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Abstract In this paper, a degree theory for set-valued vector variational inequalities is
built in reflexive Banach spaces. By using the method of degree theory, some existence
results of solutions for set-valued vector variational inequalities are established under
suitable conditions. Furthermore, some equivalent characterizations for the nonempti-
ness and boundedness of solution sets to single-valued vector variational inequalities
are obtained under pseudomonotonicity assumption. To the best of our knowledge,
there are still no papers dealing with the degree theory for vector variational inequal-
ities.
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1 Introduction

Degree theory is a classical mathematical tool that has diverse applications. Partic-
ularly, it is useful for the study of the existence of a solution to an equation. Many
authors have used degree theory as a tool to study the existence of solutions for various
kinds of variational inequalities.
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In [1], Facchinei and Pang have used degree theory to study existence theorems for
finite-dimensional variational inequalities (see Proposition 2.2.3 and Theorem 2.3.4).
In [2], Kien et al. extended the degree theory of Facchinei and Pang to the case of
generalized set-valued variational inequalities, where the generalized natural map has
no convex values and so its degree is undefined generally. By using the degree theory
developed in Kien et al. [2], He [3] proves some existence results of solutions to
set-valued variational inequalities under a weak coercivity condition. Recently, Wang
and Huang [4] built a degree theory for generalized set-valued variational inequalities
in Banach spaces, which further generalized the results of Facchinei and Pang, Kien,
Wong and Yao from finite-dimensional spaces to infinite-dimensional spaces. For more
related works with respect to applications of degree theory to variational inequalities,
we refer the readers to Robinson [5], Gowda [6] and the references therein.

On the other hand, Giannessi [7] first introduced the concept of vector variational
inequality (VVI) in finite-dimensional spaces in 1980, which is the vector-valued ver-
sion of the classical (scalar) variational inequality. Since then, extensive effort has
been devoted to the study of various kinds of vector variational inequalities (VVIs)
and their generalizations (see, e.g., [§—15] and the references therein). Nowadays,
vector variational inequalities and their generalizations have become an effective and
powerful tool in the study of vector optimization, applied sciences, mechanics, struc-
tural analysis and so on. Meanwhile, some important methods have been proposed
to study the existence of solutions for vector variational inequalities, such as KKM
theory and the scalarization method. Then, an interesting question is that, although
the degree method is very effective and there have been a large amount of papers on
the studies of degree theory for scalar variational inequalities, there is still no paper
to deal with the degree theory for vector variational inequalities.

Motivated and inspired by the work mentioned above, we continue to study the
degree theory for vector variational inequalities and investigate the solvability of vec-
tor variational inequalities by applying the method of degree theory directly. The
main purpose of this paper is to build a degree theory for set-valued vector variational
inequalities and to give some results on existence of solutions of this problem. To do
this, we first establish the equivalence between the solvability of vector variational
inequalities and scalar variational inequalities. Then, basing on this equivalence and
using the degree theory due to [16, 17], we construct the degree theory for vector vari-
ational inequalities in reflexive spaces. Finally, the degree theory is employed to prove
some existence theorems of solutions for set-valued vector variational inequalities.
Some equivalent characterizations of nonemptiness and boundedness of the solu-
tion set for C-pseudomonotone single-valued vector variational inequalities are also
obtained. Different from most of previous existence results established in the literature
via KKM theory or the scalarization method, we establish such results using directly
the tool of degree method, which may provide a new perspective for dealing with the
solvability for vector variational inequalities.

The paper is organized as follows. In Sect. 2, we introduce some basic notations
and preliminary results and build a degree theory for set-valued vector variational
inequalities. In Sect. 3, we prove some results on the solvability of vector variational
inequalities, by applying the degree theory established in Sect. 2.
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2 Preliminary

Throughout this paper, unless otherwise stated, let X always be a reflexive Banach
space with X* be the topological dual space and Y be a finite-dimensional space,
respectively. By the result due to Lindenstrauss, Asplund and Trojanski, we know that
X can be renormed so that X and X* are both locally uniformly convex (see [18],
Theorem 2.11). Let 2 be a bounded and open set in X. The boundary of €2 is denoted
by 9€2. The symbols “— " and “—” are used to denote strong and weak convergence,
respectively. For a nonempty subset A of X, we denote the closure, interior and convex
hull of A by cl A, int A and conv A, respectively.

Let C be a closed, convex and pointed cone in Y with intC # (. The cone C
introduces a partial ordering in Y, which is defined by z1<czz if and only if z0 — 21 €
C. Let

C':={"er*:(y*,y) =0, Vyec}
be the dual cone of C. Clearly,

yeC & (y,y) =0, Vy"ecC*,
yeintC & (y*,y) >0, Vy* e C"\{0}.

Let ¢ € int C be fixed and
C*0 = {x* e C*: (x*,e) = 1}.

The dual cone C* is said to admit a compact base iff there exists a compact set
S1 C C*suchthat0 ¢ Sy and C* C |J,~1S1. Since Y is finite dimensional, Lemma

3.4 of [19] shows that C*¥ is a compact base of C*.
Let F : K = L(X, Y) be a set-valued mapping with nonempty values. Let& € C*°
andu € L(X,Y). We define

(Eu,x) = (€, (u,x)) = (u"E, x), VxekK
and

EF(x) := U Eu, Vx €K,

ueF(x)

where u* € L(Y*, X*) is the conjugate operator of u € L(X, Y).

