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Abstract For constrained equations with nonisolated solutions, we show that if the
equation mapping is 2-regular at a given solution with respect to a direction in the
null space of the Jacobian, and this direction is interior feasible, then there is an
associated domain of starting points from which a family of Newton-type methods is
well defined and necessarily converges to this specific solution (despite degeneracy,
and despite that there are other solutions nearby). We note that unlike the common
settings of convergence analyses, our assumptions subsume that a local Lipschitzian
error bound does not hold for the solution in question. Our results apply to constrained
and projected variants of the Gauss—Newton, Levenberg—Marquardt, and LP-Newton
methods. Applications to smooth and piecewise smooth reformulations of comple-
mentarity problems are also discussed.
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1 Introduction

In this paper, we analyze the local behavior of several Newton-type methods applied to
a constrained system of equations. The mapping which defines this system is assumed
to be smooth or at least piecewise smooth. The constraints define a closed convex
set with nonempty interior. Note that the latter is not that restrictive, as in many
applications that lead to constrained equations the constraints are given by simple
bounds, or the problem can be reduced to such a setting; see [1,2].

We are mostly interested in those cases when a given solution of the constrained
system might be singular. In the smooth case this means that, at this solution, the
Jacobian of the equation mapping is a singular matrix. We are even more interested in
the situation when the given solution is not isolated in the solution set of the constrained
system, in which case it is necessarily singular. Nevertheless, as we shall show under
some reasonable assumptions, a number of Newton-type methods have large domains
of starting points from which the iteration sequences are well defined and, moreover,
are attracted to that specific given solution. We emphasize that the iterates converge
linearly to this solution, despite that there exist other solutions nearby (perhaps even
closer to the given starting point). We explain this behavior by the 2-regularity property
of the equation mapping, and the resulting lack of the local Lipschitzian error bound
near the solution in question. This phenomenon appears related (in part) to critical
Lagrange multipliers serving as attractors for optimization algorithms (see [3,4], [5,
Chapter 7]) and, even more closely, to the corresponding notion of criticality for
unconstrained equations [6] and the effect of attraction for Newton-type methods in
that setting [7].

Our main result in Sect. 3 shows that if the equation mapping is 2-regular at a
given solution with respect to an interior feasible direction which is in the null space
of the Jacobian, then there is an associated domain of starting points from which
the Newton-type methods in consideration are well defined and converge (to this
specific solution). This result can be applied to a variety of Newton-type methods
by regarding them as particular perturbations of Newton’s method. Among those
Newton-type methods, we particularly consider constrained and projected versions
of the Gauss—Newton method and of the Levenberg—Marquardt [8] method, as well
as the LP-Newton method [1] and its projected variant. Based on our main result, we
derive convergence properties of these methods if applied to piecewise smooth and
smooth reformulations of complementarity problems.

The paper is organized as follows. In Sect. 2, we describe the various Newton-
type methods under consideration, and briefly review existing convergence results.
Moreover, we detail the 2-regularity assumption and some important implications.
Section 3 provides our main result as well as illustrations by examples. In Sect. 4,
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we analyze several Newton-type methods for the case when the equation mapping is
associated to complementarity problems and again illustrate the results by examples.
Finally, in Sect. 5 we discuss some open questions related to the results obtained.

2 Preliminaries

For a given smooth or at least piecewise smooth mapping @ : R” — R?” and a given
closed convex set P C R” with nonempty interior int P, we consider the constrained
equation

Pwm)=0, ueP. (1)

The solution set of (1) is denoted by S := ®~1(0) N P.

The purpose of this section is threefold. Section 2.1 describes several Newton-type
methods for problem (1) whose local convergence can be analyzed by the main result
in Sect. 3. For these methods, we also review existing results on local convergence.
Section 2.2 will provide some details for the 2-regularity assumption on which our
results are based. Finally, most of our notation will be introduced in this section and
at the end of Sect. 2.2.

2.1 Newton-Type Methods

Given a current iterate u* € P, the algorithms considered in this work compute the
direction of change v¥ as a solution of some Newtonian subproblem and set the next
iterate to be uF ! := uk +vk. We note that unlike in the unconstrained case (P = R"),
in the current setting of constrained equations it is not quite evident what should be
regarded as the basic Newtonian subproblem. Assuming that @ is smooth, one natu-
ral possibility is to consider the least-squares solutions of the linearized constrained
equation:

1
mn?@wh+¢nﬁmﬂ st. uk+veP, )

what we may call constrained Gauss—Newton method. The objective function of this
subproblem is convex quadratic, and if P is polyhedral, (2) always has a solution,
due to the Frank-Wolfe theorem [9, Theorem 2.8.1]. Obviously, a solution of this
subproblem need not be unique.
Another natural possibility is to consider solving the basic unconstrained Newton
equation
@ W) + &' WHv =0 (3)

for vﬁ‘v, and then define «**! as the projection of u* + v’fv onto P. This scheme can be
called the projected Newton method. Of course, neither existence nor uniqueness of
solutions of (3) can be guaranteed without further assumptions, especially when u*
is close to a singular solution. That said, below we shall provide assumptions on the
problem data and on starting points which ensure that along the sequences generated
by the methods to be considered, there always exists the unique solution v of the
unconstrained Newton equation (3), and moreover, it always gives feasible iterates,
ie., uk + v* € P. Therefore, and somewhat surprisingly, the peculiarities of the
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constrained setting will actually play no role in those situations. Our goal is precisely
to demonstrate that this is indeed the case: both the constrained Gauss—Newton method
and the projected Newton method work in these circumstances exactly as the Newton
method for the unconstrained equation

@) =0, “)

and hence, they inherit its behavior near possibly nonisolated solutions, which has
been studied in [10,11].

Furthermore, as we are especially interested in the cases of potentially nonisolated
solutions, and following the recent development in [7] for the unconstrained case, it
is natural to consider some stabilized versions of the Gauss—Newton method. In the
constrained Levenberg—Marquardt method [8,12,13], the following subproblems are
solved:

1 1
min z||qb(u’<) + &' W) + Ea(uk)||v||2 st. uk+veP, (5)

where o : R? — R defines the regularization parameter. If o (1*) > 0, the objective
function of this subproblem is strongly convex quadratic and, hence, the subproblem
has the unique solution.

Another possible alternative is the recently proposed LP-Newton method [1]. The
subproblems of this method have the form

min y

st |k + @' Wy < yll@wh)?,
vl < yll®wh)l,
uk+ve P,

(6)

with respect to (v, y) € R? x R. If P is a polyhedral set, and the /,,-norm is used,
then this is a linear programming problem (hence the name).

Along with constrained versions of the methods in question, one can also consider
their projected variants. The projected Levenberg—Marquardt method has been pro-
posed in [8]; its iteration consists of finding the solution vlz y Of the unconstrained
subproblem

1 1
min §||<P(uk) + &' yvl* + Eowk)nvn?, 7

and then defining the next iterate u**+! as the projection of u* + vlz » onto P. Note
that (7) amounts to solving the linear equation

&' W) o) + (@' W) @' (Wh) 4+ o by v =0,

where [ is the identity matrix.
Taking o (u¥) := 0, computing a solution v/éN of (7), and defining u**! as the
projection of u* + v]é y onto P, leads to the projected Gauss—Newton method.
Similarly, one can consider the projected LP-Newton method generating u*! as

the projection of u* + vli py onto P, where v’i py With some y solves the subproblem
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min y
st |k + @' Wyl < yllewh)?,
vl < yll®@ k).

