry (ardy)) — fxp) < oag (g(gradf(Xk), di) + Eakg(Bk[dk]’ dk)) @

In comparison with the original Armijo line-search on Riemannian manifolds [4,5],
there are some advantages of the new inexact line-search. For example, let o denote
the step size defined by the original Armijo line-search and «;, denote the step size
defined by the new inexact line-search; then, it is easy to see that o < oz,’c.

Now we present a related descent method with the new inexact line-search on
Riemannian manifolds for the minimization problem (3) as follows.

Algorithm 2.1 (Descent Method with New Inexact Line-search)

Step 1. Givenxg € M, initial Hessian approximation Bo, which is symmetric positive
definite with respect to the metric g, k := 0;

Step 2. If||grad f (xg)|| = O, then stop. Else go to step 3;

Step 3. Set xiy1 = Ry, (ardy), where di is a descent direction with g(grad f (xi),
dr) < 0, ay is defined by the new inexact line-search on Riemannian mani-
folds;

Step 4. Define py = grad f (xg+1) — L (x, xp+1)grad f (xx) and modify By as By
by using BFGS quasi-Newton algorithm or other quasi-Newton algorithms
(see, for example, [6,13]);

Step 5. Setk := k + 1 and go to step 2.

Remark 2.1 If M is a Riemannian manifold with nonnegative curvature, then by Propo-
sition 5.4.1 in [22], the exponential mapping on M induced by V is aretraction R, and
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the parallel transport is isometric vector transport. Furthermore, if dy = —grad f (x)
and By = I (I denotes the unit matrix), then from (4), we get

1
fOrg1) — ) <o (50% - 1) llgrad f (xe) 1%

In this case, the descent method with new inexact line-search on Riemannian manifolds
is a generalization of the steepest descent method with Armijo line-search in [4].

From Lemma 5.2.1 and Lemma 5.2.2 in [31], and the definition of Z(.,.), we
obtain the following result.

Lemma 2.1 Suppose that the function f : M — R is twice continuously differentiable
onaset S C M. Then, there exists a constant Ly > O such that, forall x,y € S,

12 (x, y)grad f (x) — grad f (DI < Lol Ry ' yll- (&)

3 Global Convergence

In this section, we study the global convergence property of the descent method with
new inexact line-search on Riemannian manifolds under some appropriate assump-
tions.

Definition 3.1 The matrix By is said to be uniformly positive definite, iff there exist
constants m’ and m such that 0 < m’ < m and for any k € N,

m'||ld|* < g(Bild], d) <m|d|*, ¥d € TyM. (6)

Proposition 3.1 Assume that f is twice continuously differentiable on M, By is uni-
formly positive definite, dy is a descent direction, and {x\} is the sequence generated
by Algorithm 2.1. Then, there exists T > 0 such that

g(grad f (xx), di)

2
, VkeN. (7)
lld | >

Fo) — fla1) =t (

Proof Let K| = {k € N: oy = s} and Kp = {k € N : ¢ < s¢}. The proof is divided
into two parts.
PART 1.If k € K, then by (4) and (6), we have

1
) — f(xkg1) = —oo (g(gfadf(Xk), d) + Eakg(Bk[dkL ak))

Jg(gradf(xk)’ dk)
= d 7 d
g(Byldx], o) (g(grad f (xx), di)
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1 g(grad f (), dp)

By [di],
2 o(Baldel. o) 8 (Brldr], ax))

.o (g(gradf(xk),dm){ ke K.
2m Il
Thus, ,
FOm) = flua) = = (M)  Vkek. ®)
2m [EA

PART 2.If k € Ko, then oz 8~! € {st, sk B, sk B>, ...}. This implies that (4) does
not hold, and so,

F) — f(Ry (B~ dy))
1
< —oop N(g(grad f (xp), di) + zakﬂ—lgwk[dk],dk)), Vk € K». (9)

Define m(t) = f(Ry,(tdy)). By using mean value theorem on the left-hand side of
the above inequality, there exists 6y € ]0, 1[ such that

) — f(Ry (B di))
=m(0) — m(auB™")
dm O 1)

=—yg —O- B

= — o~ (arad £ (R, Gy~ d0)), DRy, Gherf™ d)1di1)

= —aip™"g (erad £ (Ry GranB™d), £ ek, R Greu ™" di)el )

A

1
—oap”! <g(gfadf(Xk), di) + Eakﬁ_lg(Bk[dk], dk)) , Vk € K.
This shows that
8 (erad £ (Ryy Gue ™)), 2 sk, R Ooou ™ di) e )