Let X, Y be as before and K C X be a nonempty, closed and convex set. Let
F : K == L(X,Y) be a set-valued mapping with nonempty values. In this paper,
we consider the following vector variational inequality (in short, VVI(K, F)), which
consists in finding x € K and u € F(x) such that

(u,y —x) ¢ —intC, VyeK. (1

@ Springer



530 J Optim Theory Appl (2015) 167:527-549

If Y = Rand C = R,, then vector variational inequality (1) reduces to the
following scalar variational inequality (in short, VI(K, F)), which consists in finding
x € K and u € F(x) such that

(u,y —x) >0, Vyek.

Now we introduce an important mapping g : L(X, Y) = X*, defined by

gw) = |J gu= |J ws=u"(C")., VueLX.Y), )

gec*() SEC*O

where u* € L(Y™*, X*) is the conjugate operator of u € L(X,Y). We consider the
problem (in short, VI(K, g o T)) of finding x € K, £ € C** and u € F(x) such that

(éu,y—x)>0, VyekKk. 3)

The solution sets of VVI(K, F) and VI(K, go F)) are denoted by SVVI(K, F) and
SVI(K, go F),respectively. The relationship between SVVI(K, F) and SVI(K, go F)
will be discussed in Lemma 2.4.

Let K C X be a nonempty, closed and convex set. The indicator of K, denoted by
3k, is defined by

sy |0 ek
KWX) = 400, otherwise.

The normal cone of K at x is defined by

e Xt(x*,y—x) <0, VyeK}, ifxeKk,
Nk (x) := [Q), otherwise.
The barrier cone of K is defined by

barr(K) := {x* € X* : sup (x*, x) < oo}.
xekK

The recession cone of K is defined by

X,
Ky = [deX:EItk—> 400, Xk eKsuchthatt—k—\d].
k

The negative polar cone of K is defined by
K =x*eX": x*,x) <0, VxeK}
The normalized duality mapping J : X = X™ is defined by

J(x) = {x* € X*: (x*, x) = [Ix]|* = |x*|I*}, Vx € X.
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In locally uniformly convex spaces, the normalized duality mapping J : X = X*
is of class (5) +, strictly monotone and a homeomorphism (see [20], Proposition 8 and
[21], Corollary 32.24).

In the following, we will outline below some basic notations and results from [17]
with respect to the degree theory for mappings of the form f + 7 + G due to [16,17].

Definition 2.1 Let G C X be a nonempty set and f : G — X* be a mapping. Then,

(a) f is said to be of class (S)4 iff for any sequence {x,} in G which converges
weakly to x and lim sup,,_, . ( f(x,), x, — x) <0, one has x, — x;

(b) f is said to be norm to weak continuous iff for any sequence {x,} in G which
converges to x, one has f(x,) = f(x);

(c) f is said to be compact iff f is continuous and f(A) is relatively compact for
each bounded subset A of G.

Let 7 : X =% X* be a set-valued mapping. We call the sets D(T) = {x € X :
T(x) # ¥} and R(T) = {y € T(x) : x € D(A)} the effective domain and the range
of T, respectively. We denote the set Gr(7) = {(x,y) : y € T(x)} the graph of T.
Throughout this article, we always assume that D(T') is nonempty and K C D(T).
Definition 2.2 Let 7 : X = X* \ {/} be a set-valued mapping. Then,

(a) T is said to be pseudomonotone iff for any (x1, y1), (x2, y2) € Gr(T), one has
(yi, 22 —x1) 2 0= (y2,x20 —x1) = 0;
(b) T is said to be monotone iff for any (x1, y1), (x2, y2) € Gr(T), one has
(y2 = y1,x2 —x1) 2 0;
(c) T is said to be maximal monotone iff 7' is monotone and it follows from

(v—y,u—x)>0, V{x,y)eGr(T),

that (u, v) € Gr(T).

Clearly, maximal monotonicity implies monotonicity and monotonicity implies
pseudomonotonicity. The reverse implication is not true, in general.

The inverse 7! : R(T) =% X is defined by T~ 'u) :={x € D(T) : u € Tx}.
Clearly, T : X = X* is maximal monotone if and only if 7" is maximal monotone.
For each € > 0, we consider the generalized Yosida transformation 7, corresponding
to T, defined by the formula

—1
T, = <T—1 + eJ—1> ,
which is a single-valued mapping (see [18], Proposition 3.10).
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Definition 2.3 ([20], Definition 3) Let 2 C X be a bounded and open set. Let {f;, ¢ €
[0, 1]} be a family of mappings from €2 into X*. Then, { f;} is said to be a homotopy of
class (S)+ iff for any sequence {x,} in €2 converging weakly to x and for any sequence
{t,} in [0, 1] converging to ¢ for which lim sup,,_, . (f;, (x,), x, — x) < 0, one has
X, — x and fln (xn) = fr(x).

Remark 2.1 Each affine homotopy between two norm to weak continuous mappings
f and f1 of class(S)+ is a homotopy of class(S)+ (see [20], Proposition 12).

Definition 2.4 [22] Let {T;,t € [0, 1]} be a family of maximal monotone mappings
from X into 2X" such that their effective domains are nonempty. Then, {7;} is said to
be a pseudo-monotone homotopy iff for any (x, y) € Gr(7;) and a sequence t, — ¢
in [0, 1], there exists a sequence (x,, y,) € Gr(T;,) such that x, — x and y, — y.

Definition 2.5 Let X, Y be two topological spaces and F' : X =2 Y be a set-valued
mapping with nonempty values. Then,

(a) F is said to be upper semicontinuous (written u.s.c.) at x € X iff for any open
set V. C Y with F(x) C V, there exists an open neighborhood U of x such that
F(y) c Vforall y € U. Iff F is upper semicontinuous at every x € X, then we
say that F is upper semicontinuous on X

(b) F is said to be compact iff F'(A) is relatively compact for each bounded subset
A of X.

