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1 Introduction

Analyzing the sensitivity and stability of an optimal solution when small perturbations
are introduced into an optimization problem is an important topic in optimization. In
particular, the Lipschitzian stability of locally optimal solutions with respect to small
perturbations is a well-studied concept in optimization problems. Several variants of
Lipschitzian stability have been studied in [1-5]. A well-known notion of Lipschitzian
stability is the tilt stability of a local minimizer. Tilt stability is studied by Poliquin
and Rockafellar in the context for scalar optimization in [6]. This notion of stability
has been extensively studied by several other researchers in [6—10]. These researchers
have paved the way to identify necessary and sufficient conditions for the tilt stability
status of locally optimal solutions to an optimization problem. The second-order sub-
differential introduced by Mordukhovich in [11,12] is similarly employed as a tool
for constructing exact criteria to identify the tilt stability status of local minimizers in
[6-10].

Robust optimization represents another popular and practical branch of approaches
to optimization problems which deal with uncertainty in their parameters. Robustness
has been studied from several differing points of view in [13-22]. Considering the
multiple notions of characterizing robustness in optimization problems, in this article
we benefit from the definition given in [19,20]. This definition states that an efficient
point of a multiobjective optimization problem is robust if it remains efficient when
small linear terms are added to the objective functions.

In Sect. 2, we review preliminary concepts, which are assumed in our theories and
discussions later in the article. We next introduce a new notion of stability in multiob-
jective optimization in Sect. 3 with respect to tilt stability in scalar optimization. We
then obtain relations between our new concept of stability and the concept of tilt sta-
bility. Namely, we show that a tilt-stable local minimizer of the weighted sum problem
is a stable locally efficient point of the multiobjective optimization problem. We also
present sufficient conditions for stable locally efficient points in our methods based
on a few specific properties of the objective functions including linearity, convexity,
differentiability, and Lipschitzianity. Furthermore, we determine new necessary and
sufficient conditions for robust efficient solutions in our stability analysis. Finally, we
demonstrate the significance of the new contributions to stability theory we introduced
here and clarify our methodology by elaborating on a short selection of representative
examples of our work. We conclude the article in Sect. 4 with some key remarks and
suggestions for future research which builds on the new results we have proved in this
article.

2 Preliminaries

In this section, we review some basics, notation, and preliminary results in variational
analysis, scalar optimization, and multiobjective optimization which we will need to
discuss and prove our new results in Sect. 3. For more careful and detailed treatments
of these topics, we suggest Borwein and Zhu [23], Rockafellar and Wets [5], and
Mordukhovich [4,24].
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2.1 Notation, Definitions and Conventions

In mathematical analysis, for any § > 0 we define the §-neighborhood of a point
x € R" to be the set

B(%,8) = {x e R": |x — k|| <6}

For any set §2, we denote the closure of £2 by cl(§2). The conical hull (or positive
hull) of the set §2 is the cone defined by

m
Pos(£2) := {x ER":ImeN; x=) Jixi. 520, 5 €2, i= lm}
i=1

For any collection of convex sets 21, ..., 2y € R", we clearly have that
k k
Pos (UQ’) = {Zkixi A >0, x€ 82,0 = 1,2,...,k} .
i=1 i=1

We adopt the following conventions to compare the order of any two vectors x, y € R":

X<y << xi<yVi=12,...,n,
Xx<y<= xi<yVi=12,...,n,x #y,
xSy & x; <y Vi=1,2,...,n.
Suppose that ||| is a vector norm on R” and R”; then, the mapping |||.||| on RP*"

[TA]]l := max =1l Ax]|

is called the induced matrix norm corresponding ||.|| acting on the vector space R”*"
of all real p x n matrices.

In this paper, we primarily consider the induced matrix norm corresponding to the
infinity norm ||.||s defined by

n
1A lloo = maxizizp . _ laijl.
If we define the standard matrix y-norm on R”*" by

1Al = D layl” | .

I<i<p
1<j<n
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for I <y < oo, then by norm equivalence there are always positive constants Cy(y)
and C>(y) such that

CiIIAlly = Al = C2(0)IIAlly, YA € RP.

Thus norm equivalence guarantees that our results considered in this article are suitable
in contexts where other norms are more natural choices for analysis.

2.2 Some Basics of Variational Analysis

Consider the following optimization problem
i 1
min g(x), (1)

where g : R” — R is a single real-valued function and X C R” is the set of feasible
solutions of (1). Let

0, e X,
e ={% 5%

The optimization problem in (1) is equivalent to finding an extended real-valued func-
tion f : R” — R as follows:

min f(x) = g(x) + 8x (x). 2)

The following proposition expresses a necessary and sufficient condition for mini-
mality of x € R" under some key assumptions of the above optimization problem.

Proposition 2.1 Let f : R" — R be differentiable at x. If there is some § > 0 such
that X is a minimum solution of the problem

min f(x) s.t. x € B(x, §), 3)

then 'V f(x) = 0. Conversely, if f(x) is convex on B(x,8) and V f(x) = O, then x is
an optimal solution of Problem (3).