1
>0 <g(gradf(Xk), di) + Eakﬁ_lg(Bk[dk], dk)) . (10

Noting that
12 (ke R, Orox B~ di))dli || = [l |l

it follows from Lemma 2.1 that there exists Ly > 0 such that

g(grad f (Ry, Bk B~ di))
—ZL (X, Ry, Oron " di))grad f (xi), £ (xx, Ry (O B~ di))dli )
< llgrad f (Ry, (Bxox B~ di)) — L (x, Ry, (O B~ ")) grad f (xi) ||l di |
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< LollRy, Ry, Bkeu " di) [l |
< Lo~ [ldi |-

This together with (10) implies that

Loo ™"l |12
> g(grad f (Ry, (Gkox B~ "di))
— L (X, Ry (Orou p~ " di))grad f (xi), L (xx, Ry Ok B~ di))dli )

1
> o (g(grad f (v0), di) + SouB ™ g(Belde], di)) — glgrad f (xp), di)
> (0 — l)g(grad f (xx),dr), Yk € K».
Thus, we obtain

J Plo— 1 glgrad f(xi). di)

o I TAE , Vk e K.
Let
o = plo —1) g(gradf(xy), di)
Lo lldk |1
Then,
o < Qg < Sk. (11)

Now, from (4) and (11), one has

1
FOx) — f(xep1) = —ooy <g(gradf(Xk), di) + Eakg(Bk[dk]a dk))

1
—0 max {06 (g(gfadf(Xk), d) + Eag(Bk[dk], dk))}

=
oy <o <si
1
= —oq <g(gradf(xk)7 dy) + Eakg(Bk[dk], dk))
> — oo g(erad f (v). do) — S} (Bildy]. do)
2
_ Bo(l —o) (g(gradf(xk),dk)> . Vi e Ka.
2Lg Il |l
Thus,
_ 2
F ) = f (k1) = ﬁa(zlL o) <g(gradf(x")’d")) . Vk € K. (12)
0 lldk |l
Let
) { o PBo(l —a)}
T=min{ ——,"— "%,
2m 2L
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By (8) and (12), we obtain

g(grad f (xx). di)

2
, VkeN.
lld )

S — flar1) = T (

This completes the proof. O

Corollary 3.1 Suppose that all the assumptions of Proposition 3.1 are satisfied and dy
satisfies
—g(grad f (xx), di)
cos O = >
llgrad f (xi) [l

where 0 < u < 1 is a constant and 6y denotes the angle between —grad f (x;) and
di. Then,

M, (13)

Fo) — fugr) = tlllgrad f (x>, Vk € N

Proof It follows from (13) that

g (grad f (xi), di) > p?llgrad £ (o) |12 |1 de |1

This together with (7) implies that

f@) = fOur) = tp®flgrad f o) |?, Yk € N.
This completes the proof. O

Theorem 3.1 Suppose that all the assumptions of Corollary 3.1 are satisfied. Then,

+o00
> llgrad f (e |1* < +o0,

k=1
and thus,
lim | gradf(xx)| = 0. (14)
k— 00
Proof Since f has a lower bound on M, by Corollary 3.1, the result follows. O

Remark 3.1 Theorem 3.1 shows that all accumulation points of the sequence {x}
generated by Algorithm 2.1 are stationary points. Moreover, if we consider M = R"
and R, (n) = x + n, then Theorem 3.1 reduces to Corollary 3.4 in [17].

4 Convergence Rate
In this section, we analyze the convergence rate, such as R-linear convergence rate,

superlinear convergence rate and quadratic convergence rate, of the descent method
with new inexact line-search on Riemannian manifolds.
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Definition 4.1 Let {x;} be a sequence converging to x*. The convergence is said to be

(a) R-linear, iff there exist a constant 0 < 6 < 1 and a positive integer N such that
[d(x, x*)]E <0, Vk > N;

(b) superlinear, iff there exist a sequence {oy} converging to 0 and a positive integer
N such that
d(xks1, x") < ogd (xg, x*), Vk > N;

(c) quadratic, iff there exist a constant & > 0 and a positive integer N such that
d(xps1, x¥) < 0d>(xp, x*), Vk > N.

The convergence rate depends on the property of uniformly retraction-convexity,
which is defined as follows.