We next briefly survey previous convergence results for the methods outlined above.
To that end, the following condition is relevant. We say that the constrained local
Lipschitzian error bound holds at some solution u of (1), if

dist(u, S) = O(|®(u)|) asu € P tends to u. ()

If (8) is satisfied, then both the constrained Levenberg—Marquardt method (5) (for o (+)
proportional to || D (-) ||’3 with 8 € [1, 2]) and the LP-Newton method (6) exhibit local
quadratic convergence to some solution of (1); see [8,14] and [1], respectively. For
the projected version of the Newton method, convergence cannot be guaranteed under
the error bound assumption (8) alone, since the subproblems (3) are not necessarily
solvable in that case. Differently from this, the subproblems both of the constrained and
of the projected Gauss—Newton methods always have a solution. However, even if we
use only the uniquely defined minimum norm solutions of the subproblems, quadratic
convergence of these methods can only be expected if a local Lipschitzian error bound
stronger than (8) holds, and a condition on the local behavior of the singular values
of @’(u) is satisfied; see Theorem 4.1 in [15]. In addition, Example 4.5 in this thesis
shows that the condition on the singular values is crucial for convergence.

As for the projected Levenberg—Marquardt method, quadratic convergence was
established in [8], but only under an assumption which is much stronger than (8)
and implies, in particular, that locally the solution set of the constrained equation (1)
coincides with that of the unconstrained equation (4), see [16]. Moreover, it can be
shown (see [17, Example 4]) that superlinear convergence requires more than the error
bound (8). However, assuming (8), local R-linear convergence has been established in
[18] for o (-) proportional to || @ (-)||. To the best of our knowledge, local convergence
properties of the projected LP-Newton method have not been studied previously.

In this paper, we are interested in the behavior of the methods described above near
solutions violating the error bound (8). In this sense, our results complement those
obtained assuming (8). Thus, a more complete understanding of properties of these
methods is achieved. It turns out that solutions violating (8), when they exist, may
have a strong impact on the behavior of the methods in question. In the unconstrained
case, these questions have been recently addressed in [7]. Here, on the one hand, we
extend the results from [7] to the constrained setting. On the other hand, Theorem 3.1
itself relies on the main result from [7].

2.2 The Assumption of 2-regularity

Let imA and ker A stand for the range space and the null space of a linear operator
A, respectively. Assuming that @ is twice differentiable at u € RP, @ is said to
be 2-regular at u in a direction v € R” if the p x p-matrix @' (i) + [TP" (it)[v]
is nonsingular, where I7 is the projector onto some complementary subspace L of
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im®’ (i) parallel to im@®’ (i) (the latter means that IT : R”? — RP? is a linear operator
such that IT> = I1, imI1 = L, ker [T = im®’(it)). The concept of 2-regularity
is useful in nonlinear analysis and optimization theory for a variety of reasons; see,
e.g., the book [19] and references therein. It is easy to check that 2-regularity is
invariant with respect to the choice of a complementary subspace L and to the length
of |lv||, so it is indeed a directional property. It is also easy to see that this property
is further equivalent to saying that there exists no nonzero u € ker @'(u) such that
@"()[v, u] € im®’' ().

Theorem 3.1 and the main result of [ 7] require 2-regularity of @ at it in some nonzero
direction v € ker @' (it). According to the discussion in [6] (see also [7, Proposition 1]),
if @’ (1) is singular (in particular, if # is a nonisolated solution of (4)), the needed v
can only exist if u is a critical solution of (4) as defined in [6]. More precisely, such
v cannot belong to the contingent cone to @ ~!(0) at i (the notion of the contingent
cone we refer to is standard, but just for the sake of precision, see [5, p. 3]). Hence,
this contingent cone must be a proper subset of ker @’ (i1). Observe that the latter holds
automatically if u is a singular but isolated solution of the unconstrained equation (4),
as in this case the contingent cone to ®~1(0) at @ is trivial, while ker @' (i) is not.
Criticality, in turn, is closely related to violation of the Lipschitzian error bound [6].

In Theorem 3.1, we shall assume that v belongs to ker @’ (i) and also to the radial
cone Rp(it) :={v € R? : 3¢ > O such that u + tv € P} to P at iz. If the constrained
error bound (8) holds, it evidently follows that any such v belongs to the contingent
cone to S, and hence, to the contingent cone to ®~1(0) at &. This implies that the
assumptions of Theorem 3.1 cannot hold if the error bound (8) does. At the same time,
when (8) is violated, Theorem 3.1 can be applicable, and such applications will be
discussed below. We note that nearby solutions satisfying (8) give rise to corresponding
neighborhoods of convergence; however, these neighborhoods shrink as solutions tend
to the one violating the error bound, and the exterior of these neighborhoods might
form a large domain of attraction to this special solution. In the sequel, this will be
illustrated by examples.

We conclude this subsection by introducing some further notation that will be used
in what follows. All the norms are Euclidean, unless explicitly stated otherwise. By
B(u, §) we denote the ball centered at # and of radius §. The identity matrix is denoted
by I, and the elements of the canonical basis by e’. The spaces are always clear from
the context. The notation |J| stands for the cardinality of the index set J. By u; we
mean the sub-vector of # formed by the coordinates indexed by J, and by A, the
matrix formed by the rows of the matrix A indexed by J. The notation diagz refers to
the diagonal matrix with coordinates of the vector z on the diagonal.

3 Attraction of Newtonian Sequences to Special Solutions

For a given point # € R”, a given direction v € R”, and scalars ¢ > 0 and § > 0, we
define the following set:
u—u _
— — 0 H <34 } .
lluw — |
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Note that K, 5(u, v) is a shifted conic neighborhood of the direction v intersected
with a ball around u.

The main result of this section relies on [ 7, Theorem 1], and the following fact, which
establishes feasibility of the set defined above (with proper choices of parameters),
when the direction v is interior feasible for the set P. We note that in Lemma 3.1
closedness of P is not needed; and this also applies to the statement of Theorem 3.1
further below.

Lemma 3.1 Assume that v € intRp(u) for some u € P, ||v|| = 1. Then, there exist
g > 0andé > 0 such that Kgyg(ﬁ, v) C P.

Proof By assumption, there are nonzero vectors vl ..., v in Rp (u) such that v €
intK, where K denotes the convex conic hull of {vl, ..., v"}. Then, there evidently
exists 7 > O such that it + rv' € P foralli € {1, ..., r}.

