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Abstract

This paper aims at studying a broad class of mathematical programming with
non-differentiable vanishing constraints. First, we are interested in some various quali-
fication conditions for the problem. Then, these constraint qualifications are applied to
obtain, under different conditions, several stationary conditions of type Karush/Kuhn—
Tucker.
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1 Introduction

Since 2007, a difficult class of optimization problems was introduced by Kanzow
and his co-authors in [1,2]; it was called mathematical programming with vanishing
constraints (MPVC for short). The MPVCs received attention from different fields.
Some of their applications in topological optimization have been introduced in [1].
Also, MPVCs are generalizations of another group of optimization problems, named
mathematical programming with equilibrium constraints (MPEC in brief).

Since MPVCs are a generalized form of MPECs, it seems natural that we seek to
generalize the results of MPECs to them. As we know, in MPECs, occurrence of situa-
tions, which could lead to necessary conditions in Karush/Kuhn—Tucker (KKT) types,
is very limiting and hindering. Therefore, instead of KKT condition some other condi-
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tions are substituted. They have the style and appearance of KKT condition, and also,
their coefficients are more free than KKT coefficients. The recent conditions, which
are called stationary conditions, can be proved under some constraint qualifications
that their occurrence is more natural [3-9].

The same process has been repeated for MPVCs, and numerous constraint qual-
ifications have been introduced, which lead to different stationary conditions. For
instance, the first-order stationary conditions for MPVCs can be found in [1,10,11].
The second-order stationary conditions and exact penalty theorem are given in [2] and
[12], respectively. Also, relaxation methods in [13], stability in [14], and numerical
algorithms in [15] have been presented. In addition, weak and strong duality results
for MPVCs could be seen in [16].

In the previous works that referenced earlier, all functions which define MPVC
are continuously differentiable. Unlike the MPECs which their non-smooth form has
been studied in some references as in [3,7-9,17], the earlier works for MPVCs assume
the limiting criteria of continuously differentiability for functions. So, to the best of
our knowledge, the current article is the first that studies the stationary conditions for
MPVCs where their constraints are non-smooth, meaning that they are not necessarily
differentiable. In this paper, we assume the objective function is differentiable.

Since the feasible set of an MPVC is not necessarily convex, even under the criteria
of convexity of the functions which construct it (to be discussed in next sections),
applying common methods of convex analysis is not applicable here. Therefore, we
take the non-smooth analysis approach. To choose a suitable sub-differential, we select
a sub-differential which not only is convex but also its calculation rules are known. The
best selection is Clarke sub-differential. Therefore, we consider the functions which
define the problem to be locally Lipschitz.

The structure of the subsequent sections of this paper is as follows: In Sect. 2, we
define required definitions, theorems, and relations of non-smooth analysis. In Sect. 3,
we will introduce some various constraint qualifications for a system with non-smooth
vanishing constraints. Also, relations between defined constraint qualifications are
presented in Sect. 3. In Sect. 4, we apply these constraint qualifications to obtain
different kinds of stationary conditions for the problem.

2 Notations and Preliminaries

In this section, we provide an overview for some notations and preliminary results that
will be used throughout this paper. Further details and examples of these results can
be found in the books [18-20].

First, werecall that R and (x, y) denote, respectively, the nonnegative real numbers
[0, 4o00[ and the standard inner product of vectors x, y € R". For a non-empty subset
M of R", let:

M~ :={xeR": (x,d) <0, Vde M},
M* :={x eR": (x,d) <0, VYde M}.
Mt =M N(=M)"={xeR": (x,d) =0, Vd e M)}.
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It can easily be shown that if M* # @, then c[(M*) = M~, which c¢/(M*) denotes the
topological closure of M*. Here, it is necessary to note that for given closed convex
cones M, M>, M3, and My, we have:

(MiUMy)™ =M NMy, (M xMy) =M x M, (1
(M7 x My)N (M5 x My )= (M7 NM;) x (My N M;). (2)

The convex hull and the convex cone (containing origin) of M C R" are, respectively,
denoted by conv(M) and cone(M). It is easy to see that if { M, },c 4 is a class of convex

subsets of R" with |A| < oo and with the convention | J .4 M, = ¥, then one has:

cone(U MK) = {ZaKdK:aK >0, d. e M.

