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Abstract The main purpose of this paper is to study the duality and penalty method
for a constrained nonconvex vector optimization problem. Following along with the
image space analysis, a Lagrange-type duality for a constrained nonconvex vector
optimization problem is proposed by virtue of the class of vector-valued regular weak
separation functions in the image space. Simultaneously, some equivalent charac-
terizations to the zero duality gap property are established including the Lagrange
multiplier, the Lagrange saddle point and the regular separation. Moreover, an exact
penalization is also obtained by means of a local image regularity condition and a
class of particular regular weak separation functions in the image space.
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1 Introduction

The present paper is concerned with a Lagrange-type duality and penalty method for
a constrained nonconvex vector optimization problem by virtue of the image space
analysis (for short, ISA). Just as we know, the traditional Lagrange duality is an impor-
tant method for constrained scalar and vector convex optimization problems. Among
several crucial aspects, the zero duality gap property between the primal problem and
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the corresponding Lagrange dual problem plays a key role, such as optimality con-
ditions, stability and sensitivity analysis and solution methods [1-3]. However, the
zero duality gap property may not hold for nonconvex optimization problems. Simul-
taneously, the classic Lagrange penalty method may also lose effectiveness. In order
to avoid the nonzero duality gap, various kinds of generalized Lagrange-type func-
tions, especially the augmented Lagrangian function, introduced by Hestenes [4,5]
and Powell [6], and the nonlinear Lagrangian function, introduced by Rubinov et al.
[7], have been proposed and applied to study scalar and vector nonconvex optimization
problems. We refer to [7—10] and references therein for more details.

In the last decades, the ISA has attracted great interest in the academic and pro-
fessional communities and has been used as a preliminary and auxiliary step for
investigating some subjects both in the optimization theory and methodology for
constrained optimization problems, such as optimality conditions [11-17], duali-
ties [18-22], variational principles [23], existence of solutions [24], penalty methods
[25,26], regularities and stabilities [27-29]. Since the path-breaking paper [13], it has
shown that the ISA is a unified scheme to study any kind of problem, which can be
expressed by the form of the impossibility of a parametric system. Simultaneously, the
image space (for short, IS) of the constrained optimization problem provides a natural
environment for the Lagrange duality and penalty method. By virtue of the ISA, Gian-
nessi [18] showed that the classic Lagrange duality for constrained scalar optimization
problems can be derived from regular separations in the IS. Subsequently, this idea
was further extended in [19] to investigate relationships between Wolfe and Mond-—
Weir dualities, especially their equivalence in the IS under some generalized convexity
assumptions. Mastroeni [20] studied some duality properties of a constrained scalar
optimization problem by means of the ISA and established some equivalent character-
izations for the zero duality gap property in the IS. Moreover, Mastroeni [26] analyzed
a nonlinear separation scheme in the IS associated with an infinite-dimensional cone
constrained scalar optimization problem and established some relationships between
the penalty methods and corresponding nonlinear separations. By exploiting the ISA,
ZhuandLi[21,22] proposed a unified duality scheme for a constrained scalar optimiza-
tion problem in terms of the class of regular weak separation functions and obtained
some necessary and sufficient conditions for the zero duality gap property, includ-
ing the Lagrange saddle point, the Lagrange multiplier, the lower semicontinuity of
the perturbation function and a regular separation in the IS, without any convexity
assumption.

However, the study on the duality and penalty method for constrained nonconvex
vector optimization problems by virtue of the ISA is very limited. In [30,31], several
theoretical and methodological aspects of constrained vector optimization problems
and vector variational inequalities, such as optimality conditions, dualities and scalar-
ization, were investigated by virtue of the ISA. For more details, we refer to [32-34]
and reference therein.

Motivated by the work reported in [9,12,21,22,30,31], the purpose of this paper is to
study the duality and penalty method for a constrained nonconvex vector optimization
problem by virtue of the ISA. To the end, we establish a Lagrange-type dual problem
via the class of vector-valued regular weak separation functions in the IS. Under
some appropriate assumptions, we obtain some equivalent characterizations to the zero
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duality gap property, including the Lagrange multiplier, the Lagrange saddle point and
the regular separation. Simultaneously, we also establish an exact penalization result
by means of a local image regularity condition and a class of particular regular weak
separation functions in the IS.

The organization of this paper is as follows: In Sect. 2, we recall some preliminaries,
particularly the concept of separation functions in the ISA. In Sect. 3, we propose a
Lagrange-type dual problem via the class of vector-valued regular weak separation
functions in the IS and study the zero duality gap property. In Sect. 4, we consider the
applications to exact penalization methods. In Sect. 5, some conclusions are given.

2 Preliminaries and Separation Functions in the ISA

Throughout this paper, all vectors are viewed as column vectors. Let R’ be an ¢-
dimensional Euclidean space, C = R¢ , and int C be the interior of C. When there is
no fear of confusion, we always denote by 0 the origin of different spaces. As usual, we
denote by x” the transpose of x for every x € RE. In this paper, we use the following
orderings: for all x, y € R¢,

x<cy&y—xeC, xgcy ©y—x¢C;
x<c\oy € y—xeC\{0}, x £eyoyy &y —x ¢ C\ {0}
X <incy © y—xeintC, x Lincy & y—x ¢intC.

In addition, y >¢ x (y #c¢ x) means that x <¢ y (x £¢ y). For other above-
mentioned orderings, analogous relations can be defined. Let R¢ .= Rt U {£o0},
where +00 (—00) is an imaginary point with each coordinate +00 (—00). This shows
—00 =Zc\{0} 2 =c\jo} +00 and —00 <ini¢ Z <intc +00 for every z € R¢. Moreover,
—00 <¢ 7 <¢ 400 and +00 £c\jo) 2 Loy —oo hold for every z € RE. Without
possibility of confusion, we shall not differentiate the —co and +o0 in RY, and the
—o0 and 400 in the extended real number space R. We extend the addition and the
scalar multiplication from R to R by using the following conventions:

74 (£00) = (£00) + z = +00, Vz € RE,
A(Fo0) = 00, YA > 0 and A(Fo0) = Foo, VA < 0,
(o0)e = 00, Ve € intC.

Definition 2.1 [9,35]Let A C R’ be anonempty subset. Denote the set of all infimum
points of A by Inf A. For any z* € Inf A, we mean that

(i) ¥ e RY
(i) z €evjoy 2%, Vz € A;
(iii) there exists a sequence {zX} C A such that z¥ — z* as k — +o0.

The point z* € Inf A is said to be an infimum point of A. Similarly, we can define the set
of all supremum points of A by Sup A, and z* € Sup A if and only if —z* € Inf(—A).
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Remark 2.1 Clearly, Sup A = —Inf (—A) and Sup (z + A) = z + Sup A hold for all
nonempty subset A C R¢ and all z € R,

Let F : X = R’ be a set-valued map. We denote the set of all infimum (supremum)
points for ' on X by inf,ecx F(x) (Sup,cx F(x)), that is,

inf F(x) == Inf [ J F(x) (jlelg F(x) :=Sup | J F(x)).

xeX xeX

Therefore, for every z* € inf,cx F(x), it follows from Definition 2.1 that z* € R¢,
(z*—F(x)N(C\{0}) = @, Vx € X and 3 {x*} C X, 3z € F(x*)suchthat z¥ — z*
as k — +o00. Analogously, we can give the similar explanation to sup,.y F(x).
Specially, when F = f : X — R is a vector-valued function, the set of all infimum
(supremum) points for f on X is denoted by infyex f(x) (sup,cy f(x)).