Proof We refer the reader to the statement of Theorem 4.1.2 and its corollary proved
in [25], which we do not reproduce here. m|

In scalar optimization, studying the Lipschitzian stability of locally optimal solu-
tions when a small-sized linear term is added to the objective function is of essential
importance in applications. The tilt stability of local minimizers is a version of the
Lipschitzian stability introduced by Poliquin and Rockafellar in [6] in the following
form:
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Definition 2.1 (Tilt Stability of Local Minimizers) X is a tilt-stable locally minimum
point of the function f : R” — R if and only if f(x) is finite and there exist § > 0
and € > 0 such that the mapping

M : v+ argmin [f(x) — f(X) — (v, x —X)],

lx—x|<8

is single-valued and Lipschitzian for any v € R” satisfying ||v|| < € with M (0) = {x}.
Proposition 2.2 [fthe mapping M in Definition 2.1 has Lipschitzian behavior for any
v € R" with ||v|| < €, then the mapping

m@)={f(x):x € M)}, m:B@0,¢) CR" — R,

has Lipschitzian behavior as well.

Proof Suppose that the mapping M is single-valued and Lipschitzian for any v € R”
with ||v]| < €. For two arbitrary vectors v; and vy with vy ||, ||v2|| < €,letx; € M (vy)
and xp € M(vp) with x; # x2. Since the mapping M is single-valued, we have

fx) +vix < f(x2) 4+ vixa,
fx2) +vhxy < f(x1) + vhxy.

Without any loss of generality, suppose that f(x;) < f(x2). By this inequality and
the Lipschitzian property of the mapping M with respect to the constant y we have

|m(v2) —m)| =|f(x2) — fxD)| = fx2) — f(x1)

< v(x1 —x2) < €llxy —x2ll < eyllva — vl

]

Most of the properties presented in this article are constructed from the principles
of generalized differentiation in variational analysis. We next present the notions of
first-order subdifferentials for extended real-valued functions.

In particular, let f : R” — R and f(X) be finite. The regular subdifferential of the
extended real-valued function f at x is defined as

AR = {veR” fiminf L0 = /@) = X 7 0 zo}.

X—>X ||x —)EH

Correspondingly, the Mordukhovich subdifferential of this f at x is defined as follows:

Af (X) := limsup 3 f (x).

X—>X

If f is a smooth function, then we can see that éf()f) = df (x) = V f(x).Ifin addition
f is convex, then

If(®) =0f(®) ={veR": f(x) = f(E)+ (v, x — ).
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We remark thatif f is anonsmooth and nonconvex function, we may have that 3 fx) =
.

For a C%-smooth function f(x) at point x = X, a necessary and sufficient condition
for x being a tilt-stable local optimum has been established by [Prop. 1.2, 6] in the
form of the next proposition. Then according to this proposition, the tilt stability of
f(x) at x = x reduces to the positive definiteness of the Hessian matrix V2 fx),
where f is a C2-smooth function.

Proposition 2.3 Let f be a C2-smooth function. If V f (X) = 0, then X is a tilt-stable
local minimum of f if and only if V2 f (X) is positive definite.

2.3 Some Basics of Multiobjective Optimization

Consider the following multiobjective programming (MOP) problem:

min f(x) = (fi(x),..., fp(x)) st.xeX, )

where X C R"isthefeasiblesetand f;(x),i = 1,2, ..., p,arethe objective functions
of the above MOP problem. Usually, there exist conflicts among objective functions in
their targets then, usually, there does not exist any feasible solution of an MOP problem
that optimizes all objective functions. Therefore, the notions of efficient solutions and
weakly efficient solutions are introduced in MOP to replace optimal solutions.

Definition 2.2 x € X is a (locally) strictly efficient solution of Problem (4) iff (for
some § > 0) there is no other (x € X N B(x,48),x # X) x € X, x # X such that
f) = f(0).

Definition 2.3 ¥ € X is a (locally) Pareto efficient solution of Problem (4) iff (for
some § > 0) there is no other (x € X N B(x, §)) x € X such that f(x) < f(x).

Definition 2.4 x € X is a (locally) weakly efficient solution of Problem (4) iff (for
some § > () there is no other (x € X N B(x, §)) x € X such that f(x) < f(X).

We define sets X5, X g, and X g as the sets of strictly, Pareto, and weakly efficient

solutions of (4), respectively.

Remark 2.1 Definitions 2.2, 2.3, and 2.4 imply that each strictly efficient solution is a
Pareto efficient solution and each Pareto efficient solution is a weakly efficient solution
but the reverses are not necessarily true.

The weakly efficient, Pareto efficient, and strictly efficient solutions of Problem (4)
can be found by solving the following single-objective optimization problem:

p
min Y Ak fe(x) s.tox € X, (5)
k=1

where Ay > 0,k = 1,2,..., p, and Z,le M = 1. The above single-objective
optimization problem is called the weighted sum scalarization of the MOP problem

.
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Proposition 2.4 Suppose that x° is an optimal solution of the weighted sum optimiza-
tion problem (5) with A € Rg. The following statements hold.

1. Ifr e Rg, then x° € Xy k.
2. Ifx € RZ, then x° € X.
3. Ifr e Rg and x° is a unique optimal solution of (5), then x° € XsE,

where R£(>) ={x=01x,...,xp) #0:x > (>) 0}.

Conversely, let all f;, i =1,2,..., p, be convex functions and X be a convex set.
Ifx € Xwg, thenthereis A = (A1, ..., Ap) € RIZ’ such that x is an optimal solution
of Problem (5).

Proof Refer to [26]. O

3 A New Concept of Stability in Multiobjective Optimization

In this section, we will introduce a new concept of the stability and its properties in
multiobjective optimization. Consider the multiobjective optimization problem (4),
where f; : X CR" - R,k =1,2,..., p, are real-valued objective functions. Using
the indicator function x (x), (4) is represented as follows:

min F(x) = (fi(x) +8x(x), f2(x) +8x(x), ..., fp(x) +dx(x)).

