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1 Introduction

Let us consider polyconvex integrals of the Calculus of Variations. Partial regularity
results (that is, the regularity of minimizers up to a subset of the set of definition and the
study of the properties of the singular set; see for example Section 4.2 in [1] and Section
1 in [2]) are contained in [3—10]. Only few everywhere regularity results are available:
[11] where the everywhere continuity is proved in the two-dimensional case, [12]
where Holder continuity for extremals is dealt with in dimension two, [ 13] where local
boundedness is proved in the three-dimensional case. Global pointwise bounds are in
[14-19]. Interesting results are contained in [20-25]; see also [26,27]. Let us come
back to [13]; in such a paper, the authors make an important step toward regularity:
they prove boundedness of minimizers in the three-dimensional case; unfortunately,
they make restrictions that rule out the most important polyconvex integral. In the
present paper, we find a different set of assumptions, which allows us to deal with
such a polyconvex integral. In the next section, we write assumptions and results; in
Sect. 3 we collect some preliminaries and, in Sect. 4, we give the proof of the main
theorem.

2 Assumptions and Results

In this paper we study the regularity of vectorial local minimizers of integral functionals
10.2) = [ f. Duar, M
Q

where £2 ¢ R3isan open, bounded set, v : £2 C R > R3,v= (vl, v2, v3) and Dv
is the Jacobian matrix of its partial derivatives

Dv! vlovl ol

wra=123 ) 2 3 S
Dv=(5),2 55 = | Dv> | = v, vy, vy |

Dv3 N

x1 Yxy Yxs

moreover, f : 2 x R3*3 — [0, 400 is a Carathéodory function such that for fixed
x

& — f(x, &) is polyconvex
that is
f(x, &) =g(x,&, adj,&,det) with (&, A, 1) = g(x,§,A,1) convex, (2)
see [28,29]. When dealing with models in nonlinear elasticity, f is the stored-energy
function; moreover, &, adj,&, det§ govern the deformation of line, surface and volume

elements respectively. Our model is

f(x, Dv) = |Dv|? + |adj, Dv|¢ + |detDv], A3)
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where det Dv is the determinant of the matrix Dv, and adj, Dv denotes the adjugate
matrix of order 2, whose components are

o o
(adjy Dv)ij = (—1)'* det( . ;*) i, jef1,2,3),
vXkﬂ U)Cg

with o, B € {1,2,3}\ {i}, @« < B,and k, € € {1,2,3}\ {j}, kK < £. Moreover,
(adj, Dv)* denotes the oo —row of adj, Dwv, that is

(adj, Dv)* = ((adjy Dv)a1, (adj; Dv)a2, (adj; Dv)as) -

In paper [13], the authors consider densities f for which the following splitting
holds true

3 3
f(x, Dv) = Z F%(x, Dv*) + Z G#(x, (adj, Dv)?) 4+ H(x,det Dv)  (4)
a=1 B=1

for suitable nonnegative functions F¢, GP?, H. Note that model 3), with p # 2,
cannot be written as (4); see Lemma A.1 in “Appendix A”. In this paper, we succeed
in dealing with model (3) and we prove the following

Theorem 2.1 Let 2 be a bounded and open subset of R3. Assume that 1 <r < q <
p <3with2 < p and

* *
£<min{1— ar , 1 — i }, if 1<qg<2,
P* p(p*—q) q(p*—r)
2 * _2 * *
£<min{l— P _(q )p,l— di } if 2<gq; (5
p* p(p*—2) q(p*—2) q(p*—r)

then all the local minimizers u € Wllo’cp (82; R3) of

/ (IDul? + |adj, Du|? + |detDu|") 6)
22

are locally bounded in S2.

We recall that p* is the Sobolev exponent: p* = n’?p = 33_—pp
moreover, p* is any number greater than p when p = n = 3, so it can be chosen
large enough that (5) is satisfied by assuming only 1 <r < g < p. We notice that we
have restricted ourselves to the case p < 3 because, when p > 3, every function in
Wllo’ f (£2) is trivially in L} (£2) by the Sobolev theorem. Note that we have existence

of minimizers for (6) when 2 < p, % <gqgand 1 < r, provided a boundary datum

uwe whr ($2; R3), with finite energy, has been fixed; see Remark 8.32 (iii) in [29]
and Theorem 3.1 in [13]. Condition (5) is satisfied, for example, when p = 1?4, q =2,

when p < n = 3;

r= % and this gives us the following.
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M
Corollary 2.1 Let 2 be a bounded and open subset of R® and let u € Wllo'c5 (£2; R?)
be a local minimizer of

/ (1Du|S + |adj, Dul? + |detDu|2); %)
2

then u is locally bounded in S2.