Definition 2.6 ([16], Definition 3) Let B C X be a nonempty subset. A mapping
G : B = X™*\{#} is said to belong to class (P) iff G satisfies the following conditions:

(i) G maps bounded sets to relatively compact sets;
(ii) for every x € B, G(x) is a closed and convex subset of X*;
(iii) G(-) is upper semicontinuous on B.

Definition 2.7 ([18], Definition 9) Let 2 C X be a bounded and open set. A one-
parameter family of set-valued mappings G, : cl 2 = X*\{#}, t € [0, 1], is said to
be a homotopy class (P) iff G, satisfies the following conditions:

(i) the mapping (¢, x) — G,(x) is upper semicontinuous on [0, 1] x cl 2;
(ii) forevery (7, x) € [0, 1] x cl R, G;(x) is a closed and convex subset of X*;
(iii) the set {{J G;(x) : t € [0, 1], x € cl 2} is compact in X*.

Lemma 2.1 [23] Let X and Y be two Banach spaces, B C X be a nonempty set, and
G : B = Y be an u.s.c. set-valued mapping with closed and convex values. Then,
given € > 0, there exists a continuous mapping g, : B — Y such that

g(x) € G((x + Bo) N B) + B,

for all x € B and gc(B) C clconv (G(B)), with B = {x € X : ||x|| < €} and
Be={yeY: |yl <e}

Obviously, if G is compact, then so is the approximate selection g..
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Let ©2 be a bounded and open set in X. From Lemma 2.1, we know that if G :
Q = X*\{¢} is a set-valued mapping of class (P) and € > 0, then we can find
a continuous mapping g :  — X such that g.(c12) C clconv (G(cl2)) and
gc(x) e G((x + Beo) Nl Q) + 11 for all x € 2, where B = {x € X : ||x|| < €} and
§E ={y e Y : |yl < €}. In what follows, g.(-) will always denote this approximate
selection of G (+).

Lemma 2.2 ([17], Theorem 2.11) Let Q be a bounded and open set in X. Let T :
X = X* be a maximal monotone mapping, f : clQ2 — X* be bounded, norm to
weak continuous and of class (S)+ and G : clQ = X*\{#} be a set-valued mapping
of class (P). Let y € X* such that y ¢ (T + f + G)(02). Then, there exists some
€ > 0 such that the following assertions hold:

(i) y & (Te + [+ 8e)(3) for all € €]0, €];
(ii) Te + f + ge is a mapping of class (S)+ and so the Browder degree d(T¢ + f +
8e, 2, ) is defined for all € €]0, €],
(iii) d(Te + f 4+ 8¢, . 9) =d(Te + f + g0, 2, y) forall e, €' €]0, €].

Definition 2.8 ([17], Definition 2.12) Let 2 be a bounded and open set in X, T :
X =2 X* be a maximal monotone mapping, f : cl2 — X™* be bounded, norm to
weak continuous and of class (S)4 and G : ¢l 2 = X*\{} be a set-valued mapping of
class (P).Lety € X*suchthaty ¢ (T+ f+G)(0L2). Thedegreed| (T + f+G, 2, y)
is assigned to be the common value of d(7T; + f + g, 2, y) for € > 0 sufficiently
small.

Some properties of the degree defined in Definition 2.8 are listed as follows.

Lemma 2.3 ([17], Theorem 2.14) Let Q2 be a bounded and open set in X. Then, degree
function defined by Definition 2.8 has the following properties:

(i) Normalization: di(J —y,R,0)=d(J,2,y) =1forally € J(X);
(ii) Existence: If di(T + f + G, 2, y) # 0, then there exists an x € Q such that

Ve fx)+Tk)+Gx):

(iii) Additivity: If Q1, Q0 are disjoint open subsets of Q and y ¢ (T + f +
G)(clQ\ (21 U Q2)), then

T+ f+G6Qy)=dT+[f+GCQ,y)+di(T+ f+G,2,));

(iv) Homotopy invariance: Let { fi}:e[0,1] is a homotopy of class (S) 4 of mappings
Sfrom cl QQ into a bounded subset of X*, {T}}:¢[0,1] be a pseudomonotone homotopy
of maximal monotone mappings from X into 2X" and {G1}tef0,1] is a homotopy
of class (P) of set-valued mappings from cl 2 into the nonempty, closed and
convex subsets of X*. Let {y; : t € [0, 11} be a continuous path in X* such that
yvi ¢ (Tt + f 4+ G)(02) forall t € [0, 1]. Then, d1(f; + T; + Gy, 2, y;)(0R2)
is independent of t € [0, 1].
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The following lemma establishes the equivalence between the solvability of vector
variational inequalities and scalar variational inequalities.

Lemma 2.4 Let X be a reflexive Banach space, and Y be a finite-dimensional space.
Let K be an nonempty, closed and convex subset of X. Let F : K = L(X,Y) be a
set-valued mapping with nonempty values. Let g : L(X,Y) = X* be defined as in
(2). Then, the following conclusions are equivalent:

(i) xo € K is asolution of VVI(K, F);
(ii) xo € K is a solution of VI(K, g o F),i.e.,0 € g o F(xg) + Nk (x0).

Proof (i) = (ii). Suppose that xg € K solves VVI(K, F'). Then, there exists some
ug € F(xq) such that

(up, y — xo) ¢ —intC, Vy e K.

By using a similar discussion as in Theorem 2.1 of [13], there exists some &y € C*\{0}
such that

(Boug, y —x0) 20, VyeK.
Note that C** is a base of C*, we have C*\{0} = |, ¢C* . Without any loss of
generality, we can further assume that §y € C *0 That is, there exists some & eC *0
and ug € F(xg) such that

(§oup, y —x0) =0, VyeKk,
which implies that xg € K is a solution of VI(K, g o F).