Definition 4.2 For a function f : M — R on the Riemannian manifold M with the
retraction R, define the function m, ,(t) = f(Ry(tn)) forx € M and n € T M.
The function f is said to be uniformly retraction-convex on S C M, iff m, ,(¢) is
uniformly convex, i.e., there exists a constant ¢ > 0 such that

amy (1) + (1 — aymy () — my (2 +a(t — 1)) > ca(l —a)(t — )2,

forallx € §,n € Ty M with |||l =1, « €]0, 1[ and 71, £, > O such that R,(¢n) € S
for all ¢ € [0, max(tq, 12)].

Remark 4.1 From Section 3.4 in [32], if there exists a constant ¢ > O such

dZmy . . . .
that n;'[‘z”(t) > ¢, then m, ,(t) is uniformly convex, and so f is uniformly

retraction-convex. Next, we provide a sufficient condition to ensure the uniformly
retraction-convexity of f. Assume that x* is a stationary point of f and the Hessian
matrix of f at x*, denoted by Hess f (x*), is positive definite. Then, from Lemma
3.1 in [6], there exist ¢c;,c; > 0,7 > 0 and a neighborhood N of x* such that

d? ' - . . .
c1 < %’7() < forall x € N and ¢t < t. Thus, f is uniformly retraction-convex

on a neighborhood of x*.

Lemma 4.1 Assume that f is twice continuously differentiable and uniformly
retraction-convex on M, and x* is a stationary point of f. Moreover, assume that

D
g PRe(tmnl =0, ¥x € M.n e T M, 15)

where D /dt denotes the covariant derivative along the curvet +— R, (tn) (see Chapter
2 in [33]). Then, there exist constants m’ and m such that 0 < m’ < m and

m'|n)> < g(Hess f(x)[n], n) <mlnl* VxeM,neTT,M; (16)
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and thus,
1 _ U B
S IRGXI® < f(0) = f(*) < IR xI?, Vx € M (17)
m [RCVIP < g(L (v, x)grad f (y) — grad f (), Ry 'y) < ml| Ryl Vx, y € M
(18)
lgrad f (0| = m' IR x|, Vx € M. (19)

Proof Define my ,(t) = f(Ry(tn)), forallx € M,n € T, M with ||| = 1 and
t > 0.Lety = R.(tn). Then, it is easy to see that tn = R;ly. Since f is uniformly
retraction-convex on M, there exists a constant ¢ > 0 such that

amy »(0) + (1 —a)ymy (1) —my y(t + a0 —1)) > ca(l — a)tz, Ya €]0, 1].
This implies that

my y(t + a0 —1)) —my ()
o

mx,n(o) —my p(t) > i%{ +c(1 — Ol)tz}

= g(grad f (R (1), (—O)DR. (tn)[n]) + ct*
= g(grad f (R (tm), £ (x, Re(tn)) (=) + 1. (20)

By the similar argument, we also have
my y(t) — my »(0) > g(grad f(x), tn) + ct?. 20
Combining (20) and (21), we get

g(grad f (Ry (1)), =< (x, R (tm)tn) + g(grad f (x), tn) + 21> < 0.

Hence,
g(L(y, x)grad f (y) — grad f (x), n) = 2ct|n]*. (22)
Clearly,
dmy (1)
4 g(grad f (R (tn)), DR, (tn)[n])
= g(grad f (), Z(x, y)n)
= g(ZL(y, x)grad f (), n), (23)
and d )
My
T: = g(grad f (x), n). (24)
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Then, it follows from (23) that

d?my (1)

a2 = 8 Hessf(Re(tm)[DR (tm)[n]]. DRx (r) )

+8 (gradf(R (tm). DR (tn)[n])

Since 2DR. (n)[n] = 0, we have

d?my (1)

- g(Hess f (R (1m)[DR, (tn)[n]], DR (tn)[n]). (25)

Thus, by (22), (23), (24) and (25), we have

d®m, (0
g(Hess £ ()[n]. 1) = %”
~ lim g(ZL(y, x)grad f(y), n) — g(grad f (x), n)
t—0 t
11—

Since f is twice continuously differentiable on M, from Lemma 2.1, for t > 0, we
obtain

§(ZL(y, x)grad f(y) — grad f(x), ) _ [ (y, x)grad f(y) — grad f (x)|l[n]l
t t

Lot
ol 7t7||||n|| — Lolnl®. 27

Taking 2¢ = m’ and Lo = m, then, it follows from (26) and (27) that
m'|n|* < g(Hess f(x)[nl, ) <mlnll®, VxeM,neTM. (28)

Thus, (16) holds.
~1
Forany x € M and x # x*, let 7z = ||Rx_*1x|| and p = %. Define

mx*,p(t) = f(Rx* (tp))-
From Taylor theorem, we have

dm (0
Mo p(2) — iy p(0) = — ”()

