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1 Introduction

The convergence rate is determined for the orthogonal collocation method developed in
[1,2] where the collocation points are the Gauss quadrature abscissas, or equivalently,
the roots of a Legendre polynomial. Other sets of collocation points that have been
studied in the literature include the Lobatto quadrature points [3,4], the Chebyshev
quadrature points [5,6], the Radau quadrature points [7—10], and extrema of Jacobi
polynomials [11]. We show that if the continuous problem has a smooth solution and
the Hamiltonian satisfies a strong convexity assumption, then the discrete problem
has a local minimizer that converges exponentially fast at the collocation points to
a solution of the continuous control problem. In other work [12,13], Kang considers
control systems in feedback linearizable normal form and shows that when the Lobatto
discretized control problem is augmented with bounds on the states and control and on
certain Legendre polynomial expansion coefficients, then the objectives in the discrete
problem converge to the optimal objective of the continuous problem at an exponential
rate. Kang’s analysis does not involve coercivity assumptions, but instead employs
bounds in the discrete problem. Also, in [14] a consistency result is established for a
scheme based on Lobatto collocation.

These collocation schemes based on the roots of orthogonal polynomials or their
derivatives all employ approximations to the state based on global polynomials. Pre-
viously, convergence rates have been obtained when the approximating space consists
of piecewise polynomials as in [15-21]. In this earlier work, convergence is achieved
by letting the mesh spacing tend to zero, while keeping fixed the degree of the approx-
imating polynomials on each mesh interval. In contrast, for schemes based on global
polynomials, convergence is achieved by letting the degree of the approximating
polynomials and the number of collocation points tend to infinity. This leads to an
exponential convergence rate for problems with a smooth solution.

2 Preliminaries

A convergence rate is established for an orthogonal collocation method applied to an
unconstrained control problem of the form

minimize C(x(1))
subject to x(¢r) = f(x(¢),u(r)), t € [—1, 1], (D)
x(—1) = x, (x,u) € C'(R") x COR™),

d
where the state x(r) € R”, x = Ex, the control u(z) € R™, f : R” x R" —

R", C : R* — R, and xg is the initial condition, which we assume is given; ck
denotes the space of k times continuously differentiable functions. Although there is
no integral (Lagrange) cost term appearing in (1), it could be included in the objective
by augmenting the state with an (n 4+ 1)st component x,4; with initial condition
Xp+1(—1) = 0 and with dynamics equal to the integrand of the Lagrange term. It is
assumed that f and C are at least continuous. Let Py denote the space of polynomials
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of degree at most N defined on the interval [—1, +1], and let 7?1’\’, denote the n-fold
Cartesian product Py x - -- x Py. We analyze a discrete approximation to (1) of the
form
minimize C(x(1))
subject to x(7;) = f(x(t;),w;), 1<i <N, 2)
x(—=1) =x0, xePy.

The collocation points 7;, 1 <i < N, are where the equation should be satisfied, and
u; is the control approximation at time ;. The dimension of Py is N 4 1, while there
are N + 1 equations in (2) corresponding to the collocated dynamics at N points and
the initial condition. In this paper, we collocate at the Gauss quadrature points, which
are symmetric about = 0 and satisfy

—l<n<np<---<ty<+I1.

In addition, the analysis utilizes two noncollocated points tp = —1 and 74+ = +1.

To state our convergence results in a precise way, we need to introduce a function
space setting. Let CK(R") denote the space of k times continuously differentiable
functions x : [—1, +1] — R”. For the space of continuous functions, we use the
sup-norm || - ||« given by

[Xlloo = sup{|x()] : 1 € [-1, +1]}, 3

where | - | is the Euclidean norm. Fory € R", let B, (y) denote the ball with center y
and radius p:

By(y) ={xeR": [x —y| < p}.

The following regularity assumption is assumed to hold throughout the paper.

Smoothness. The problem (1) has a local minimizer (x*, u*) in C' (R") x C°(R™),
and the first two derivatives of f and C are continuous on the closure of an open set
Q and on B,(x*(1)) respectively, where @ C R™ " has the property that for some
p >0,

B,(x*(t),u*(r)) C Qforallt € [—-1,+1].
Let A* denote the solution of the linear costate equation
A1) = =V HX* (@), u* (1), A (1)), A*(1) = VC(x*(1)), “)
where H is the Hamiltonian defined by H(x,u, A) = ATE (x, u). Here VC denotes
the gradient of C. By the first-order optimality conditions (Pontryagin’s minimum

principle), we have
Vi H (X" (1), u*(t), A" (1)) = 0 )

forallt e [—1, +1].
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Since the discrete collocation problem (2) is finite dimensional, the first-order opti-
mality conditions (Karush-Kuhn-Tucker conditions) imply that when a constraint
qualification holds [22], the gradient of the Lagrangian vanishes. By the analysis in
[2], the gradient of the Lagrangian vanishes if and only if there exists A € P}, such
that

AMT) = —ViH (x(t1),u;, M%), 1<i<N, (©6)
A1) = VOx(), (7)
0=V, H (x(t;),u;, M%), 1<i<N. ®)

The assumptions that play a key role in the convergence analysis are the following:

(A1) The matrix V2C (x*(1))is positive semidefinite and for some & > 0, the smallest
eigenvalue of the Hessian matrix

Vé,u)H(x*(t), u* (1), A* (1))

is greater than «, uniformly for r € [—1, +1].
(A2) The Jacobian of the dynamics satisfies

IV (1), 0" (1)) loo < B < 1/2 and [V F(x* (1), 0 (1) oo < B

forall t € [—1, 4+1] where || - || oo is the matrix sup-norm (largest absolute row
sum), and the Jacobian V,f is an n by n matrix whose ith row is (V, f,-)T.