(ii) = (i). Suppose that x9 € K solves VI(K, g o F). Then, there exists some

& € C** and ug € F(xo) such that

<§0M0, y - X()) > Ov Vy €eK. (4)
We claim that

(up, y —xo) ¢ —intC, VyeK,

which implies that xo € K is a solution of VVI(K, F). Otherwise, there exists some
yo € K such that

(ug, yo — xo0) € —intC,
and so

(éouo, yo — xo) < 0.

A contradiction with (4). Thus, the implication (ii) = (i) holds. This completes the
proof. O
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Remark 2.2 (i) From Lemma2.4,itis known that the relationship between SVI(K, go
F) and SVVI(K, F) can be concluded as follows:

SVVI(K, F) = SVI(K.go F) = | ] SVI(K.£F).
Sec*o

(i) As for scalar variational inequalities, many powerful methods and abundant
research achievements have been obtained by the authors. Thus, Lemma 2.4 pro-
vides an effective means to study the existence of solutions for VVI(K, F), by
changing vector variational inequality VVI(K, F) to scalar variational inequality
VI(K, go F).

Lemma 2.5 Let X be a reflexive Banach space and Y be a finite-dimensional space.
Let K be an nonempty, closed and convex subset of X. Let g : L(X,Y) = X* be a
set-valued mapping defined as in (2) and F : K = L(X,Y) be an upper semicon-
tinuous set-valued mapping with nonempty, compact and convex values. Consider the
following two conclusions:

(i) J—goF : K = X*iscompact;
(ii) forany & € C*°, J —&F : K = X* is compact.

Then, (i) = (ii). Moreover, (i) < (ii) if X is finite dimensional.

Proof (i) = (ii). Since J —go F : K =% X™ is compact, for any bounded set B C K,
we have (J — g o F)(B) is a relative compact set. Then, for any & € C* it follows
from the definition of g(-) that

(J—&F)(B) C(J—goF)(B),

which implies that (J —& F)(B) is also arelative compact setandso J —§ F : K = X*
is compact.

If X is finite dimensional, then we can further claim that (ii) = (i) and so (i) < (ii).
To claim that (ii) = (i), we only need to show that (J/ — g o F)(x;) has a convergent
subsequence for any bounded sequence {x;} C K. Lety; = J(x;) — &u; € J(x;) —
& F(x;) with & € C** and u; € F(x;). Note that C*" is a compact base of Y* and
& eC *0; without any loss of generality, we can assume that & — &y € C *0_ Since
X 1is finite dimensional and {x;} is bounded, there exists a compact set D such that
{xi} € D. Then, by the upper semicontinuity of F, we have {u;} C F(D), where
F (D) is compact. This implies that {x;} and {u} are bounded sequences.

Moreover, since J — £F is compact for any £ € C*°, the sequence {y/} with
yl.’ = J(x;) — &ou; belonging to J (x;) — &y F (x;) has a convergent sequence. Without
any loss of generality, still denote it by {y/}. Then, we have

lyi = yill = (& — o, ui) = (uj, & — &o) =< llujll - & — &oll — 0,

which implies that y; has a convergent sequence and so J — go F : K =3 X* is
compact. This completes the proof. O
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Lemma 2.6 Let X be a reflexive Banach space, Y be a finite-dimensional space, and
g L(X,Y) = X* be a set-valued mapping defined as in (2). Then, g is upper
semicontinuous with nonempty, compact and convex values.

Proof By the definition of g, we have
gw) =u*(C*), Vu e L(X,Y),

where u* € L(Y*, X*) is the conjugate operator of u € L(X,Y). Since C*? ia a
compact and convex base of C* C Y*, the compactness and convexity of the values
of g is obvious.

Now we claim that g is upper semicontinuous on L(X, Y). Let ug € L(X,Y) be
any given point and V be any open set containing g(ug). Since g(uq) is a compact
set, there exists some g9 > O such that g(ug) + 9 clBx= C V, where clBy+ denotes
the closed unit ball in X*. Moreover, the compactness of C** implies that there exists
some constant kg > 0 such that kg = MaXg o0 I€]l. For any u € L(X,Y) with
lu — ugl|| < i—g and v € g(u), there exists some & € C*° such that v = (&9, u) =

u*(&o). Set vo = (o, uo) = ug(&o). Clearly, (5o, uo) = ug(éo) € g(uo). Moreover,
from the isometric isomorphism property of the mapping u — u*, we have

v —woll = [lu* (%) — ug(Eo)ll
< llu* = ugll - %ol
= llu —uoll - 150l
£
< _0 'kO
ko
=< &o,

which implies that

&
g(u) C g(ug) + eoclBy+ C U, Yu € L(X,Y) with |lu — ug| < k—o
0

From the above discussion, we conclude that g is an upper semicontinuous mapping
with nonempty, compact and convex values on L(X, Y). This completes the proof. O

Letg : L(X,Y) = X* be defined as in (2) and F : K = L(X,Y) be an upper
semicontinuous mapping with nonempty, compact and convex values. Suppose that
J —goF : K = X*isacompact and upper semicontinuous mapping. From Lemma
2.4, we know that VVI(K, F) is equivalent to the following inclusion problem: find
x € K satisfies

0eGXx)+ f(x)+Tx), 5)

where G = go F — J is acompact and upper semicontinuous mapping with nonempty
and compact values, f = J is a mapping of bounded, norm to weak continuous and of
class (S)4, and T = Nk is a maximal monotone mapping. We would like to mention
that although the values of G = g o F' — J may not be convex, there still exists an
approximate selection g. of G = g o F' — J, where g, can be taken as an approximate

@ Springer



J Optim Theory Appl (2015) 167:527-549 537

selection of &€ F — J with & € C*¥ being a given point. Indeed, for each x € K, we have
(§F — J)(x) C G(x). Moreover, since the mapping & F — J is upper semicontinuous
with nonempty, closed and convex values, by Lemma 2.1, there exists an approximate
selection g for the mapping £ F — J. Clearly, g, is also an approximate selection of
G = goF —J.Consequently, thedegreed| (T + f+G, 2, y) :=d(Tc+ f+ 8¢, 2, y)
in Definition 2.8 is still well defined for € > 0 sufficiently small.