0)+/ (1 — el mx ”(Z) 2dr. (29
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Noting that

dzmx*,p(tz)

a2 = g(Hess f (R (tzp)) [DRy+(tzp)[ p1], DR+ (12p)[ p]).

then, it follows from (29) that

M p(2) = mye p(0) = glgrad f (), Rplx) + [ (1 - 1)g(Hess f (Rys (1R x))

X[L(x*, Ry (tR . x))R %], L (x*, Ry«(tR .. x))R x)dr.
(30)

By combining (28) and (30), we obtain
| T R ! / X -1 12
S IR = [ = 0m 1267, Re R )R 5]
1
< f() - fG) < fo (1 — DAL ", Ree (R )R x|
=—m||R x|, (D
Hence, (17) holds.

Forany x,y € M and x # y,let?Z = ||R; Yyl and p = 2. Define my p(t) =
f(Rx(tp)). Then, we have

dmep @ dmep© /? Emep @)
dt dr 0 de?
Therefore,
g(grad f (), £(x, y)p) — g(grad f (x), p)
= /OZ g(Hess f (R (tp))[DR: (¢ p)[p1], DR, (t p)[ pDdt, (32)
since

m' IRy =/0 m'|| pl*d S/O g(Hess f(Rx(1p))[DR« (tp)[p1]. DR (t p)[p]dt

4
< [“mipiPa =Ry
0
From (32) and the above inequality, we have

m IRy 17 < g(L (v, x)grad f (y) — grad f (x), Ry 'y) <m| Ry
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Then, inequality (18) holds. Furthermore, we obtain
m'| Ryl < llgrad £ (y) — £ (x, y)grad f (x)].
In particular, when y = x and x = x*, one has
m IR x| < llgrad f ()]
This completes the proof. O

Remark 4.2 1f the retraction R, is an exponential mapping, then from [22], assumption
(15) holds. We further illustrate assumption (15) by the following example.

We consider the sphere S"~! := {x € R"” : xTx = 1} with its structure of
Riemannian submanifold of the Euclidean space R”. The projection retraction R, is

defined by
R =@ +n/lx+nll, Vxes ! nerns.
The chosen isomeric vector transport .7 on "~ ! is

2yTE

m(x‘i‘y), VxeM, nEeTl, S,

TR.§ =& —

where y = R, (n). For further details, see, for example [22,31]. From Section 8.1 in
[22] and Section 5 in [34], we obtain

D D
T PRl = - Trapn =0, VxeM,ne .S

Thus, assumption (15) holds on S~ for the projection retraction.

Lemma4.2 [13] Let S C M be an open set, x € S and the retraction Ry, : Tx M — M
has equicontinuous derivatives at x in the sense that

Ve >0,36>0,VxeS: vl <é6 = |Pyx,R)DRx(0) —DR ()| <e.

Then, for any € > 0, there exists € > 0 such that, forall x € S and v, w € Ty M with
Il lwll < €',

(I =ollw—v[l =d(Rc(v), Re(w)) = (1 +&)llw —vll.
Theorem 4.1 Suppose that all the assumptions of Lemma 4.1 are satisfied, By is
uniformly positive definite, and dy satisfies (13). Furthermore, assume that DRy, is

equicontinuous on a neighborhood U of the stationary point x*. Then, the sequence
{x1} generated by Algorithm 2.1 converges R-linearly to x*.
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Proof From (14) and (19), we have

lim x; = x™.
k—+00

It follows from Corollary 3.1, (17) and (19) that

Fr) — frrn) = tplllgrad f ()12 = Tpm (| R x|
2 212
> R (o) — f()).
m
Set = ,/2”‘;?'”/2 =m 2%. Then,
FOx) = fren) = 02(f () — f(x). (33)

We can prove that 6 < 1. Indeed, since f is twice continuously differentiable on M,
it follows from Lemma 2.1 that there exists a constant Ly > 0 such that

12 (v, x)grad f (y) — grad f (x) || < LollR;'yll. Vx,y € M.
Then,

g(L(y, x)grad f (y) —grad f (x), Ry 'y) < 1L (v, x)grad £ (y) — grad f (x) || R; "y
< Lol R "yl Vx,y e M.