In the above problem, F : R" — R =]—00,00] X...x ]— 00, 00]1is an extended
real-valued multifunction. In this regard, for an index j € {1,2,..., p}, if f;(x)
(x € R") is not finite, then F (x) is not finite, and so, point x cannot be a candidate for
Pareto efficient (weakly efficient) solutions.

In this section, we present a new concept of the stability of locally efficient solutions
in multiobjective optimization. This concept is equivalent to the tilt stability when a
single-objective function is available (p = 1). In this regard, we study the following
multiobjective optimization problem:

min F(x) = (fi(x), /2(x), ..., fp(x)) st x e€cl(B(x,3)),

where f; : R" — R i=1,2,..., p, are extended real-valued functions and x is a
strictly efficient solution.

To discuss the stability, we perturb F (x) by adding a linear mapping with a suffi-
ciently small norm to the objective functions as follows:

min F(x) + Ax = (f1(x) + (v, x), f2(x) + (v2, x), ..., fp(x) + (vp, X))
s.t. x € cl(B(%, 8)),

where § is a positive real number and vy, v2,...,v, € R" are the transpose of the
rows of matrix A, with |||A]|| < e for the sufficiently small number € > 0.

The main message of tilt stability is the Lipschitzian behavior of the solution map-
ping of perturbed problems, and then the single-valuedness of the local minimum
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appears as a result of the Lipschitzian property. However, in our definition, we do not
use the Lipschitzian behavior of the solution mapping of perturbed problems, because
the assumption of Lipschitzian property of the solution mapping implies the unique-
ness of the efficient solution of a multiobjective optimization problem, which is not
reasonable. Note that, usually, the number of the efficient solutions of a multiobjec-
tive optimization problem is uncountable in continuous optimization. In this regard,
we use strict efficiency in the presented concept of the stability of locally efficient
solutions in multiobjective optimization instead of unique efficiency. In other words,
strict efficiency in multiobjective optimization is corresponded to unique optimality
in scalar optimization.

Regarding the above introduction, we present a new structure of stability in mul-
tiobjective optimization. Throughout the paper, we consider Ms r)(x, A) to refer to
the following optimization problem:

min F(x) — F(X) — A(x — %) s.t. x € cl(B(F, 8)), (©6)

where § > 0 and A is a p x n matrix. Here, to extend the notion of tilt stability in scalar
optimization to multiobjective optimization, we introduce the following definition.

Definition 3.1 x is a stable locally efficient point of the function F : R" — R”, iff
F(x) is finite and there exist § > 0, € > 0, y > 0, and A > 0 such that

(a) x isastrictly efficient solution of problem Ms (X, 0,x,) and for any p x n matrix
A with |||A|l| < e, there is a strictly efficient solution x of problem M; r(x, A)
such that

lx —xIl < vIIIAll.

(b) For any two p x n matrices A1 and Ay with |||A1]l], |[|A2]]| < €, there are strictly
efficient solutions x1 and x; of problems Ms(x, A1) and Ms(x, A>), respectively,
such that

lx1 —x2ll < vIIlAL — A2lll.

(c) For any two strictly efficient solutions x; and xp of problems M; r(x, A1) and
M, F(x, Ap), respectively, with [[x; —x2|| < y[[|A1 — Az|l| and [[[Aq]l], [[|A2]]] <
€, the following relation is true:

[F(x1) — F(x2)ll < A[|A1 — Azl

Proposition 3.1 Stable local efficiency, as defined in Definition 3.1, is equivalent to
the definition of the tilt stability of a local minimum when F : R" — R.

Proof Strict efficiency in multiobjective optimization when one objective function
is available (scalar optimization) is equivalent to the existence of a unique optimal
solution. In Definition 3.1, if conditions (a) and (b) are relaxed for one objective
function (scalar optimization), then the Lipschitzian perturbation of the mapping M
is seen. For more explanation, suppose A1 = v; and A = vy are 1 X n vectors and
also x1 and x are the optimal solutions of M ¢ (X, v1) and M; r (X, v2), respectively.
Clearly, condition (b) in Definition 3.1 is the Lipschitzian property on M. Thus, the
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stable local efficiency introduced in Definition 3.1, where p = 1, implies the tilt
stability.

Conversely, by the Lipschitzian property of the mapping M in Definition 2.1 and
regarding Proposition 2.2, conditions (a), (b), and (c) of Definition 3.1 hold directly
where p = 1. O

Proposition 3.2 If x is a stable locally efficient point of F (x) with constants § > 0,
€ > 0, and y > 0, as identified in the above definition, then all relations in the

definition are true for any 0 < § <.

Proof Suppose that 0 < § < 8. Without any loss of generality, let

O<e<{

Since there is the strictly efficient solution x of problem Mj r (X, A) such that

17
L.

IV A

k]

14
14

X [oor O

I —xIl < yIIAlll < ye <o,

therefore, X is a strictly efficient solution of problem M 5 7 (X, A). O
Proposition 3.3 If F(x) = (fi(x), f2(x), ..., fp(x)), and all functions f; are Lips-

chitzian with constants ki, i = 1,2, ..., p, then for all x1 and x; with ||x| — x2| <
yII|A1 — Az, there is y > 0 such that

IF(x1) — F)ll < vII1A1L — A2l
Proof For any g > 1 we have

IF(x1) — FO)llp < X0 1fitx) — fite)l < 37 killxr — x|
<y Y I killAr — Al

where |||, is the L®-norm. Let p := y Zle ki, and so the proof is completed. O
Proposition 3.4 If there is §1 > 0 such that each f; is Lipschitzian on B(x, 1) N

domF, then for the stability of the locally efficient solution X, it is sufficient to check
the first and the second conditions of Definition 3.1, where

domF = {x € R" : F(x) is finite}.