Next, we recall the following useful concept called nonlinear scalarization function
and some of its properties.

Lemma 2.1 [10,36] Given e € int C, the nonlinear scalarization function &, : R¢ —
R, defined by

E(y) =infla eR:yeae—C}, Vye R,

is convex, strictly int C-monotone, C-monotone, nonnegative homogeneous and glob-
ally Lipschitz. Simultaneously, for every a € R, it follows that

{yeRlzég(y) <a}=aoae—C and {ye]RlZ €. (y) <a}=ae—intC.

Consider the following constrained vector optimization problem
(VOP) min f(x), st. xe€ X,g;(x) >0, j=1,2,....,m,

where X C R” is a nonempty subset, f = (f1, f>,.... f) : X — Rfand g =
(g1, 82, ---, 8gm) : X — R™ are vector-valued functions with each component function
fi: X —>Riefl,2,...¢),andg; : X - R, j € {1, 2, ..., m}, respectively. As
usual, we denote by R = {x € X : g;(x) > 0, j = 1,2, ..., m} the feasible set of
(VOP). Clearly, one has R = {x € X : g(x) >p 0} where D = R Throughout this
paper, we assume that R # <.

Recall that a point x € R is said to be a strong (weak) vector minimum point (in
short, vimp) to (VOP) iff f(x) £cvoy f(X) (f(x) Lince f(X)) for all x € R. The
point ¥ € R is said to be a local strong (local weak) vmp to (VOP) iff there exists
8 > Osuch that f(x) £cvoy f(£) (f(x) Linte f (X)) forall x € RNB(X, §), where
B(x, §) denotes the open ball with center at x and radius §. Clearly, every strong vimp
(local strong vmp) must be a weak vmp (local weak vmp). Moreover, let ¥ € R. Then,
X is a strong vmp to (VOP) if and only if f(X) € inf,er f(x).

Take arbitrary ¥ € X. We consider the vector-valued map A : X — R’ x R™ with

A(x) = (f(X) = f(x), gx)), Vx e X,
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and the sets

K:={w,v) eREXR" :u= f(X)— f(x),v=gx),x € X},
H = {(u,v) e R X R™ : u >¢\(0) 0, v >p 0} = (C \ {0}) x D.

Note that K is the image of the map A, that is, K = A(X). Moreover, the sets K and
'H are subsets of RY x R™. We recall from [12,21,30,31] that RY x R™ is said to be
the image space associated with (VOP) and /C is said to be the image of (VOP). Note
that the image /C does not generally enjoy some convexity property. To overcome this
difficulty, a regularization of the image K, called conic extension with respect to the
cone cl’ H = C x D, denoted by

E=K—cH={u,v) e R xR" :uu <¢ f(X)— f(x),v <p gx), x € X}

was introduced in [12,30,31]. As a result, the convexity of £ can be verified under
some appropriate conditions; for example, A is —(cl H)-convexlike. We refer to [12,
19,30,31] and references therein for more details. Take specially x € R. Then, it
is easy to verify that x is a strong vmp to (VOP) if and only if  N'H = &. Since
H + cl’H = H, it follows that  N'H = @ if and only if £ N'H = &, or equivalently,
ENH, =, where

Hy o= {(u,v) € RE X R™ 1 u >c\(0y 0, v = 0} = (C \ {0}) x {0}.

Remark 2.2 1t is worth noting that the choice of x is arbitrary throughout this paper,
unless otherwise specified. Based on this fact, we use the notations A and /C, although
they seem to be dependent on the point x. Just as shown in [12], even if it is a mere
formal question, it is not convenient, and it is better to define u as above in K; see
more details in [12,19-21,27,30,31].

Consider a vector-valued function w : R¢ x R™ x IT — R, where IT is a set
of parameters to be specified case by case. Throughout this paper, we shall always
use the same symbol IT to denote the set of parameters unless otherwise specified.
For every m € II, the nonnegative level set and the positive level set of the function
w(e; ) : RY x R™ — R associated with the cone C are, respectively, defined by

leve w(e; ) = {(u,v) € R* x R™ : w(u, v; ) >¢ 0}
and
leveyjoy w(e; ) i= {(u, v) € RE x R™ : w(u, v; 7) >c\j0) O}

Next, we recall the following concepts of vector-valued weak separation and regular
weak separation functions, respectively.

Definition 2.2 [30,31] The class of all the vector-valued functions w : R¢ x R™ x
IT — R such that
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H Clevew(e; ), Vm eIl (1)
and
ﬂ leVC\{o} w(e;m) CH (2)
well

is called the class of weak separation functions and is denoted by W(IT).

Definition 2.3 [30,31] The class of all the vector-valued functions w : RY x R™ x
IT — R such that

ﬂ levevjoy w(e; m) =H 3)
well

is called the class of regular weak separation functions and is denoted by Wg (IT).

In this paper, we shall pay our attention to establish a Lagrange-type dual problem
for (VOP) with applications to exact penalty properties by using the class of regu-
lar weak separation functions. To this end, we always assume that the regular weak
separation function w € Wg(IT) enjoys the following two properties:

Assumption A w € Wg(IT) satisfies w(u, 0; 7) = u, VY € IT, and

inf w(u, v ) = u, ifveD,
sen VT E oo if v ¢ D.

Assumption B w € Wg(IT) is monotone increasing with respect to the first
argument, that is, w(uz, v ) <c w(ul, vl ) holds for all # € I1 and all
(', v') e REXR™, i = 1,2 with (12, v?) <cxp (', vh).
Remark 2.3 Note that Assumption A requires the set of all infimum points for the
vector-valued function w(u, v; e) on I7 to be a single point set. Throughout this paper,
we denote the single point set {#} by u for simplicity unless otherwise stated.

Next, we consider some important examples for the classes of vector-valued regular
weak separation functions which satisfy Assumptions .4 and B.

Example 2.1 Recall from [30] that the vector polar of D with respect to C is given by
D = {M e R”™: Md >¢ 0, ¥d € D},

where RY*™ denotes the set of all matrices with real entries and with £ rows and m
columns. It is easy to verify that

Di =M = (1,02, ...ay) ERY™ 1a; € C, Vj=1,2,...,m},
where «; is the j-th column of M. Moreover, let J := C \ {0}. Then, we have

JE={M=(B1, P2, ... Br) eR>*C g eC, ¥Vi=1,2,..,0)
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and
Jovioy = M = (B, B, ... Bo) € R : B e C\{0}, Vi=1,2,..., 4},

where B; is the i-th column of M. On the one hand, let IT = (J; x D) \ {0} and the
vector-valued function w : RY x R™ x IT — R’ be defined by

wu, v; @, A) := Ou + Av, Y(u,v) € RE x R™, ¥(O, A) € (J& x D&Y\ {0}

Then, w € YW(T). On the other hand, let IT = J(T‘\{O} X Dz and the vector-valued
function w : RY x R™ x Jé\{O} x D§ — R? be defined by

wu, v; @, A) := Ou+ Av, Y(u,v) € R* x R", ¥(O, A) € J& o) x DE.

Then, we have w € Wg (IT). We refer to [30] for more details. Obviously, the function
w satisfies Assumption 3. However, Assumption .4 does not hold. In fact, by direct
calculating, we have w(u, 0; @, A) = Ou and

. 0, ifueC,ve D,
(@,lgl)cen wu, v; 0, 4) = —o0, ifug¢ C,ve Dorv ¢ D.