Taking Lo = m, then by the definition of t in the proof of Proposition 3.1, we obtain

_ 2t u?m”? - 2tm'? - 2m'’?  Bo(l —o)
- - m 2L

62 <Bo(l—0) < 1.

m m
Set w = +/1 — 2. Then, @ < 1, and from (33), we obtain

Flsn) — F5) < (=6 (f ) — f(x™)
= ?(f(xx) — f(x*) < - < ®F TV (f(x0) — f(x).

From (17), we have

o 5 2 . 2w2(k+l) N
R xkt1 " < J(f(karl) —f(x) = T(f(xo) = f(x7). (34)
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It follows from Lemma 4.2 that, for k sufficiently large,

d(xpt1, %) = d(Ryx (R xp41), Re (04))

3
< 5||Rx3xk+1 — O]

3 -1
EHRx* X1l

By (34), we get

1

1 3 k+1
lim [d(xer, x)]FT < lim [—HR;lkan}
k— 400 k—+oo | 2

< lim
k— 400

e \/zx 2fa) - fen )

m/

Thus, x; converges R-linearly to x*. This completes the proof.
In the following, we assume that
(H) By and dy generated by Algorithm 2.1 satisfy the following condition

lim | Beldk] — £ (x*, xi) (Hess f (x*)[Z (xk, x*)di ]| _

0.
k—+00 ||dk ||

< 1.

Lemma 4.3 Suppose that all the assumptions of Lemma 4.1 are satisfied, By is uni-
Sformly positive definite, d, = — B, 1grad f(xx) and the assumption (H) holds. Then,

there exists k' € N such that
=1, k=K.

Proof From (14) and (19), we have

lim x; = x*.
k——+00

Since By is uniformly positive definite, there exists a constant ¢ > 0 such that

ldell = | — B 'grad f (xo) | < 1By 'l grad £ (eo) || < g llgrad f (xo) -

Then, from (14) and the above inequality, we obtain

lim |ldi|l =0,
k— 400

and thus,
lim Ry, (tdy) = x*.
—+00

(35)

(36)

(37)
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Assumption (H) implies that

g (Bildx], di) — g(L(x*, xx)(Hess f (x™)[ZL (xx, x*)dk]), di) |
= |lg(Bildi] — L (x™, xg)(Hess f (x™)[-L (x, x*)di 1), di) |
< || Brldi] = L (x*, xx)(Hess f (x™)[L (xx, x*)di D | die |
= |ldkllo(lldk 1D,

and thus,
g(Beldi] — L (x*, xi)(Hess f (x*)[Z (xx, x*)di 1), di) = o(ldi|P).  (38)
Clearly,

g(Hess f(Ry, (tdi))[L (xk, Ry, (tdy))di]
— L (x", Ry (tdi))(Hess f (x™)[L (x, x*)di]), £ (xk, Ry (tdy))dy)
< |[Hess f (Ry, (tdi))[L (xk» Ry (tdi))d]
— ZL(x", Ry (tdi))(Hess f (x™)[L (x, x)di Dl | dic |
= ||Hess f (Ry, (tdi))[-£ (x™, Ry, (td)) (L (xx, x™)dy)]
— L (x", Ry (tdi))(Hess f (x™) [ (xx, x)di DIl | dic |
= ||(Hess f (Ry, (tdi)-ZL (x™, Ry, (tdy))
— L (x*, Ry (tdp))Hess f (x™)[L (xi, x*)di] || |1 |
< |[Hess f (Ry, (tdi))ZL (x*, Ry, (tdr))
— Z(x*, Ry, (tdp)Hess f (x| 1L (x, x )i || i |
= |[Hess f (Ry, (tdi)-L (x*, Ry, (tdi)) — L (x*, Ry, (tdi))Hess f (x*) | [1dy ||

This together with (37) implies that, for k sufficiently large,

g(Hess f (Ry (tdi)[Z (xk, Ry (tdi)di] — £ (x7, Ry, (tdy))
(Hess f (x*)[.Z (xk, x*)i 1), £ (xXk, R (tdi))di) = o(l|di|1?).