Proof 1f conditions (a) and (b) of Definition 3.1 are true at x with constant § > 0, then
according to Proposition 3.2, without any loss of generality, we can consider § < §;.
From Proposition 3.3 condition (c) holds and the proof is completed. O
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Throughout this paper, we consider F(x) = (f1(x), f2(x),..., fp(x)), where
fi :R" - R,i=1,2,..., p. Moreover, we suppose that there is §; > 0 such that
each f; is a Lipschitzian function on B(x, §1) N dom F. Furthermore, we consider

n
AT = 11Allloo = maxizi=p} | _ laijl,

where A is a p x n matrix. Since there are n; > 0 and 12 > 0 such that n{|||A]l|p, <
[Allloo < n2lllAlllp for any g > 1, so conditions (a) and (b) of Definition 3.1 are
true for any |||, if we can show that they are true for [||.|||oo-

Lemma 3.1 X is a strictly efficient solution of problem M s ry(A, X) if and only if
{(x, F(x) — Ax) : x € cl(B(x,§))}
N{(x, F(X) — AX) — (0,d) : x € cl(B(X,6)), d € R;} (7
={(x, F(x) — AX)}.

Proof Suppose that X is a strictly efficient solution of problem M s ry(A, ¥). So, there

isno x; € cl(B(x, 8)) with x| # X such that F(x;) — Ax; < F(x) — AX. Therefore,

Relation (7) holds, clearly.

Now, suppose that Relation (7) is true and x is not a strictly efficient solution

of problem M r)(A, X). Then, there is x; € cl(B(x, 8)) such that x; # % and
F(x1)—Ax; < F(%)—AX.Thisimplies that thereisd € R such that F (x1) —Ax| =

(F(x) — AX) — d. Therefore
(x1. F(x]) — Ax]) € {(x, F(&) — Af) — (0.d) : x € cl(B(%.9)). d € Rg} .

Thus

(x1, F(x1) — Axy) € {(x, F(x) — Ax) : x € cl(B(x,6))} N
{(x, F(R) — Af) — (0.d) : x € cl(B(Z.8)). d € R’;} .

This shows a contradiction. O
For function F : R” — R” and point X € dom#F, let

¢.F) (A, %) == {& € domF Ncl(B(%,8)) : {(x, F(x) — Ax) : x € cl(B(X, §))}
N{(x, F(X) — AX) — (0,d) : x € cl(B(X, 8)),d € R’;} ={(&, F(X) — AD)}}.

s, ) (A, x) is the set of all strictly efficient solutions of problem M5 (A, X).

Proposition 3.5 x € domF is a stable locally efficient point of F : R" — R” if and

only if

(a) there are 56 > 0, € > 0, and y > 0 such that x € ¢, r)(0, X) and for any matrix
Apxn with |||Al| < €, there is x € ¢, ) (A, X) such that

lx —xIl < yIIAlll

@ Springer



J Optim Theory Appl (2018) 178:591-613 601

(b) For any two p X n matrices A1 and A with ||| A1||], [|A2]l| < €, there are x| €
@6, F) (A1, X) and x2 € ¢(s, ) (A2, X) such that

Xt —x2ll = yIllA1L — A2l
Proof According to the definition of stable local efficiency and Lemma 3.1, the proof

is obvious. |

The following theorem shows a necessary condition for the stability of a locally
efficient solution of an MOP problem, where all objective functions are convex.

Proposition 3.6 Suppose that F(x) = (f1(x), f2(x), ..., fp(x)) and each f; is con-
vex and finite on some neighborhoods B(x, 8) with § > 0. If x is a stable locally
efficient point of F (x), then for any §1 > 0 we have

Uxen( s Pos{U;afi (x)} = R".
Proof Suppose that 0 # d € R" and ; > 0 have been given. We show that d €
UreB(,s)Pos{U;df; (x)}. Since X is a stable locally efficient point of F'(x), there exist
8 >0,e > 0,and y > 0 such that for any A, with |[|A]|| < € there is the strictly
efficient solution x of problem M ry(x, A) such that

llx —xIl < yIIIAIll.

Without any loss of generality, consider y > 1, %1 <e€,andd; <8 < 5. Let

A= 0y
= LECELE ) 1 ’
2yl P
in which [||A|]| = 5—)‘/ < €. This means that there is the strictly efficient solution

X € cl(B(x, 8)) of problem M5 r)(x, A) such that

£ - S i
— < A =y — = —,
X —xIl < ¥IlIAll Y3, T2

and so x € B(x, §). Since forany i € {1,2,..., p}, fi(x) — fi(x) — vl?(x —X)isa

convex function on c/(B(x, §)), then, according to Proposition 2.4, there exists vector
A € RZ such that the optimal solution of problem

min 37, Ai(fi(x) = fi(®) — vj(x = %) = 32, i (fi(x) = fi (%))
S T dx — B)
y Tl 2i

st x € cl(B(x, )

is attained at X € B(x, §). This means that
8 d — _ R
—_ A €0 ri(fix))]. (3)
i D (Zho)
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Since each f; is locally Lipschitzian around X, then, according to Theorem 3.36 of

[24], we have
9 (ZE(ﬁ(@)) <Y MAfi ). Q)

Regarding (8) and (9) we have d € Pos(U;df;). O

Lemma 3.2 Suppose that f : R" — R and x € domf. If X is a tilt-stable local
minimum of f(x), then for any §1 > 0 we have

UreB(.spPos{af (x)} =R".