Specially, let IT = E; x DY, where Ey denotes the identity matrix of order £, and let
the vector-valued function w : R x R” x E; x D¢ — R¢ be defined by

w(u, v; Eg, A) i=u+ Av, Y(u,v) e RE x R", VA € D¢.
Then, w € Wg(IT). Simultaneously, we also have w(u, 0; E¢, A) = u and

u, ifveD,

(E¢, A)ell —o0, ifv ¢ D.

inf  w(u,v; Eg, A) = [
In fact, for every v € D, we have Av >¢ 0 and w(u, v; E¢, A) = u+ Av >c u
for all A € Dz. Together with 0 € Dé and w(u, v; E¢,0) = u, it follows that
u € infg, ayem w(u, v; E¢, A). Moreover, if z € inf(g, pyem w(u, v; E¢, A),
then we have by Definition 2.1 that w(u, v; E¢, A) ﬁC\{O} z for all A € Dz and
that there exists a sequence w(u, v; E¢, A¥) — z with AK € D}. Thus, we get
u = w(u,v; Eg,0) j§C\{0} z. Moreover, since C is closed, and A¥v >c 0 and
w(u, v; Ey, Ak) >c u for all Ak ¢ Dz, it follows from w(u, v; Ey, Ak) — z that
z >c u. Together with u $C\{0} z, we have z = u. Thus, we can conclude that

inf  w(u,v; Eg, A)=u, Yv e D.
(E¢, Aell

In addition, take arbitrary v ¢ D. Then, there exists jo € {l,2, ..., m} such that
vj, < 0.Let AF = (0, ...,a’;.o, ..., 0) with the jo-th column a’;o = (k,k,...,k)T and
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other columns 0. Then, we have A* ¢ Dz for all £k € N. Moreover, it follows that
w(u, v; Ey, Ak) =u+Av=u+ vjooz’]‘.o — —oo as k — 400, which implies

inf  w(u,v; E;, A) = —00, Yv & D.
(E¢, A)ell

Therefore, we can conclude that Assumption A holds. Simultaneously, for every
(ui, vi) e R xR™, i = 1,2 with (uz, v2) <cxD (ul, vl). Then, we have u? <c ul
and v2 <p v!, which implies u —u?eC,v!' —v2 e Dand A(v1 — v2) >c 0 for
all A € D{.. Thus, we get

w', vy Eg, A) — w@?, v?; Eg, A)

=@ —u?)+ A —v®)eC+CCC, VA e D,

that is, w(u2, v E;, A <c w(ul, vl Ep, A) forall A € D(*;- Therefore, Assump-
tion B also holds.

Example 2.2 Let [T = D and w : RY x R™ x [T — RY. Given a point e € int C, let

wu, v, ) =u-+ ( sup ((71, z) — ra(z)))e, Y(u,v) € RE x R™, ¥ € D,

I=pv
where r > 0 is a real constant and the augmented function o : R” — R satisfies

arg mﬁg}n o(z) ={0}, o(0)=0.

Then, we have w € Wg(IT), and Assumptions A and 5 hold. Next, we first show that
the vector-valued function w is a regular weak separation function. On the one hand,
for every (u,v) e Handw € D,we getu € C \ {0}, v € D and

sup ((71, 2) — ro(z)) > (7,0) — ro(0) = 0.

Z=pv

Together with e € int C, we get

wu,v;7)=u-+ ( sup ((n, zZ) — ro(z)))e eC\{0}+CcC\{0}, VmeD,

I=pV

which implies

H C ﬂ leveyjoyw(e; ).

weD

On the other hand, take arbitrary

(u,v) € ﬂ leveyoyw(e; ).

weD
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Then, we have w(u, v; w) >c\jo; O for all # € D. Specially, let 7 = 0 € D. Then,
we get

w(u, v;0) =u+ ( sup ((0, 7) — ra(z)))e =u-— r(zifrzfva(@)e =c\(oy 0.

Z=pVv

Together with r > 0, min cgm 0(z) = 0 and e € int C, we have
u Zc\{0y r( inf a(z))e >c 0,
Z=pVv

which implies u >c\(0; 0. Moreover, we have v € D. Otherwise, there exists jo €
{1,2,...,m} such that v, < 0. Since e € int C, there exists p > 0 such that u +
pvjoe <c\foy 0. Specially, let 7 € R™ with 7;; = p and 7; = O for every j €
{L,2,...,m} \ {jo}. Then, it follows that 7 € D, which implies w(u, v; 7) >c\(0}
0 by the choice of (u, v). Moreover, we get from r > 0, min,cgn 0(z) = 0 and
u+ pvje <c\jo 0 that

sup ((fnz} —ro(z)) < sup (T,z) = sup pzj, = pvj,
Z=<pv Z=pv Zjo=<Vjy

and

wu,v;T) =u+ ( sup ((ﬁ, z) — ra(z)))e

I=pv

=u+ pvje+ ( sup ((7~T,Z> — ro(z)) - pvjo)e

Z=pvV

€ —C\ {0} —C c-C\{0},

which shows w(u, v; ) <c\(0} 0. This contradicts w(u, v; 7) >c\(0} 0. Then, we
have

ﬂ leveyjoyw(e; ) C H.

weD

Thus, we can conclude that

ﬂ leveyjoyw(e; m) = H.

weD

that is, w € Wgr(IT) is a regular weak separation function. Second, we prove that
Assumption .4 holds. Note that

w,0;7) =u+ ( sup ((71, z) — ra(z)))e, Vr € D.

z<p0

Since 0(0) = 0, we have sup,_ ((JT, z) — ra(z)) > (m,0) — ro(0) = 0 for all
m € D. Moreover, for every 7 € D and z <p 0, we have (7, z) < 0. Together with

o(z) >0andr > 0, we get (7, z) —ro(z) <O0forallw € D and all z <p 0, which
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implies Sup,<, 0 ((n, z) — ra(z)) < 0 for all # € D. Thus, we immediately have
SUp,<, 0 ((rr, z) — ra(z)) = 0 and w(u,0; ) = u for all 7 € D. Take arbitrary

(u,v) € R R™. Ifv € D, thatis, 0 <p v, then we getsup,_, ((n, z) —ra(z)) >
(,0) —ro(0) = 0 for all w € D. Together with e € int C, we have

wu,v;w) =u-+ ( sup ((n, z) — ra(z)))e >cu, Vm e D.

I=pVv

Specially, it follows that w(u, v; 0) >¢ u. Furthermore, since o(z) > 0, r > 0 and
e € int C, we get

sup ((0, zZ) — ra(z)) <0

Z=pV

and

wu,v;0) =u+ ( sup ((0, z) — ro(z)))e <c u.

