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1 Introduction

The image space analysis (ISA) has shown to be instrumental in unifying several
fields of the mathematical optimization theory, and to allow one to find new results,
in particular, in the field of vector optimization problems (VOPs). This Forum paper
aims at giving some perspectives on set-valued optimization by using the approach of
ISA described in [1]. Some definitions and formulas of [1] are here reproduced for the
reader’s convenience.

2 Preliminaries

Letn, £, m and k be positive integers, X asubsetof R”, and C C R¢ be a convex, closed
and pointed cone with apex at the origin, which satisfies the condition C 4+ ¢/ C = C,
where ¢l denotes topological closure. Va, b € RY, we define the following inequalities:
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a>cbsa—-beC,atcbsa—b¢C,a<cbsb—acC, afcbsb—ad¢C.

Assume we are given the functions f : X C R" — R¢, and g: X CR" - R"™and
consider the following constrained vector optimization problem:

ming, f(x), s.t. xeK:={xeX:gk) > 0}, @))

where minc, marks vector minimum with respect to the cone Co := C\{O} : y € K
is a (global) vector minimum point (in short, vmp) of (1), iff

FWZcof(), ¥x € K. @)

AtC = Rﬁ, (1) becomes the classic Pareto Vector Problem.
Take an arbitrary y € R”. Consider the vector-valued map <7 from R” to R¢*™
with &7 (x) := (f(y) — f(x), g(x)), x € X C R”", and the sets

H o= {u,v) e R 1y = f(y) — f(x),v=gkx),x € X},
A= {(u,v) e R .y >cy O¢, v = O},

where R denotes the product space R x R”. We observe that the sets .# and ¢
are subsets of R+ which is said to be the image space associated with (1) and .# is
said to be the image of (1) under the function <7. Take in particular y € K. The ISA
is based on the following immediate remark: it is easy to verify that y is a vinp to (1)
if and only if # N .77 = @.

3 Some Perspectives

An extension of the fixed point approach of [2] to set-valued, in particular interval-
valued, extremum problems is conceivable. A first proposal in this direction may
consist in extending, to the set-valued case, the fixed point propositions of Sect. 4 of
[2], which characterize the solutions of a VOP. The scalarization, contained in such
a section, should produce an analogous vectorization. In this context, a special case
is that, where the image of an objective function is an interval of R. Let .# denote
the set of (compact, for the sake of simplicity, due to the compulsory shortness of this
note) intervals of R. Let F be an interval-valued function; i.e., F : X C R" — .7,
and assume that L (and FY) are the inferior (respectively, superior) extremum of
the interval F (x). We consider the problem:

min< [F(x) = (FL(x), FU(x))] , s.t. xeKk. 3)

K is that of (1), [a,b] denotes an interval of R, < denotes a partial order, min< denotes

minimum with respect to that partial order. Let A := [aL, aU] and B := [bL, bU].
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Consider the following partial order. Pareto Partial Order (PPO): in this case, y is a
minimum point of (3), if and only if,

F(y) < F(x), VxeKk, 4)

where the symbol < means:

A B aLSbL aLgbL aLsz s
< .
=re aV <pV o aV > pY o aV <pY )
We associate (3) with the following VOP:

minc(FE(x), FY (x)), st xeK, (6)

The meaning of minc is as for (1). If we consider the case of PPO, Condition (5)
suggests to set C := Ri\{O} in (6). We have that y is a minimum point of (3), if and
only if it is a vmp of (6). Hence, a first step of this proposal consists in introducing
the ISA for the interval-valued problem (3), passing through the VOP (6). Note that
the case of (1) with £ = 2 is not an elementary particular case, but an important one
for applications. Hence, the interest of exploiting the ISA for (1) in the case of £ = 2
follows.

Remark 3.1 Because the scope is to introduce ISA in this field, and not to discuss
the partial orders, we consider only PPO. Obviously, there are infinite possible partial
orders. For instance, we could consider, the Classic Partial Order (CPO). In this case,
y is @ minimum point of (3), if and only if, Vx € K, (4) holds, where the symbol <
means: A < B < at < bl aV < bY. Condition (4) suggests to set C := RZ\R% in
(6). Unfortunately, in this case the cone C is not convex and hence problem (6) cannot
be embedded in the format of problem (1). Anyway, in this case too, we have that y is
a minimum point of (3), if and only if it is a vimp of (6), and hence, in this case too one
can introduce the ISA for the interval-valued problem (3), passing through the VOP
(6).