In the framework of Corollary 2.1, we have £ = % < 2 = g, so the existence
of minimizers is guaranteed as in the previous lines. Theorem 2.1 is a particular case
of a more general result. Let us note that model (3) suggests we assume the following
structure

[0, 8) = Fx, 1) + G(x, ladip§[*) + H(x, det§), ®)

where F, G and H are Carathéodory nonnegative functions. We assume p-growth
with respect to &, g-growth with respect to adj,& and r-growth with respect to deté

kitP’? —ky < F(x, 1) < kat?’? + a(x) &)
ki1 —ky < G(x, 1) < k3t?"* + b(x) (10)
0 < H(x,s) <ksls|" +cx), an

where ki, ko, k3 are constants such that ki, k3 €]0, +oo[ and k, € [0, +oo[ and
a,b,c: 2 — [0,4o00[ are functions in L? (§2), o > 1; as far as exponents p, g, r
are concerned, we assume that 2 < p < 3and 1l <r < g < p. Now we need to
control the behavior of F with respect to the sum from below
Fx,n)+ F(x,n) —ky < F(x, 11 + 12). (12)
A weaker condition is needed for G:

Gx,n) —ky =Gx, 1 + ). (13)

We also need to control the behavior of F with respect to the sum from above:

L1
F(x,ti +1n) < F(x,t1) + F(x, ) + kstit; ~ +a(x). (14)

Note that in (14) there is an extra term with the product between #; and . When
q > 2 we assume

41
Gx,t1 + 1) < Gx,n)+ G, n) +ktit; 4+ bx). (15)

When g < 2 we do not need the product between #; and 7, any longer; we require
subadditivity
Gx,t1+1) <Gkx,h)+Gx,n)+bx). (16)
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Functions F verifying the previous assumptions are F(x,1) = y(x)t?/? and
Fx,t) = y(x)(1 + 2P/, provided y (x) is positive and away from both 0 and
+o00; similar examples for G and H: see Remarks 3.2, .. ., 3.7. Our main result is the
following

Theorem 2.2 Let 2 be a bounded and open subset of R® and let f be as in (8);
assume that conditions (9)—(16) hold with 1 <r < g < p < 3 such that2 < p and

* * 1
£<min{1— by _ P ,1——}, ifl<q<2,
p* pP(p*—q) q(p*—r) o
p . 2p* (g —2)p* rp* 1 .
— <minil — — , 1 — ,1——1, if2<gq.
p* p(p*=2) q(p*—2) q(p*—r) o

a7

Then, all the local minimizers u € Wllo’cp (82;: R3) of I are locally bounded in $2.

Note that % =0, if 0 = oco. In our Theorem 2.2, we assume (8); in [13] (4) was in
force: in vectorial problems, some structure conditions are due to minimizers which
can be unbounded: see De Giorgi’s counterexample [30]; see also [31], Section 3 in
[1] and [32]. As far as exponents p, g, r are concerned, (17) is the same as (2.5) in
[13] when 1 < g < 2;if 2 < g then (17) seems to require a bit more than (2.5) in
[13]: see comparison (72).

The integrals we consider show a p growth from below and a g growth from above,
so we are in the class of functionals with p, g-growth. It is now well known, as in our
result, that a restriction between p and ¢ must be imposed due to counterexamples in
[33-37]; see also [38,39]; we refer to [1] for a detailed survey on the subject.

3 Preliminaries

In this section, we recall some standard definitions and collect several lemmas useful
in our proofs.
First of all, we recall the following

Definition 3.1 A function u € W,>! (2; R%) is a local minimizer of (1) if f(Du) €
L} .(£2)and

I(u, supp ) < I(u+ ¢, supp¢), (18)
forall € Wh1(£2, R?) with suppp CC £2.

All the norms we use on R3 and R3*3 will be the standard Euclidean ones
and denoted by | - | in all cases. In particular, for matrices &, n € R3*3 we write

(£, ) := trace(£T ) for the usual inner product of £ and 7, and |£| := (&, S)% for the
corresponding Euclidean norm.

Lemma 3.1 Fora,b > 0 we have that

a"+b" <(a+b)", if m>1, (19)
(a+b)"™ <a™ +b" +mab™ ", if 1<m<2. (20)
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Proof When m = 1, (19) and (20) are easy. We are left with the case 1 < m. It is
obvious that (19) and (20) hold true both for b = 0. We now assume b > 0 and we let

t = a/b. It suffices to show that for t > 0,

M1 <@+D", if m>1,
G+D" <t"+14+me, if 1<m<2.

In order to prove (21), we let h(t) = (t + 1)™ — " — 1. Since
h( ) =0

and, bym > 1,
Wty =m[@t+ D" =1 >0,

then h(t) > 0 and (21) follows.
Regarding (22), we let g(t) = (t + 1) — ™ — mt — 1. Since

8(0) =0,
g/(t) = m[(f + l)m_l — [m_l — 1] < m[tm_l +1— tm_l _ 1]

where we used 1 < m < 2 and Remark 3.1, then (22) follows.

Remark 3.1 We recall the well-known inequality: for a, b > 0 we have
(a+b)" <ad™ +b", if 0<m<1.
Lemma 3.2 Fixm € [—%, 400l and consider V : R — R as follows
v =(1+52)"s:

then, V : R — R is strictly increasing.