Now we introduce the degree of vector variational inequality VVI(K, F) as follows.

Definition 2.9 Let X be a reflexive Banach space with the dual space X*, K be a
nonempty, closed and convex subset of X. Let g : L(X,Y) = X* be defined as
in (2) and F : K = L(X,Y) be an upper semicontinuous mapping with nonempty,
compact and convex values. Suppose that J —go F : K =2 X™ is a compact and upper
semicontinuous mapping. The degree of vector variational inequality VVI(K, F),
denoted by d(g o F + Nk, 2,0), is the degree di(G + f + T, 2, 0) defined in
Definition 2.8, where G = g o F'— J is a compact and upper semicontinuous mapping
with nonempty and compact values, f = J is a mapping of bounded, norm to weak
continuous and of class (S)4, and T = Nk is a maximal monotone mapping.

Remark 2.3 If Y = Rand C = R, then from Lemma 2.5, the assumption “J —go F :
K = X* is a compact and upper semicontinuous mapping” reduces to “J — F is
a compact and upper semicontinuous mapping,” which was applied extensively to
ensure the existence of solutions for scalar complementarity problems and variational
inequalities (see, e.g., [4,24,25] and the references therein).

From Lemma 2.3, we know that the degree d(go F + Nk, 2, 0) of vector variational
inequality VVI(K, F) has the following properties.

Lemma 2.7 Let Q2 be a bounded and open set in X. Then, degree function defined by
Definition 2.9 has the following properties:

(i) Normalization: d(J —y,R,0) =d(J,R,y) = 1forally € J(RQ);
(ii) Existence: If d(g o F + Nk, 2,0) # 0, then there exists an x € Q2 such that

0e€ go F(x)+ Nk(x), ie, x is a solution of VVI(K, F);

(iii) Additivity: If Qq, Q0o are disjoint open subsets of Q and y ¢ (g o F +
Ng)(cl Q\(21 U 7)), then

d(goF + Ng,Q,y)=d(go F+ Nk,Q1,y)+d(go F+ Nk,Qa, y);

(iv) Homotopy invariance: Suppose that g o F| — J and g o F> — J are compact
and upper semicontinuous mappings with nonempty and compact values. If 0 ¢
(tgo F1(x) + (1 —t)g o Fo(x) + Ng (x))(02) for all t € [0, 1], then d(g o
F1(x) + Ng(x), 2,0) =d(g o F>(x) + Ng(x), 2, 0).
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3 Solution Existence of Vector Variational Inequalities

In this section, we will apply directly the degree theory developed in Sect. 2 to study
the existence of solution for VVI(K, F) under some suitable conditions. In the sequel,
unless otherwise stated, we always assume that F : K = L(X, Y) is an upper semi-
continuous mapping with nonempty, compact and convex values. First, we obtain the
following existence result for VVI(K, F), when J — go F : K = X* is compact and
upper semicontinuous.

Theorem 3.1 Let X be a reflexive Banach space, Y be a finite-dimensional space, and
K C X be a nonempty, closed and convex subset. Let g : L(X,Y) = X™* be defined
as in (2). Suppose that J — g o F : K = X* is a compact and upper semicontinuous
mapping. If there exists a vector x € K such that the set

L.(X):={x € K :3u € F(x) suchthat (u,x —Xx) ¢ C} 6)

is bounded (possibly empty), then VVI(K, F) has a solution.

Proof Let Q' C K be abounded and open set containing L - (x) U {x}. Then, we have
L.x)NiQ =0,

and so
(u,x =x)eC, Yxe KNaQ',ue F(x). @)

If0 e (goF + Ng)ORQ) = (go F —J +J + Ng)(OR'), then VVI(K, F) has
a solution. Otherwise, the degree d(g o F + Nk, ', 0) is well defined. Define a
homotopy by

H(t,x):=1t(go F(x)+ Nx(x)) + (1 —t)(J(x) — J(X)), V(,x)e[0,1]xclQ".

Then, we have H(0,x) = J(x) — J(X) and H(1,x) = g o F(x) + Nk (x).

We claim that 0 ¢ H (¢, dQ) for all ¢ € [0, 1]. In fact, if 0 € H(0, 92), then there
exists some xg € K N 3R’ such that 0 = J(xp) — J(X), which implies that x = xg
by the strictly monotonicity of J(-). This contradicts xo € 3R’ and x € €'. Thus,
0¢ H(0,3). 10 € H(1, ), then 0 € (g o F + Ng)(3). This contradicts the
assumption of 0 ¢ (g o F + Ng)(0Q).

If there exists some 7o €]0, 1[ and x/, € K N 9K such that

0 € 19(g o F(xp) + Nk (x) + (1 — 10)(J (xp) — J (X)), 3
then (8) implies that there exists u;, € F(x() and & € C *0 such that

1—1

—&oug — (J (xg) = J (X)) € Nk (xp).

1o
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By the definition of Ng (), we have

oy +— D) = T@).y —xf) 20, VyeK,
and so 1—s
(Eoutfy, y — xp) = ———(J () — J(®), y — x5). ©9)

Taking y = X in (9), by the strictly monotonicity of J(-), o €]0, 1[ and X # x, , we
obtain

1 —
oty T — x}) > —Tto«f(x()) —J@).T—x)) >0,

and so
(ugy, xo — x) ¢ C.