KEA KeA

The famous bipolar theorem says that (M ~)~ = cl(cone(M)) foreach# # M < R".
We define the normal cone of convex set A C R” at xg € cl(A) as

N(A,xp) :=={d eR": (d,x —xp) <0, VxeA}.
The following relation for any subset K of R” is immediately from bipolar theorem:
N(K™,0) = cl(cone(K)). 3)

Let ¢ : R” — R* := R U {+00} be a locally Lipschitz function, and xo € dom V.
The Clarke sub-differential of i at xq is defined as

0w (x0) :=1{& e R": ¥°(xp; v) > (§,v), VveR"},

where ¥ °(xg; v) denotes the Clarke generalized directional derivative of ¥ at x¢ in
direction v € R",

¥ (xo; v) = limsup AR W()’)'

y—xo 10 t

It should be noted that if ¥ is continuously differentiable at xq, then d.¢ (xg) =
{V¥(x0)}. Consequently, the sentences expressed in terms of . are generalizations of
sentence that are expressed with gradient for C! functions. Moreover, it can be shown
that if ¢ is a locally Lipschitz function, d.v (xo) is a non-empty, convex, and compact
set. Also, ¥°(x; v) is a convex function with respect to v.

If Y1 and v are locally Lipschitz functions, the following relationships should
always hold:
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0 (Y1 + ¥2) (x0) S 31 (x0) + 9:¥2(x0), 4)
dc (A1) (x0) = AdcYri(x0), VA €R, (5)
A (Y1¥2) (x0) € Y1 (x0)0cYr2(x0) + Y2 (x0)dc Y1 (x0), (6)
Vo(x; v) = max{(§, v): & € 0¥ (x0)}. (7

The following three approximate cones for ¥ # M < R" at xo € cl(M) will be
requested in this article:

e The contingent cone I" (M, xg),
I'(M, xo) := {v e R": 3¢ | 0, v, — vsuchthat xg + t,v, € M Vr € N}.
e The cone of feasible directions 1" (M, xq),
T (M, xg) = {v € R": 3¢ > 0, such that xo +tv € M ¥z €]0, g[].
e The cone of attainable directions £2 (M, xgp),
(M, xg) = {v eR":Vt, | 0, Jv, - vsuchthatxg +1v, € M Vr € N}.

Remark 2.1 The cone of attainable directions of M at xp has an another representation
as follows (see, e.g., [19]):

v € 2(M, xp), if and only if there exists a scalar § > 0 together with a map-
ping ¢ : R — R" such that ¢(8) € M for all 8 €]0, 5[, ¢(0) = xo, and
limg o @(ﬁ);‘ﬂ(o) = .

The relationship in these cones is as
(T (M, x0)) € 2(M, x0) € I'(M, x0) < cl(cone (I'(M, xp)) ). ®)

Note that if the continuously differentiable function i (-) attaints its minimum on
M C R"™ at xo € M, then:

— Vi (x0) € Np(M, x0), 9
where Nr(M, xo) denotes the Fréchet normal cone of M at xq, which is defined as
Np(M, xo) := (I"(M, x0))".

3 Constraint Qualifications
Let 7 := {l,...,m}, and for each i € I the functions G; and H; are locally Lip-

schitz from R” to R*. In this section, we introduce and compare several constraint
qualifications (CQ) for the following system with vanishing constraints (SVC in short):
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H:Z{Hi(x)zo, iel,

Hi(x)Gi(x) <0, iel.

The feasible set of IT is assumed to be non-empty, i.e.,
S:={xeR": Hi(x) >0 and H;(x)G;(x) <0 foralli € I} # @.

Considering a feasible point x € S (this point will be fixed throughout this section),
we define following index sets:

Iio:={i el: H(x)>0, G;(x) =0},
I, :={iel: H(x) >0, G;(x) <0},
los =i e I: Hi(}) =0, Gi(¥) > 0},
Ioo:={i €I: Hi(x) =0, G;(x) =0},
Io- =i e I: Hi(}) =0, G:(}) < 0).

For given I, C I and 0 € {G, H}, let

of = U 3.6 (%).

i€l

Notice, if Ioo = @, then [T is locally equivalent with the following system:

j— { Hi(x) =0, Gi(x)>0, i€l
’ Hi(x)>0, Gi(x)<0, ielp-UIl_Ul.
Since IT* has the classic form of nonlinear systems, definition of CQs for it is so easy.
But, when oo # @, there is no any classic system that is equivalent to 7. Thus, we
consider the tightened system for I1, which is a classic system that its feasible set
is contained in S. For this purpose, it is easy to see that the following system is a
tightened system for I7T when oo = 0:

.= =0, Gi(x) =0, i¢€lo,
Tl HM®) =20, Gi(x) <0, ie€l-Uli_Uly.