The coercivity assumption (A1) ensures that the solution of the discrete problem is a
stationary point. The condition (A2) arises in the theoretical convergence analysis since
the solution of the problem (1) is approximated by polynomials defined on the entire
time interval [—1, +1]. In contrast, when the solution is approximated by piecewise
polynomials as in [15-21], this condition is not needed. To motivate why this condition
arises, suppose that the system dynamics f has the form f (x, u) = Ax-+g(u) where A is
an n by n matrix. Since the dynamics are linear in the state, it follows that for any given
u with g(u) absolutely integrable, we can invert the continuous dynamics to obtain
the state x as a function of the control u. The dynamics in the discrete approximation
(2) are also a linear function of the discrete state evaluated at the collocation points;
however, the invertibility of the matrix in the discrete dynamics is not obvious. If the
system matrix satisfies ||A] .o < 1/2, then we will show that the matrix for the discrete
dynamics is invertible with its norm uniformly bounded as a function of N, the degree
of the polynomials. Consequently, it is possible to solve for the state as a function of
the control in the discrete problem (2). When ||A||oo > 1/2, the matrix for the discrete
dynamics could be singular for some choice of N. In general, (A2) could be replaced
by any condition that ensures the solvability of the linearized dynamics for the state
in terms of the control, and the stability of this solution under perturbations in the
dynamics.

When the dynamics of the control problem are nonlinear, the convergence analysis
leads us to study the linearized dynamics around (x*, u*), and (A2) implies that the
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linearized dynamics in the discrete problem (2) are invertible with respect to the state.
In contrast, if the global polynomials are replaced by piecewise polynomials on a
uniform mesh of width £, then (A2) is replaced by

IV (), W () lloo < 1/h and [V f(x* (1), u* (1)) oo < 1/,

which is satisfied when £ is sufficiently small. In other words, when # is sufficiently
small, it is possible to solve for the discrete states in terms of the discrete controls,
independent of the degree of the polynomials on each mesh interval. These schemes
where both the mesh width ~ and the degree of the polynomials p on each mesh
interval are free parameters have been referred to as hp-collocation methods [9, 10].

In addition to the two assumptions, the analysis employs two properties of the Gauss
collocation scheme. Let w;, 1 < j < N, denote the Gauss quadrature weights, and
for] <i <Nand0O < j < N, define

N
. T— Tk
D;j = Lj(t;), where L;(t):= H . )
=0 ‘L'j — Tk
k#j
D is a differentiation matrix in the sense that (Dp); = p(t;), 1 < i < N, where

p € Py is the polynomial that satisfies p(r;) = p; for 0 < j < N. The submatrix
D;.ny consisting of the tailing N columns of D has the following properties:

(P1) Dj.y is invertible and ||D]_:,1\,||OO <2.

(P2) If W is the diagonal matrix containing the Gauss quadrature weights @ on
the diagonal, then the rows of the matrix [W!Y2D.517! have Euclidean norm
bounded by v/2.

The fact that Dy. is invertible is established in [2, Prop.1]. The bounds on the norms
in (P1) and (P2), however, are more subtle. We refer to (P1) and (P2) as properties
rather than assumptions since the matrices are readily evaluated, and we can check
numerically that (P1) and (P2) are always satisfied. In fact, numerically we find that
||D;11v lloo = 14 v where the last Gauss quadrature abscissa T approaches +1 as N
tends to 0o. On the other hand, we do not yet have a general proof for the properties
(P1) and (P2). A prize for obtaining a proof is explained on William Hager’s Web site
(Google William Hager 10,000 yen). In contrast to these properties, conditions (A1)
and (A2) are assumptions that are only satisfied by certain control problems.

IfxN e 731'\’, is a solution of (2) associated with the discrete controlsu;, 1 <i < N,
and if AN € Pl’{, satisfies (6)—(8), then we define

XV =[xN(=1), xN), ..., x¥Nay), xN(+D) 1,
X* =[x*(=1), x*(r1), ..., x*(zy), xX*(+1) 1,
UNZ[ up, coe, UN ],
U* =] u*(ty), ..., u"(zy) 1,
AN = AN =D, AN @), o AN @), AN +D ],
A* =[A5(=1), A*(t1), ..., A% (zn), AM(+D) 1.
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The following convergence result relative to the vector co-norm (largest absolute
element) is established:

Theorem 2.1 If (x*, u*) is a local minimizer for the continuous problem (1) with
(x*,A*) € C" for some n > 4 and both (A1)—(A2) and (P1)-(P2) hold, then for N
sufficiently large, the discrete problem (2) has a stationary point (X", UN) and an
associated discrete costate AV, and there exists a constant ¢ independent of N and 1
such that

max {IXY = X*loc, UV = Ulloe, AN = A%

c\pr-3 .
=(5) (Pl +10 ). p=min(n.N+1). (10)

Moreover, ifVZC(X*(l)) is positive definite, then (XN, UN) is a local minimizer of
(2). Here the superscript (p) denotes the (p)th derivative.

Although the discrete problem only possesses discrete controls at the collocation
points —1 < 1; < 41,1 <i < N, an estimate for the discrete control at t = —1 and
t = 41 could be obtained from the minimum principle (5) since we have estimates for
the discrete state and costate at the end points. Alternatively, polynomial interpolation
could be used to obtain estimates for the control at the end points of the interval.