This contradicts with (7) and so the claim holds true. According to Lemma 2.7 (iv),
we obtain that d(g o F + Nk, Q',0) = d(J — J(X), Q,0) =d(J, 2, J(X)) = 1.
Moreover, by Lemma 2.7 (ii), there exists xo € K N Q' such that 0 € G o F(xg) +
Nk (xo), which implies that x is a solution of VVI(K, F). This completes the proof.

O

Remark 3.1 Theorem 3.1 establishes a new existence result for vector variational
inequalities with the mapping J — g o F being compact and upper semicontinuous,
by using the degree method. Meanwhile, Theorem 3.1 generalizes the corresponding
results of Proposition 2.2.3 of [1], Theorem 2.3 of [26], and Theorem 3.1 of [3] from
scalar variational inequalities to vector variational inequalities. Moreover, the spaces
involved are extended from finite-dimensional spaces to infinite-dimensional spaces.

The following example is used to illustrate Theorems 3.1.

Example 3.1 LetX:Y:R{K:C:]Ri ande=(1,1) eintC.Let F : K =
L(X,Y) be defined by

F(x) = [(xl 0) 1 <a< 10] , Yx = (xl,xz)T ek,
a X
where (x1, x2) denotes a row vector in R? and (x1, x2)” denotes its transposition.
Then, C* = {(&1,&) € R : £ + & = 1} and F is upper semicontinuous on K
with nonempty, compact and convex values, which implies that / — g o F is upper
semicontinuous and compact on K. Moreover, there exists a vector x = (0, O)T e K
such that the set

L.(X):={x € K : Ju € F(x) such that {u, x —X) ¢ C} (10)
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is empty. Thus, all the assumptions of Theorem 3.1 are satisfied. By a simple compu-
tation, we have

SVVI(K, F) = {(0, x2)T : xp > 0} # 0,

where (0, xz)T denotes the transposition of a row vector (0, xp) € R2. Thus, the
conclusion of Theorem 3.1 holds true.

Definition 3.1 Let F : K = L(X, Y) be a set-valued mapping with nonempty values.
Then, F is said to be C-pseudomonotone on K iff for any (x1, u#1), (x2, uz) € Gr(F),
one has

(ur,x2 —x1) ¢ —intC = (un, xo — x1) € C.

Remark 3.2 The concepts of various pseudomonotonicity were introduced and dis-
cussed in [8, 10, 14,15] and the references therein. Indeed, the C-pseudomonotonicity
in Definition 3.1 is a set-valued version of Definition 2.2 (4) in [15]. The follow-
ing lemma establishes the equivalence between C-pseudomonotonicity of F and
pseudomonotonicity of g o F in the sense of Definition 2.2 (a), where g : L(X,Y) =
X* is defined as in (2).

Lemma 3.1 Let X be a reflexive Banach space, Y be a finite-dimensional space, and
K C X be a nonempty, closed and convex subset. Let F : K = L(X,Y) be a
set-valued mapping with nonempty values and g : L(X,Y) = X* be defined as in
(2). Then, F is C-pseudomonotone on K if and only if T = go F : K = X* is
pseudomonotone on K.

Proof Suppose that F is C-pseudomonotone on K. Then, for any x;, x, € K and
up € F(x1),up € F(xp), we have

(U1, x2 —x1) ¢ —intC = (uz, xo — x1) € C. (11

Forany x1,x; € K,u; € F(x1)and & € c*0, if

(1(ur), x2 —x1) = 0,
then

(u1,x3 —x1) ¢ —int C.
From (11), we have

(u2, x2 —x1) € C,
and so
(2(u2), x2 —x1) = 0, Vé € C*,

which implies that 7 = g o F' is pseudomonotone on K.
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Conversely, suppose that T = g o F is pseudomonotone on K. Then, for any
x1,x2 € K,uj € F(x1),uz € F(x2) and &1, & € C*°, we have

(E1(ur), x2 —x1) 2 0= (§2(u2), x2 —x1) = 0. (12)

For any x1,x2 € K and uy € F(xy), if

(u1,x2 — x1) ¢ —intC,
then there exists some & € C* such that

(1(u1), x2 —x1) = 0.
From (12), it follows that

(E2(u2), x2 = x1) 2 0, V& € C*,
and so
(up, xo — x1) € C.

This implies that F is C-pseudomonotone on K. This completes the proof. O

In the case when F further satisfies the C-pseudomonotonicity assumption on K,
we can obtain the following equivalent conditions for VVI(K, F) to have a solution.

Theorem 3.2 Let X be a reflexive Banach space, Y be a finite-dimensional space, and
K C X be a nonempty, closed and convex subset. Let g : L(X,Y) = X™ be defined
as in (2). Suppose that J — g o F : K = X* is a compact and upper semicontinuous

mapping. Suppose in addition that F is C-pseudomonotone on K. Then, the following
Statements are equivalent:

(i) There exists a vector X € K such that the set
L.(X):={x €K :3u € F(x)suchthat {u,x —x) ¢ C}

is bounded (possibly empty);
(ii) There exists an open ball Q of X and x € K N Q such that

(u,x —x)eC, Vx e KNoQ,u € F(x);

(iii) VVI(K, F) has a solution.

Proof ()= (ii). If (i) holds, then there exists a vector x € K such that the set L - (X)
is bounded (possibly empty). In this case, there exists an open ball €2 of X such that
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the set L . (x) U {x} C . This yields that for any x € C N 92, one has x ¢ L_(x)
and so

(u,x —x)eC, Vx € KNaQ,u € F(x).
(i1)=(iii). The implication follows directly from the proof of Theorem 3.1.
(iii)=>(i). Let X be a solution of VVI(K, F). Then, there exists some ©# € F(X)
such that
(,x —x) ¢ —intC, Vx € K.
This implies that there exists some & € C* such that
(Eu,x —x) >0, VxeKk.