I=pv

Together with w(u, v; 0) >¢ u, we have w(u, v; 0) = u. Simultaneously, it follows
from w(u, v; ) >c u forall m € D that u € inf,cp w(u, v; 7). Moreover, we can
conclude by the similar method to Example 2.1 that

inf w(u, v; ) = u.
weD

Simultaneously, if v ¢ D, then there exists jo € {1, 2, ..., m} such that v;, < 0. Let
the sequence {7*} C D with JT/.‘O = k and 7% = 0 for every j € {1,2,...,m} with
j # jo. Then, it follows from o (z) > 0 and r > O that

sup ((nk,z) - ro(z)) < sup (nk, z) = sup kzj, =kvj, > —oo as k — +oo.
Z=<pv z<pv Zjo=Vj,

Together with e € int C, we have

w(u, v; nk) =u+ ( sup ((nk, z) — ra(z)))e — —00 as k — +o0o,

I=pv
which implies

inf w(u, v; r) = —o00.
weD

Thus, w € Wg(IT) satisfies Assumption A. Lastly, we show that Assumption B holds.
For all (u',v') € R x R™,i = 1,2 with (u?, v?) <cxp (u',v'). Then, we have
u? <¢ ul and v? <p vl. Thus, it follows that {zeR":z <p vz} is a subset of

{zeR":z<pv'}and
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sup (<m z)—ra(z)) < sup ((71, Z)—ra(z)), Vr e D.

z=<pv? z<pv!

Together with u? <c u! and e € int C, we have
ww?, Vi) = u® + ( sup ((n, 7) — ra(z)))e
z<pv?

cu' + ( sup ((JT, 7) — ra(z)))e

z<pv!

IA

= w(ul, vln), V€ D.

Therefore, w € Wg(IT) satisfies Assumption 5.

Example 2.3 LetIT = D and w : R! x R™ x IT — RY. Given apoint e € int C, then
the following functions w € Wg(IT) satisfy Assumptions .4 and B (see more details
in Sect. 4):

w(u, v;w) :=u+ (m,ve, V(u,v)e R x R™, V¥ € D;
w(u, v; ) = u + min{7T v}, T2V, ..., TmUmle, Y, v) € R x R™, Vx € D.

3 Lagrange-Type Duality and Zero Duality Gap Property

In this section, we pay our attention to establish a Lagrange-type dual problem for
(VOP) and study the zero duality gap property by virtue of Wg (/7). Given the class
W (IT) and a regular weak separation function w € Wg (IT), we consider the vector-
valued function £, : X x IT — RY, defined by

Ly, m) =w(f(x),0;7) —w(fx)— f(x),gx);m), Y(x,m)e X xII. (4)

The function £,, will be called a Lagrange-type function for (VOP) with respect to w.
The Lagrange-type dual function, which is a set-valued function from the parameter
set IT to RY, for (VOP) with respect to w is defined by

qu(m) = in)f( Ly(x,m), Vo eIl ®))
X€E

The Lagrange-type dual optimization problem (DOP) to the primal problem (VOP)
with respect to w is

(DOP) SUP,crp quw (). B
By symmetry, we are also interested in the set-valued map from X to RY, for (VOP)
with respect to w, which is defined by

ry(x) := sup Ly(x,m), Vx € X. (6)
well

The primal problem (VOP) related to this map with respect to w is
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(VOP) infrex ry(x).

Now, we first explain the relationships between the primal problem (VOP) and the
related problem (VOP) under Assumption A and then further establish a weak dual
relationship for (VOP) and the dual problem (DOP) under Assumptions .4 and 5.

Lemma 3.1 Letthe regular weak separation function w € Wg (I1) satisfy Assumption
A. Then, the following results hold:

(i) ry(x) = f(x) for all feasible point x € R and r,(x) = +00 otherwise.
(ii) X € X is a strong vmp to (VOP) if and only if X is a strong vimp to (VOP).

Proof (i) It follows from (4), (6) and Assumption A that

ru(x) = sup L(x, ) = Sup{w(f(x),0;7) —w(f(x) — f(x), g(x); ) = 7w € [T}

mwell
= f(X) +Sup{—w(f(x) — f(x),gx);7) : 7 € [T}
= f(x) —Inf{w(f(x) — f(x),g(x); ) : 7 € IT}
= f(x) — ﬂlrelfj w(f(x) — f(x), g(x); 7).

Note that g(x) € D if x € R and g(x) ¢ D otherwise. Together with Assumption
A, we getry,(x) = f(X) —infreg w(f(x) — f(x), g(x); ) = f(x) for all feasible
point x € R and ry,(x) = 400 otherwise.

(ii) It follows from (i) that * € X is a strong vmp to (VOP), that is, x € R and
F(x) £evioy f(&®) for all x € R, if and only if ry,(x) Loy rw(®) for all x € X.
This shows that £ is a strong vmp to (VOP). This completes the proof. O

Remark 3.1 Clearly, Lemma 3.1 shows that the primal problem (VOP) coincides with
the related problem (VOP) under Assumption .4, in the sense that they have the same
feasible sets and the same objective functions. This always holds for the scalar case
when ¢ =1and C = R,.

Theorem 3.1 (Weak duality theorem) Let the regular weak separation function w €
Wr (IT) satisfy Assumptions A and B. Then, the following assertions hold:

(i) For every feasible point x € R and every z € qy(mw) with ® € I, one has

z 2oy f ().

(ii) For everyZ € inf,cr f(x) and every Z € sup, <y qu (), one has Z FincC Z-
Proof (1) Assume that there exist xo € R and zg € gy, (7r9) with g € I1, such that
20 =c\{oy f (x0). @)

Since xg € R, we get (f(x) — f(x0), g(x0)) — (f(x) — f(x0),0) € C x D.Together
with Assumptions A and B, we have w( f(xX) — f(xo), 0; m9) = f(X) — f(xo) and

w(f (%) — f(x0), g(x0); m0) =c w(f(X) — f(x0), 05 7o).
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This shows f(xo) >c f(x) — w(f(x) — f(x0), g(x0); o). Thus, it follows from
Assumption A and (4) that f(x) = w(f(x), 0; ) and f(xo) >¢ Ly (x0, 7). Com-
bining (7), we have zo >c\j0; Lw (X0, 7o), which implies zo ¢ infycx Ly (x, 7).
This is a contradiction to zg € gy, (7o) by (5).

(ii) Suppose that there exist z1 € inf e f(x) and zp € sup, <7 ¢w (), such that

22 ZintC Z1- ®

Then, there exist a sequence f(x*) — z; with x* € R, and a sequence z* — z» with
*e quw (%) and 7% € I1. Clearly, (i) implies that

& Fevoy F(5). VkeN. ©)

Note that zX — f(xk) — 7o — 1. Together with (8), one has - f(xk) € int C for
sufficiently large k € N. This is a contradiction to (9). O

It is worth noting that the conclusion (i) coincides with conclusion (ii) in Theorem
3.1 for the scalar case when £ = 1 and C = R. However, they does not coincide for
the vector case. Most pertinently, the conclusion (ii) shall not hold if int C is replaced
by C \ {0}. We give the following example to explain the case.