Any element v € K can be written as v = Zle o; v with some o > 0,7 €
{1, ..., r}, which can be chosen in such a way that the vectors vl with o > 0 are
linearly independent (see, e.g., [20, Corollary 17.1.2]). Since the number of linearly
independent subsystems of v!, ..., v" is finite, it can be easily seen that there exists
¢ > 0 such that, for every v € K, one can chose a1 > 0, ..., o, > 0in such a way

thate < c|v|| witha := )], ;.
Therefore, assuming that v 7 0 (and hence, « > 0), we obtain that

r r
- ] o _ i
v= — v = — tv') € P,
DI Z — (@ +1v')
where the inclusion is by the convexity of P. The latter further implies that

tv
cllvll

u—+

e P,

and hence, setting & := t/c, we conclude that # + v € P holds for all v € K with
o]l < &. ) ]

It remains to select § > 0 such that B(v, §) C K, which is possible since v € intK.
With these choices, for any u € Kg’g(ﬁ, v) it holds that v := u — u satisfiesv € K
and |lv|| < &,and hence,u =u +v € P. O

We proceed to establish new convergence properties for an iterative framework for
constrained equations, which covers the algorithms discussed in Sect. 2.1. Following
[7], to handle a variety of methods within a unifying framework, we consider the
following perturbed Newton scheme:

@) + (@' (Wh) + 2w = wh). ©)
The requirements on the perturbation terms §2 and w are specified in Theorem 3.1.

As explained in [7], the perturbation terms define specific methods within the general
framework (9).
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The key discovery is that, if initialized in a certain conic domain associated to an
interior feasible direction v € ker @’(u) for which the mapping @ is 2-regular at a
solution u of (1), the iterates actually remain feasible throughout, and thus the methods
behave the same as in the unconstrained case. We remind again that the 2-regularity
assumption implies that the error bound (8) does not hold.

In what follows, we use the uniquely defined decomposition of every u € R? into
the sum u = uj + ua, with u; € (ker @’(i1))* and u € ker @' (ir).

Theorem 3.1 Let @ : RP — RP be twice differentiable near i € S, with its second
derivative being Lipschitz-continuous on P with respect to u, that is,

Q" (u) — " (i) = O(||u — il|)
as u € P tends to u. Assume that ® is 2-regular at u in a direction v € ker @' (u) N

intRp (i), ||v]| = 1. Moreover, let 2 : RP — RP*P and w : RP — RP satisfy the
conditions

W) = O(llu — ul), (10)
w() = O(lu —i|?), (11)
I2w) = O(luy — iy |}) + O(lu — ), (12)
and
Ho@w) = O(lu—illluy — i@rl) + O(lu — i|l*) (13)

asu € P tends to u.

Then, for every & > 0 and everyS > 0, there existe = ¢(v) > 0and § = §(v) > 0
such that for any starting point u® € K ¢, s(t, v) there exists the unique sequence
(uk} © R? such that for each k the step v* := "1 — u* satisfies (9), and for this
sequence and for each k it holds that ug £ ilh, Uk € PN K, 3, v), {1k} converges

to i, {||u* — it||} converges to zero monotonically,

k+1 -
luy™ —uyl 0 -
— e, = OUu" —ul)
lus ™" — us|
as k — oo, and
k+1 -
[lues —lel_l
k=oo |luf — i 2

Proof By Lemma 3.1, we conclude that there exist £ €]0, €] and 5 €]0, 3] such that
K; 5@u, v) C P.The needed result now follows directly from [7, Theorem 1] applied
with these & and §. The key observation is that any sequence generated as specified in [7,
Theorem 1] stays within the set K ;. 5(t, v), and hence, also within P (by Lemma 3.1).
Thus the iterates behave as in the unconstrained case of [7, Theorem 1]. |
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Taking into account the estimates in [7, Remark 2], the assertions of Theorem 3.1
imply the linear convergence to i of sequences generated by the algorithmic framework
under consideration, when initialized within K, s(u#, v). We emphasize that the latter
is a “large” set: it is a cone with nonempty interior intersected with a ball centered
at zero and shifted by u. Hence, it is not “asymptotically thin”, i.e., the ratio of its
Lebesgue measure to the measure of the ball stays separated from zero as the radius
of the ball tends to zero.

In (9), the mappings 2 : R? — RP*P and w : R?” — RP characterize per-
turbations of various kinds with respect to the basic Newton iteration (i.e., these
perturbations define specific methods within the general Newtonian framework). The
basic Newton method itself corresponds to £2 = 0 and w = 0, and since under the
assumptions of Theorem 3.1 it generates feasible iterates, the conclusions of the the-
orem apply to the projected Newton method mentioned in Sect. 2.1. In [7] it was
shown how the unconstrained Levenberg—Marquardt method with o (-) := [|@(-)||*
for t > 2, and the unconstrained LP-Newton method can be interpreted via (9) with
appropriate choices of §2 and w satisfying (10)—(13). In particular, on the domain of
convergence, the Levenberg—Marquardt method corresponds to

Q) == o (u) (dﬁ’(u)*l)T . oW =0,

and the LP-Newton method is characterized by
2) =0, o) satisfying 0@ < y @[ Pw]>,

where y (1) is the optimal value of the LP-Newton subproblem for uk = u. Again,
since under the assumptions of Theorem 3.1 feasible iterates are generated, our results
cover both the constrained and projected versions of the Levenberg—Marquardt and
the LP-Newton methods. As for the Gauss—Newton method, observe that since the
basic Newton equation has the unique solution in the domain in question, this is also
the unique solution of the Gauss—Newton subproblem. Thus, there, the associated
perturbations are zero. Alternatively, the Gauss—Newton method can be interpreted
taking o (1) := 01in the perturbation above corresponding to the Levenberg—Marquardt
method (thus again resulting in zero perturbations in the domain of convergence).

Before completing this section by an example, we would like to mention that extend-
ing the previous result to cases without twice differentiability of @, inspired by [11],
is an interesting topic for future research.

Example 3.1 Let p := 2, ®@(u) := ((u1 — Duz, (uy — 1)?), and P := R%. This
yields S = {u € R? : u; = 1,us > 0}. Consider the solution i := (1, 0). Then,
Rp(u) = R x Ry and, hence, intRp (i) consists of v € R2 such that v, > 0. At the
same time, we have @’ (i) = 0 and

" (i)[v] = (2”51 ’g) ,

implying that @ is 2-regular at i in any direction v € R? with v; # 0. Therefore,
Theorem 3.1 can be applied for any © € R? with #; # 0 and v > 0.
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Fig. 1 Gauss—Newton method for Example 3.1. a Iterative sequences. b Domain of attraction to solution
in question

1

0 0.5 1 1.5 2

(a)

Fig. 2 Levenberg—Marquardt method for Example 3.1. a Iterative sequences. b Domain of attraction to
solution in question

In Figs. 1, 2 and 3, the vertical line corresponds to the solution set. These fig-
ures show some iterative sequences generated by the Gauss—Newton method, the
Levenberg—Marquardt method, and the LP-Newton method, and the domains from
which convergence to # was detected. From points beyond this domain, all methods
converge quadratically to some solutions distinct from u.

The observed behavior agrees with Theorem 3.1 for solutions when the local Lips-
chitzian error bound (8) does not hold, as well as with the local convergence theories
of these methods under the error bound.

4 Applications to Complementarity Problems

In this section, we apply Theorem 3.1 to the analysis of Newton-type methods for
constrained equations arising from reformulations of the nonlinear complementarity
problem [21] (NCP)

220, F()z0, z'F@)=0, (14)

@ Springer



150 J Optim Theory Appl (2019) 180:140-169

-1 i i i i A i 1 i i L i ! i i i
0 05 1 15 2 1] 02 04 06 08 1 12 14 16 18 2

uy et

(a) (b)

Fig. 3 LP-Newton method for Example 3.1. a Iterative sequences. b Domain of attraction to solution in
question

with a sufficiently smooth mapping F : R — R®.
Let z denote a given solution of the NCP (14). Then, the standard partitioning of
the index set {1, ..., s} is defined by

Li=L@:={i=1,....5: % >0, F.Z) =0},
Ip:=10z)=1{i=1,...,5: 7z = F; () =0},
Li=hE@:={i=1,....,5: 2 =0, F,Z) > 0}.