Proof Suppose that 0 # d € R" and §; > 0 have been given. We show that d €
UreB(z,5,)Pos{df (x)}. Since x is a tilt-stable local minimum of f(x), there exist
8 > 0,e > 0,and y > 0 such that for any v € R” with ||v|| < € there is the unique
point x such that M (v) = {x} and

lx =Xl < ylvl,
where M (.) is the mapping defined in Definition 2.1. Without any loss of generality,

consider y > 1, %‘ <eand§; < 6. Letv := %ﬁ, therefore ||v|| = g—)‘/ < €. This
means that there is X € cl(B(x, 8)) such that M (v) = {x} and

15— 7l < plvl = pok = 2
X —X V|| = _— = —
=Y sz >
So x € B(x,d;) and according to the definition of the mapping M(.), we have
SL i € 9f (), then d € Uyep(r.s))Pos(df (x)). O

Note that in the above lemma, function f is not necessarily convex.

Example 3.1 Consider linear function f(x) := ¢’x : R” — R. For any x € R" and
81 > 0 we have

of (x) =c Vx € B(x, 1),
and Uycp(z,5,)Pos{df (x)} # R". So, there exists no tilt-stable local minimum of f (x).

Proposition 3.7 Let F(x) = (fi(x), f2(x),..., fp(x)), where f; : R" — R,
i=1,2,...,p. x € domF is a stable locally efficient point of F(x) if and only if
thereis anindex set I :={i1, ia,...,ix} € {1,2,..., p}suchthat x is a stable locally

efficient point of function G (x) := (fi, (x), fi,(x), ..., fi, (xX)).

Proof (=) By letting I := {1, 2, ..., p}, the proof is clear.

(«=) Conversely, let x be a stable locally efficient point of G (x), so, there are § > 0,
€ > 0, and y > 0 such that the conditions of Definition 3.1 are satisfied. Since x is
a strictly efficient solution of problem M; g (x, Oj7x»), then according to Corollary
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2.32 of [26], x is a strictly efficient solution of problem Ms g (x, 0px,). Now consider
an arbitrary matrix Ay, with [[|A||| < €. Without any loss of generality suppose that
i1 <ip <...=<i. Let matrix Bjjx, be as follows:

bl = aj, [ = 1,2,...k,

where b; and a;,, [ = 1,2, ..., k, are the rows of matrices B and A, respectively.
Because of the stable local efficiency of x for G (x) and inequality ||| B||| < ||| A|l] < €,
there is a strictly efficient solution x of problem M; ¢ (x, B) such that

lx —xIl < yIIIBIII < yIIIAIll

Furthermore, according to Corollary 2.32 of [26], x is a strictly efficient solution of
problem M; r(x, A) and so, condition (a) is satisfied for F(x) at x.

Now, consider p x n matrices Ay and Ay with [[|A]|[, |||A2]]] < €. Similar to the
above definition for constructing B from A, |I| x n matrices By and B, are defined
corresponding to A1 and A;, respectively. There are strictly efficient solutions x| and x3
of problems Ms ¢ (x, By) and M; g (X, B2), respectively, and so according to Corollary
2.32 of [26], x1 and x; are strictly efficient solutions of problems M; r(x, A;) and
Ms, p(x, Az), respectively, such that

lx1 —x20l < vIIIB1 — Balll < vIIIAL — Azlll,

which completes the proof. O

Corollary 3.1 If x is a tilt-stable local minimum of one of the functions f;, i =
1,2,..., p, then X is a stable locally efficient point of F(x).

Proof The proof is obtained directly from Propositions 3.7 and 3.3. O

Now, we present a necessary and sufficient condition of the stability of locally
efficient solutions for multiobjective linear optimization using robustness which has
been defined by Georgiev et al. [19] for linear multiobjective optimization and has
been extended by Zamani et al. [20] for multiobjective optimization as follows.

Definition 3.2 x € X is a robust efficient solution of problem
min F(x) s.t. x € X, (10)

iff x is an efficient solution of Problem (10) and there is € > 0 such that for any p x n
matrix A with |||A]]| < €, the point x is an efficient solution of problem

min F(x) + Ax s.t. x € X,

Now, we show that any robust efficient point is a stable point.

Proposition 3.8 Ifx is a robust efficient solution of Problem (10) with constant radius
€, then X is a strictly efficient point of Problem (10).
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Proof By contradiction, suppose that x is a robust efficient solution of Problem (10)
with constant €, while it is not a strictly efficient point of Problem (10). So, there is
X € X such that x # X and F(x) = F(x).

Let

€(x —Xx)

Al = ———
201x = xlhy

[1,..., ixp-
Now, we have

e 22
€ II)C—)CIIZ[1

L, <0 (D

Furthermore,
€
Al = 5 <€ (12)

Regarding (11) and (12) we have a contradiction with the assumption that X is a robust
efficient solution with radius €. O

Lemma 3.3 If x is a robust efficient solution of Problem (10) with constant radius
€, then for any matrix Apx, with ||Alll = €1 < €, X is a robust efficient solution of
problem

min F(x) — Ax s.t. x € X.