The paper is organized as follows. In Sect. 3, the discrete optimization problem
(2) is reformulated as a nonlinear system of equations obtained from the first-order
optimality conditions, and a general approach to convergence analysis is presented.
Section 4 obtains an estimate for how closely the solution to the continuous problem
satisfies the first-order optimality conditions for the discrete problem. Section 5 proves
that the linearization of the discrete control problem around a solution of the continuous
problem s invertible. Section 6 establishes an L2 stability property for the linearization,
while Sect. 7 strengthens the norm to L°°. This stability property is the basis for the
proof of Theorem 2.1. Numerical examples illustrating the exponential convergence
result are given in Sect. 8.

Notation. The meaning of the norm || - ||« is based on context. If x € CO(R"), then
|IX||oo denotes the maximum of [x(¢)| over r € [—1, 4+1], where | - | is the Euclidean
norm. If A € R™*", then ||A|x is the largest absolute row sum (the matrix norm
induced by the vector sup-norm). For a vector v € R™, ||v| is the maximum of
lvi] over 1 < i < m. We let |A| denote the matrix norm induced by the Euclidean
vector norm. The dimension of the identity matrix I is often clear from context; when
necessary, the dimension of I is specified by a subscript. For example, I, is the n by
n identity matrix. VC denotes the gradient, a column vector, while V2(C denotes the
Hessian matrix. Throughout the paper, ¢ denotes a generic constant which has different
values in different equations. The value of this constant is always independent of N. 1
denotes a vector whose entries are all equal to one, while 0 is a vector whose entries are
all equal to zero, and their dimension should be clear from context. Finally, X € R"V
is the vector obtained by vertically stacking X; e R", 1 <i < N.
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3 Abstract Setting

As shown in [2], the discrete problem (2) can be reformulated as the nonlinear pro-
gramming problem

minimize C(Xy+1)
subject to >V D;;X; =£(X;, Up), 1<i <N, Xo=xo, (11)
Xy =Xo+ 20, 0f(X;,U)).

As indicated before Theorem 2.1, X; corresponds to xV (7;). Also, Garg et al. [2]
show that the equations obtained by setting the gradient of the Lagrangian to zero are
equivalent to the system of equations

N+1
ZD;Ajz—VxH(Xi,Ui,Ai), 1<i<N, 12)
j=I
Ani1 = VCXn11), (13)
0=V,HX;,U,A), 1<i<N, (14)
where
Djj=_(ﬁ)oﬁ, 1<i<N, 1<j<N, (15)
wj
N
DzNH:—ZD;rj, 1<i<N. (16)
j=1

Here A; corresponds to AN (t;). The relationship between the discrete costate A;,
the KKT multipliers A;, 1 < i < N, associated with the discrete dynamics, and the
multiplier A 4 associated with the equation for Xy is

wiAi =LA +wijAy41 when 1 <i <N, and Any] =2AyN41. 7
The first-order optimality conditions for the nonlinear program (11) consist of the

Egs. (12)—(14) and the constraints in (11). This system can be writtenas 7 (X, U, A) =
0 where

(71, T, ..., T5)X, U, A) e R x R" x R"™ x R" x R"V,

The five components of 7 are defined as follows:

N
Tu(X, U, A) = | D DX, | —f(X;,Up), 1<i<N,
j=0
N
TX, U, A) =Xyy1 —Xo — D o;f(X;, U,

Jj=1
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N+1

Ti(X.U.A) = | D DiA; | +ViHXi Ui A, 1<i <N,
j=1

Ty(X, U, A) = An41 — VaCXpy1),

T5i(X. U, A) = VyH(X;, Ui, Ap). 1 <i <N

Note that in formulating 7, we treat Xo as a constant whose value is the given
starting condition xq. Alternatively, we could treat X as an unknown and then expand
7 to have a sixth component X — xo. With this expansion of 7', we need to introduce
an additional multiplier A for the constraint Xo —Xo; it turns out that Ao approximates
A*(—1). To achieve a slight simplification in the analysis, we employ a five-component
7 and treat X as a constant, not an unknown.

The proof of Theorem 2.1 reduces to a study of solutions to 7(X, U, A) = 0
in a neighborhood of (X*, U*, A*). Our analysis is based on Dontchev et al. [17,
Proposition3.1], which we simplify below to take into account the structure of our
T . Other results like this are contained in Theorem 3.1 of [16], in Proposition 5.1 of
Hager [19], and in Theorem 2.1 of Hager [23].

Proposition 3.1 Let X be a Banach space and ) be a linear normed space with the

norms in both spaces denoted || - ||. Let T: X —— Y with T continuously Fréchet
differentiable in B, (0*) for some 0* € X and r > 0. Suppose that

IVT(8) — VT (6| < e for all 6 € B, (0%)

where VT (0%) is invertible, and define i := ||VT (0*)~!|. Ifep. < 1 and HT (0*) || <
(1 — pe)r/u, then there exists a unique 0 € B,(0*) such that T () = 0. Moreover,

we have the estimate i

1 — e

We apply Proposition 3.1 with 8* = (X*, U*, A*) and @ = (X", UV, A"). The

key steps in the analysis are the estimation of the residual H’T (0*) , the proof that

VT (6*) is invertible, and the derivation of a bound for || VZ (§*) || that is independent
of N. In our context, we use the co-norm for both X and ). In particular,

10— 6%l < |7 (6%)] <~ (18)

101 = 1X, U, A)lloc = max{[|X]|oo, [[Ulloo l[Alloc}- 19)

For this norm, the left side of (10) and the left side of (18) are the same. The norm on
Y enters into the estimation of both the residual || 7 (#*)| in (18) and the parameter
w = |IVT(@*)~ . In our context, we think of an element of ) as a vector with
components y;, 1| <i <3N +2,wherey; e R" forl <i <2N +2andy; € R”
for i > 2N + 2. For example, 7;(X, U, A) € R"V corresponds to the components
yi e R", 1 <i <N.