Recall that 7 is said to satisfy the strict complementarity condition when Iy(z) = @.
Nonisolated solutions violating strict complementarity are of a certain interest in this
context. For example, because they possess special stability properties [22].

In what follows, we shall consider constrained reformulations of the NCP (14),
using the slack variable x € R*:

F(2)—x=0, ) =0, wu:=(z, x)eR} xR}, (15)
with some appropriate choices for the mapping ¥ : R® x R®* — R® that enforce

complementarity between z and x. Both smooth and piecewise smooth options for ¢
will be considered.

4.1 Piecewise Smooth Reformulation
Let ¥ : R® x R* — R® be the complementarity natural residual [21], i.e.,

Y (u) := min{z, x}, (16)
with the min-operation applied componentwise. We note that using this min-function,

the nonnegativity constraints in (15) are redundant for the reformulation of the NCP
itself to be valid. However, the nonnegativity constraints play a role for obtaining
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stronger convergence properties of Newton-type methods applied to the reformulation;
see [1,2] for detailed discussions.

As is well understood, near a solution z, locally the solution set of the NCP (14) is
the union of solution sets of the branch systems

F(z)—x=0, z;,=0, z,,=0, x,=0, x;,=0, z5,>0, x5 >0,
(17)
defined by all the partitions (J1, J2) of the bi-active index set Iy, i.e., all the pairs of
index sets satisfying J1 U J, = Ip, J1 N Jo, = 0.
Note that a branch system (17) can be considered as a constrained equation (1) with
respect to u := (z, x), with @ : R® x R® — R® x R® given by

D) = (F(@) — X, 21y» 2Jys X1y XJ1), (18)

and
P:={u:=(z,x) eR*xR*: z5, >0, x;, > 0}. (19)

The solution of interest of this constrained equation is u# = (z, x) with x := F(2).

We next show that Theorem 3.1 is applicable to the constrained equation given by
(18) and (19) which corresponds to the branch system (17), for directions v satisfying
certain assumptions. Then, we show that when initialized in an appropriate domain,
Newton-type methods for the original NCP, i.e., the constrained equation (15) with
¥ defined in (16), behave exactly as their counterparts for the branch system (17).
We emphasize that the methods themselves are applied to the original problem, and
the set P given by (19) above (which clearly depends on the solution) only plays an
auxiliary role for the convergence analysis.

After re-ordering the components of z so that z = (z!, z2), where z! := (z Iis 2J1)s

2=z L 2J,), and similarly for x (and F’), we can write
My Mix =1 0
ron | M2yt M 0 =1

D (u) = o I o ol
0 0 I O

where the matrices M1, M2, M1, My (whose dependence of the partition (J1, J2)
is omitted for simplicity) are given by

oFy _ 0Fy _ oF;, _ o0Fy _
BZII © 0z @ lel @ 0z . @
— 1 J N I J
M11 = 8FJII _ 3FJ'1 ~ s M12 = aszl _ g)Fle B s
—(2) (@) (2) ()
BZ[I 8Z]1 BZIZ 8Z12
oF, _ 0F _ oF, _ 0F, _
Mot e 9z1, @ 9z, @) Mos 0z, @ 9z, ©
21 = 8F12 _ 8F12 _ ’ 2= 8FJ2 - 8FJ2 _
(2) () (2) (2)
aZIl aZJl 8Z12 aZJz
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Therefore,

ker ®'(i) = {v:= (¢, &) : £ = (¢', 0), £ = (0, Margh), ¢! € ker My1},(20)

Ny y—(y yz) x—(x x5,
im@ (u)—{w.—(y, X): y M12X +X cimMy, } 21

In particular, since in the current setting of (19) we have that Rp(u) = P, it follows
that
7, - . - _J-._ /5 = E ekerMH, E]l>0 52:0,
ker @' (n) NintRp(u) = {v =(, &): El— 0, B2 = My !, (lerf‘)h - O}
(22)
Employmg (20) and (21), it can be seen that for v := (¢, &), where ¢ := (¢!, 0)
with z! (;11 , ¢ ]1) and any 4“11 and ¢ 71> and with any g, the 2-regularity of @ at u in
the dlrectlon ¥ is equivalent to saying that there exists no z! € ker My;\{0} satisfying

MHz' € imMy,, (23)

where the matrix M (') is defined as

2F11 o 2 I o 2

le (Z)[§11]+W(Z)[§Jl] lelaz (Z)[§11]+ 8 3] L@)[En] y
32 F; 32F - (24
3z 2 (Z)[fll] + ]18 (Z)[{J] 31118 (Z)[gll] + 9z 2 (Z)[gfl

Therefore, Theorem 3.1 is applicable to the constrained equation in question [corre-
sponding to the branch system (17)] with every v satisfying the specified assumptions
and ||v|| = 1.

It remains to show that when initialized in an appropriate domain, the methods we
consider for (15) with ¥ defined in (16), behave exactly as their counterparts for the
branch system (17).

To that end, let G : R x R® — R**?% be a mapping such that for each u :=
(z, x) € R® x R%, the rows of the matrix G («) are given by

(e', 0), ifz; < x;,
Giw):={ (e, 0or(0, ), ifzi=x;, i=1,...,5s. (25)
(0, €'), ifz; > x;,

Due to the nonsmoothness of ¥, the matrix G serves as replacement for the possi-
bly non-existing Jacobian of ¥. Moreover, instead of the constrained Gauss—Newton
method (2) we now consider its piecewise version. For a given current iterate
uk = (zk , xk) e R} x Ry, the con?tmined piecewise Gams—Newton method for

(15) generates the next iterate as uktl = yk 4 vk, where vk ({ 5 ) is a solution

@ Springer



J Optim Theory Appl (2019) 180:140-169 153

of the subproblem

1 1
min | F(Z) =2+ (¢ =1 + JIv @) + Gl o0
st uk+v>0,
with respect to v := (¢, &). .
For arbitrary fixed € > 0,8 > 0, and v € ker @’ (it) NintRp (i), letu := (z, x) €
(R* x R%)\{u} be such that

u—u

<. (27)

v

llu —ull <&, ‘

Il — uel]

If £ > 0 is small enough, then from the first inequality in (27), and taking into
account (16) and (25), we obtain that

zr, > x5, and hence, ¥y, (z) = x1,, G, (z) = (0 I1,);
Z1, < x1,, andhence, ¥,(z) = z1,, G, (2) = (I}, 0).