Proof Let €3 := € — €1 > 0. For any matrix B, with ||| B||| < €, X is an efficient
solution of problem

min F(x) —Ax+Bx=Fx)+ (B — A)x
s.t. x € X,

because X is a robust efficient solution of Problem (10) with constant € and also
[l —A+ Bl <Al + Bl <er+e=e.

This completes the proof. O

Corollary 3.2 If x is a robust efficient point of Problem (10) with constant radius €,
then for any matrix A with || A|| < €, X is a strictly efficient point of problem

min F(x) + Ax s.t. x € cl(B(x,9)).

Proof With regard to Proposition 3.8 and Lemma 3.3 the proof is clear. O

Corollary 3.3 If there is 5§ > 0 such that X is a robust efficient point of problem
min F(x) s.t. x € c/(B(x,9)),

then X is a stable locally efficient point.
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Proof Regarding Corollary 3.2, for any matrix A with ||A|| < €, x is a strictly efficient
solution of problem

min F(x) + Ax s.t. x € cl(B(%, ),

so the conditions of Definition 3.1 are satisfied. |

Proposition 3.9 Let X be a closed and convex set, f; (i =1, ..., p) be convex and
X be an efficient solution of Problem (10). X is a robust efficient solution of (10) if and
only if Tx (x) NG (x) = {0}, where G (x) is the set of all non-ascent directions defined
as

GXx):={deR": d'& <0, V& €dfi(x), i=1,...,p},

and Tx (X) is the tangent cone of X at x defined as

Tx(x) = {d eR" 3} C X, {5} CR):1; | 0, 2 —i}.

13
Proof Refer to the proof of Theorem 3.3 of [20]. O

Proposition 3.10 Suppose that F(x) is a multiobjective linear function in a neigh-
borhood of x. x is a stable locally efficient point of F (x) if and only if there is § > 0
such that X is a strictly efficient solution of problem Ms r(x,0).

Proof (=) From Definition 3.1 of stable local efficiency, we conclude that, if x is a
stable locally efficient point of F'(x), then there exists § > 0 such that x is a strictly
efficient solution of Ms r(x, 0).

(<) Conversely, let F'(x) = Cx on some neighborhoods of x, where C isa p x n
matrix. Since df; (x) = {Vfi(x)} = {ci},i =1, ..., p, where ¢; is the ith row of C,
and x is a strictly efficient solution of problem M; r(x, 0),

Gx)={deR": cld=<0,i=1,...,p}={0}.
According to Proposition 3.9, point x is a robust efficient solution of problem
min F(x) s.t. x € cl(B(x,§)). (13)

Thus, by Corollary 3.3 we conclude that X is a stable locally efficient point. O
Remark 3.1 Consider the following multiobjective linear programming problem:

min Cx s.t. Hx > b, (14)

where C and H are two p X n and k x n matrices, respectively. All strict locally

efficient solutions of (14) are strict (globally) efficient solutions of (14). Regarding
Propositions 3.9 and 3.10, x is a stable locally efficient solution of (14) if and only if
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X is a robust efficient solution of (14). To see more examples for robust efficiency in
multiobjective linear programming refer to [19]. Those examples can also be used for
stable local efficiency in multiobjective linear programming.

As mentioned in the preliminaries of multiobjective optimization, MOP problems
can be converted to scalar optimization problems using some scalarization techniques.
One of these scalarization techniques is the weighted sum approach introduced in
the previous section. Here, using the weighted sum approach, we introduce some
characterizations of the stability of the locally efficient solutions of an MOP problem
and the tilt stability of the locally optimal solutions of the weighted sum problem.

Proposition 3.11 Suppose that F : R" +— R” and x € domF. If there is ) € R’Z’
such that x is a tilt-stable local minimum of the function Zf:l Ai fi(x), then X is a
stable locally efficient point of F(x).

Proof Suppose that there is 0 # A € R’; such that x is a tilt-stable local minimum of
the function Y7, A; fi (x). Without any loss of generality, suppose that >_7_, A; = 1(

by letting A; 1= —2 .
y g 1 Z[P:]A'i )

Therefore, there are € > 0 and § > 0 such that for any v € R" with |[v| < €, the
mapping

M v argmin {30 i fi(x) = X0 A fi(R) — (v, x — %)}

lx—%|[<é

is single-valued and Lipschitzian. For any matrix A, with |[[A|]| < €, let v =
3P| Aivi, where v; is the transpose of the ith row of A. Thus

ol = [Av1 + Aava + -« + Apvpll < [Ailllvrll + A2lllvzll 4 - - - + [Aplllvpl
< MANIYE di <e.

Since the mapping

P p
M v argmin 1Y 2 fi(x) = YA fi(®) — (v, x — ¥)
lx—xl<s | ;= P
is single-valued and Lipschitzian with constant y > 0, there is x € c/(B(x, §)) such
that M (v) = {x}. Regarding Part 3 of Proposition 2.4, x is a strictly efficient solution
of problem M; r(x, A), and also we have

lx — %l < ylvll < yQralllon + e lllvall + - - + [2plllopl)
< yINAIIY A = vIIALL

Similar to the above discussions, for any two p x n matrices A; and A with

INA1l], [I1A2]]] < €, there are strictly efficient solutions x; and xp of problems
Ms p(x, A1) and Ms r(x, A2), respectively, such that
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lx1 — x2ll < yllvi — v2ll = ¥ I 20, Ai(vin — vi)l
< y(rlliir —vi) Il + [A21l[(var —va) I + - - + [Apll[(vp1 = vp2) D)
< vllAL = A2 X7, 2 = vIIAL = Azl
This completes the proof. O
Note that Corollary 3.1 can also be obtained as a corollary of Proposition 3.11. The
converse of the above theorem is not valid in the general case. The following example

shows this inconsistency.