To add the functions H; and G; fori € Iy to I1,, we can add them to the first line or
to the second line of it. Thus, we achieve the following tightened systems:

g, = 1B =0, Gi(x) =0, i€ loyUlop,
P"TlH@) =0, Gix) <0, ielp-UILi_Ul,

I, — Hi(x) =0, G;j(x)>0, ic¢€lp,
2T Hx) >0, Gi(x)<0, ielp-UIl_UIlUIy.
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Considering IT; and [T, the corresponding linearized cones at X are, respectively,
given by £ and £; , in which
. H __H __H G
Ly = Oy Ulgo Y ( 010+U100> U ( 0107) U (01+0U100) )

. _H H H G
Ly = Olo+ U (_010+) U (_GIO—UIOO) U (01+0U100> :

Following [1,10,11], we also define the linearized cone L~ as

W H H H G
L= O, Y (—a,0+) U (_010_U100> U <UI+O> .

Now, we can define some new version of Abadie, Khun-Tucker, Guignard, Zang-
will, Mangasarian—Fromovitz, and linear independent CQs in extension of the CQs
that are introduced in [1,2,10,11,13—-15]. We also introduce some new useful CQs for
II.

Definition 3.1 We say that IT satisfies
e the MPVC-LICQ at x if IT; satisfies the LICQ at X, i.e.,

0e Y adH(®
ielp+Uly—Uly

+ Y BidGi(®) = ;=0 (Vielpy Ulp-Ulp), fi =0 (Vi € Iop U I10).
ielypoUl o

o the MPVC-MFCQ at x if IT; satisfies the MFCQ at X, i.e.,
i) 0e ZiEI()oUI(H_ aj0:.Hi (X) = a; =0, Vi € Ipo U o4,

(i) (0100U10+)J_ n (_UII(-)I—)S n (01+0U100) 7 0.
e the GCQ at x if

LT € cl(conv (F(S, )?)) )

e the VC-MFCQ at x if
1) O0e Zielooul(pr ;0. H; (X) = a; =0, Vi € Ioo U Ip4,

(ii) (‘7100u10+)J_ N (—G}Z_)S (al+0) # 0.
e the VC-GCQ at x if

L5 C cl(conv (I'(S,%))).

e the weak GCQ (resp., ACQ, KTCQ, ZCQ), denoted shortly by WGCQ (resp.,
WACQ, WKTCQ, WZCQ), at x if

£~ C cl(conv (I'(S, £))) (resp., CI(S, %), (S, %), C cl(T(S,y?))).
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Remark 3.1

(i) Since the feasible set of I1, (resp. I17) is included in S and is not necessarily
equal with it, therefore VC-GCQ (resp. @) for IT is not equivalent to GCQ
for IT (resp. I11). Note that GCQ for I1, (resp. I11) implies the VC-GCQ (resp.
@) for IT.

(i) There are no implication relations between the VC-MFCQ for IT and the MFCQ
for IT, at x. Note that the MFCQ for [T, is irrelevant for us and we did not
consider.

(iii) Unlike the Ref. [1], the inclusion £~ C ¢l (conV (F (S, )?)) ) is not named GCQ
in above definition. The reason of this naming is that the classic GCQ for I7 is
formalized as

(=of iy oma) 0 U 0 (HiGi)(®) | < cl(conv (I'(S. £))).

ieliogUly+Ulp_Uly
(10)
On the other hand, owing to

3 (GiH)(X) € Gi(X)9-H; (%) + H;(X)9.Gi (%),

we conclude that:

<_G;(;I+UIO_U100) n U aL‘(HlGl)()e)

ielioUly+Ulp_Uly

>N [( —aHi(®) N (Gi@ocH, ()2))} N (-aH®) N

iclyt i€loo
N [(—acHi()a)_n(G,-@)acHi(i))_] NN (Hi@aGi®)
iely— ielyg

- N (— acHi()e))f nN (30Hi()2)>7 n N (— acHi(;e))fm
ielyt ielyt ielyo
N (— acHl-(;e))_ n N (BCGi()?))_ —C
iely— ielyg

Therefore, L~ C ¢l (conV (1" (S, )?)) ) is weaker than (10). Note that if the func-
tions H; and G; are continuously differentiable, [1, Lemma 4] shows that equality
holds in last inclusion, and so L~ C cl(conv (I"(S, X)) ) is equivalent to (10).