Example 3.1 Consider the following vector optimization problem
min f(x), st. xe X, gx) >0,

where X = [—1,1], f : R — R with f(x) = (x + 1,x — D)7 is a vector-valued
function and g : R — R with g(x) = x is a real-valued function. Obviously, we get
R=1[0,1]l.Let{ =2,m=1,C = R%r and D = R;.. It follows from Example 2.1 that
D} = R3.LetIT = E;x D{. Then, the vector-valued functionw : R xRx IT — R?
with w(u, v; Ep, A) = u + Av, Y(u,v) € R?2 xR, VA € Dz is a regular weak
separation function satisfying Assumptions .4 and B. It follows from (4) and (5) that
forallx e Randall A = (A, \)T € Ri_, we have

Ly(x; Ez, A) = f(x) — Ag(x)
T
— (4 1Lx—DT = (Gux, xzx)T=((1 —ax41, (1= A)x — 1)

and forall A = (A1, M)T € Ri, we have

quw(E2, A) = inf L(x; E2, A)
xeX

. T
inf ((1 —aDx 1, (1= a)x — 1)

xe[—1,1
(A, A =27, ifO <A h <1,
2 — i1, —22)7, ifa; > 1,0 > 1,

{((1 —A)x+ 1, (1 —x)x — l)T ix €1, 1]}, otherwise.
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It is easy to verify that f(x) >¢ (I, =1)7 forallx € R ,and z #c\(o (1, =T for
all z € guw(E2, A) and all A € D¢. Thus, for every feasible point x € R and every
7 € qu(E2, A) with A € D}, one has 7 ;‘éc\{o} f(x), that is, the conclusion (i) holds.
Simultaneously, by direct calculating, we get

. _ T
;2f fx)=d,-1)
and

sup qu(E2, A)
AeD¢

={((1—A1)x+1,(1—/\2)x—1)r:xe[—l,l],OfAl 51,,\231}

U{((l —aDx+1,0 —Az)x—l)T xel=L LA >1,0<i < 1}.

Clearly, for every z € inf,cr f(x) and every 7 € SUP Ae Dy quw(E2, A), one has
z=(,-)Tandz ,?_éimc z. Thus, the conclusion (ii) also holds. Note that if we take
A =0,x =1and A» = 1, then (2, —1)T € SUP ey quw(E>, A). Obviously, we still
have (2, —1)T Fincc (1, =1)T. However, (2, —1)T >¢\(0 (1, =1)7. This shows that
the conclusion (ii) does not hold when we replace int C by C \ {0}.

The following corollary establishes a further relationship between the primal prob-
lem (VOP) and the dual problem (DOP).

Corollary 3.1 Let the regular weak separation function w € Wg(I1) satisfy Assump-
tions A and B. If there exists a feasible point X € R of (VOP) such that f(X) €
SUP, ¢ 7 uw (7)), then X is a weak vimp to (VOP).

Proof Assume that X is not a weak vmp to (VOP). Then, there exists X € R satisfying
f(X) <inie f(X). Note that f(X) € sup, g quw(T), that is, there exists a sequence
* - f(x) with e qu (nk) and 7% € IT1. Thus, we can conclude that z€ — fx) —>
f(X) — f(X). Together with f(X) <inic f(X), we have ¥ — f(X) € intC for
sufficiently large k£ € N. This is a contradiction from Theorem 3.1(1). O

Next, we focus our attention to investigate some equivalent characterizations of the
zero duality gap property between the primal problem (VOP) and the dual problem
(DOP). We first follow the classic approach, namely the Lagrange multiplier and the
Lagrange saddle point, and then apply the regular separation associated with /C and
‘H in the IS to discuss the zero duality gap property.

Let A be the set of all the infimum values of (VOP) and A the set of all the
supremum values of (DOP), that is,

Ay = inf f(x) and Ay = sup gy, (7).
xeR mell
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We recall from [30] that A := Ay — A is said to be the duality gap. In the sequel,
we call that the zero duality gap property with respect to w holds iff 0 € A, that is,
AN Ay #O.

First of all, we introduce some standard notions associated with the classes of
separation functions and the Lagrange-type function for (VOP).

Definition 3.1 [30,31] Given the classes W(IT) and Wk (IT), the sets K and H admit
a separation with respect to w € W(IT) and 77 € IT iff

w(u, v; T) Zc\{o} 0, Y(u,v) e K. (10)

Moreover, the separation is said to be regular iff w € Wg(I1).

We observe from Definitions 2.2 and 2.3 that if either /C or H admits a separation,
and (10) is fulfilled when C \ {0} is replaced by C, or K and H admit a regular
separation, then JCN'H = &. In addition, let X € R. Then, x is a strong vimp to (VOP).

Definition 3.2 Given the regular weak separation function w € Wpg(IT) and the
Lagrange-type function £,, for (VOP) with respect to w, then 7 € IT is said to be a
generalized Lagrange multiplier for (VOP) with respect to w iff

f(R)N ingﬁw(x,fr) * .

Together with (5), the above inequality is equivalent to

F(R) N qu() # 2.

Definition 3.3 [30] Given the regular weak separation function w € Wg(IT) and the
Lagrange-type function £,, for (VOP) with respect to w, the pair (X, 7) € X x IT is
said to be a generalized Lagrange saddle point for (VOP) with respect to w iff

Loy(x, ) Lovioy Lo (X, 7) Levioy Lw(X, ), Vx € X, Vo € 1.

Now, we establish some equivalent characterizations to the zero duality gap property
for (VOP) by virtue of the classic approach, namely the Lagrange multiplier and the
Lagrange saddle point.

Theorem 3.2 Given the pair (x,7) € X x I, and the regular weak separation
function w € Wg(I1) satisfying Assumptions A and B, then the following assertions
are equivalent:

(i) (x,7) € X x Il is a generalized Lagrange saddle point for (VOP) with respect
to w.

(ii) x € R is a feasible point and 7@ € II is a generalized Lagrange multiplier for
(VOP) with respect to w, and moreover, f(X) € f(R) N qy (7).
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In addition, if any condition (i) or (ii) above fulfills, then X is a strong vinp of (VOP)
and (7, f(x)) € graph qy, is a strong vector maximum point of (DOP) in the set-valued
case, that is, f(X) fC\{O} z for all z € q () with w € I1. Simultaneously, the zero
duality gap property with respect to w holds and L, (X, ) = f(X) € AN Aj. More-
over, the generalized complementary slackness condition w(f (x) — f (%), g(X); T) =

f(x) — f(X) also fulfills.

Proof (i) = (ii) Since (x,7) € X x [T is a generalized Lagrange saddle point for
(VOP) with respect to w, it follows that

Ly(x,7) Lovioy Lo, 7) Loy Lo (X, 7)), Vx € X, Vo e I1. (11)

Then, Ly, (%, ) £c\jo; Lw(X, ) holds for all w € I1. First, we show X € R, that s,
X is a feasible point of (VOP). In fact, it follows from Assumption .A and (4) that the
above inequality implies

w(f(X) = f(X), g(R); 1) Levioy w(f () — f(X), g(R); 7), Y € I (12)
Suppose that ¥ ¢ R, thatis, g(x) ¢ D. By Assumption A, we get

Jnf w(f(¥) - f(X), g(x); m) = —o0,

which implies that there exists a sequence w(f(x) — f(x), g(x); 7%) > —oco with
7k € IT, which implies w(f (¥) — f (%), g(%): 7%) <c\joy w(f () — f(R), g(R): 7)
for sufficiently large k € N. This is a contradiction to (12). Thus, we get * € R.
Second, we show that

f&) = Ly, 7). (13)

Notethat £,, (£, 7) %c\(0y Lw (X, 7), Vo € ITimplies L., (X, ) € sup, ¢ p Lo (X, 7).
Together with (6), x € R and Lemma 3.1 (i), we have

Loy(X, ) € sup Lyy(X, 1) = ry(X) = f(X),
well

which implies that (13) holds. At last, we prove that 7 € IT is a generalized Lagrange
multiplier for (VOP) with respect to w and f(X) € f(R) N gy (7). It follows from
(11) that Ly, (x, 7) £c\joy Lw(X, 7) holds for all x € X. Together with (5), we get
Ly(x,7) € infrex Lyy(x,T) = gu(). Note that x € R and f(X) = Ly, (x, 7).
Then, it follows that f(x) € f(R) N qyu () and 7 € IT is a generalized Lagrange
multiplier for (VOP) with respect to w.