Proof We compute the first derivative

V/(s) = (1 + sz)mq [(2m + 1)s? + 1];

since m > —%, we have V'(s) > 0 for every s € R. This ends the proof.

Lemma 3.3 Fix p € [2, +0o[; consider w : R — R as follows
w(a, b) = [1+ (a +b)1P* = (1 + a1 —[1 4+ 571774,

Then,
a>0, b>0—=— w(0,0) <wla,b).

@ Springer
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Proof We compute the first partial derivatives:

9
a—w(a, b) = %[1 +(a+ AP 12 + b) — 5[1 + a2 P12
a

= §{V(a +b) = V(a)}

and

9
%(a, b) = g[l + (a+b)APD 2@+ b) - %[1 + B2 P12y

= §{V<a +b) — V(b))

where V is given by (28) with m = (p/4) — 1. Note that m > —1/2 since p > 2.
Then, V is increasing so that, when a > 0 and » > 0, we have
V(a+b)—V(a) >0and V(a + b) — V(b) > 0. This shows that

0 d
a>0, b>0= ——(a,b)>0, “—(a,b)>0. 32)
da b

Then, a — w(a, b) increases and b — w(a, b) increases too, if we restrict ourselves
toa > 0and b > 0; thus,

w(0,0) < w(0,b) < wla,b), (33)

provided b > 0 and a > 0. This ends the proof. O

Corollary 3.1 Fix p € [2, +o0]; then,
az0, b=0=[1+a P +[1+1"* 1 <[1+@+b°1P*  (34)
Proof We write (31) explicitly and we get (34). O
Lemma 3.4 Fix p €]2,3]. Ifa > 0and b > 0, then
[1+ (a+ b2 <[1+a21P/* + 1+ 2174 + gab(”/z)_l +1. (35

Proof Since p €]2, 3] we have £ e]%, %] and we can use (27) with m = £:

[1+ (a+b)21P* < [11P* + [(a + D)2 1P =14 (a + b)P/% (36)
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now 5 €]l, %] and we can use (20) with m = £:

1+ (a+b)P?

IA

1+aP? + b7 + gab(p/z)’l
= 1+ (@P* + AP+ gab(p/z)’l
< T+ [14a®1P* 1+ 2P+ gab(”/z)’l. (37)
This ends the proof. O
Lemma 3.5 Fix g €]1, 2]. Then,
a>0, b>0=[1+(@+b2"* <1 +a®1*+[1+b*19*+1. (38)
Proof Since g €]1, 2] we have % e]}T, %] and we can use (27) withm = %:

[1+ @+ b)29* < 19* £ [(a +b)*1* = 1 + (@ + b))V (39)

now % e]%, 1] and we can use (27) with m = :

1+ (a+b0)7* < 1 +a?? + p?/?
=14 (@)?* + b/
L+ [+ a1 11+ 579, (40)

A

This ends the proof. O

Now we are able to give examples of functions F, G, H verifying conditions
required in Theorem 2.2.

Remark 3.2 Fix p €]2, 3] and define
F(x,t) = yx)?? (41)

for t € [0, +o00[, where y| < y(x) < y» with y1, y» €]0, +00[. Then (9), (12), (14)
hold true with k1 = y1, kp = 0, k3 = %yz, a(x) = 0. Indeed, we use (19) and (20)
with m = p/2 in Lemma 3.1 and we are done.

Remark 3.3 Fix g €]1, 3[ and define
G(x, 1) = y(x)r1/? (42)

for t € [0, +o0o[, where y; < y(x) < y» with y1, y» €]0, 400[. Then, when g > 2,
(10), (13), (15) hold true with ky = y1, ko =0, k3 = %J/z, b(x) = 0. Indeed, we use
(20) withm = ¢ /2 in Lemma 3.1 and we are done. Moreover, when g < 2, (10), (13),
(16) hold true with k1 = y1, ko = 0, k3 = 2, b(x) = 0. Indeed, when g < 2, we use
the well-known inequality (27) with m = ¢ /2 and we are done.
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Remark 3.4 Fix r € [1, 3] and define

H(x,s) =yx)|s|" 43)
for s € R, where y; < y(x) < y» with y1, y» €]0, +o0[. Then, (11) holds true with
k3 = y2,c(x) = 0.
Remark 3.5 Fix p €]2, 3] and define

F(x, 1) = y(0)[1 + 21/ (44)

for t € [0, +oo[, where y; < y(x) < y» with y1, y» €]0, +00[. Then (9), (12), (14)
hold true with k1 = y1, ko = 2, k3 = %yz, a(x) = y». Indeed, we use (27) with
m = p/4, (34) and (35).