Define m(t) = f(Ry, (tdy)). By using Taylor theorem, (38) and the above equality,
we obtain for k sufficiently large,

dm(t)
dr

! d’m

t=0

1

= g(grad f (x), di) +/0 (1 — t)g(Hess f (Ry, (tdx))[DRy, (tdy)[dy]], DRy, (tdi)[di])dt
1

= g(grad f (xx), dy) + Eg(Bk[dk], dy)

1
+/0 (I = ){g(Hess f (R, (tdi))[ZL (xk, Ry, (tdi))dic], &£ (X, Ry (1di))dic)
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1
— g(Hess f (x™)[.ZL (xk, x*)di], L (xk, x*)dy)}dr — Eg(Bk[dk], dy)
1
+§g(HeSSf(X*)[$(xk, x*)di], £ (xx, x*)dy)
1
= g(grad f (x), di) + Eg(Bk[dk], dy)

1

-I—/O (1 —t){g(Hess f (Ry, (tdi)[-L (xk, Ry, (tdy))dy]

— ZL(x*, Ry, (tdi))(Hess f (x™)[L (xx, x*)dk), £ (xk, Ry, (tdi))di)}dt
1

+§g(«ff(X*, xi)(Hess f (x*)[.Z (xk, x*)di]1) — Brldi], di)

1
= glgrad f (xi), di) + 2 8 (Bild]. di) + olldi|I*)

1

= — 58(grad f (xp), B, 'grad f (x)) + o(lldi |1%).

Thus, for k sufficiently large, we obtain

1
J Ry (dp) — f(xi) < o(g(grad f(xk), di) + Eg(Bk[dk], di)).
This implies that there exists &’ > 0 such that
ar=1, Vk=>Fk.

This completes the proof. O

Theorem 4.2 Suppose that all the assumptions of Lemma 4.3 are satisfied, and DR,
is equicontinuous on a neighborhood U of the stationary point x*. Then, the sequence
{x1} generated by Algorithm 2.1 converges superlinearly to x*.

Proof From Lemma 4.3, we obtain that there exists k' > 0 such that
Xkt1 = Ry (di), Vk =K,

where d; = —Bk_lgradf(xk). Let y be the curve defined by y (#) = Ry, (tdx). Then,
we have

I Py Ry, (i), xi Hess f (R (1di)) [ (xic, R (tdi))dic]
— L (x*, xp)Hess f (x)[L (xx, x)di)) ||
= [I(Py[Ry, (tdi), i Hess f (Ry, (tdi))-Z (x*, Ry, (tdk))
— L (", xi)Hess f (x™)) L (xx, x*)di ]|
< Pyir,, dp) i Hess f (Ry (tdi) L (x™, Ry (td))
— L (x*, xi)Hess f (x™) || [|di |-
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It follows from (35) and (37) that, for k sufficiently large,

I Py Ry, (td), e Hess f (R (tdi) L (xi, Ry, (tdk))di]
— L (x*, xp)(Hess f (x)[ZL (xx, x)di D) || = o(l|d D). (39)

Noting that

Py iy xerad f(xgq1) — grad f (xk)
1
= / Py Ry, (tdp).xi Hess f (Ry, (1di)) [D Ry, (1di)[dy]1dt
0
1
= ‘[0 P}’[ka(tdk),xk]Hessf(ka (td) L (xk, Ry, (tdy))di]dt
= 2(x*, x)(Hess f (x™)[ZL (xx, x¥)d])

1
+/0 {Py Ry, (1), Hess [ (Ry (tdi) [ L (xge, R (tdy))di]

— L (x*, xp)(Hess f (x")[L (xk, x*)di])}dt.
Since dj = —Bk_lgradf(xk), we have grad f (xx) = —Bydy and

Pyxpyy xgrad f (xe+1)
=2 (x", xp)(Hess f (x™)[.Z (xx, x)d]) — Brd

1
+/0 {Py (R, (tdi). s Hess f (Ry (tdi)[ L (x, Ry (tdy))d]

— L (x*, xp)(Hess f (x™)[L (xp, x¥)di])}dt.
Consequently, for k sufficiently large, it follows from (39) that

I Py st mgrad f (e 1)l
< LG, x0) (Hess f (1) [L (ek, x5)di]) — Biedi | + o(lldi ).

By assumption (H), we have

llgrad f (xg+1)
k— 400 ||dk ||
< | 12 (x*, xx)(Hess f (x*)[Z (xx, x*)di]) — Brdi|l + o(lldk]))
< lim =0.
k——+00 ||dk||
(40)

From Lemma 4.2, we obtain for k sufficiently large,

1 -~ 3
EnRxekH | < d(psr, x*) = d(Res (R xpeg1), Rex (0y+)) < §||Rx*1xk+l I,
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and
| -1 31
EHka X1l < d(xkq1, xk) = d(Ry (Ry, Xk41), Ry, (0x,)) < §||ka X1l
This together with (19) implies that

—1 2
lgrad f s DIl _ IR x| m' x 3d G, )

lld I TR kel T 2d (o, k)
fd (Xp1,x%)
- m’ x %d(Xk+1,x*) _ m?—d(’;:}x*)
= * N d(Xgp1,x%) "
d (X1, X*) + d (X, x*) | G

Consequently, from (40), we obtain

d(xky1, )
k—>+oo d(xg,x*)

which implies that {x;} converges superlinearly to x* . This completes the proof. O

Theorem 4.3 Suppose that all the assumptions of Lemma 4.3 are satisfied, By =
Hess f (xx) for k sufficiently large, and D Ry, is equicontinuous on a neighborhood U
of the stationary point x*. Moreover, assume there exists a constant L > 0 such that

[Hess f (y) — Pyx.yjHess f (x).Z(y, x)|| < Ld(x,y), Vx,y € U.