We recall that by adding the index set Ipp as a whole to system [T, we attained to
systems I1; and IT,. Now, in another way, we add the set Iog to systems /7 in which
Iop has been divided to two parts. To this aim, we call the ordered pair (81, B2), a
partition of Iop and we write (81, B2) € P(loo), if B1 and B> are non-empty subsets
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of Ipp such that 81 N B = ¥ and 1 U Br = Ipp. Motivated by [10], we add B to the
first line and B, to the second line of system I7,, and we get the below system:

BB . Hi(x) =0, Gi(x)>0, ie€lyUpi,
Tl Hi(x) =0, Gi(x)<0, ielp-UIl,_UIlgUPB;.

The feasible set of I7®#1-£2) is denoted by S (B1.2) | Also, we consider the linearized
cone (L#1:£2)™ at £, in which

BB . (o H —oH —af! L
(ﬁ e ) = <010+Uﬁ1> Y ( 610+U;31) Y ( Glo—Uﬁz) v (UI+°U/32> '

Following [10,11], we introduce another linearized cone for IT as £* := £~ N T,
where

T:={deR": H(%:d) G3(£:d) <0, i € Ipo).

It is worth mentioning that the product of convex functions d — H?(%; d) and d —
G;?(JE; d) is, in general, non-convex. So, unlike to L=, £}, £;, and (E(ﬂl’ﬂ”)_, the
linearized cone £* is not convex.

Since the proof of following lemma is just similar to the proof of [11, Lemma 2.4],
we do not repeat it.

Lemma 3.1 The following equality is always true:

ressH= 1"(503"/32),)2).
(B1,B2)€P (1oo)

Lemma 3.2 The following inclusion holds true:

U (£<ﬂ1,ﬁz>>‘ c o,
(B1,82)€P (Ioo)

Proof Assume that d € (ﬁ(ﬁl’ﬂz))_. Then,

ae (o) 0 (ofl) 0 (=ott) n(=af) n(ef,) n(of)

It is enough to prove that:

de (—olﬁ))i NnT.

N _ _
Fromd € (05{) N <—0’£) , it can be concluded that d € (—0,?()) .
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From d € (—aﬂlg)i, we get (d,s) > O foreachi € By and s € a . Therefore,

Hf (x;d) > 0 for each i € B;. Similarly, from d € (oﬂz) we can conclude that
G?(x:d) <0 foreachi € f,. Hence,

H?(x;d) G} (x;d) <0, Viep. an

Also, from d € (agll)l, we deduce that H?(%; d) = 0 for each i € By. This equality
and (11) imply that:

HP(X;d) G{(%;d) <0, ieprUpp=Ilp = deT,

and the lemma is proved. O

n [11, lemma 2.4], the remarkable fact was shown that, if functions H; and G;
are smooth, then equality holds in Lemma 3.2. The following example shows that
inclusion of Lemma 3.2 can be strict in non-smooth case.

Example 3.1 Take in I1,

Hi(x1,x) = —x3,  Gi(x1, x2) = |x1]| — x2,
2
Hy(x1, x2) = x7, Ga(x1, x2) = x1 — |x2].

It is easy to see that the feasible set of this system is § = R_ x {0}. Considering
£ =(0,0), we deduce that Ioo = {1, 2} and P(loo) = {(B1. B2). (B2. B1)}. in which
B1 = {1} and B> = {2}. By a short calculation, we get,

dH (%) = {(0,0)}), H{(:d) =0,

dHr(}) = {(0,0)), HY(:d) =0,

3.G1(%) = [-1, 11 x {1}, GY(&:;d) = |d\| — da,
3.G2(}) = {1} x [-1,1], GY(&:d) =dy — |dal.

Thus, we conclude that

(e (;1) n(-oft) n(of) =Rr-x o
<£<ﬂz,ﬂ1>> (;;1) ( gﬂl)_m<g§f)_={0}xR+,

L = (—0&)7 =R xR,

T={deR: 0xGY(#;d) <0, i=1,2)=RxR.

Therefore,

U (£9) =@ x0)uo) xRy
(B1.82)€P (o)
=R_xRL CRxR=L"NT=_L"
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Corollary 3.1 The following assertion is valid:
s,z cch.

Proof According to Lemmas 3.1 and 3.2, we can conclude that:

) —
(S, %)= U r (S(ﬂlyﬂz)’ )2) (é U r (ﬁ(ﬁl,ﬁz)) c ﬁA’
(B1,B82)€P (Ioo) (B1,82)€P (Ioo)
in which the inclusion (x) always holds (see, e.g., [19]). O

The last corollary leads us to the following definition.

Definition 3.2 We say that I7 satisfies the MPVC-GCQ (resp., MPVC-ACQ, MPVC-
KTCQ, MPVC-ZCQ) at x if

£8 < cl(cony (I'(S, ) (resp., S I'(S, ), € R(5.8). € el(T(S. 1))

Now, we can state the main theorem of this section.