(i) = (i) Since ¥ € R is a feasible point, we have g(X) € R’. Together with
Assumptions A and B, we get

(f(x) = f(X), (%) = (f(x) = f(x),0) = (0,8(x)) e C x D

and
w(f(X) = f(X), gX): ) >c w(f(X) — f(£),0;7) = f(X) — f(X).
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Applying (4) and Assumption .4, we have

fG) zc f) —w(f(X) = f(X), g(X): ) = Lu(X, 7). (14)

In addition, since 7 € IT is a generalized Lagrange multiplier for (VOP) with respect
to w, and moreover, f(x) € f(R) N qy(7), it follows from (5) that

F(R) € inf Ly(x, 7). (15)
xeX

Thus, f (%) #c\(0y Lw(X, 7). Together with (14), we have
fQX) =Ly, 7). (16)

On the one hand, combining (15) and (16), we have L,,(x, ) Zc\(0y Lw (X, 7) for
all x € X. On the other hand, it follows from x € R, Lemma 3.1 (i), (6) and (16) that
Ly, 7) = f(&) = ry(X) = sup,c Lyy(X, ), which implies £,(X, ) %c\(0)
L, (x, ) for all w € I1. Therefore, we can conclude that

Loy(x, ) Lovioy Lo (X, 7) Lovioy Lw(X, ), Vx € X, Vo €11,

thatis, (X, 7) € X x IT is a generalized Lagrange saddle point for (VOP) with respect
tow.

In addition, let any condition (i) or (ii) be fulfilled. We firstly show that X € R is a
strong vmp to (VOP). Otherwise, there exists ¥ € R such that

&) Zc\ioy fX). (17)

A

Note that (11) implies £y, (X, 7) £cvo; Lw (X, 7). Applying f(£) = Ly(X, 7),
Assumption A and (4), we get

FG) —w(f(X) = f(X), () 7) Levoy [ (18)

Moreover, it follows from X € R, and Assumptions A and B, we have

(f() = f(X), 8(x) = (f(x) = f(x),0) =(0,8(x)) € C x D
and
w(f(x) — f(5), g(%); ) =c w(f(X) — f(%),0;7) = f(X) — f(5).
Together with (17), we have

J) —w(f(x) = f(&), g(); 1) =¢ f(X) Zc\poy f&),

which contradicts (18). Secondly, we show that (77, f (X)) € graph gy, is a strong vector
maximum point of (DOP). Obviously, we have f(x) € g, (77) from (ii). Moreover, it
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follows from x € R and Theorem 3.1(i) (weak duality theorem) that f (X) ﬁ(:\{O} z for
all z € gy () with w € IT. Thus, (7, f(X)) € graph g, is a strong vector maximum
point to (DOP). Lastly, since x € R is a strong vmp to (VOP), we have f(X) €
inf,er f(x) = Aj. Furthermore, since f(X) € ¢y () and (7, f(X)) € graph gy
is a strong vector maximum point of (DOP), we get f(X) € sup, < quw (™) = As.
Combining £, (X, #) = f(x), we can conclude that the zero duality gap property with
respect to w holds, and moreover, L, (x,7) = f(x) € A; N A,. Simultaneously,
it follows from L, (x,7) = f(x), (4) and Assumption A that f(x) — w(f(x) —
f(X), g(X); ) = f(X), which means that the generalized complementary slackness
condition w(f (X) — f(X), g(x); #) = f(X)— f(x) fulfills. This completes the proof.

O

Specially, let x € R. Then, we immediately have the following characterization to
the zero duality gap property for (VOP) by means of the regular separation associated
with K and H in the IS.

Theorem 3.3 Given the regular weak separation function w € Wg(I1) satisfying
Assumptions A and B, then the following assertions are equivalent:

(i) x € R, and the sets KC and 'H admit a regular separation with respect to w and
well
(ii) (x,m) € X x II is a generalized Lagrange saddle point for (VOP) with respect
to w.
(iii) x € R is a feasible point and w € Il is a generalized Lagrange multiplier for
(VOP) with respect to w, and moreover, f(X) € f(R) N qy (7).

In addition, if any condition (i), (ii) or (iii) above fulfills, then x is a strong vmp
of (VOP) and (w, f(x)) € graphq,, is a strong vector maximum point of (DOP) in
the set-valued case. Simultaneously, the zero duality gap property with respect to w
holds and L, (x,7) = f(x) € A1 N Ay. Moreover, the generalized complementary
slackness condition w(0, g(x); ) = 0 also fulfills.

Proof Obviously, we only need to prove that (i) = (ii) and (iii) = (i) from Theorem
3.2.

(i) = (ii) Since x € R, and the sets K and H admit a regular separation with respect
tow and 7 € I1, we have w(f(x) — f(x), g(x); ) zC\{O} 0 for all x € X. This
shows f(x) — w(f(x) — f(x), g(x); 7) ﬁc\{o} f(x) for all x € X. Together with
(4) and Assumption A, we get

Ly (x, ) fc\{o} f(x), Vx € X. (19)

Take specially x = x. Then, we have

Ly(X,7) Levoy [ (20)

Moreover, since x € R, thatis, g(x) € D, it follows from Assumptions .4 and B that
0,g(x)) € C x D and w(0, g(x); 7) >¢c w(0,0; 7) = 0. Together with (4) and
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Assumption A, we get f(¥) >¢ f(X) — w(0, g(x); T) = Ly, (%, 7). Applying (20),
it follows that
fx) =Ly, 7). 21

On the one hand, combining (19) and (21), we get L,,(x, ) fC\{O} Ly (x, ) for all
x € X.Ontheother hand, since x € R, itfollows from Lemma 3.1 (i), (6) and (21) that
Ly(X,m) = f(X) = ry(x) = sup, g Ly (X, w), which implies £, (x, ) j{C\{O}
L, (x, ) for all # € IT. Therefore, we can conclude that (x,7) € X x IT is a
generalized Lagrange saddle point for (VOP) with respect to w.

(iii) = (i) Since x € R is a feasible point, and 7 € [T is a generalized
Lagrange multiplier for (VOP) with respect to w and f(x) € f(R) N quw(7),
it follows that f(X) € infyex Ly(x,7), which implies L, (x,7) Lcvjop f(X)
for all x € X. Together with (4) and Assumption A, we can conclude that for
all x € X, one has f(x) — w(f(x) — f(x),gx);m) $C\{0} f(x), namely
w(f(x) — f(x),gx);m) zC\{O} 0. Thus, the sets /C and H admit a regular sepa-
ration with respect to w and @ € 7. O

To end this section, we give the following example to explain Theorem 3.3.

Example 3.2 Consider Example 3.1. Let ¥ = 0 and 7 = (E,, A) € IT with A =
(1, DT Then, it follows that ¥ € R, f(¥) = (1, —=1)T and

—X
—X

IC:{(u,v)eszR:uzf()E)—f(x)z( ),v=g(x)=x,xex}.

Thus, we have

w(u,v; Ea, A) =u+ Av = (:i) +x (}) = (8) o\ (8), Y(u,v) € K,

which implies that the sets /C and H admit a regular separation with respect to w and
7 € I1. Note that the Lagrange-type function

I=2px+1

Lyx,m) = f(x) — Ag(x) = ((1 —o)x— ]), Vx e R, Vm = (E2, A) € I,

where A = (A, )»2)T € Ri_. Then, we get
Loy, m)=Lyx,7)=LyXx, 7T)=f(X)= (1_1) , Vx e X, Vo e Il.