Furthermore, the second inequality in (27) implies that
lu =it — flu = all 51| < 8llu — .
Since z7, = 0 and x, = 0, we then conclude that
2= llu—it sy | = llzig=Zs—llu—ill sy I| < Nu—ii—|u—itl| 5 || < 8llu—ill, (28)

and similarly, B
llxry — llu — ullér |l < Sllu — ull. (29)

For every i € Jp, from (28) it follows that
zi 2 (G = dllu —all. (30)
At the same time, since & 71 = 0 holds according to (22), from (29) it follows that
g, Il < 8llu — it (3D

Recalling g: 7, > 0 from (22), by (30) and (31) we conclude that if § > 0is small
enough, then z;, > x;,, and hence, taking into account (16) and (25),

lI/JI(Z) =XJs Gjl(Z) = (O 1]1)-
Similarly, for every i € J», from (29) and from the equality é 2 = My El in (22) it

follows that B . B A
xi > & —8lu—iall = (MarZ"y; — 8)llu —al, (32)
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while, since g: s, = 0 holds according to (22), from (28) it follows that
lz Il < 8llu — il (33)

Recalling (M1 21 s, > 0 from (22), by (32) and (33) we conclude that if §>0is
small enough, then z;, < x,, and hence, taking into account (16) and (25),

lp.]z (Z) =2/, G.Iz (Z) = (Ifz O)

Summarizing the consideratiorls above, we deduce that if u := u* satisfies (27)
with sufficiently small € > 0 and § > 0, then (26) takes the form

1
min 5||q>(u’<) + @ WYW)? st uF+v>0, (34)

where @ is defined in (18).

Note that one cannot apply Theorem 3.1 directly to the method defined by the
subproblem (34), because the feasible set therein is generally smaller than P — u*
with P given by (19). That said, and as demonstrated above, Theorem 3.1 is in fact
applicable for the specified @, and when P is given by (19). This yields the following:
for every € > 0 and 8§ > 0, there exist ¢ > 0 and § > 0 such that for any starting point
u e K ¢.s(u, v) there exists the unique sequence {uF} © R® x R* such that for each
iteration index k the step vk o= uk 1 — ¥ solves (9) with 2 = 0 and @ = 0, and for
this sequence and for each k it holds that u’é # Uy, and uk e PN Kg’ 5(u, v). Observe

further that according to (18), equation (9) being solved by v¥ implies that for all k

k+1 k+1 k+1 k+1
2, =0, 257 =0, x;7 =0, x;7 =0.

In addition, if € > 0 is small enough, then the inclusion uk e K . s, V) implies that

zlfl > 0 and xfz > 0. Combining these observations with the inclusion u* € P and

with (19), and assuming that u® > 0, we obtain that u¥ > 0 for all k.

Hence, we actually can derive conclusions about the method with the subproblem
(34) from Theorem 3.1. This allows to characterize domain of convergence to u of the
constrained piecewise Gauss—Newton method by means of Theorem 3.1, when the
method is applied to the constrained equation corresponding to a proper branch (17)
of the solution set of the NCP (14), with the starting point in the proper domain.

Proposition 4.1 Let F : R® — R’ be twice differentiable near 7 € R®, with its second
derivative being Lipschitz-continuous with respect to 7. Let 7 be a solution of the NCP
(14), and let u := (zZ, X), where X := F(2). Assume that for some partition (J1, D)
of Iy = Iy(2) there exist elements {1 e RN C] e RVl such thar g“ (511, Ejl)
belongs to ker M1 and satisfies CJ, > 0 and (leg“ )J2 > Ofrom (22) there exists
no z' € ker M1 \{0} satisfying (23) and ||(¢, My1cY|| = 1. Set ¢ := (¢, 0) with

0in RI2I x RI21 & .= (0, Ma1Z") with 0 in RW x R,
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Then, there exist ¢ > 0 and 8 > 0 such that for any starting point u® := (z°, x%) e
R* x R*)\{u} satisfying

0

70—z 0

x’ —Xx -

| <s

12—zl <, ‘ EHsa, Ix0 — %) <e, ‘

lu® — || llu® — ||
there exists the unique sequence {u*} C R® x R* such that for each k the step v :=
uktl — uk solves (26) with ¥ and G defined in (16) and (25), respectively, {uk}
converges to u, and the rate of convergence is linear.

Remark 4.1 Tt is natural to choose x° not independently but in agreement with the
choice of z°. For example, if we set x9 = max{0, F (ZO)}, it can be verified that for
given ¢ > 0 and § > 0, the requirements on x° in (35) are automatically satisfied if
the requirement on z" is satisfied with ¢ > 0 and 8 > 0 small enough.

Regarding the first requirement on x°, this is obvious. Regarding the second require-
ment, observe first that the second inequality in (35) implies that

0 = 0 -ux 0o -
lz5 —z—llu” —ull¢ll < 8llu” — ull,
and hence,

IF (%) — F&) — lu® —al F'QZl < IF' @G0 —2) — lu’ —al| F )|

+o(lI2° - ZII)
< IFF@OIL =z =1’ —a|Z|
+o(12° - zII)

< SIF OMu® — all + o(lu® — all) (36)

as u® — i. For any i € I1 U Jy, since x; = F;(z) = 0, §i = 0, and F;(Z)E =0,
according to the inclusion ¢! € ker M1 and the definitions of x° and ¢, we then have
that

=g = —alg| = 1)
< |F;: (2"
=F°%) = Fi@) — [u® — il F/@)z|
< SIF @OlNu® — |l + o(llu® — ill)

as u® — ii. Furthermore, for i € J, since F;(Z) = 0, and employing (22), from (36)

we derive
F;2% = F/@¢u® —all = 811 F' @llu® — il + o(|u’® —])) > 0
provided ¢ > 0 and § > 0 are small enough. Since F,(z) > 0, by further reducing

e > 0, if necessary, we then obtain that for any iehUJ it holds that F; (%) > 0,
and hence, employing the definitions of x° and &,
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X0 — % — u’ —a@ll&| = |Fi°) — Fi@) — lu® — il F @)¢|

0_
< SIIF' @I’ = all + o(lu® — al))

as u® — i, where the last inequality is again by (36). The obtained estimates yield

the needed conclusion.

Consider now the constrained Levenberg—Marquardt method for (15), in which the
step v¥ 1= (¢¥, &%) is computed as a solution of the subproblem

min %IIF(Z") -+ Fl (e - &7 + %nwu% + Gyl + %o(uhnvnz
st uk+v > 0.
(37)
As demonstrated above in the context of the constrained piecewise Gauss—Newton
method, if & > 0 and § > 0 are small enough, then the inclusion uk e K 5, 8(’/_" V)
implies that solving (37) is equivalent to solving

1 1
min E||q>(u") + &' W) + 5a(u’<)||u||2 st. uk 40 >0, (38)

where @ is defined in (18). Furthermore, there exists the unique vﬂ‘v solving (9) with
2 = 0and w = 0, and for this vj‘v it holds that uf + vf\, > 0, i.e., vll‘v is feasible in
(38). Therefore, for the unique solution vk of (38) it holds that

1@ @*) + @' W)k |12 + o @HIE1? < o @) v 1%,
implying that

1@ ") + @' W)k < Vo wh)lvk Il

By [7, Lemma 1], it is known that ||v§‘v|| = O(|lu* —i||), and hence, if o (-) = | @ ()|
with T > 2, then v¥ solves (9) with £2 = 0 and some w(-) satisfying w(u) =
O(Jlu — ul|||2@)]]). As demonstrated in [7], these perturbation mappings £2 and
o satisfy (10)—(13), which allows to apply Theorem 3.1.