Example 3.2 Consider the following multiobjective optimization problem:

minger F(x) = (f1(x), f2(x)),

where
(x,—x), —-1<x<1,
(fix), fa(x)) =1 (x,—1), x=1,
(-1, —x), x < —1.

x = 0 is a strictly efficient solution of problem M 1 7 (0, 0251). Furthermore, F(x)

is a multi-linear function on B(0, 1). With regard to Proposition 3.10, X is a stable
locally efficient point of F'(x). Moreover, for any A = (A1, A7) > 0and -1 <x <1,
let

h(x) := A1 f1(x) + A2 f2(x) = Ajx — Aox = (A1 — A2)x.
Consider § := 0.5, therefore,
dh(x) = {Vh(x)} = {A1 — A2}, Vx € cl(B(0,0.5)).
Thus
Uxecl(B(0,6))Pos{dhn(x)} # R.

Regarding Lemma 3.2, we conclude that X = 0 is not a tilt-stable local minimum for
all weights A; > 0,i =1, 2.

Proposition 3.12 Let F : R" — R” and all fi be finite on some neighborhoods of
X, wherei € I C{1,2,..., p}. Suppose that there are ). € ]R|>[(|) and € > 0 such that
plw)y={x :ve Y ier Midfi(x)} is a Lipschitzian single—v?zlued mapping for any
v e R, with |v|| < €. If $~1(0) = {X}, then X is a stable locally efficient point of
F(x).
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Proof Since for all i € I, f; are locally Lipschitzian on some neighborhoods of x,
according to Theorem 3.36 of [24], for any x in these neighborhoods of x we have

) <Z/\,~f,~(X)> < Y hdfio).

iel iel

Moreover, regarding Theorem 3.4 of [27], x is a tilt-stable local minimum of
Y ier Ai fi(x). Using Propositions 3.7 and 3.11 of the present paper, we conclude
that x is a stable locally efficient point of F(x). O

Proposition 3.13 Let F : R" — R” and x € domF. Suppose that there are index set
I C{1,2,..., p}and 8 > O such that f; are C*-smooth on cl(B(%, 8)) and V? f; (¥)
are positive semi-definite for any i € I and also there is j € I such that V> f j(x) is

positive definite. If there exist A € RL” and § > 0 such that X is an optimal solution
of the following problem

min Y A fi(x) st fx— x| <8,
iel
then x is a stable locally efficient point of F(x).

Proof Without any loss of generality consider § < 6, then according to Proposi-
tions 2.1 and 2.3, X is a tilt-stable local minimum of function ) _; _; A; fi (x). Therefore,
Propositions 3.7 and 3.11 show that x is a stable locally efficient point of F'(x). O

The converse of Proposition 3.13 does not hold in general. Consider the following
example.

Example 3.3 Consider F : R*? — R? as follows:

F(x1,x) = (fi(x), (x), 5(x) == (7, x3, (x1 + D> + (x5 + D?).

Let A := (0.5, 0.5, 0), then x = (0, 0) is a tilt-stable locally optimal point of g(x) =
S A fi(x) = 0.5(x} + x3). Using Proposition 3.11, x = (0, 0) is a stable locally
efficient point of F(x).

Moreover, f1(0,0) and f>(0, 0) are positive semi-definite and f3(0, 0) is positive
definite. Furthermore, there are no §>0and A € R3 with A3 > 0 such that the
optimal solution of the following problem is determined at x = (0, 0),

3
min Y A fi(x) st [x]| <38, (15)

i=1

because Z i1 AV £i(0,0) = A3(2, 21" # 0. Therefore, we conclude that the converse
of Proposition 3.13 is not valid in general.
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Proposition 3.14 For vector function F, let all f; be C*-smooth on some neighbor-
hoods B(x, 8). Suppose that there is an index set I < {1, ..., p} such that V2fi()?)
are positive definite for all i € I and fj(x) are linear functions on B(x,§) for all
J € I€. Then, x is a stable locally efficient point of F (x) if and only if there are A € R'Z’

and § > 0 such that the optimal solution of problem

min Y "X fi(x) st x € cl(B(X, )

is attained uniquely at x.

Proof (<) Suppose that § < & and there is A > 0 such that the optimal solution of
the following problem is attained uniquely at x:

min Y A fi(x) st x € cl(B(E,35)). (16)

We claim that there is j € I such that A; > 0. By contradiction, suppose that A; =
Oforall j € I.Let I} := {i € I°: A; > 0} := {i1,iz,...,i} and G(x) :=
(fiys fiar -+ fiy). G(x) is a linear mapping on c/(B(x, 8)), and so, the objective
function of Problem (16) is a parametric scalar linear function with parameters A;,
i € I1.Furthermore, x € B(x, §), which implies that (16) has another optimal solution
in addition to x. Thus, the optimal solution of (16) is not attained uniquely at x which
is a contradiction. Therefore, there exists index j € I such that A; # 0, and so
> 1: V2 fi (%) is positive definite. By Propositions 2.1 and 2.3 , ¥ is a tilt-stable local
minimum of ), A; f; (x), and by Proposition 3.11, X is a stable locally efficient point
of F(x).