Theorem 3.1 The following diagram summarizes the relationships between the defined
CQs:

MPVC-LICQ
(a) »L
b
Mpvc-MFco -2 ve-MFCQ
(c) »L (d)\
wkTco < wzco
PRTAN w\ (12)
WACQ MPVC-KTCQ <& MPvC-zC0Q
W ¥ N\ w
WGCQ MPVC-ACQ
(m) \ (n) i,
= (q) (p)
GCO Y2 vegeo & mpve-ceo.

where (d) holds when Iog = ) and H; functions are linear fori € Iy, and implication
(¢) holds if Inyp = @ and H; functions for i € Iy are continuously differentiable at X.

Proof

(a) and (b): Straightforward.

(e), (), (j), (i), (1) and (n): The conclusions are immediate from (8).

(m), (h), (g) and (k): The implications are straightforward consequences of LA C
L.
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1
(p): It is enough to prove that £; € L£*. To this end, letd € £; = (Ull(i) N
(—o[‘;’_wm)_ N (aﬁOU[m)_. Fromd e (—01[:0)_ andd € (ogo)_, we can conclude

that:

{d,£)<0, Vieof = G(%;d)<0, i€ ly,

Ioo

(d.&) >0, Véeofl = HY(&d) =0, ic€ly.

Therefore, for each i € Ipg we have:
H(%;d) G{(%;d) <0 = deT.

This means d € £ which gives the assertion.
(g): It is direct consequence of inclusion £ € L.

(d): Let
H 1 7\ G s
de (0,0+> N (—0'10_> N (O’I+0> . (13)
1L
Assume that H;(x) = a;x foreachi € Iy;. From d € (a};) = {a;:i € Iop}*

and ;X = 0 (since H;(x) = 0 forall i € Iyp4), we get:
Hi(} +1td) = a;% +ta;d =0, Vi € Ipy. (14)

s
The definition of Clarke directional derivative and d € (cr g 0) imply that for some

81 > 0 we have:

GY(R:v) <0= G;(k+1d) — Gi(R) <0, Vr€l0,8i[, Vi € Iyg.  (15)
——
=0

o~ N
Put H;(x) := —H;(x) fori € Ip—. According tod € (—GI’(){) , we conclude that
(d,€) <0, V&ed HR), Yiel-.

This means ﬁio (x;d) < 0, and similar to (15), we find a scalar 8, > 0 such that for
all 7 €]0, 8> and i € Iy one has H;(x + td) < 0. Thus,

Hi(x +1td) >0, Viely_, Vt€]0,8]. (16)

Taking § := min{81, 82} > 0, from (14)-(16) we deduce that X + td € S for each
t €]0, 8[. This means that d € 7°(S, x), and so, with regard to (13), we get:

(a,{}l)l N (-a,{){)s n (aﬁo)s TS, 5).
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Therefore, one has:

=) (ol ) n(ef,)
— cz<(g,ff+)L n (—a,f)’_ "N (a,ﬁo)s> C cl(T(S. %) C I(S.%).
(c): Let
d e (VHR): i€ lp )t N (—a};{)s N (o,ﬁo)s .

Accordingto [21, Theorem F], and recalling the linearly independence of {V H; (x): i €
Io+}, we can find a neighborhood U of X and a function v : U —> R”" such that ¢/
is continuous on U and differentiable at X with

v((x) =0, Vyi)=0,
Hi(x + y(x)) = (VH;(X).x — %), Vi€l VxeU. (17)

For each « € R with X + ad € U, let () := X + ad + ¥ (X + ad). Owing to
de{VH;(x):i € Io+}i, there exists & > 0 such that for each  €]0, ¢[ one has:

Hi(p() = H;i(X +nd + ¥ (& + nd)) = n(VH;($),d) =0, i€lpy. (18)

o~ S
Taking H;(x) := —H;i(x) for i € Ip—, and according to d € (—a};{) =

o~ N —~,
(Uie,o_ 0. H; ()2)) , we get Hio(f; d) < 0. Consequently, there exist &1 > 0 and

B > 0 such that:
=0
-~ =
H;(x +td) — H;(x) < —pBt, Vi €]0,¢]. (19)

On the other hand, if we denote the Lipschitz constance of I:I\, (+) around x by p;, then
there exists &5 > 0 such that:

Hi(% +1d) — Hi (% +1d) < pt||d —d||, V1 €l0, e, ¥d e R",  (20)

where p := max{p;: i € Ip_}. Since

=0
¢ 4d P Sy
ta) — t
0= V@) = lim YEFD VD yE+id) @1
d—0 t d—0 t
we find a positive scalar €3 > 0 such that:
x +td
HI/I(X—"HH < ﬁ vt €10, 3]. (22)
t 2p
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Taking n €]0, [ in which & := min{ey, &2, €3}, we conclude that for all i € Ip_ one
has

H (o) = <x+n<d+WxT+nd)>>—ﬁ,-()?+nd)+ﬁ,~(£+nd)

(20) x+nd =~
= pn HMH+H1‘(X+WJ)

(22) 9)
= pn2£+H(X+nd) = ﬁ— ﬂ——?<0

which ensure that
Hi(p(m) <0,  V¥n€l0,&[, Vi € Ip—. (23)

s
Byd e (Uﬁ 0) and the latter proof, we can find a scalar & > 0 such that:

Gi(p(m) <0,  Vn€l0,&[, Vi € Lyo.

The last inequality together (18) and (23) implies that for all € ]O, min{e, g, 5}[ we
have ¢(n) € S. Also,

e —9©) X And + Y (X +nd) - X - Y ey
lim —— = = lim
n—0 n n—0 n

0,

and sod € £2(S, x).
Thus, we proved that:

(VH(R): i € Ips )" N (—a}O{)S N (030>S C Q(S, %),
which ensure that
£ =d((VH@: i e o 0 (=0l ) 0 (of,)) S el(@s.0) € 265 9.

O

Example 3.2 Consider the following system,

= x2 >0,
11 =
{X2(X2 —lxiD) =0.

with following data:
Hi(x1,x2) =x2, Gi(x1,x2) =x2 — |x1], X =1(0,0), I={1}.
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X5

X,= X,|

Fig. 1 Feasible set of i

We have drawn the feasible set of [T in Fig. 1. With a simple calculation, it could be
seen that:

Ioo = {1}, 9:.Hi(x) ={(0, D}, 08:.G1(%)=[-1,1]x {1}.

The MPVC-LICQ is not satisfied at X, since we can choose @ = 1 and 81 = —1 in
the following inclusion,

0 € a1 {(0, D} + Bi([—1, 1] x {1}).
According to

0€aif(0,)} = a1 =0,
N
{0, D}t N ([—1, 1] x {1}) = (R x{0}) N ({0}x] —00,0[) =0, (24)
we conclude that the MPVC-MFCQ is not satisfied at X, while the implication (24)
and equality {(0, 1)} = R x {(0, 0)} # @ show that the VC-MFCQ holds at £. Thus,
VC-MFCQ is strictly weaker than MPVC-MFCQ for non-smooth SVCs. Also,
L7 ={-0,1)}" =R xRy,
£7 =10, DI A (=111 x (1)) = (R x {0}) N ({0} x R-) = {0, 0)),

—

3 =100y n (=11 x (1)) =1{©.0),
LA=L"N{deR?: dy >0, do(dr — |d1]) <0} = S.
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Above equalities show that WZCQ, WKTCQ, and WACQ fail, whereas WGCQ,
MPVC-ZCQ, MPVC-KTCQ, MPVC-ACQ, MPVC-GCQ, VC-GCQ, and GC 0 hold
at x. Thus, the inverse implications of [WZCQ = MPVC-ZCQ], [WKTCQ =
MPVC-KTCQ], [WACQ = MPVC-ACQ],and [WACQ = WGCQ] do not
hold. Also, the assumption loo = @ could not be eliminated in the implications
[VC-MFCQ = WKTCQland [VC-MFCQ = WZCQ].

4 Stationarity Conditions

In this section, motivated by [12,14,15], we will be mainly concerned with the math-
ematical problem with vanishing constraints (MPVC) given as

min f(x) st xeS, (P)

where f : R — R is a continuously differentiable function and S is defined as
previous section. It should be noted that the general form of a MPVC which has been
considered in [1,2,10,11,13,16] includes inequality constraints g;(x) < 0, j € J
and equality constraints i;(x) = 0, ¢t € T for some finite index sets J and 7T'. Since
adding these constraints to problem (P) does not increase the technical problems of
the issue and just prolongs the formulas, we ignore them and just deal with problem
(P).

Now, we can state the KKT type necessary optimality condition for problem (P).
The following theorem is non-smooth version of [1, Theorem 1].