Remark 3.6 Fix g €]1, 3[ and define
G(x, 1) =y ([l + 219/ (45)

for t € [0, +oo[, where y1 < y(x) < y» with y1, y» €]0, +00[. Then, when g > 2,
(10), (13), (15) hold true with k| = y1, ko = 0, k3 = %7/2, b(x) = y». Indeed, we use
(27) with m = g /4, (35) and we are done. Moreover, when ¢ < 2, (10), (13), (16)
hold true with k; = y1, k> = 0, k3 = y2, b(x) = y». Indeed, when g < 2, we use (27)
with m = ¢ /4, (38) and we are done.

Remark 3.7 Fix r € [1, 3] and define
H(x,s) =yl + [s*17? (46)

for s € R, where y; < y(x) < y» with y1, y» €]0, +0o0[. Then, (11) holds true with
k3 =22y, c(x) = 2"%y;.

The following lemma can be found in [13] as Lemma 4.1.

Lemma 3.6 Consider the matrices A, B € R3*3:

Al B!
A= B%)|, B=| B
B3 B3

Then, the following estimates hold:

(2) |Al < |A'| +|B? +|B’|,
(b) |det A| < |A'[|(adj;B)"],
(©) I(adjyA)2;| < |AY|B?| and |(adjy A)3;| < |A']|B?|, forall j € {1,2,3).
In order to get our main result, we have to prove a suitable Caccioppoli-type
inequality for any component u® of the local minimizer u of functional 7 (1) on

every superlevel set {u* > k}. To this goal, we will use the following lemma (see [13]
for a proof).
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Lemma 3.7 Let 2 be an open subset of R3. Consider a Carathéodory function f
2 x R3*3 = [0, +00l. Assume that there exist ¢1, c3 > 0 and ¢; > 0 such that, for
every £ € R33,

c1(1€17 + ladjp€17) — 2 < f(x,8) = c3(§1” + [(adjpé)|? + | det &[] + 1 + (X)),

withl <p,1<gq,1 <r,o)=>0.
Letu € Wllo’cp(.Q; R3) be such that x — f(x, Du(x)) € L}OC(Q)' Fixn € C(])(Q)’

n > 0and k € R, and denote, for almost every x € {u' > k} N {n > 0},

un !t (k —zul)Dn

A= Du
Du3
If
p'p P*q
q < and r <
pP*+p r*+aq
and w € L}OC(.Q), then

nhfx,A) e L'({u' > kyn{n >0}, Vu = p*

4 Proof of Theorem 2.2

We want to stress that the proof of our result follows the idea used in [13]: we provide
the local boundedness of the minimizers by proving that each component is locally
bounded. In the following lemma, we refer to the first component «': the core of the
proof lies in the following Caccioppoli-type inequality, obtained on every superlevel
set {u! > k}. We keep in mind that p* = n”fp if p < n =3and p* is any number
> p when p =n =3.

Proposition 4.1 (Caccioppoli-type estimate) Let f be as in (8) satisfying (9)—(16)
withl <r < q < p < 3 such that

*

pp P*q
, r< .
p+ p* p*+gq

2<p, g< a7

Letu € Wllo’cp(.Q; R3) be a local minimizer of I. Let Bg(xo) CC §2 with|Bg(xo)| < 1;
fixed k € R, denote

Apr=1{x € By(xo) tu'(x) >k} O<7<R.

Then, there exists C = C(k1, ko, k3, p, q,r, p*) > O such that, forevery0 < s <t <
R:
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u' —k P
/1 |Du1|1’dx§C/1 < ) dX+C{1+||a+b+C”L“(BR)
A Ak,t

t—s
k,s

P*¥(p-2) ap*
»(pF—2) p o(p*—q)
+( (|Du?| + |Du3|)f’dx)’ S (/ (10w +1Du)) dx)’ n
Br * Bgr

%

. 1iq q(.z:,;fr) 2 3p p(piZ)
+ |(adj, Du) " | dx + 12,+00)(9) (IDu”| + |Du|)Pdx
Br Bpr
s
o
x (/ |(adj2Du)1|‘1dx>q } 1AL 1P,
Br ’
(48)
where
* * ‘l
9:=min{1— ap , 1 — 4 , ——}, ifl <qg <2,
p(p*—q) q(p*—r) o
2p* —2)p* * 1
9::min{l— P _4=2p ——}, if2 < g,
p(p*=2) q(p*—2) q(p*—r) o
withé:OifU:oo.
Proof The condition |Bg(xg)| = 4"3R3 < 1 ensures R < 1. Let s, t be such that

0 < s <t < R. Consider a cutoff function n € C;°(B;(xo)) satisfying the following
assumptions:

2
0<n=1 n=1linBs(xy), |[Dy| < ;
-8
Fixing k € R, define w € W27 (2; RY),
w' = max{u' —k,0}, w?> =0, w?=0,

and, for u = p*,
¢ = —n"tw.
For almost every x € 2\ ({n > 0} N {u' > k}) we have ¢ = 0, thus
f&x, Du+ Dy) = f(x, Du) (49)

almost everywhere in 22 \ ({ > 0} N {u' > k}).
For almost every x € {n > 0} N {u! > k} denote

un~ 'k —u')Dn
A= Du? . (50)
Du’
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We notice that
(1= n")Du' + pn =tk —u") Dy
Du + D¢ = Du? =0 -n")Du+n*A.
Du’
Moreover, since for almost every x € {n > 0} N {u' > k},
det(Du + D¢) = (1 — n"*)det Du + n* det A
and
adj,(Du + Dg) = (1 — n*)adj, Du + n*adj, A,
then, since f is polyconvex, we get that
f(x, Du+ Do) < (1 —n")f(x, Du) + 0" f(x, A) (S
almost everywhere in {n > 0} N (u' > k).