Since £ € g o F(X), by the pseudomonotonicity of g o F, we have

(x*,x —X) >0, Vx*ecgoF(x),

and so
(u,x —x) € C, Vu € F(x).
Consequently,
L.X):={x€K:3u€ F(x)suchthat (u,x —x) ¢ C} =0
and so (i) holds. This completes the proof. O

Remark 3.3 Theorem 3.2 generalizes the corresponding results of Theorem 3.2 of [3]
from scalar variational inequalities to vector variational inequalities.

When X = R", Y = R and C = R4, the following corollary establishes the
existence of solutions for pseudomonotone scalar variational inequality VI(K, F).

Corollary 3.1 Let K C R" be anonempty, closed and convex subsetand F : K = R”
be an upper semicontinuous mapping with nonempty, compact and convex values.
Suppose that F : K = R" is pseudomonotone on K. Then, the following statements
are equivalent:

(i) There exists a vector X € K such that the set

L.(x)={xeK: inf (u,x —%) <0}
ueF(x)
is bounded (possibly empty);
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(ii) There exists an open ball Q of X and X € K N Q such that

inf (u,x—%x)>0, Vx e KNIY;
ueF(x)

(iii) VI(K, F) has a solution.

Proof Since F : K = R”" is an upper semicontinuous mapping with nonempty,
compact and convex values, from Lemma 2.6, it is easy to see that g o F : K = R”
is a set-valued mapping of class (P) and so is I — g o F. Then, Corollary 3.1 follows
directly from Theorem 3.2. This completes the proof. O

In the following, we further discuss the nonemptiness and boundedness property
of solution sets for VVI(K, F) in finite-dimensional spaces R"” by using the degree
method.

Theorem 3.3 Let K C R" be a nonempty, closed and convex subset, F : K —
L(R", R") be a single-valued continuous mapping, and g : L(R",R") = R" be
defined as in (2). Suppose that F is C-pseudomonotone on K. Then, the following
statements are equivalent:

(i) SVVI(K, F) is nonempty and bounded;
(ii) Koo N[(go F)(K)]™ = {0}
(iii) VVI(K, F) is strictly feasible; i.e., (g o F)(K) () int(—barr(K)) # @.

Proof From Lemmas 2.6 and 3.1, we know that go F : K = R" is upper semicontin-
uous and pseudomonotone on K with nonempty, compact and convex values. Then,
the implication (i)<>(ii) follows directly from Theorem 2 of [27]. We only need to
claim that (i) < (iii).
(i1)=>(ii1). Suppose that (ii) holds, that is
Koo N[(g o F)(K)]™ ={0}. (13)
Letx € K be any given vector. Define a homotopy by

H(t,x) :=1(go F(x) + Ng(x)) + (1 = )(J(x) = J(X)), V(r,x)€[0,1] x K.
(14)

Then, we have H(0,x) = J(x) — J(X) and H(1,x) = g o F(x) + Nk (x). Define a
set

C.={xeK:0e H(t, x) forsomet € [0, 1]}.

We claim that C is bounded. Otherwise, there exist {r;} C [0, 1] and {x;} C K such
that

Jim x|l =coand 0 € H(te, xi). Vk e N.
—00
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That is,
0 € tx(go Flxx) + Nk (xp)) + (1 — 1) (J (x) — J (X)).
Then, there exists & € C*¥ such that
0 € i F (xi) + (1 — 1) (J (x) — J (X)) + Nk (xx)-

Thus,
(k& F (i) + (1 — ) (J (x) — J(£)), y —xx) = 0, Vy € K. (15)

If x = 0, then (15) implies that
(Jr) = J@), y —x) =0, VyeK.
Taking y = %, it follows that
0= (J(xe) = J (&), xx — &),
which implies that x; = £ forall k = 1,2, .... However, limg_ « [|xx]| = oco. Thus,

it is impossible that #; = 0. Now assuming #; > 0 for k large enough, by (15), we
have

1 — 1

(EkF (xk), y — xx) = — (Jax) —JR), y —x), VyeK. (16)

Since (J(xx), x¢) = |lxx||? and ||xx|| — o0, for each fixed but arbitrary y € K,
the right-hand side of (16) is nonnegative for all k sufficiently large. Thus, by the
pseudomonotonicity of g o F on K, we get that

(¥ y—xx) >0, Vy"egoF(y) (17)

for all k sufficiently large. Since {x;} is an unbounded sequence in the closed and
convex set K, passing to a subsequence, we obtain that

Xk
m =
k=00 |xg |l

where d # 0 and d € K. It follows from (17) that

Y — Xk
v, >Z 0
< [l ||

Taking the limit in the above inequality, we obtain

0= (y*.d), Vy"egoF(K),
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and so
d € Ko\{O}and (y*,d) <0, Vy*egoF(y),

which contradicts the expression (13). Therefore, C is a bounded set. Let €2 be an open
and bounded set in X containing C. If there exists x € cl2 such that 0 € H(t, x)
for some ¢+ € [0, 1], then x € C, and so x ¢ 92 as 2 is an open set. Thus, 0 ¢
H([0, 1] x 0€2) and

0¢ H(1,0Q) =(go F+ Ng)(@R)and 0 ¢ H(0,0R) = (J — J(x))(0). (18)
It follows that d(go F + Nk, 2, 0) and d(J — J (%), 2, 0) are well defined. By Lemma

2.7, we have
d(goF+ Nk,Q2,00=d(J —J(),R,0) =1. (19)

Let g be an arbitrary vector in int(—barr(K)). For any ¢ > 0, define
Fo(x):=goF(x)—¢eq, YxekK
and
H(t,x) :=1(go0 F(x)+ Ng(x)) + (1 —1)Fo(x), ¥(t,x) €[0,1] x clQ.
Then,
H(t,x) =go F(x) — (1 —t)eqg + Nx(x), V(t,x) €[0,1] x I,
and so
H(0,x) = Fe(x) + Ng(x), H(,x) = go F(x) 4+ Ng (x).