(=) Conversely, suppose that x is a stable locally efficient point of F(x), so there
is 8 < & such that X is a strictly efficient solution of problem

min F(x) x € cl(B(x,$)). (17)

Without any loss of generality suppose that / :={1,2, ..., k}and I :={k+ 1,k +

2,...,p}
Let
A= [VAGE) VARG ... Vi)l
B := [V fit1(X) V fiz2(X) ... Vfp(0)].

Since x is a strictly efficient point of Problem (17) and f; is a linear function on
cl(B(x,9)) for any j € I°, we conclude that the system

(18)

Ad <0, Bd <0, deR" (19)

has no solution. So, regarding Theorem 3.22 of [26], there are yl S R’; and y2 € R’;ﬁk

such that
Ayl + B'y? = 0. (20)
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Define A € R as follows:

1 .
e y, 9 1 E l S ks
Hi “{y,?_k, krl<i<p. @D
So, considering (20) and (21) we have
ZA,-Vf,- (x) =0. (22)
i

In addition, since thereis anindex 1 < j < ksuchthatA; > 0 and V2 fj(x)is positive
definite, then VZ(ZZ- Ai fi(x)) is positive definite and by Proposition 2.3 we conclude
that X is a tilt-stable local minimum of problem ) ; A; f; (x). The proof is completed
by the definition of tilt stability. O

Note that in Proposition 3.14 the existence of index set I such that V2 f;(x) are
positive definite for all i € I is essential. This is shown by Example 3.2. Regarding
Example 3.2, ¥ = 0 is a stable locally efficient point of F(x) while there are no
A € R2 and § > 0 such that ¥ = 0 is the unique optimal solution of Problem (16).

Note that in Proposition 3.14 the condition thateach f;, j € I¢ belinear on B(x, 3)
cannot change to the positive semi-definiteness of V2 f (X)), jel“.

Example 3.4 To show the shortcoming of substituting positive semi-definiteness for
linearity in Proposition 3.14, we consider F (x) = (—x, x* (x=D?).x =0isa unique
optimal point of the weighted sum problem (16) with weights A1 = A3 =0, A, =1
and arbitrary § > 0. Each fi is convex, V2 f1(0) and V2 f2(0) are positive semi-
definite, and also V2 f3(0) is positive definite. We will show that x = 0 is not a stable
locally efficient point of F(x). By contradiction, suppose that x = 0 is a stable locally
efficient point of F'(x); so, there are § < 1 and € > 0 such that conditions (a) and (b)
of Definition 3.1 hold for any matrix A with ||A|| < €. Moreover, there is k € N such
that Ll < é and % < €. Forany m € Nwithm >k, let

k3
[ 1
AmII O_EO’

then ||A,,|| < €. The set of strictly efficient points of Ms r)(x, Ay) is [(ﬁ)%, 3]
Now we have

llx =0l =

19
4m3

for any strictly efficient point of M5 r)(X, A,;). In addition, there is no ¥ > 0 such
that % < ylAnl = % for any m € N with m > k, and this contradicts condition

4m3
(a) of Definition 3.1.
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Proposition 3.15 [f the conditions of Proposition 3.14 hold, then x is a stable locally
efficient point of F(x) if and only if there is § > 0 such that X is an efficient point of
problem M;s r(x,0).

Proof (<) Suppose that X is an efficient point of problem M; r(x, 0) and f; are linear
functions on c/(B(x, §)) for any j € I¢, then we conclude the system

Ad <0, Bd <0, deR" (23)

has no solution, where A and B are as defined in (18). Similar to the proof of Propo-
sition 3.14, the result is obtained.

(=) The converse statement is obtained directly by the definition of the stability of
F(x). i

Proposition 3.16 For vector function F, let each f; be convex and C*-smooth on
some neighborhoods of X € domF and also V? f; (X) be positive definite for all i. X
is a stable locally efficient point of F (x) if and only if there is § > 0 such that X is a
weakly efficient solution of problem Ms r(x, 0).

Proof (<) Without any loss of generality, suppose that all f; are convex and C2-
smooth on c/(B(x, §)). Since x is a weakly efficient solution of problem

min F(x) s.t. x € cl(B(x,9d)),
there is & > 0 such that the optimal value of the following problem is attained at x,
min ) ., A fi(x) st x € cl(B(X,§)),

and so Zi AV fi(x) = 0. Furthermore, there is j € {1, 2, ..., p} such that A; >
0. Since V2 fi(x) are positive definite for all i, >, 2 V2 fi(x) is positive definite.
Regarding Proposition 2.3, X is a tilt-stable local minimum of ), 4; fi (x), and so
according to Proposition 3.11, X is a stable locally efficient point of F'(x).

(=) The converse statement is obtained directly by the definition of the stability of
F(x). O

4 Conclusions

Tilt stability of a local minimum is a well-known concept to investigate the sensitivity
and stability of an optimal solution. This concept is a version of the Lipschitzian stabil-
ity of a local minimum in scalar optimization. In this paper, a new concept of stability
in multiobjective optimization is introduced. In this regard, some perturbations are
added to the objective functions as small linear terms. Furthermore, some proposi-
tions are established to identify the stability status of a strictly efficient solution. Also,
the equivalency of the introduced stability concept and tilt stability is proved, when
the set of objective functions is a singleton. In other words, the proposed concept can
be considered as an extension of tilt stability in scalar optimization to multiobjective
optimization.
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Using some nonlinear scalarization methods for the proposed concept of stability
and robustness can be considered as an interesting research for future.
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