Proposition 4.2 Under the assumptions of Proposition 4.1, for any Tt > 2, there exist
e > 0and 8 > 0 such that for any starting point u® = (z°, x%) € (R* x R%)\{it}
satisfying (35) there exists the unique sequence (u*} C R xR® such that for each k the
step vk o= uk K solves (37) with ¥ and G defined in (16) and (25), respectively,
{(uk} converges to it, and the rate of convergence is linear.

Finally, consider the LP-Newton method for (15), in which the step v* is computed
by solving the subproblem
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min y

st |FE) —x*+ F'(Me — €| < y||<F(z"> —xk, W@y,
I k) + G(uk)vn < VI — b, w2, 39)
vl < ¥ I(F &) —xk, w@hy)],
uk +v >0,

with respect to (v, y) = ((¢, &), y) € (R* x R¥) x R.
Again, as demonstrated above, if &€ > 0 and § > 0 are small enough, then the
inclusion u* € K, ;(u, v) implies that solving (39) is equivalent to solving

min y

st |6 k) + @' Wyl < yllewh?,
vl < yll®whl,
uk +v >0,

(40)

where @ is defined in (18). Furthermore, there exists the unique vll‘v solving (9)
with 2 = 0 and w = 0, and for this v, it holds that u* + vk, > 0. Then,
k. 4 1/11@ @*)]) is feasible in (40), and hence for the optimal value y (u*) of
(40) it holds that

Y k) ”UN I
~lewhl’
Therefore, for any solution v¥ of (38) we have

@ ") + @' W)k < 1ok I11@ @),

again implying that vk solves (9) with 2 = 0 and some () satisfying w(u) =
O(|lu — ul|||® (u)|). This, once more, allows to apply Theorem 3.1.

Proposition 4.3 Under the assumptions of Proposition 4.1, there exist ¢ > 0 and
8 > 0 such that for any starting point u® := (z°, x%) € (R* x R%)\{it} satisfying (35)
there exists a sequence {uk} © R® x RS such that for each k it holds that (v¥, Vi+1)
with v* 1= uF*t1 — u* and some Vik+1 solves (39) with ¥ and G defined in (16) and
(25), respectively; any such sequence {u*} converges to ii, and the rate of convergence
is linear.

Example 4.1 Lets := 2and F(z) := ((z1 —1)z2, (z1 —1)). Then, the solution set of
the NCP (14) hastheformS = {z e R%2: z1 =1, 20 > 0JU{z € R?: z; > 0, z» =
0}, and the two solutions violating strict complementarity are (0, 0) and (1, 0).

Consider the solution z := (1, 0). Then, Iy = {2}, I = {1}, I, = @. We next
consider the partitions of /j:

— For J1 =0, J» = {2}, we have Fj,(z) = 0 when z;, = zo = 0, implying that
Mj; = 0, the matrix in (24) is always equal to 0, and hence, 2-regularity cannot
hold.
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Fig. 4 Piecewise Gauss—Newton method for Example 4.1. a Iterative sequences. b Domain of attraction
to solution in question

1 ° 1
08! 08
o
06 06
04b Y OO
°
02} 02
2 P
ok IO TS SO SV SOV SO S
04} : 04 :
-06f 08
o8l Y UUURS UROOS SO SYROSE SSTS SIS SO
» ; ; ; ; P I R S S N S SR N
0 05 1 15 2 0 02 04 06 08 1 12 14 16 18 2
z1 1
(@) (b)

Fig. 5 Piecewise Levenberg—Marquardt method for Example 4.1. a Iterative sequences. b Domain of
attraction to solution in question

- lfor J1 = {2}, Jo = ¥ we have M| = 0, M» is empty, and_ hence, the in_clusion
¢! e ker My; and the relations in (22) hold for any ¢! = ¢ € R? with &, > 0.
Furthermore,

ME) = F'@IE = <2§§1 %) ,

which is nonsingular when ¢; # 0. Therefore, Propositions 4.1-4.3 are applicable
with this partition (J, J»), and with any ¢; # 0, ¢, > 0.

Observe that the branch system (17) corresponding to this partition is precisely
the constrained equation considered in Example 3.1.

In Figs. 4, 5 and 6, the horizontal and vertical solid lines form the solution set.
These figures show the domains from which convergence to u was detected, and some
iterative sequences generated by the constrained piecewise Gauss—Newton method, the
constrained piecewise Levenberg—Marquardt method, and the piecewise LP-Newton
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Fig. 6 Piecewise LP-Newton method for Example 4.1. a Iterative sequences. b Domain of attraction to
solution in question

method, with the rule for starting values of the slack variable specified in Remark 4.1.
The observed behavior agrees with Propositions 4.1-4.3.

Finally, we briefly discuss how the corresponding results can be derived for pro-
jected methods. As pointed out above, under the assumptions of Proposition 4.1, and
assuming that the starting point u° := (20, x°) satisfies (35) with sufficiently small
e > 0and § > 0, the iterates generated by the steps of the basic Newton method auto-
matically remain feasible. Therefore, in these circumstances the projected Newton
method and the projected Gauss—Newton method will be generating exactly the same
sequences as the basic Newton method or the constrained Gauss—Newton method.
Thus, the assertion of Proposition 4.1 is valid for all these methods.

As for the Levenberg—Marquardt and the LP-Newton methods, for a current iterate
uk,let 5% := (Z*, &%) be a step generated by solving their unconstrained subproblems.
According to the discussion above, if uk e K 5 3(12, v) with sufficiently small £ > 0

and § > 0, then 7* satisfies the equation

@ k) + @' WPy = o) (41)

with some &(-) suchthatw(u) = O(|lu—u || ||<D(u) II) as u — u. Moreover, employing
the definition of P in (19), it holds that (zX + g‘ )IIUJI > 0 and (x* —}—E )nusn = 0.
By the definition of @ in (18), we further deduce that

1+ nunll < 10O, 165 +E Lol < 1oW)].

Hence, by Hoffman’s lemma (the error bound for linear systems; see, e.g., [21,
Lemma 3.2.3]), for the projection u**! of u* 4 #* onto R x R, it holds that

[k +! — @F 4+ ) = o(la@h)). (42)
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From (41), (42) we then derive that

@ W) + @' W)@ — i) < |0 Wk + &' (WF)T|
H® @) @ — @k + 50|
= O (o).

The latter estimate again allows to apply Theorem 3.1. Therefore, the counterparts
of Proposition 4.2 and 4.3 are valid for the projected Levenberg—Marquardt and LP-
Newton methods, respectively.

4.2 Smooth Reformulation
Let ¥ be now defined by the Hadamard product of the complementarity variables:
U(u):=zoux, (43)

where z o x = (z1x1, ..., ZsXs). With this choice, the equation in (15) is smooth,
and the nonnegativity constraints in (15) are necessary for making it an equivalent
reformulation of the NCP (14).