By the minimality of u, f(x, Du) € L
Lemma 3.7, deducing that

1

Ioc(£2); note that in our case we can use

" fx,A) e L'(n > 0y N {u' > k)).

Therefore, (49) and (51) imply f(x, Du 4+ Dgp) € L (£2).

loc

By the local minimality of u, (49) and (51), recalling that A}m is the set {x €
B:(x0) : u'(x) > k}, we have

/ f(x, Du)dx < / f(x, Du+ Dg)dx
A ,N{n>0)

Ai‘tﬂ{n>0}

<[ = D A
Al ,N{n>0}
The inequality above implies

/ n" f (x, Du)dx < / n* f (x, A)dx.
Al .N{y>0} Ag ,Nin=>0}

Taking into account the expression of f (see (8)), we obtain from the above inequality
that

/ H [F(x, \Dul?) + G(x, |adj, Dul?) + H(x, det Du)] dx
A,}v_[ﬂ{n>0}

5/ M [F(x, 1A]?) + G(x, ladipA]) +H(x,detA)]dx. (52)
A,},_[ﬂ{n>()}
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Denote i = (u2, u?) and

We have
|Du|? = |Du')? + | D%

we use (12) with #; = |Du'|? and 1, = | Dii|?, so that

/1 nt [F(x, \Du'?) + F(x, |Dﬁ|2)—k2]dx
Akv[ﬁ{n>0} (53)

< n*F(x, |Du|*)dx.
AfN{n>0}

Note that
AP = A" + | Dl

by using (14) with 1; = |A!|? and 1, = | Dii|?, we obtain

/ n*F(x, |A]*)dx
A ,N{n>0}
S/ nt [F(x, |AY?) + F(x, |Dit)?)
Al .nin>0}
+hslAY (D) + a(x)] dx. (54)

Furthermore, setting

|A]* = |(adjy Du)* > + |adjy Du)* 1>, |AP® = |(adj,A)*|* + [(adj, )P (55)
and noticing

(adj,A)! = (adj, Du)’,

we can write

ladj, Du|* = |(adj, Du)" |* + |(adj, Du)?|* + |(adj, Du)* > = |(adi, Du)' |* + | A,
ladi, A|* = |(adj, A)' 1> + |(adj, A)%|* + | (adjy A)*|? = |(adj Du) ' |* + |A]%.
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Applying (13) with r; = |(adj, Du)'|? and 1, = |A|?, we get
[, (6w ladipo' P~ k) ax
Al n{y>0}

< / n"G(x, |adj, Du|?)dx. (56)
Al N{n>0}

Assumption (15) when ¢ > 2 or (16) when ¢ < 2, with #; = |A:|2 and 1, =
|(adj, Du)'|?, yields

f "G (x, adj, A[*)dx < / "G (x, |A%)
Al n{n>0} AfN{n>0}

-~ -1
+ G, @iy Di)'2) + () + 10,400 @Ksl A1 (1(adiy D) ) 1. (57)

By virtue of (53),(54), (56) and (57), from (52), we get

f n“[F (x, |Du'|*) + F(x, |Dii|*) — 2k,
Ag,N{n>0}

+G(x, |(adj, Du)' [*) + H (x, detDu)]dx

< / W[ F G IATD) + Fx D) + ksl P Da) 5!
Al .n{n>0}
+a(x) + Gx, |A1P) + G(x, [(adjy Du)' |1*) + b(x)
~ 1-1
+ 12 400) (@)k3] A2 (I(adszu)l |2) T L HG, detA)]dx

and then

f nh [F(x, \Du' 1) — 2ks + H (x, detDu)] dx
Al Nin>0}

< Fx, |A'P) + k3| A PADa») 5 + a() + Gx, |AP) (58)

r/“[
Ali_tﬁ{n>0}
= q_
+b(x) + L2 400) (@)k3] A (| (adjy Du) ') 2 "L HG, detA)]dx.