4 Analysis of the Residual

We now establish a bound for the residual.
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Lemma 4.1 If (x*, A*) € C" and p = min{n, N + 1} > 4, then there exits a constant
c independent of N and n such that

% opTR A K < p=3 *(p) *(p)
17X U A = (5) (0Pl + 1P ) . (20)

Proof By the definition of 7, 74(X*, U*, A*) = 0since x* and A * satisfy the boundary
condition in (4). Likewise, 75(X*, U*, A*) = 0 since (5) holds for all € [—1, +11;
in particular, (5) holds at the collocation points.

Now let us consider 77. By Garg et al. [2, Eq. (7)],

N
ZDin;‘- =x/(r), 1<i<N,
j=0
where x! € P}, is the (interpolating) polynomial that passes through x*(7;) for 0 <
i < N. Since x* satisfies the dynamics of (1), it follows that £f(X7, Uf) = x*(z;).
Hence, we have
71 (X5, U, A%) = X! () — X" (). 1)

By Hager et al. [24, Prop. 2.1], we have
1%/ =% loo = (14282) inf % = dlloe + N2(1+ Ly) inf Ix—qlleg. (22)
qePy qePy

where Ly is the Lebesgue constant of the point set 7;, 0 < i < N.In [24, Thm. 4.1],
we show that Ly = O(«/N ). It follows from Elschner [25, Prop. 3.1] that for some
constant ¢, independent of N, we have

¢ ! *(1)
inf ||x — <|{—— X 23
o X —qlloe < (N+ 1) I lloo (23)
and .
c\—
inf 1% — qlly < (—) x* 24
e X —dlloe < N l lloo 24

whenever N + 1 > n. In the case that N + 1 < n, the smoothness requirement 1 can
be relaxed to N + 1 to obtain similar bounds. Since the first bound (23) is dominated
by (24), it follows that the first term in (22) dominates the second term, and we have

N c\r—3
1K =%l = (7)o (25)

where p = min{n, N + 1}. The bound (25) is valid in both cases N + 1 > 7 and
N + 1 < 5. By (21) and (25), 7;(X*, U*, A*) complies with the bound (20).
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Next, let us consider

N
T(X*, U*, A =x*(1) —x"(=1) = D w;f(x*(1)), u*(1))). (26)
j=1

By the fundamental theorem of calculus and the fact that N-point Gauss quadrature
is exact for polynomials of degree up to 2N — 1, we have

1 N
0=x'()—x/(-1) - / x'()dr = x'(1) = x*(—1) — Zw,x’(;,) (27)
since x! (—=1) = x*(=1). Subtract (27) from (26) to obtain
N
LU A =x* (1) —x' (D) + D o; (x’(rj) — x*(r,-)) C@8)
j=1
Since w; > 0 and their sum is 2,
1
> o (¥ @) =¥ @))| = 20K =% oe. (29)
j=1
Likewise,
+1
(1) = x' ()] = ‘/ (o -x'0)dr| =205~ G0)
-1

We combine (28)—(30) and (25) to see that 7, (X*, U*, A*) complies with the bound
(20).
Finally, let us consider 73. By Garg et al. [2, Thm. 1],

N+1

> pjAj=i'@). 1=i=N,
j=1

where A/ € P} is the (interpolating) polynomial that passes through A = A(t)) for
1 < j < N + 1. Since A* satisfies (4), it follows that i*(ri) = -V H(X}, U, A)).
Hence, we have

T (X*, U, A% =1 (1) — (1)),

In exactly the same way that 77 in (21) was handled, we conclude that 73(X*, U*, A™)
complies with the bound (20). This completes the proof. O
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5 Invertibility

In this section, we show that the derivative V7 (6*) is invertible. This is equivalent to
showing that for each 'y € ), there is a unique # € X such that V7 (6*)[#] = y. In
our application, * = (X*, U*, A™) and # = (X, U, A). To simplify the notation, we
let VT*[X, U, A] denote the derivative of 7 evaluated at (X*, U*, A*) operating on
(X, U, A). This derivative involves the following six matrices:

A; = V£ (1)), u*(17)), B; = V. f(x*(7;), u*(1})),
Qi = Vi H (X*(1)), u* (1), A* (1)) , Si = Vi H (X* (1), u* (1)), A* (1)) ,
R; = Vy H (x* (1), u* (%), A* (1)) , T = V2C(x*(1)).

With this notation, the five components of V7 *[X, U, A] are as follows:

N
VTHX. U Al= | D> DijX; | —AXi —BU;, 1<i<N,
j=1

N
VTFIX, U, Al = Xy 1 — D o;(A;X; +B;U)),
Jj=1
N+1
VTIX, U Al= [ D DA; | +ATA + QX +SU;, 1<i<N,
Jj=l1
VT [X, U, Al = Ays1 — TXn41,
VTEX, U, Al =S]X; + RU; +BfA;, 1<i<N.
Notice that X does not appear in V7 * since X is treated as a constant whose gradient

vanishes.
The analysis of invertibility starts with the first component of V7 *.