Theorem 4.1 Let X be a local solution of (P) such that WGCQ holds at x. If cone(L)
is a closed cone, and the objective function f(-) is continuously differentiable at X,
then there exist coefficients )»l.H and )\l.G, fori € I, such that:

0e Vf()%)+Z(—AflacHi(i)—H»iGaCG,-()G)), (25)

iel
and

M =0 (elioUlis), A >0 (ielp-Ulyp), A free (i €lpy), (26)
A =0 (el Ulp-UlpUIli-), 1% >0 (€ l). 27)

Proof Owingto (9), WGCQ, bipolar theorem, and closedness of cone(L), we conclude
that

—Vf(&) € Np(S,%) = (I'(S,%))” = (cl(conv (I'(S,%))))” € L™~ = cl(cone(L)) = cone(L).
Considering the structure of convex cones, we can find nonnegative scalars
a; (i € loy), b (i€lpy), ¢ (elpUly-), di(e€l),
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such that

Vi@ € Y adHiE) + Y —bidHi®) + Y, —cidH®) + Y did.Gi(R).

ielyt ielyt ielppUlp— ielyo
Tacking
—(a; = b;), ifielyy,
)Ll-H =1c if i € lpoU Iy—,
0 if i € [+_ U ]+(),
3G . di ifielyo,
10 ifiely— Ulyr Uly_ U Iy,
the result is proved. O

Conditions (25)—(27) were named the KKT conditions and strongly stationary
conditions for (P) in [1,10], respectively. We will call them the strongly stationary
conditions (SSC in short) too.

The following example shows that we cannot replace the smoothness condition of
f () by its Lipschitzian condition in above theorem, and we cannot replace the V f (X)
by 9. f(X) in (25) too.

Example 4.1 Consider the optimization problem as
min —x2 + [x; —xz| s.t. x € S = ({0} x Ry) U (R4 x {0}).
We can formalize this problem as a MPVC with following data,

Hi(x1,x2) =x2, Ha(x1,x2) =x1, Gi(x1,x2) = —x1, Ga(x1,x2) = —x2,

fx1,x2) = —x2 + |x1 — x2|.
We observe that x = (0, 0) is an optimal solution of problem, and Iog = {1, 2}. Since
L = (—ago)_ = ({(-1,0), (0, -1}~ =Ry x Ry = conv(I'(S, X)),

the WGCAQ is satisfied at x. It is easy to show that the cone(£) is closed, and also, the
below SSC type relations do not hold for any nonnegative scalars Afl , ){1 , Af, and

OO )

yel-1,1, 1f=xrf=o0.

The following example shows the assumption of closedness of cone (L) in Theorem
4.1 cannot be waived.
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Example 4.2 Let H (x1, x2) = 1, and G (x1, x) is the support function of
0 :={(—q,—¢":0<q <1}

Thus, S = {(x1, x) € R2: x1 >0, x;+x > 0}. Clearly, X = (0, 0) is the optimal
solution of the problem minycs f(x),in which f(x1, x2) = x. By a short calculation,
we get I19 = {1}, and

L=03.G1(%)=0={(x1,x)eR* —1<x; <0, x1 <x2<—x}U{0,0), (=1, =D},
£ =5 =cl(conv(I(5,8)),

cone(L) = {(x1,x2) € R?: x; < x2, x1 <0, x2 <0} U{(0, 0)}.

Therefore, the WGCQ s satisfied at £, and cone (L) is not closed. Obviously, following
SSC type relations do not hold for each of the nonnegative scalars Afl and Af:

(0,0) € {(1,0)} = (0,00} + 250, 1 =o0.

As diagram (12) shows, VC-GCQ is weaker than WGCQ. In [1, page 93], with an
example shows that WGCQ is strictly stronger than VC-GCQ. As aresult, it seems that
one cannot get from VC-GCQ (resp. @) to SSC, but it can reach to some weaker
conditions which in future, we call them VC-stationary conditions (reap. weakly sta-
tionary conditions).

Since the proof of following theorem is similar to the proof of Theorem 4.1, we
1gnore 1t.

Theorem 4.2 Suppose that x is a local solution of (P) and VC-GCQ (resp. @)
holds at x. If cone(Ly) (resp. cone(L1)) be a closed cone, then there exist real coeffi-
cients )LiH and AiG,for i € I, which satisfy in (25) and

M =0 (ely—Uly), Alfree(eloy), A >0 (ielo-VUly),

A8 =0 (iel+ Ulos Ulp-), AZ >0 (i € Io U loo).

o =0 (ieli—Uly), Afffree(ielorUly), .AT>0 (elp),
p- AG_O (el Ul Uly), 28>0 (i eliU o).

(28)

(29)

As mentioned before, conditions (25) and (28) are refereed by VC-stationary condition
(VCSC in brief), and conditions (25) and (29) are named weakly stationary conditions
(shortly, WSC).