In order to estimate the first two terms on the right-hand side of (58), we recall that
u=p*> pand

A= pn~'(k —u")Dn.
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By using the right-hand side of (9) and the fact z” < 1 + P if 7 > 0, we obtain

/ AP < i [kalATP + ao] de
Al .N{y>0} A Nin>0}

5[ g [k3 {1 T |A‘|P*} +a(x)]dx
Ap,N{n>0}
* 5 I/tl — k p*
< / 1 (ks + a0) + ks )P gt P ( ) dx
A}mﬂ{n>0} I —s

* I/ll — k [7*
< / ks +a(x) + ksu)? < ) dx. (59)
A} ,N{n>0} r—s

We will write d’ to denote the Holder conjugate of d > 1: d' = ddj. Regarding the
second term on the right-hand side in (58), notice that

(p—2) <%> <p;

* * /
we use Young inequality with Z-, (1’7) and Hoélder inequality with #(p*),,
(7
p :

r—-2(5)"

f ksn*|AY 2| D P 2dx
Al N{n>0}

* (Y
gf kant AP dx~|—/ ks Dit|” 2(5) 4y
Al n{n>0} Al ,n{y>0}

(ul_k>l’ & (60)

< k2w’ /

A} >0}

2\ (2t N

i ([ oavas) TN g 00,
Br

Now we estimate the fourth term in (58). By using (10), (55), Lemma 3.6-(c) and
Young inequality with exponents % and (%)/ , wWe estimate

t—s

/ 16 AP < k(AP +b(o)dx
A ,Nn>0} A} ,N{n>0}

q
-/ 1 (ks (1(adiy %2 + [(adip4)* ) + b(n)dx
A} N{n>0}

q
2

/ 03k 14" PUDWP + 1DuPP) |7 + b
A}“ﬁ{n>0}

IA
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s/ 733 k3] AT dx +/ n“3%ks (1Da)?7)" dx
Al .Nin>0} Al N{n>0}

+ f n"b(x)dx.
A]Ltﬂ{n>0}
Note that ¢ (5-)" < p when ¢ < 22 and 225 > 1if p > 2.

%\ / w\/ /
Moreover, Holder inequality, with 5 / (%) and (5 / (%) ) , yields

l(ﬁ)/
ﬂ ’ - p-a _4q ﬁ /
/ "Dl ) dx < / (IDal)” dx AL e
AL N{n>0} Al (61)

*

%(%), 1—4 P*y
5( (|Dﬁ|)”dx> ALl
Br

* *
therefore, if we note that (%)’ = pf —» we have

f " G(x. |A]?) < / "33 ks AP dx
Al .Nin>0} Ag ,N{n=>0} 2

qp*
F =) __at
13tk ( / |Da|"dx>”” T Al [ W b(x)ds,
Bg ’ Al nin>0}

Eventually, if ¢ > 2, we have to estimate the sixth term in (58) and we use

*k * /
Lemma 3.6-(c) and Young inequality with exponents % and (%) , so having

b~ 1-1
/ AP (1adi D))" dx
Ag ,N{n=>0}

1" (1(adiz ) + I(adiy )’ ) I(adiy Dun)' |1~ 2dx
A,'(.[ﬂ{77>0}

<3 n*|A'2(|1Du’ > + | Du? (%) |(adj, Du)' |42 dx 63)
A,L‘,ﬂ{n>0}

<3 AP dx
AL ,Nn>0}

*

Y NI
+3/ n“|D11|2(2>|(adj2Du)l|(q (%) g
AL ,N{n>0}

*

* £\ /
Observe that 2 < g < p’_’fp* implies p > %; so we have 2 (%) < p and we apply

/!
Holder inequality with exponents —£— and <%> ,
ey i
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oY (Y
/ n“|Dﬁ|2(2) \(adj, Du)!|“ 2(5) g
Ag,N{n=>0}

< < IDﬁI”>
Br

x / n"|(adj, Du)' |
A}mﬂ{n>0}

hSE[SY
—~
N“*

NS )
Salte)

/
w\/
Furthermore, if (g — 2) (%) (ﬁ) < g, we apply Holder inequality again
2

2
with exponents 4

e

) ; and its conjugate:

<o

N\ ()
(1) <q—2>("§)’( 2 )
(/ IDIZIP) (%) | tadipw| (%)
Br Al

k.t

—~
N"“*

< ( |Dﬁ|P>" ) ([ |(adj2Du)1|4> ()
Bg 1

Ak.t

i)
x|AL,| q (%) .

N“* =

(65)
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Therefore, by (64) and (65), (63) becomes

~ %—l *
/ P3P (a0 ) ax <3 [ Al dx
Ag ,Nin=>0} Ag ,Nin=>0}
! a2 (Y[ 2
) i) <2)(2(“)/)
+3( [ 1parar) || ladiypw' :
Bpr k.t

(66)

/!
w«\/
Please, note that the previous condition (g — 2) (%) (ﬁ) < g means g <
2 2

pljf ;* . Finally, r-growth assumption (11) on H (x, .) yields

/ n* H(x,det A)dx < /
A}mﬂ{n>0} A}wﬂ{n>0}

n (ks det A" + c(x))dx.  (67)

We compute det A with respect to the first row, see Lemma 3.6-(b),

1 r
—k
n*|det A" < n*|A'"|(adj Du)'|” < @) 0" (”t — ) |(adj, Du)'|"

I _
<" <utT

) |(adj, Du)'|".