Define @ : R® x RS — RS x R,

D (u) == (F(z) —x, ¥(u)). (44)

It might seem natural to simply take P := R’ x RY in (1). However, as will be seen
from the analysis below, this choice would not allow to apply Theorem 3.1 when at
least one of the sets /1 or I is nonempty. To apply Theorem 3.1, we define

P:={u:=(z,x) eR* xR*: 75, >0, xp, > 0}, (45)

and consider the constrained equation (1) with these @ and P. The solution of interest
isu := (z, x) with x := F(z), as before. We emphasize that the set P depends on the
solution (via the index set Ip), and thus its role here is auxiliary. It will not appear in
the iterative schemes, which are as before: those of the constrained Gauss—Newton,
Levenberg—Marquardt, and LP-Newton methods applied to the equation @ (#) = 0
with full nonnegativity constraints, where @ is given by (44). The point is that we
show, under certain assumptions, that such iterates can be considered as those for the
same @ but P now defined in (45), which allows to apply Theorem 3.1.

The first issue to understand is what the key assumption of 2-regularity of @ in a
direction v € ker @'(i2) NintR p (i1) means in the current setting. We proceed with this
next.

As it is easily seen,

__(F' @ -1
! —
P = (diagx diagZ) ’

ker @'(i) = {v:i= (¢, §): F/(D)¢ —§=0, ¢, =0, &, =0},  (46)
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and, after some manipulations,

dF
e yr — 81111 (z)()cl2 0)(12)+z11 o X1,
im® (u) = Jw:=(y, x): - N CY.
(Z) Xy = 0

311 u1

I stands for the vector whose

where for a vector u with positive components, @~
components are the inverses of those of .

Assuming that the components of all vectors are ordered as above, since Rp (i) =
(RN x RK‘)‘ x RI2 x (RN x RK"‘ x RI21), we then conclude that ker @’ (i) consists

of ¥ := (¢, &) with ¢ and £ satisfying

3F), dF 1,01,
@Znun =0, .
azllulo e 3211u10

(Z)EllUlo = éloulzs 512 = O, ‘511 = Ov (48)

while v € intRp (u) means that
¢, >0, &, >0. (49)

Employing (47) and (48), it can be seen that for any v = (¢, £) € ker &' (i),
2-regularity of @ at u in the direction v is equivalent to saying that there exists no
nonzero u := (z, x) satisfying

aFT, dF oL, -
(Z)Z11u10 - 0 #(Z)leUlo = XU, I, = 01 xXn = O’ (50)
8Z11U]0 aZIIUI()

and such that

(2), &pozi+Lpoxy=0. (5D

3 Fp,
(Z)[CllUI()» ZI]U]()] € lma
az,lu,o 21Ul

We therefore conclude that Theorem 3.1 is applicable to the constrained equation
in question with every v := (¢, &) such that (48), (49), and ||#]| = 1 hold, and there
exists no nonzero u := (z, x) satisfying (50), (51).

Observe that if F/(z) = 0, as in Example 4.1, then (48) and (50) imply that 5 LUl =
0, x7,ur, = 0, and (51) reduces to the equality

3 Fy,

(Z)[CllUI()y Z]lul()] = O
8Z11UI()

This is a homogeneous linear system with |/;| equations and |I{| + |[o| variables,
and it always has a nontrivial solution unless Iy = @. Therefore, Theorem 3.1 can be
applicable in this case only if Iy = @. The latter is not fulfilled for z considered in
Example 4.1. And indeed, numerical experiments demonstrate the absence of any clear
attraction to u in this example for the constrained Gauss—Newton method and the other
methods, for the smooth NCP reformulation. Some iterative sequences generated by
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Fig. 7 Iterative sequences for smooth reformulation of NCP from Example 4.1. a Levenberg—Marquardt
method. b LP-Newton method

the constrained Levenberg—Marquardt method and the LP-Newton method are shown
in Fig. 7. The Gauss—Newton method for this example terminates in one iteration at
the orthogonal projection of z° onto the straight line given by the equation z5 = 0.

At the same time, in general, the system (50), (51) may reduce to 2s independent
linear equations in the same number of variables, as will be demonstrated by examples
below.

By Theorem 3.1 (when it is applicable), we obtain that for every ¢ > 0 and §>0,
there exist ¢ > 0 and 8§ > 0 such that any starting point u° € K, 5(it, 0) uniquely
defines the sequence {u¥}  R® x R® such that for each k it holds that v := u*+1 —y¥
solves (9) with £2 = 0 and w = 0, and for this sequence and for each k it holds that
u’é # Uy, and uk e PN Kg’g(ﬁ, v). Assuming that £ > 0, and employing (19), this
implies that 2§ > 0, xf > 0,2} >0, and x§ > 0.

Observe further that, according to (44) with (43), equation (9) being solved by vk
yields

zkoxk+xko§k+zko§k=0

for all k. This implies that, for all i € I,

k+1 2
g = +ef= __lkgik
X
and, forall i € I,
k+1 k k xf k
=X+ E = -
Zj
holds. Therefore, if we show that
tf <0, & <0, (52)
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then, assuming that u® > 0, it would follow that u* > 0 for all k. We verify this next.
In order to obtain the needed inequalities, in addition to the assumptions stated

above, we require that
¢ >0, &, >0. (53)

Then, (52) holds for all v* := (¢*, £%) such that v¥/||v¥| is close enough to (—).
Therefore, it is sufficient to show that the latter property is automatic provided ¢ > 0
and § > 0 are small enough. To prove this we first assume without loss of generality
that i := 0. As established above, for each k it holds that both u* and u*t! := uf + %
belong to K :, ;3(u, v), and in particular, they are not equal to zero.

As an ingredient of our reasoning, we will reuse a formula from the proof of
Theorem 1 in [7]. This formula is displayed there directly after (34) and can be written
as

1 4 3 k ko ok 1 4 3 k
5 —PE ) Il = llu” + v = { 5+ o ) ) lull, (54)

where p :]0, oo[x]0, 0o[—]0, oo[ denotes some function with p(e, §) — 0 as
(e, 8) = (0, 0). Since

e T E S B
- =< —v — — V| <20,
lluk + oK) fluk | [k + vk || (7]
we obtain
k k
uk—}-vk—wuk < 28]uk + o).
[lze” |l
This implies
1 1
Uk+§uk _ uk+vk_§uk
k k k k
PR (17 SVl '1 PR 170 v kH
<|Ju +v - — U -
(7] 2 (7]
. 1L b+ ok,
526||u"+v"||+‘——— ¥
2 [k ||
= (8+280G B+ 0@ D) 1“1, (55)

WhereA the last inequality is by (54). Therefore, setting p (€, 3) =5+ 23,0(@, 3) +
(&, §), we have

[POP k k 1 .. k
5—/?(8, O )l = [l = §+p(8, 3) ) ™I,

and, hence,

o L

1 - 210(‘95 8) =z
2 [lok ||

<1425, 9). (56)
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From (55) and (56), we further derive

uk Uk vk k
+ + =
‘nukn o] ’nvkn 2||vk|| H ’nuku 2||vk|| H
Pyl lad | ‘ L
- AT 2 R
<4p@, $)(1+ &, b)).
This yields
v k uk
— 4| < |— - S+4pE, 1+ pE, b)),
H ol H [k ” IR kn H

implying that vk /|[ok)| can be made arbitrarily close to (—v) by taking ¢ > 0 and
§>0 (and thereby p (€, 5) and p(&, 3)) small enough.

The analysis above allows to employ Theorem 3.1 to characterize the domain of
convergence to u of the constrained Gauss—Newton method for the smooth reformu-
lation of the NCP (14). The method solves the following subproblems:

mm—||F(z")—x + F'(e —E1P + = ||t1/(uk>+sv<u">v||
S.t. u +v >0,

(57)

with respect to v := (¢, &). The resulting assertions are as follows.