Then, the sequence {x;} generated by Algorithm 2.1 converges quadratically to x* .

Proof From Lemma 4.3, there exists k¥’ > 0 such that
Xip1 = Ry (d), Vk =K,

where dy = —(Hess f(x;))~! grad f (xx). Let y be the curve defined by y(r) =
Ry, (1 R;k]x*). Then, it follows from Lemma 4.2 that, for k sufficiently large,

I[Hess f (xi)[d — R x*]]|

= | Pyt rgrad £ () — grad f (xe) — Hess f (el Ry, x*]

1
-1 —1 -1
/0 PleXk(IR;klx*),kaHessf(ka(tka x*))[Dka(tka X*)[ka x*]]de

—Hess f ()[R, x*]

1
< /0 I(Hess f(Re ((RG X)) = Py g et HESSS (60 2 (R (tRG1x™), 1)

[.L (k. Ry (1R )R x*]1dr

1
< /O IHess f (Ru (RGIX™)) = Py g ot ooy HESS f (602 (R (R ), xR e
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1
< [ T, Ry R IR e
1
=L\\R_;k1x*|\[ d(xp, Ry (tRy x*))dt
0
1
= DIR; / d(Ry, (O). Ry ((RT x*))dt
0
Tip—1,* '3 —1_ % 3~ —1_ %2
S LR, x|l | SleRy x7lldr = ~ LR, x™|I°. (4D
b 2 4
Since f is uniformly retraction-convex on M, from (16), there exists m’ > 0 such that
-1 -1
IHess f (xi)[dx — Ry, x*1| = m'||dx — R, x™|. (42)

Furthermore, it follows from Lemma 4.2 that, for k sufficiently large,

_ 3
A1, x") = d(Ry (d), Ry (R1x) < SRS = dil, (43)
and
kY —1_* 1 —1_*
d(x, x%) = d(Ry (0x), Ry (RG'x") = ZIIRG ") (44)

By (41), (42), (43) and (44), we obtain

2 d0ran ) < i — RO < — [ Hess f(x0)lde — R 1]
3 k+1> = k Xk X = m/ Xk k Xk X
3L,
IR
4m’

A

3L
I = o o, ).
Thus, -
oL
d(xgq1,x¥) < 3

d*(xg, x*),
m/

which implies that {x;} converges quadratically to x*. This completes the proof. O

Remark 4.3 Smith [21, Theorem 4.4] presented Newton’s method on Riemannian
manifolds and proved that its convergence is quadratic. If the retraction R, is the
exponential mapping, and the isometric vector transport is the parallel transport, then
Theorem 4.3 can be seen as a generalization of Theorem 4.4 in [21]. If M = R" and
R, (n) = x 4+ n, then Theorems 4.1, 4.2 and 4.3 reduce to Theorems 4.1, 5.1 and 5.3
in [17].

Example 4.1 Let St(p, n) (p < n) denote the set of all n x p orthonormal matrices,
that is,
St(p,n) = [X eRY™P.XTX = Ip},

where [, denotes the p x p identity matrix. The set St(p, n) is called Stiefel manifold.
The tangent space of St(p, n) is given by

Ty St(p, n) = {XQ X, K:QT=-Q, Ke R(""’)X”} ,
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where X | is any n x (n — p) orthonormal matrix such that (X X ) is an orthogonal
matrix. The canonical inner product is given by

¢(Z1, Zy) = trace(Z] Z2), VZi,Zy € TxSt(p, n).
As in [6], the isometric vector transport from Tx, St(p, n) to Tx,St(p, n) is given by
b
L(X1, X2) = Bx, By, »

where a” denotes the flat of a € TxSt(p, n),i.e.,ab : TxSt(p,n) > R:v— g(a,v).
np—p(p+1