. * rp* . . . p*
Notice that r < p < p* and o <4 By the Young inequality with exponents £~

p*
and HF=y» One has

*_po

*

1 r 1 p %
u —k . u —k . ot
< P— ) |(adj, Du)'|" < ( P ) + |(adj, Du) ' |77 .
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q
-, and

pr—r

ul —k P
/ n*ldet Al"dx < (M)’[/ < ) dx
ALNn>0} ALn@>0) \ T =
ot
+ / I(adszu)1|P*'dx:|
AL ,N{n>0}
1 p*
—k
< (2m’[ / (” ) dx
A,]mﬂ{n>0} r—s

q(p*—r __1p
+ (/ I(adszu)1|qu) |A11,1|1 q(p*r)j|.
Bpg

(68)

q
rp*
pr-r

Holder inequality with leads to

q—

Therefore, (67) and (68) imply

u —k r
/ n*H(x,det A)dx < k3(2u)r|:/ < ) dx
Allmﬁ{77>0} A,](,[ﬂ{n>0} r—s

(,-p* ) -

q(p*—r __rnt

+(/ I(adszu)1|qu) |A,i’,|1 W*’)} +/ nte(x)dx.  (69)
Br Al n{n>0}

By left-hand side inequalities in (9) and (11), using (58), (59), (60), (62), (66) and
(69), we conclude

ul —k\?
f |Du1|pdx§C/ ( ) dx+C{1+|Ia+b+C||L"<BR)
Allf,.v All” t—s
(205
+< (|Du2|+|Du3|)de> '
Bg

* rp*

2 3 Pd 1)(%7(]) & 1qd q(p*=r)
+(/, <|Du | + | Du |) x +( [, D' ax 70

;(ﬁ
p\ 2
o0 @) ( / (D) + |Du3|>f’dx)

Bpr

)| g ) ()
x(/ |(adj2Du)1|‘1dx) (%) < )}|A,‘(,,l",
Bg

@ Springer



718 J Optim Theory Appl (2018) 178:699-725

where
3

2 *\/ * 1
9:=min{1—(l——)<p—),l— a0 4P 2
p 2 p(p*—q) q(p*—r) o

-2 *\ 7 2 ®\ /
1121@) + 1o @) | 1 - =22 ("—) P (1 2 (P_) >
q 2 2(%*) p\2

and C = C(ky, ka2, k3, p,q,r, p*) > 0; moreover, 1g(q) = lifg € Eand 1g(g) =0
if g ¢ E. Now we note that

2 *\ 7 * *
1_<1__)<p_> zl—p—zl—L,
r)\2 pp*—1) p(p* —q)

where the last inequality is granted since ¢ — 1 — #iq) decreases. Then,

* *
1
9::min{l— ap , 1-— P , 1=,
r(p*—q) q(p*—r) o
/
(-2 (p*\ p 2 (p*\
11.21@) + oo @) [ 1 - -2 (— - 1-= (=
q 2 2(%*) P 2

* / *
Note that (%) = ﬁ; then, the exponents in (70) can be written as follows

(=)&) = 2 (%)
p)\2 p(p*—=2" p\2

:L(P_*) P (1_E<P_*>/>
p(p*=2)"\ 2 2(%*)’ p\2

p*

- ’

p* =2

so that (70) turns out to be

1 P

u —k
/1 IDullpdxfC/1 ( ) dx+C{1+||a+b+C||L“<BR>
Aks Ak,t

r—s
Pr(p=2)

(p*-2)
+< (IDu?| + |Du3|)1’dx)”
Bpg

x

2 3 4 p(Zg—q)
T (|Du | + | Du |) dx
Br
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(’I:i)
+ (/ |(adj, Du)' 4 dx)q '
Bpg

2p
p(p*=2)
F o0 (@) ( / (D] + |Du3|>f’dx>
Br

¢=2p*

. q(p*=2)
X (/ |(ad]2Du)l|qu) } 1A, (71)
Bg
where
* * 1
9=min1— —P 4 _ P 2l i 1<g<2
p(p* —q) q(p*—r) o
* *
1
9=min{1— EL N R -
p(p*—q) q(p*—r) o
Prp=2-2p G=2p"| . ,_
P =2 g -2’ 7
pp*
If2<gqg< pﬂj*,wehave
(ot o pp=2-2p (@-2p" 2"  g=2p"
p(p* —q) p(p* —2) q(p*—=2) p(p*=2) q(p*—2)
(72)
and
0=min{1— 2t =2 1—1}
p(p*=2) q(p*=2  qp*—r) o
This ends the proof of Proposition 4.1. O

We now proceed with the proof of Theorem 2.2. We fix xo € £ and Ry <

min{dist(xo, 382), ()"} such that

/ ' P dx < 1,
BRO

(73)

where B, is the ball centered at xo with radius p. Note that Ry < 1, [Bg,| < 1 and

Bpr, CC £2.For every R € (0, Ro] we define the decreasing sequence of radii

R R

Fix a positive constant d > 1 and define the increasing sequence of positive levels