Proposition 4.4 Let F : R — R® be twice differentiable near 7 € R®, with its
second derivative being Lipschitz-continuous with respect to zZ. Let 7 be a solution
of the NCP (14), and let u := (Z, X), where x := F(Z). Assume that there exist
U= (¢, &) € R® x RS such that (48), (49), (53), and ||v|| = 1 hold, and there exists
no nonzero u := (z, x) satisfying (50), (51).

Then, there exist ¢ > 0 and 8 > 0 such that for any starting point u® := (z°, x%) e
R* x RS satisfying (35) there exists the unique sequence {u*} C R® x RS such that for
each k the step vk = uk Tt — yk solves (57) with W defined in (43), {uk} converges to
u, and the rate of convergence is linear.

For the smooth NCP reformulation with ¥ given by (43), the subproblems of the
constrained Levenberg—Marquardt method have the form

1 | |
min 5||F(zk) — Py - g + 5||llf(u"> + W' Wy + Ea(u’wnvnz
st. ub+v>0,

(58)
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Fig. 8 Gauss—Newton method for Example 4.2. a Iterative sequences. b Domain of attraction to solution
in question

while the LP-Newton method solves subproblems

min y

st. |[F@E) —xb + F'(Zhe — &) < yII(F (5 — x5, w2,
W @) + &' @Rl < ¥ I(F &) — Xk, w@hy))?, (59)
vl < ¥ II(FEF) — x5, w@hy),
uk + v > 0.

The convergence of the corresponding methods can now be considered literally fol-
lowing the arguments in Sect. 4.1. According to this, we obtain the following.

Proposition 4.5 Under the assumptions of Proposition 4.4, for any T > 2, there exist
e > 0and 8 > 0 such that for any starting point u® := (2%, x°) € R® x RS satisfying
(35), there exists the unique sequence {(uF} © RS x R® such that for each k the step
V& = ukt — K solves (58) with W defined in (43), {u¥} converges to ii, and the rate
of convergence is linear.

Proposition 4.6 Under the assumptions of Proposition 4.4, there exist ¢ > 0 and
8 > 0 such that for any starting point u® := (z°, x°) € R® x R® satisfying (35), there
exists a sequence {u*} C RS x RS such that for each k it holds that (v*, yx41) with
vk = uk L —uk and some Vk+1 solves (59) with W defined in (43); any such sequence
{1k} converges to ii, and the rate of convergence is linear.

Next, we give some illustrations.

Example 4.2 Let s := 2, F(z) := (z1, z1). The solution set of the NCP (14) has
the form S = {z € RZ: 7z, =022 > 0}, and the only solution violating strict
complementarity is 7 := 0. Then, Iy = {1, 2}, I} = I = @, and conditions (48), (49)
reduce to

tL=&=%&&>0, &>0, (60)

while (53) is vacuous. Furthermore, conditions (50) and (51) reduce to

zi=x1=x2, &z1+0x1 =0, &2+ Gxa =0,
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Fig. 9 Levenberg—Marquardt method for Example 4.2. a Iterative sequences. b Domain of attraction to
solution in question
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Fig. 10 LP-Newton method for Example 4.2. a Iterative sequences. b Domain of attraction to solution in
question

and taking into account (60), this system with respect to (z, x) has only the trivial
solution. Therefore, Propositions 4.4—4.6 are applicable with v := ((¢, 6), (¢, 1)),
with any 7 > 0 and 6 > 0 such that 3r> + 6% = 1.

In Figs. 8, 9 and 10, the vertical line along the left side of the square is the solution
set. These figures present the same kind of information as Figs. 1, 2 and 3, using the
rule for starting values of the slack variable specified in Remark 4.1. The observed
behavior agrees with Propositions 4.4—4.6.

Example 4.3 Lets := 2, F(z) := (z1, 21 +1). The NCP (14) has the unique solution
z := 0,at whichx = (0, 1), I} = @, Iy = {1}, I, = {2}. Conditions (48), (49) and
(53) reduce to

H=6=6>0, =0, ©61)

whereas conditions (50) and (51) provide
zi=x1=x, 2=0, &zi+x =0.

@ Springer



J Optim Theory Appl (2019) 180:140-169

167

Fig. 11 Gauss—Newton method for Example 4.3. a Iterative sequences: main variables. b Iterative

sequences: slack variables
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Fig. 12 Levenberg-Marquardt method for Example 4.3. a Iterative sequences: main variables. b Iterative

sequences: slack variables
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Fig. 13 LP-Newton method for Example 4.3. a Iterative sequences: main variables. b Iterative sequences:

slack variables

@ Springer



168 J Optim Theory Appl (2019) 180:140-169

Taking into account (61), this system with respect to (z, x) has only the trivial
solution. Therefore, Propositions 4.4—4.6 are applicable if we take in them v :=
((1/3/3, 0, (1/7/3. 1/3/3).

Figures 11a, 12a and 13a present some sequences {zX} generated by the three
methods in question, using the rule for starting values of the slack variable specified
in Remark 4.1. These figures demonstrate a tendency of the sequences to converge to
Z along the horizontal direction in the boundary of the constraint set. Moreover, the
sequences of the Gauss—Newton method actually consist of the basic Newton iterates,
and therefore, we observe that the latter never leave the constraint set in this example,
even though they are moving along the boundary of this set.

In order to obtain some impression of the behavior of slack sequences, in Fig-
ures 11b, 12b and 13b we present some sequences {x¥} generated by the same methods,
using z¥ := (1, 1). These sequences have a tendency to converge to X along the direc-
tion with coinciding components.

The observed behavior again fully agrees with Propositions 4.4—4.6.

In addition, we point out that the projected versions of the methods above can be
treated similarly to how this is done in Sect. 4.1, giving results for the counterparts of
Propositions 4.4-4.6.

Finally, we note that the problems in Examples 4.2 and 4.3 are actually linear
complementarity problems, implying that the mapping @ defined in (18) is affine, and
hence, it cannot be 2-regular in any direction at any singular solution (as its second
derivative is zero). This means that the assumptions of Proposition 4.1 cannot hold in
these examples. Recall also that, on the other hand, Proposition 4.4 is not applicable
to the problem from Example 4.1. Therefore, the assumptions of Propositions 4.1 and
4.4 are not comparable: neither implies the other.

5 Conclusions

In this paper, we have established local linear convergence for a family of Newton-type
methods to certain special solutions of constrained equations, in particular violating the
local Lipschitzian error bound. Convergence is shown from large domains of starting
points, under the assumption which may hold naturally at such special solutions only,
and allows for these solutions to be nonisolated.

One line of further development of these results might be concerned with extensions
to the case of equations with Lipschitzian first derivatives, but possibly in the absence
of second derivatives, along the lines of [11]. Such extensions might be of interest even
in the unconstrained case, with applications to smooth unconstrained reformulations
of complementarity problems.

Another promising possibility is an extension to the case of piecewise smooth equa-
tions, probably with pieces having Lipschitzian second derivatives. This development
might also be of interest even for the unconstrained case, and might allow to cover
(unconstrained or constrained) piecewise smooth reformulations of complementarity
problems in a unified manner.
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