Obviously, we have
L(x, ) Levioy LwE, T) Lovioy Lw, ), Yx € X, Vo el
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thatis, (x, 7) € X x I1 is a generalized Lagrange saddle point for (VOP) with respect
to w. Moreover, for all m = (E;, A) € I, we have

quw(mw) = inf L(x, )
xeX
(i, =27, ifO<i, i <1,
_le-x -, ifa>1,1>1,

{((1 —aDx 4+ 1, (1= ha)x — 1)T xe[—1, 1]}, otherwise.

Clearly, we get f(X) = (1, —=1)T € f(R) N qu(7). Thus, 7 € IT is a generalized
Lagrange multiplier for (VOP) with respect to w. In addition, it is easy to verify that x
is a strong vmp of (VOP) and (7, f(x)) € graph g, is a strong vector maximum point
of (DOP). Simultaneously, the zero duality gap property with respect to w holds and
Ly(x,7) = f(x) € A N Ay. Moreover, the generalized complementary slackness
condition w(0, g(¥); 7) = Ag(x) = (0, 0)7 also fulfills.

4 Exact Penalization

In this section, we first consider a special class of regular weak separation functions,
which are separable with respect to the objective and the constraints. Subsequently,
we focus on establishing a local exact penalization result for (VOP) by virtue of the
special regular separation functions and a local image regularity condition in the IS.

Let the parameter set /T = D and 7 € IT. The vector-valued function w : R¢ x
R™ x IT — RY, which is separable with respect to the objective and the constraints,
is defined by

w,v;7) =u+w, e, Yu,v) e RExR" Vr €D, (a)

where e € int C is a fixed element and the function w : R” x D — R must be such
that

ﬂ lev=ow(e, 7) = D, (b)
weD
vr e D, w(,w) =0, (©)

Vr € D, V9 € Ry, Amy € D, s.t. Ow(v, ) = w(v, mp), Yv € R™, (d)

2 = we',m)>ww ), VreD. (e)

vol 0?2 e R™, o' >p v
Clearly, it follows from (b) and (d) that

Vv ¢ D, 37 € D, st w(,7) <0, )
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A7 € D s.t. w(v,7) =0, Vv € R™. (2)

Theorem 4.1 The vector-valued functions given by conditions (a—e) are regular weak
separation functions satisfying Assumptions A and B.

Proof We firstly prove that the vector-valued functions given by conditions (a—e) are
regular weak separation functions. It is easy to verify that

HC n leVC\{o} w(e; ).

weD

In fact, for every (u,v) € H and every m € D, we getu € C \ {0}, and v € D.
Moreover, since e € int C, it follows from (b) that w(v, 7) > 0 and w(v, w)e € C.
Then, we have w(u, v; 7) = u + w, w)e € C \ {0} + C C C \ {0}, which implies
(u, v) € leveyjoy w(e; ). Next, we prove the converse inclusion

ﬂ leveyjoy w(e; ) C H.

weD

Take arbitrary (u, v) € Nzep levey (o) w(e; ), that is,
wu,v;r)=u+wl,m)e e C\ {0}, Vr € D. (22)
Then, it follows from (g) that there exists 7 € IT such that
wu,v;7)=u+wh,7)e=uc C\ {0},
that is, u € C \ {0}. Moreover, we get v € D. Otherwise, it follows from (f) that
there exists 7 € D satisfying w(v, 7) < 0. Let 0 > 0 and 6 — +o0. Then, we get
from (d) that there exists 7y € D such that w(v, 7y) = Ow(v, 7) — —oo. Together
with e € int C, it follows that w(u, v; 79) = u + w(v, 7p)e ¢ C \ {0} for sufficiently
large 6 > 0. This is a contradiction to (22). Thus, we can conclude that u € C \ {0}
and v € D, thatis, (u,v) € H. This shows that the vector-valued functions given
by conditions (a—e) are regular weak separation functions. Secondly, we show that
Assumption 4 holds. On the one hand, it follows from (c) and (e) that
wu,0;m)=u+wO,7)e=u, Yo € D (23)
and w(v, 7)) > w(0,7) =0, Yv € D, Vr € D. Together with e € int C, we have
wu,v;r)=u+wl,m)e >cu, Yve D, Vo € D. 24)

Furthermore, (g) implies that there exists 7 € m such that

wu,v;t)=u+wh,7)e=u, Yv € D. (25)
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Thus, we have u € infneRrJﬁ w(u, v; w) for all v € D. Moreover, we can conclude
that
inf w(u,v;7)=u, Yv e D. (26)
weD

In fact, take arbitrary v € D and z € inf,cp w(u, v; 7). Then, it follows that
w(u, v; ) £evoy 2, YV € D, (27)

and there exists a sequence w(u, v; 7%y > z with ¥ € D. Together with (24), we
get w(u, v; nk) >c u and w(u, v; nk) —u — z — u, which implies z —u € C,
i.e., z >c u, since C is closed. Simultaneously, it follows from (25) and (27) that
z ;fc\{o} w(u, v; ) = u. Thus, we have z = u. This shows that (26) holds since
v € D and z € infyep w(u, v; w) are arbitrary. On the other hand, take arbitrary
v ¢ D. Then, it follows from (f) that there exists 7 € D satisfying w(v, 7) < 0.
Let® > 0 and & — +o0. Then, we get from (d) that there exists 7y € D such that
w(v, ) = Ow(v,7) — —o0. Note that e € int C. Thus, we have w(u, v; 7g) =
u+ w(v, Ag)e — —oo, which implies

inf w(u,v;r)=—00, Yv¢ D.
weD

Together with (23) and (26), it follows that Assumption .4 holds. Lastly, we prove that
Assumption B also holds. For all (u’,v’) € R x R™,i = 1,2 with (u', v!) >c.p
(uz, vz), that is, u! >c u? and v! >D v, it follows from e € int C and (e) that
w!, 7) = w®?, 7) and

w(ul, vl — w(uz, v2; T) = (141 — uz) + (g(vl,rr) —g(vz,n))e eC+CcCC,

which implies w', vl 7)) >c wu?, v¥; ) for all # € D. Therefore, Assumption
B holds. This completes the proof. O

Next, we consider the following penalization optimization problem
(POP)  min f(x), st. xe€X,[gix)]->0,j=1,2,....,m,
where [g;(x)]- := min{0, g;(x)}. Note that (POP) is equivalent to (VOP) in the sense
that (POP) and (VOP) have the same feasible sets and the same objective functions.

For simplicity, let [g(x)]_ = ([gl(x)]_, [92()]—s o.os [g,,,(x)]_) forallx € X.In

the sequel, we always assume that X C R” is nonempty and closed, and moreover,
every component function f; : X — R,i = 1, 2, ..., £ of the vector-valued function
f = (f1, fo. ..., fo) : X — R%1is continuous. It is easy to verify that the feasible set
R={xeX:g;j(x)>0,j=1,2,...,m}is closed under the assumption that g; is
continuous or upper semi-continuous for each j € {1, 2, ..., m}.