Moreover, a smooth function & : U — RWPx( PoLPE) : X = Ay is defined on

an open set U of St(p, n), and the columns of Zy form an orthonormal basis of

TxSt(p, n). Let X € St(p, n). Then, from [6,31], we obtain

Q -KT
(Rx(n) Rx(m)1) = (X Xp)exp| o ;
(n—p)x(n—p)
where 2 = X 'nand K = XIn. The function Y = Ry (n) is the desired retraction
by the isometric vector transport .Z’(-, -). Consider the cost function

f(X) = trace(X ' AX),

where A = diag(uy, ..., up) WithO < uy < --- < u,. From Chapter 11 in [31],
the gradient of f is
grad f (X) = Px(24X),

where sym(Q) = Q+TQT and Px(V) = Xsym(X V). Moreover, the Hessian of f
onn € TxSt(p, n) is given by

Hess f (X)) = Py (2An - nsym(XT(ZAX))) .

Let 8,0 €10, 1[, Bx = Hess f(xx) and dy, = —Bk_lgradf(xk) for all k € N. Define
myx () = f(Rx(tn)) for all X € St(p,n) and n € TxSt(p, n). From the above

2
equality, it is easy to check that % > 0. Thus, by Remark 4.1, f is uniformly

retraction-convex. Furthermore, the vector transport £ (-, -) is parallel translation.
From Section 8.1 in [22] and Section 5 in [34], it follows that assumption (15) holds.
Thus, all the assumptions of Theorem 4.1 are satisfied. Assume that X* is a stationary
point of f. Then, the sequence { X} generated by Algorithm 2.1 converges R-linearly
to the stationary point X*.

Example4.2 Let M = H := {(x1, x2) € R? : x5 > 0} be the Poincaré plane endowed
with the Riemannian metric given by
1 .
gij = —251']', L, ] = 1,2.
%)
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Then, H is a Hadamard manifold with the constant sectional curvature — 1 (see [14]).
The geodesics in H are vertical semilines

C,:x=a, y=ce, te]—o0,+00[,
and semicircles

Cpr : x =Db—rtanht, y= t €] — oo, +0o0l.

’
cosht’
For fixed (xo, yo) € H and for the vector p = (p1, p2) € T(x,yo)H, we have

R(x9,y0) (tP) = €XP (. yo) (IP)
{ (x0. yoe') . if p1 =0, p2 = yo,

2 .
(xo + %Ilpll + %tanht, — o‘llf—l”w;ht), if p1 <0, t €[0, 4+o0l,

where || p|I2 = || p11I> + || p2||%. For further details, see Chapter 1 in [14]. Let f : H —
R be a twice continuously differentiable function. Then, as in [14], the gradient of f
and the Hessian of f are given by

grad £ (1. x)) = (xgg—fl X%) ,
and
Pf _L1of  0f o 13f
Hess f((r.x2) = | 237 +fﬂ St
vidx; T Mo axd | mox

respectively. Let C € H be defined by
Ci={(x1.x) eH: (xj — D> +x3 <5, x1 = x > 1}.
Then, C is geodesic convex in H (see, [14]). Consider the cost function

F(G1. ) = 2L ¥(xg, x) € C.
X2

Then, we obtain

2 X1 2 X1 2 X1
20—y +ZmiL 2 (Ini—1)
Hessf((xl,xz))=<xl La:x_l 5 wommeE . V(1. x) € C.
X1X2 x2 X3

It is easy to check f is uniformly retraction-convex on C. However, f is not uni-
formly convex on C in Euclidean sense. Suppose that the isometric vector transport
is parallel transport. Let 8, 0 €]0, 1[, By = Hessf(xx) and dy = —B,:lgradf(xk)
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for all k € N. Then, all the assumptions of Theorems 4.1, 4.2 and 4.3 are satisfied.
Hence, the sequence {x;} generated by Algorithm 2.1 converges R-linearly / super-
linearly/quadratically to the stationary point x*.

5 Conclusions

We proposed a descent method with new inexact line-search for unconstrained opti-
mization problems on Riemannian manifolds. By using the retraction and isometric
vector transport, the global convergence of the descent method with new inexact
line-search on Riemannian manifolds is obtained, under some appropriate assump-
tions. Moreover, the R-linear / superlinear / quadratic convergence rate of the descent
method, with new inexact line-search, is extended from linear spaces to Riemannian
manifolds. In the future, we shall explore some other efficiently computable retrac-
tions and vector transport, which can be adjusted in the given problems. Moreover, it is
interesting to do some numerical experiments and comparisons with other line-search
algorithms for practical problems on Riemannian manifolds.
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