Lemma 5.1 If (P1) and (A2) hold, then for each q € R" and p € R"N with p; € R,
1 <i < N, the linear system

N
ZDi/‘X/’ —AX;=p; 1<i<N, 31
j=1
N
Xy — D 0jAX; =q, (32)
j=1

has a unique solution X; € R", 1 < j < N + 1. This solution has the bound

Xjlloo = 2[Plloo/(1 =28), 1=j =N, (33)
IXN+1llco = lqllco +4B1IPlIoc/(1 —28). (34)
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Proof Let X be the vector obtained by vertically stacking X; through Xy, let A
be the block diagonal matrix with i-th diagonal block A;, 1 < i < N, and define
D = Di.y ® I, where ® is the Kronecker product. With this notation, the linear
system (31) can be expressed (D— A)X p. By (P1) Dy.y is invertible which implies
that D is invertible with D! = Dl_N ® I,,. Moreover, |[D™![|o = D N||Oo <2
by (P1). By (A2) [Allec < B and [D™'Afloe < D7 |ool|Alloe < 2;3 By Horn and
Johnson [26, p. 351], I—D~'A is invertible s1nce B < 1/2and ” I-D'A)" 1||
1/(1 —2p). Consequently, D — A =D — D~ 'A) is invertible, and

D —A) oo < IIA=D A NoolD i < 2/(1 —28).

Thus there exists a unique X such that (D — A)X = p, and (33) holds. By (32), we
have

N
Xy 41000 < gllo + D@ 1A ool Xlloo-
j=1

Hence, (34) follows from (33) and the fact that the w; are positive and sum to 2 and
IAjllcc < B by (A2). O

Next, we establish the invertibility of V7 *.

Proposition 5.1 If (A1), (A2), and (P1) hold, then V'T* is invertible.

Proof We formulate a strongly convex quadratic programming problem whose first-
order optimality conditions reduce to V7 *[X, U, A] = y. Due to the strong convexity
of the objective function, the quadratic programming has a solution and there exists
A such that VT*[X, U, A] = y. Since 7* is square and V7 *[X, U, A] = y has a
solution for each choice of y, it follows that V7™ is invertible.

The quadratic program is

minimize 5 Q(X, U) + £(X, U)
subject to Z?’:] D,‘ij =A;X;+B;U; +y;, 1<i<N, 35)
Xy =y2+ 2V 0; (AX; +B;U;).

where the quadratic and linear terms in the objective are
QX,U) = XJ, TXy 41 + Q (X, U) (36)
N
QX U) = > o (XTQXi +2X]S,U; + UTRU;)
i=1

L(X,U) = yiXn11 + Lo(X, U),

N
LoX,U)=—-> (Y;Xi + Y;-iUi) . (37)
i=1
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The first-order optimality conditions for (35) reduce to V7 *[X, U, A] = y. See Garg
et al. [2] for the manipulations needed to obtain the first-order optimality conditions
in this form.

Notice that the state variable X1 in the quadratic program (35) can be expressed
as a function of X, U, and the parameter y». After making this substitution, we obtain
a new quadratic Q and a new linear term £ in the objective:

X, U) = 9(X,U) + Q1(X, ),
;

N N
QX 1) = (Z i (AX; + BiUi)) T(Z ; (AX; + BiUi)),

i=1 i=1

N
LX,U) = LoX, U) + > wi(ys +2Tyy) (A X; + BU)).

i=1

Hence, the elimination of X1 from the quadratic program (35) leads to the reduced
problem

minimize $O(X, U) + £(X, U)

. . 38
subject to Zy:l D,’ij =AX;+BU 4y, 1<i< N] (38)

By (A1), we have

N
QX U) = a(z o (1% + |Ui|2)). (39)

i=1

Since o and w are strictly positive, the objective of (38) is strongly convex with respect
to X and U, and by Lemma 5.1, the quadratic programming problem is feasible.
Hence, there exists a unique solution to both (35) and (38) for any choice of y, and
since the constraints are linear, the first-order necessary optimality conditions hold.
Consequently, V7 *[X, U, A] = y has a solution for any choice of y and the proof is
complete. O

6 w-Norm Bounds

In this section, we obtain a bound for the (X, U) component of the solution to
VT*[X,U, A] = y in terms of y. We bound the Euclidean norm of Xy, while
the other components of the state and the control are bounded in the w-norm defined
by

N N
XI5 =D @ilX;)* and [UI, = > wilUil*. (40)
i=1

i=1
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This defines a norm since the Gauss quadrature weight w; > 0 for each i. Since the
(X, U) component of the solution to V7 *[X, U, A] = y is a solution of the quadratic
program (35), we will bound the solution to the quadratic program.

First, let us think more abstractly. Let 7w be a symmetric, continuous bilinear func-
tional defined on a Hilbert space H, let £ be a continuous linear functional, let ¢ € H,
and consider the quadratic program

min %n(v+¢,v+¢)+£(v+¢):veV],

where V is a subspace of H. If w is a minimizer, then by the first-order optimality
conditions, we have

m(w,v)+m(p,v)+£L(v) =0 forallv e V.
Inserting v = w yields
T(w, w) = —(7(w, ) + £(w)). (41)

We apply this observation to the quadratic program (38). We identify ¢ with the
linear functional £, and 7 with the bilinear form associated with the quadratic Q.
The subspace V is the null space of the linear operator in (38), and ¢ is a particular
solution of the linear system. For the particular solution of the linear system in (38),
we take X = x and U = 0, where x denotes the solution to (31) given by Lemma 5.1
for p = y;. The complete solution of (38) is the particular solution (), 0) plus the
minimizer over the null space, which we denote (XN ,UY).