Now we claim that for some ¢ > 0, 0 ¢ ﬁ([O, 1] x 92). Otherwise, for any n € N,
there exist 7, € [0, 1], x, € K N 9Q and &, € C*0 such that

1 —t¢
0 €& F(xy) — T”q + Nk (xp),

and so
1—1,

n

(EnF (xp) — q,y—x,) >0, VyeKk. (20)

Since 2 is bounded, 92 is a compact set. Without any loss of generality, we may
assume that the sequence {x,} converges to some point xo € K N 9€2. Similarly, we
assume that &, — & € C*0. It follows from (20) that

(oF(x0),y —x0) >0, Vyek,
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which implies that xg is a solution of VI(K, g o F) and so
0 € go F(xp) + Nk (xo).

This contradicts the first expression in (18), and so the claim is established.
By Lemma 2.7 and (19), we get

d(Fe 4+ Nkg,,0) =d(go F+ Ng,2,0) =1.

So there is a vector xg € K such that 0 € F(xg) — g + Nk (x0). Thus, there exists
uo € F(xp) and & € C*0 such that

(ouo —eq,y —x0) 20, VyeK. 2
For any d € K \{0}, we have xg + d € K. It follows from (21) that
(Souo —eq, xo +d — x0) = 0,
and so
(Souo —eq,d) = 0,
which implies that
(éouo,d) > (eq,d) >0, Vd e Kx\{0}.

Since barr(K)~™ = K (see Proposition 3.10 in [28]) and d € K \{0} is arbitrary,
we obtain that £yug € int(—barr(K)) and so

(g 0 F)(K) () int(—barr(K)) # 0.
(iil)=(ii). If (g o F)(K) [ int(=barr(K)) # @, then we have
0 € int[barr(K) + g o F(K)],
and so
[barr(K) + g o F(K)]™ = {0}.
Since barr(K)~™ = Ko, it follows that

{0} = [barr(K) + g o F(K)]~ D barr(K)™ (|(g 0 F(K))~

= Koo [ (g0 F(K))™
= {0},
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which implies that
Koo N (go F(K))™ ={0}.

Thus, one can apply again Theorem 2 of [27] to conclude that the solution set of
VI(g o F, K) is nonempty and bounded, and so is the solution set of VVI(F, K). This
completes the proof. O

Remark 3.4 Theorem 3.3 establishes some new equivalent characterizations for C-
pseudomonotone VVI(K, F) to have nonempty and bounded solution set via the
degree theory directly.

Example 3.2 Let X =R, Y = R2, K = R4, C = ]R%r ande = (1,1) € intC. Let
F : K — L(X,Y) be defined by

F(x):=x>+1,eMT, Vxek,

where (x2 + 1, e%)7 denotes the transposition of a row vector (x2 4 1,e%) in R2.
Clearly, F is a continuous mapping on K. Moreover, it is not hard to verify that F is
]Ri-pseudomonotone on K. Thus, all the assumptions of Theorem 3.3 are satisfied.
By a simple computation, we have

SVVI(K, F) = {0}.
Furthermore, we get that

Koo = K =R, barr(K)=—R,, int(—barr(K)) =R, \{0},
CY = {1, &) eRE (& +6 =1}

and
(g0 F)(K) = {61(x* + 1) + &¢" : V& = (51, &) € C*9,Vx € K}
={xeR:x>1}, [(goF)(K)] =-Ry.
Consequently,
Koo N (g0 F)(K)]™ = {0}
and

(g0 F)(K) [)int(=barr(K)) = {x e R:x > 1} # 4.

From the above discussion, we know that the conclusion of Theorem 3.3 holds true.

When Y = R and C = R, from Theorem 3.3, we obtain the following corollary,
which gives some classical characterizations for the nonempty and boundedness of
solution set for the scalar variation inequalities (in this case, F can be set-valued).
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Corollary 3.2 Let K C R" be anonempty, closed and convex subsetand F : K = R”
be a pseudomonotone and upper semicontinuous mapping with nonempty, compact
and convex values. Then, the following conclusions are equivalent:

(i) SVI(K, F) is nonempty and bounded;
(ii) Koo N[F(K)]™ = {0}
(iii) VI(K, F) is strictly feasible, i.e., F(K) () int(—barr(K)) # .

4 Conclusions

This paper aims to construct a degree theory for set-valued vector variational inequal-
ities in reflexive Banach spaces. As we know, the degree theory is very effective and
has extensive applications in many fields such as differential equation, fixed point
theory. In recent years, many authors further use degree theory as a tool to study the
solution existence for various kinds of scalar variational inequalities and achieve abun-
dant research results. However, there is still no paper to establish the degree theory
for vector variational inequalities, and this motivates us to consider such a problem.
By introducing a set-valued mapping g(-) from L(X, Y) to X* and using the degree
theory for mappings of the form f + T + G, we establish a degree theory for vec-
tor variational inequalities. This enables us to apply degree method directly to obtain
some new existence results for vector variational inequalities, not via some existing
classical method such as KKM theory and the scalarization method. In some sense, the
research of this paper may provide a new and valuable method to study the existence
of solutions for vector variational inequalities and other related problems.
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