A second step consists in generalizing the above approach to the classic interval-
valued optimization; more precisely, the previous family .# can be considered as a set
of intervals, which are compact subsets of a line of R¥. Also in this more general case,
we can reduce the interval-valued problem to a VOP. To this end, we suppose to be
able to introduce a (total) order on F (x), which leads to say what is F L(x) and what
FUY(x), where FL(x) and FY (x) are k—vectors. In the previous case (for k = 1),
the order was not specified, because it was the usual one. Let A := [aL, aV] and
B :=[bL, bY] elements of .#, and hence, a®, a¥, b, bV are k-vectors. We introduce
the following partial order for any pair of elements A and B of .7:

A<Be T TR @ Sp b @ 2w b @)
< E=4 or or
- U k b aU Z]Rk bU aU SRk bU

+ +
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Of course, instead of Rﬁ, we could have any cone of type C. We consider (3), where the
objective functions are 2k and we associate with (3) problem (6), where C := R’i\{O}.
Henceforward, the development is the usual one for a VOP.

Let us now outline the third step, that is a possible application to set-valued opti-
mization. Given an ordering cone D C R¥, we want now to define the minimum of
the point-to-set map .% : X = R¥. Because the present comment aims at making a
suggestion and not at giving any statement, for the sake of simplicity and shortness,
we assume that each .7 (x) is compact with not empty interior, and that the following
operations are possible. Vx € X, set:

Fmin(x) i={z € F(x): (z— D)Nint Z(x) = T},
F"(x):={z€.F(x):(z+ D)Nint F(x) = ).

Now, Vz € Fmin(x), we consider an optimization problem for which we assume that
the extremum exists and is unique; this means that Vz € %y, (x) we can determine a
unique solution #(z) € .#™**(x). An example of such a problem is :

min d(z, 1), st te.F™"™ (), z,te Rk, (8)

where d(z, t) denotes distance function. The solution of (8) defines, Vz € Fyin(x),
the interval [z,  (z)] of RE.N ow, we consider the following interval-valued problem:

min<[z, 1(2)], S.t. z € Pin(x), ©)]

where, again, min is defined as for (7), and [z, #(z)] is an interval A = [aL, aY] of
RK, where aL := zand aV = t(z). Again through a VOP, like described in the second
step, we achieve a solution of (9), say:

F@) = [FE, FY )] = [0, 1 )] (10)

Now, through the above approach, the minimum of .% is reduced to a VOP of type
(6).

Remark 3.2 Note that the above approach—described in the third step—takes into
account both Z i, and %™ If we consider, for a set-valued optimization problem,
an approach only based on %, (as in some literature), then it could happen to have
2 sets, of the image of the set-valued map .7, like .% (x’) and .% (x”), for which
Fmin(x") = Fmin(x”), but FM¥X(x") is much different from .#™¥(x”). In such a
case, we would not be sensitive to the difference between .% (x) and .% (x”). Instead,
this does not happen with the above approach.

An example of application of set-valued optimization to a real problem allows us to
better understand the difference between the two approaches. Consider a set of weather
stations that—for each position x of a station and possibly also as a function of time
t—take bearing of temperature, pressure and humidity. The classic approach takes into
account only % iy (x, t) and therefore the minimum values of the set-valued function.
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The approach proposed here also takes into account . ™ (x, ¢); in the above example
this means taking into consideration the excursions of the temperature, pressure and
humidity. Clearly, this second approach is more complete and more meaningful than
the classic one.

In the vector case, namely .# (x) = f(x) : X — R, (10) becomes:
[fmin (), f™ ()], (11)

where fiin(x) := min {fj (x), ..., fe(x)}, f™*(x) := max{fi (x), ..., fr (x)}. If we adopt
PPO, then the above approach shrinks to the classic Pareto VOP. In the scalar case,
namely £ = 1 and F(x) = f(x) : X — R, (10) and (11) become just f(x), and the
above approach shrinks to the classic scalar optimization.

4 Conclusions

In this note, some short and rough comments are presented on the possibility of
applying the ISA on set-valued optimization. The presentation has been outlined in
3 steps. In the first one, the ISA has been introduced for an interval-valued problem
with 2 objective functions. The second step consists in generalizing the first step to
a classic interval-valued optimization problem in R¥, where the objective functions
are 2k. Lastly, in the third step, a possible application to a set-valued optimization
problem has been suggested.
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