In the relation (41) describing the null space component (XN , oV ) of the solution,
m(w, w) corresponds to Q()_( , v ). The terms on the right side of (41) correspond
to

N
7w, 9) = > o | Q + 7 A)XN + (]S +2"BUY |, and

i=1

=3 [ (4 + 2Ty A = yE) XN+ (s + 219 "B —yE ) UV
i=1
where

N
7= T(ZwiAiXi)'
i=1

(A1) implies that the quadratic term has the lower bound

7w, w) = XN, V) = «(IXVI2 + 1UV)2). (42)
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The terms cc_)rresponding to m(w, ¢) and £(w) can all be bounded in terms of the
w-norms of X and U and ||y||. For example, by the Schwarz inequality, we have

N N 12 , N 1/2
Zwiy;X{\/ = (Z wiIY3i|2) (Z wiIX,NIZ)
i=1 i=1 i=1
_ 1/2
= V2lysloe (IXVIZ +1UVIZ) 43)

The last inequality exploits the fact that the w; sum to 2 and |ys3;| < ||y3]lco. TO
handle the terms involving x in 7 (w, ¢) and £(w), we utilize the upper bound | x j | <
2||¥lloo/ (1 — 2B) given in (33). Hence, we have

N N
|zl < IT D oi|Ail [20lylleo/(1 = 28)] < 128/(1 = 2B)] [T [I¥llc0 D _ i
i=1 i=1

= [48/(01 =2B)]1TI[¥lloo-

where we used (A2) to obtain the bound

Al = IATA] < /IAT Ailloo < /IAT A 10 < B. (44)

Combine upper bounds of the form (43) with the lower bound like (42) to conclude that
||)_(N ll» and ||UN |l, are bounded by a constant times ||y| . The complete solution
of (38) is the null space component that we just bounded plus the particular solution
(x,0). Again, since || X o < 2[|¥lloo/(1 —2B), we deduce that the complete solution

(X, U), null space component plus particular solution, has IX|le and ||U||,, bounded
by a constant times ||y||oo. Finally, the equation for X1 in (35) yields

N
IXnr1] < Iyl + D i [1AIX; ] + By U]

i=1
Again, the Schwarz inequality gives bounds such as

1/2

N N
> wilAilIX| < (Z wi|Ai|2) Xllo < V2B1Xll0,
i=1 i=1

where the last inequality is due to (44) and the fact that the w; sumto 2. Since I1X]|, and
|IUJ|, are bounded by a constant times ||y ||co, SO is [ Xy +1|. This yields the following:

Lemma 6.1 If (Al), (A2), and (P1) hold, then there exists a constant c, independent
of N, such that the solution (X, U) of (35) satisfies | Xn+1] < cll¥lloos 1 Xllo < cll¥]loos
and ||U|le = cll¥lloo-
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7 Infinity Norm Bounds
We now need to convert these w-norm bounds for X and U into co-norm bounds and,
at the same time, obtain an co-norm estimate for A. By Lemma 5.1, the solution to
the dynamics in (35) can be expressed

X=0-D'A)"'D'BU+®D-A)"y,, (45)
where B is the block diagonal matrix with ith diagonal block B;. Taking norms and

utilizing the bounds (D —A) "'y [loe <2¥1llco/(1—2B) and |X —D~'A)7!| <
1/(1 —2B) from Lemma 5.1, we obtain

1Xlloo = (ID™'BUloc + 2y lloc) /(1 = 28). (46)
We now write

D~'BU = D} ® L,IBU = [(W'*D1.y)~' ® 1,1BU,, (47)
where W is the diagonal matrix with the quadrature weights on the diagonal and U,
is the vector whose ith element is , /wi_lli. Note that the ,/w; factors in (47) cancel
each other. An element of the vector D™'BU is the dot product between a row of
(W!'2Dy.5) "' ®1,, and the column vector BU,,. By (P2) the rows of (W!/2Dy.x) "' ®
I,, have Euclidean length bounded by +/2. By the properties of matrix norms induced

by vector norms, we have

IBU,| =< |B||Us| = IB[[|U]|- (48)

Thus thinking of D~!'BU in (47) as being the dot product of BU,, with a vector of
length at most +/2, where the Euclidean length of BU,, is estimated in (48), we have

ID~'BU|loo < V2IB|[U],. (49)

Combine Lemma 6.1 with (46) and (49) to deduce that ||)_(||Oo < c||yllco, Where c is
independent of N. Since |Xy+1| < c|ly|loo by Lemma 6.1, it follows that

Xlloe = cllylloo- (50)
Next, we use the third and fourth components of the linear system
VT*[X,U, Al =y &Y
to obtain bounds for A. These equations can be written

D'A+D_  Ayi1 +ATA+ QX +SU=y; (52)
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and
Ani1 — TXy11 =ya, (53)

where D' = D] ®I,, D}, =D}, ®1, and D], is the (N + 1)th column of D',
A is obtained by vertically stacking A through Ay, and Q and S are block diagonal
matrices with ith diagonal blocks Q; and S;, respectively.

We show in Proposition 10.1 of the “Appendix” that Dj.y = —JDJ{: NJ, where J is
the exchange matrix with ones on its counterdiagonal and zeros elsewhere. It follows
that D;}V = —J (DI: N)’IJ . Consequently, the elements in Dizlv are the negative of the
elements in (D;: N)_l, but rearranged as in (60). As a result, (DI: N)_1 also possesses
properties (P1) and (P2), and the analysis of the discrete costate closely parallels
the analysis of the state. The main difference is that the costate equation contains
the additional A4 term along with the additional equation (53). By (53) and the
previously established bound [|X||cc < ¢||¥|lco, it follows that

[AN+1lloo = cll¥lloo, (54)

where ¢ is independent of N. Since D1 = 0, we deduce that (DI: N Ipt =-1.