Theorem 4.3 Assume that X is an optimal solution of (P), and MPVC-GCQ is satisfied
at x. If cone (,C(ﬂf'ﬁ;)> and cone (/_;(ﬂé‘,ﬁi‘)) are closed for some (BY, B3) € Ppo),

then the strongly stationary conditions hold at X.
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Proof Considering the classic formula (9), MPVC-GCQ, Lemma 3.2, and bipolar
theorem, one can see that

—VF@ e (IS %) ¢ <£A>7 c U <£<ﬁ1,ﬂ2>))
(B1.B2)€P (Ioo)

- N (Um ﬁz))" - N (Cone (E(ﬁlﬁz)) )
(B1.B2)€P (1oo) (B1.B2)€P (1oo)

Ccl (cone (g(ﬁiﬁ?))) Nel (cone (E(ﬁ§’ﬁf>)) = cone (ﬂﬁiﬁ;)) N cone (ﬂ(ﬂ}ﬂﬂ?)) .
(30)

On the other hand, according to the definition of LB1F) and £P5-F1) we have

cone (LE) = JY D~ + Y —afaHi@
iGI()JrUﬂT iGI(),U,Bik
+ Y A0.Gid):
i€1+ouﬂ;
A free ieloppr UBH AT >0 ielp-UB;

i =

28>0 ie1+0u,3§},

and
cone (LD = JY D0 —afacm+ Y o Hi®
ieloyUBS ielp-UBY
+ ) MG
iEI+()UﬁT

AMlfree ielorUBy AT > 0ielyUpH
A >0 e1+0u;3;*}.

Therefore,

cone (ﬁ(ﬂf’55)> N cone (ﬁ(ﬁg’ﬁf)) = U Z — )»,HBCH,- x) + Z )L[GBCGi()?):
i€lo+Ulp—Ulno i€l

Al free i€ lop; A1 >0 ieBfUBs=1Io; AT >0 ielp; 28>0 i610+}

:U{Z(—kflacHi(f)—kkiGacG,-(f)):Al-Hfree i€lop; AMT=0 ielioUli_;
iel

H ~ . 4G . 4G _q

At =0 ielppUly—; A7 >0 ieli; A7 =0 lEI()+U10_UI()()UI+_}.

(31)
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Combining the virtues of (30) and (31) , the result is proved. O

As we saw in proof of Theorem 4.3,
cone(LP1-F2) N cone(LP2PV) = cone(L),

foreach (81, B2) € P(Iyo), and so, the closedness of cone(L£#1:2)) and cone (L F2A1))
leads us to closedness of cone (L), while closedness of cone(£) does not lead to them.
There are two different assumptions in getting the SSC:

(a) WGCQ and closedness of cone(L) (Theorem 4.1).
(b) MPVC-GCQ and closedness of cone(L®P1-£2)y and cone (LP2-AD) (Theorem 4.3).

Since the MPVC-GCQ is weaker than WGCQ (see diagram (12)) and closedness
condition in (b) is stronger than in (a), none of Theorems 4.1 and 4.3 are better than
the other. It is worth mentioning that if H; and G; are continuously differentiable,
their sub-differentials contain single element, and so, the closedness conditions in (a)
and (b) automatically hold. Hence, as mentioned in [11], Theorem 4.3 is strictly better
than Theorem 4.1 for MPVCs with smooth constraints.

5 Conclusions

Calculating the Clarke sub-differential of a function & : R” — R might be difficult
in general. However, the functions considered in our work are locally Lipschitz and it
empowers the numerical viability of our presented necessary conditions. This is due to
an important corollary of the Rademacher’s Theorem [18] which says: Given x € R”,

3.h(F) = conv ({rlil‘éo VFO0): X, — %, % € Q}) , (32)

in which Q is any full-measure subset of R” that includes all the points where £ is
differentiable. According to (32), the gradient sampling approach [22] can be utilized
to generate a suitable approximation of d./(x) and applying in our results. Here, we
address this approach briefly. Considering an appropriate ball centered at x, say Ug,
a large number of points in Us are randomly generated. At the second steep, among
randomly generated points, the points at which 7 is differentiable are selected. Assume
that these points are x1, x2, . . ., X¢. According to (32),

Cr:=conv({Vh(x,):r=1,2,...,k})

is considered as an approximation of d./(x) and is applied in our results. The accuracy
of this approximation can be improved by increasing k. See [22] for more details about
gradient sampling techniques. To compute d./(x), another sampling method has been
presented in [23]. It works based on e-sub-differential introduced by Goldstein.
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