Given the regular weak separation function w € Wg(IT) with conditions (a—e),
then the Lagrange-type function £, : X x IT — R¢ for (POP) with respect to w has
the form

Ly, ) = w(f(X),0;m) —w(f(X) — f(x), [g)]-; ), V(x,7) € X xII.
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As usual, £, is said to be the Lagrange-type penalty function and the following
optimization problem

(VPP) minyex L5, (x, 1)

is called the vector penalty problem for (VOP) with respect to w. Clearly, it follows
from Theorem 4.1 and (a) that

Ly, ) = f(x) —wlg)]-, m), ¥Y(x,m) e X xII.

Now, we are in the position to extend the local image regularity condition from
scalar case to (VOP) in the IS. Let x € R and § > 0. The localization of the image K
for (VOP) with respect to x is defined by

K= {u,v) e REXR™ :u = f(X) — f(x),v=gkx),x € X NBE,9))}.

Definition 4.1 Suppose that x € R is a local strong vmp to (VOP). The local image
regularity condition holds at x for (VOP) iff there exists § > 0 such that

H, Nclcone (K2 —clH) = @.

Remark 4.1 Specially, the local image regularity condition at x € R for (VOP) coin-
cides with the local image regularity condition in [27,28] for the scalar case when
¢{=1and C =R;.

In the sequel, we discuss the existence of a class of exact penalty functions for
(VOP) by virtue of the local image regularity condition in the IS. To this end, we shall
consider the regular weak separation function w € Wg(IT) given by conditions (a—e)
satisfying the following assumption:

Assumption C There exists some o > 0 such that
w(v, 7) < min {amvl, oV, ..., ommvm}

holds for all v = (vq, va, ..., um)T € =D and all ¥ = (71, 72, ..., tm)T € D.

Example 4.1 Let I = D and e € int C. It is easy to verify that the following vector-
valued functions w : R® x R” x IT — R satisfy conditions (a—e) and Assumption

C:

(1) w(u, v; ) =u+(m, v)e, V(u,v) € REXR™, WV € D where w(v, ) = (m, v);
(i) w(u, v; ) = u + min{mwyvy, TV2, ..., Ty te, Y(u,v) € REXR™, Vo e D
where w (v, 7) = min{m vy, TV2, ..., Ty Um }.

Thus, all the functions defined by (i) or (ii) are regular weak separation functions and
satisfy Assumptions A, B and C.

Theorem 4.2 (Exact penalization) Let the regular weak separation function w €
Wgr(IT) given by conditions (a—e) satisfy Assumption C and let x € R be a local
strong vmp to (VOP). If the local image regularity condition holds at x for (VOP),
then the Lagrange-type penalty function LS, (x, ) is an exact penalty function for
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(VOP), that is, there exists &7 € D such that x is a local strong vmp to (VPP) with
respect to w for all w1 € D satisfying m >p 7.

Proof Assume that the Lagrange-type penalty function £, (x, ) is not an exact
penalty function for (VOP). Then, for all k= (k,k,...,k) € D with k € N, there
exist 7 € D satisfying 7 >p 7% and x* € B(x, %) N X such that
L3 (K, 7) <cvoy £8(F, 7)),

which implies f (x) — w([g(xF)]-, 7)e € f(X) — w([g(¥)]-. 7)e — C \ {0}. Since
X € R, thatis, g;(x) > O forall j € {1,2,...,m}, we get [g(x)]- = O and
w([g(x)]-, ) = 0 by (c). Thus, we have

FO8 = w(lg(M)]-, De € f() = C\ {0}, VkeN. (28)

Let w]]? = [gj(xk)],,j = 1,2, ...,m. Then, wk = (w'l‘, wlz‘, s w,’jl)T = [g(xk)],
and w* € —D. It follows from Assumption C that there exists o > 0 such that

w((g(xM]_, 7) = wwk, 7) < minfamwk, amwh, .., ez, wk ).

Together with 7 >p 7%, we getm; > kforall j € {1,2,...,m} and

k - k k k
_ﬂ([g(x )]75 77:) > akmaXlelv |w2|7 ceey |wm|}
Since || wk|| = \/|w’1‘|2+ lwh 2 4+ ... + Jwk |2 < \/m(max{|u)/1‘|, [whl, ..., [wk D2, it
follows that
k
ki opk k flw™ |l
maX{|w1|’|w2|’~'~’|wm|} 2 .

This shows —w([g(xk)]_, T) > ak%. Together with e € int C, we have

(w([g(xk)]—, 7) + j—;uwkn)e € —C, VkeN. (29)

Therefore, we can conclude from (28) and (29) that

k k
768+ Zutlle = 65 -wletH- Det (g, 1) + Zoiut)e

€ f(x) —C\ {0} -C,
C f(x)—C\ ({0}, VkeN,
that is,

F@E) - f&5) € %Ilwklle +C\{0), VkeN. (30)
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Together with e € int C, it follows that 2= ||w lle € C. Simultaneously, we have

f@ - f&x*ec+cCc\{0}ccC\io}, Whlch implies f(x) # f(x¥) forall k € N.
Let t* := || f(¥) — f(x%)||. Then, we have t* > 0 and r¥ — 0 since x* — ¥ as

= k
k — 4ooand f;,i = 1,2, ..., £ are continuous. Note that {%} c C\ {0}
since C is a cone and ||w|l = 1. Therefore, there exists # € C \ {0} with

“(xX)—f k . ~ .
lliz]] = 1 and a subsequence of w such that it converges to i. Without loss of
generality, we may suppose that

f@) — f&b) L

Pt (31)

Moreover, it follows from (30) that f(x¥) — f(X) € —\";—% |w¥|le — C \ {0}. Since C
is a cone, we have

O — f@) __‘w H

T —C\ {0}, VkeN.

Applying Lemma 2.1 (nonlinear scalar function), we get

f&5 =@ ak || wk
ée(t—k) < __mHt_k , Vk € N,
which implies
fO6H - F@
5] = - (F D). wen
since £, is nonnegative homogeneous. Note that H w = % — 0O and &, is
continuous. Then, we have ég(W) — £,(0) = ';’—kk — 0. Together
with (31), it follows that
1 - ky ok ~
(@ = 6. wt) > @.0. (32)

Note that w]j? =[g; ", J =1,2,...,m. Then, it follows that g; x5 > wlj‘. for all
j € {1,2,...,m}. Thus, we have w* € g(x¥) — D, and from x* € X N B(x, %) and
cl’H = C x D that

1

t—k(f(i) — e, wk) € cone (KF — cl’H), Vk € N.
Take arbitrary 6 > 0. Then, we get

tlk(f(f) — f(5, w") € cone (K — cl'H)
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for all sufficiently large k € N. Together with (32) and u € C \ {0}, we can conclude
that (i1, 0) € H, N clcone (X — cl’H), which is a contradiction to the local image
regularity condition at x for (VOP). This completes the proof. O

Remark 4.2 Note that Theorem 4.4 in [26] also established an existence result for a
exact penalty function, where the separable function w was particularly defined by a
distance function, for the scalar case when £ = 1 and C = R,.. In Theorem 4.2, we
extend the results to vector cases by virtue of a more general class of regular weak
separation functions.

5 Conclusions

In this paper, we established a Lagrange-type duality for a constrained nonconvex
vector optimization problem by virtue of the class of vector-valued regular weak sepa-
ration functions in the IS. Specially, we obtained some equivalent characterizations to
the zero duality gap property including the Lagrange multiplier, the Lagrange saddle
point and the regular separation. Moreover, we also established a local exact penal-
ization result by means of a local image regularity condition and a class of particular
regular weak separation functions in the IS.
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