N+1 —
It follows that
®"H 7D}, = (D] ' ®LID},, ®L]=-111L,.
Exploiting this identity, the analog of (45) is
A=a+®)HADH AR L)AN + (D) (ys — QX - SU)].
Hence, we have
IAlloe < [A@L)AN11 + D) (ys — QX = SU)[o0/(1 —2B). (55

Moreover, |1 ® L)An+ille = cllylloo by (54), IDD'ysllo < 2[¥3llecs
and ||(DT) 1QX||oo < 2||Q||Oo||X||C>o where ||X||C>O is bounded by (50). The term
(D7) ~!1SU)||s is handled exactly as [D~'BU||» was handled in the state equation
(45). Combine (54) with (55) to conclude that || A || < c||y|lco Where c is independent
of N.

Finally, let us examine the fifth component of the linear system (51). These equations
can be written

SIXi +RU; +B[A; =ys;, 1<i=<N.

By (A1) the smallest eigenvalue of R; is greater than o« > 0. Consequently, the bounds
IXlloo < cllylloo and [|Alloo < c|l¥|lco imply the existence of a constant ¢, independent

of N, such that ||U||cc < c||¥]loo- In summary, we have the following result:
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Lemma 7.1 If(A1)-(A2) and (P1)—~(P2) hold, then there exists a constant c, indepen-
dent of N, such that the solution of VT *[X, U, A] =y satisfies

max {[X[loo, [Ulleo, | Alloo} < cll¥lloo-

Let us now prove Theorem 2.1 using Proposition 3.1. By Lemma 7.1, © =
VT (X*, U*, A*) 7! is bounded uniformly in N. Choose & small enough that
e < 1. When we compute the difference V7 (X, U, A) — VT (X*, U*, A*) for
(X, U, A) near (X*, U*, A*) in the co-norm, the D and D' constant terms cancel, and
we are left with terms involving the difference of derivatives of f or C up to second
order at nearby points. By the smoothness assumption, these second derivatives are
uniformly continuous on the closure of € and on a ball around x*(1). Hence, for
sufficiently small, we have

IVI(X,U,A) = VI (X*, U, Ao < €

whenever
max{[|X — X*[loo, IU = U0, [A — A*[loo} < 7. (56)

Since the smoothness n > 4 in Theorem 2.1, let us choose n = 4 in Lemma 4.1 and
then take N large enough that ||T (X*, U*, A¥) || < (1 —pe)r/uforall N > N.
Hence, by Proposition 3.1, there exists a solution to 7 (X, U, A) = 0 satisfying (56).
Moreover, by (18) and (20), the estimate (10) holds.

Notice that the smoothness parameter 1 does not enter into the discretization. We
chose n = 4 to establish the existence of a unique solution to 7 (X, U, A) = 0
satisfying (56). Once we know that the solution exists, larger values for n can be
inserted in the error bound (10) if the problem solution has more than 4 continuous
derivatives. In particular, if the problem solution has an infinite number of continuous
derivatives that are nicely bounded, then we might take n = N + 1 in (10).

The analysis shows the existence of a solution to 7 (X, U, A) = 0, which cor-
responds to the first-order necessary optimality conditions for either (11) or (2). To
complete the proof, we need to show that this stationary point is a local minimizer
when the assumption that V2C(x*(1)) is positive semidefinite is strengthened to pos-
itive definite. After replacing the KKT multipliers by the transformed quantities given
by (17), the Hessian of the Lagrangian is a block diagonal matrix whose ith diago-
nal block, 1 <i < N, is w; V(zx’u)H(Xi, U;, A;), where H is the Hamiltonian, and
whose (N + 1)st diagonal block is vViCc(X ~N+1)- In computing the Hessian, we assume
that the X and U variables are arranged in the following order: X1, Uy, Xp, Up, ...,
Xuw, Uy, Xy+1. By the strengthened version of (A1), the Hessian is positive definite
when evaluated at (X*, U*, A*). By continuity of the second derivative of C and f
and by the convergence result (10), we conclude that the Hessian of the Lagrangian,
evaluated at the solution of 7 (X, U, A) = 0 satisfying (56), is positive definite for
N sufficiently large. Hence, by the second-order sufficient optimality condition [22,
Thm.12.6], (X, U) is a strict local minimizer of (11). This completes the proof of
Theorem 2.1.
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Fig. 1 The base 10 logarithm of the error in the sup-norm at the collocation points as a function of the
polynomial degree for example (57)

8 Numerical Illustrations

The first example we study is

1
minimize 1 / [u(t)2 Fx(Oult) + gx(t)z] dt (57)
0
subject to x'(¢) = .5x(t) +u(r), x(0) =1,
with the optimal solution

__cosh(l —1)
" cosh(1)

sinh(1 —¢) + .5cosh(1 — 1)
cosh(1)

x*(1) NGRS
To put this problem in the form of (1), we could introduce a new state variable y with
dynamics

1
y(0) =3 (u(t)2 +x(Ou) + 1.25x(t)2) . v(0)=0,

in which case the objective is y(1). Finally, we make the change of variable ¢t =
(141)/2 to obtain the form (1). For this problem, (A1)-(A2) are satisfied so we expect
the error to decay atleast as fast as the bound given in Theorem 2.1. Since the derivatives
of the hyperbolic functions are nicely bounded, exponential convergence is expected.
Figure 1 plots the logarithm of the error in the sup-norm at the collocation points. Fitting
the data of Fig. 1 by straight lines, we find that the error is O (10~!3") roughly.