1
kh :d<1_ﬁ)
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We define the “excess”

Jp = / (u' = kp)? dx.
Al

kp>ph
We use our Caccioppoli inequality (48) and Proposition 2.4 of [13]: we get

* *

o \! Py
Jhy1 <c| 27 n) 7,

where the positive constant ¢ is independent of /. See also [40,41]. Assumption (17)
tells us that 92 > 1; then, we can use Lemma 2.5 of [13] with y := 9"’7 — 1, see

also [42]:
h
P\ Ty
Jn < <2 » ) Jo, (74)
provided
i\
Jo<c7r|2 7 . (75)
Note that

d\"
Jozf (ul——> dx >0 as d— +oo;
Al 2

5.R

then, we can choose d > 1 large enough so that (75) holds true. Thus, we have (74)
with y > 0, so that J, — 0 as h — +00; since § < pp and kj, < d, we also have

0 5/A (ul —d)p*dx < Ju:

1
R
d.5

then,

so that u' < d almost everywhere in B k. We have proved that u! is locally bounded
from above. In order to prove that u'! is locally bounded from below, we note that —u
locally minimizes f o f(x, Dz(x))dx, where f(x,&) = f(x, —&); then, we get that
—u' is locally bounded from above, so u! is locally bounded from below. We have
just shown that u!' € L (£2).

loc
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Now we turn our attention to the second component u>. We change the order of the
two components u' and u?: we get a new function v as follows:

then,

and det Dv = —det Du; moreover (adszv)1 = —(adszu)z, (adszv)2 =
—(adj, Du)" and (adj, Dv)? = —(adj, Du)?, so that

(adj, Du)*
adj, Dv = — | (adj, Du)"
(adj, Du)?

If we write C1 2(§) to denote the matrix obtained from & by inverting line 1 and line 2,
we have Dv = Cj 2(Du) and adj, Dv = —C 2(adj, Du). Then, v is alocal minimizer
of f_Q f(x, Dw(x))dx, where f(x, &) = f(x, C12(&)). Thus, the first component vl
is locally bounded: u?> = vl e Llooi (£2). In a similar way we deal with the third
component u>: we change the order of the two components u! and u>; we get a new
function w as follows:

then,

and det Dw = —det Du; moreover (adszw)l = —(adszu)3, (adszw)2 =
—(adj, Du)? and (adj, Dw)* = —(adj, Du)', so that

(adj, Du)?
adj, Dw = — | (adj, Du)?
(adj, Du)'

If we write Cy3(§) to denote the matrix obtained from & by inverting line 1 and
line 3, we have Dw = C;3(Du) and adj, Dw = —Cj3(adj,Du). Then, w is a
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local minimizer of fQ f(x, Dz(x))dx, where f(x, &) = f(x,C1,3(5)). Thus, the
first component w! is locally bounded: u? = w' € Li> (£2). This ends the proof of
Theorem 2.2. O

5 Conclusions

We have been able to prove boundedness for minimizers of the most important
three-dimensional polyconvex integral, provided the growth exponents verify some
restrictions. It would be interesting to understand what happens when such restric-
tions are not in force.
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Appendix: Comparison Between Two Structures

Lemma A.1 We assume that F*, G* : R? > [0, +00[ and H : R +— [0, +00]; let
P, q,r €]0, +oo[ with p # 2. Then, it is false that

3 3
D OFUE") + ) G*((adjpé)®) + H(det &) = [£[P + [adjp& [ + |det ] (76)

a=1 a=1
for every & € R33,

Proof We argue by contradiction: if (76) holds true, then we can use (76) with

000
£=1000 (77)
000

and we get
000
adj,E=1000 ], (78)
000

with det & = 0, so that

3 3
> F((0.0.0) + > G¥((0.0,0)) + H(0) = 0; (79)

a=1 a=1
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we keep in mind that F*, G%, H > 0 and we get
F?((0,0,0)) = G“((0,0,0)) = H(0) =0,
for every o = 1, 2, 3. Now we use (76) with

t 00
E=(1000
000

and we get
000
adj,E={1000],
000

with det & = 0, so that

3

(80)

81

(82)

F'((1,0,0) + F2((0,0,0)) + F3((0,0,0)) + > G*((0,0,0)) + H(0) = |¢]”;

a=1

we keep in mind (80) and we get
F((,0,00) = 1],
for every ¢ € R. In a similar manner, taking

000
E=1t00],
000

we get
F2((1,0,0) = |17,
for every ¢t € R. In the same way, taking
000

g=|000],
100

we get
F3((t,0,0)) = |1]”,

for every ¢ € R. Eventually, we take

100
e=[100
100

(83)

(84)

(85)

(86)

(87)

(88)

(89)
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and (76) implies
3 3
D FU((1,0,00) + Y G*((0,0,0)) + H(0) =373 (90)
a=1 a=1

we use (80), (84), (86), (88) and we get
3=3r72; o1

such an equality is a contradiction, since p # 2. This ends the proof of Lemma A.1.
]
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