Although the assumptions (A 1)—(A2) are sufficient for exponential convergence, the
following example indicates that these assumptions are conservative. Let us consider
the unconstrained control problem
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Fig.2 The base 10 logarithm of the error in the sup-norm as a function of the number of collocation points
for example (58)

min {—x(Z) L2(8) = 3(—x(t) + x(Ou(®) — u(t)?), x(0) = 1} (58
The optimal solution and associated costate are

x*(t) =4/a(t), a(t) =1+ 3exp(2.51),
u*(t) = x*(1)/2,
(1) = —a’ (1) exp(—2.5t) /[exp(—5) + 9 exp(5) + 6].

This violates (A2) since || Vy f (x*(2), u*(1)) || is around 5/2 for ¢ near 2. Nonetheless,
as shown in Fig. 2, the logarithm of the error decays nearly linearly; the error behaves
like 1070V for either the state or the control and c10~°8" for the costate.

A more complex problem with a known solution is

1
min / (26753 + 125/:3 + ua/xa + uf 4+ u3 | a, (59)
0

subject to the dynamics

X1 =x1+ur/x2 +uzxixz2, x1(0) =1,
X2 = —x2(0.5 + uax2), x(0) =1.

The argument “(¢)” on the states and controls was suppressed. The solution of the
problem is
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Fig.3 The base 10 logarithm of the error in the sup-norm as a function of the number of collocation points
for example (59)

cosh(l — 1)(2exp(3t) + exp(3))

) = xp(3)) exp(31/2) cosh(l)
" cosh(1)
%0 = cosh(l — 1)’
W) = 2(exp(3t) —exp(3))
! (2 +exp(3)) exp(3t/2)’
" —cosh(1 — t)(tanh(1 — ¢) + 0.5)
uy(t) = .

cosh(1)

Figure 3 plots the logarithm of the sup-norm error in the state and control as a function
of the number of collocation points. The convergence is again exponentially fast,

9 Conclusions

A Gauss collocation scheme is analyzed for an unconstrained control problem. When
the problem has a smooth solution with 1 continuous derivatives and with a Hamil-
tonian that satisfies a strong convexity assumption, we show that the discrete problem
has a local minimizer in a neighborhood of the continuous solution, and as the degree
N of the approximating polynomials increases, the error in the sup-norm at the col-
location point is O (N3~P), where p = min{n, N + 1}. Numerical examples confirm
the exponential convergence.
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10 Appendix

In (15), we define a new matrix D' in terms of the differentiation matrix D. The
following proposition shows that the elements of D' can be gotten by rearranging the
elements of D.

Proposition 10.1 The entries of the matrices D and D' satisfy

Dij=-Dj,\ iy 1Si<N. 1<j<N. (60)
In other words, D1.ny = —JDJ{: nJ where J is the exchange matrix with ones on its
counterdiagonal and zeros elsewhere. Equivalently, D;r: v = —JIDunl.

Proof By (9) the elements of D can be expressed in terms of the derivatives of a set
of Lagrange basis functions evaluated at the collocation points:

. 1ifk = j,
Dij =Lj(t;) where L; € Py, Lj(tn)= [0 ifO<k<N, k]
In (9) we give an explicit formula for the Lagrange basis functions, while here we
express the basis function in terms of polynomials L ; that equal one at 7; and vanish
at p where 0 < k < N, k # j. These N + 1 conditions uniquely define L; € Py.

Similarly, by Garg et al. [2, Thm. 1], the entries of DI: y are given by
DiTj = Mj(‘(,') where M; € Py, M;(t;) = [

Observe that My41—(t) = L;(—t) due to the symmetry of the quadrature points
around r = O:

(a) Since —ty41—; = Tj, wehave Lj(—tyy1—j) = Lj(r;) = 1.

(b) Since ty41 =1and 79 = —1, we have L j(—ty41) = L(19) = 0.

(c) Since —7; = ty41—i, wehave Lj(—7;) = Lj(tyy1—) =0ifi #N +1—j.
Since My41—;(t) is equal to L;j(—t) at N + 1 distinct points, the two polynomials
are equal everywhere. Replacing My 41— (t) by L j(—t), we have

Dyyiinyi—j = —Lj(=tvs1-) = —L;(w) = = Djj. .

Tables 1 and 2 illustrate properties (P1) and (P2) for the differentiation matrix D. In
Table 1, we observe that ||D;]1v |l monotonically approaches the upper limit 2. More
precisely, it is found that ||D;11\,||Oo = 1 4+ 7y, where the final collocation point Ty
approaches one as N tends to infinity. In Table 2, we give the maximum 2-norm of
the rows of [W!/2D .5 17!, It is found that the maximum is attained by the last row of
[Wl/ 2D1; ~171, and the maximum monotonically approaches V2.
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Table1 [D] ) llso

N

25 50 75 100 125 150

Norm 1.995557 1.998866 1.999494 1.999714 1.999816 1.999872

N

175 200 225 250 275 300

Norm 1.999906 1.999928 1.999943 1.999954 1.999962 1.999968

Table 2 Maximum Euclidean norm for the rows of [W!/2Dy.y]~!

N

25 50 75 100 125 150

Norm 1.412201 1.413703 1.413985 1.414085 1.414131 1.414156

N

175 200 225 250 275 300

Norm 1.414171 1.414181 1.414188 1.414193 1.414196 1.414199
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