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1 Introduction

We are interested in the local boundedness of minimizers of some integrals of the
calculus of variations. The energy density is assumed to satisfy suitable growth condi-
tions, precisely the p, g-growth and the anisotropic growth conditions. The regularity
of local minimizers, under nonstandard growth, has been extensively studied in the last
years, starting by Marcellini [1,2]. In the anisotropic case, if the exponents that appear
in the growth estimate of the integrand from above are the same than those appearing
in the estimate from below, the boundedness has been studied in Boccardo et al. [3],
Stroffolini [4] and Fusco and Sbordone [5,6]; if the exponents from above may be
different than those from below, the local boundedness of minimizers of functionals
has been studied by the authors in [7]; see also [8—10]. We also point out a particular
case of p, g-growth condition considered in the recent interesting papers by Colombo
and Mingione [11,12]; see also Esposito et al. [13]: The functional, there considered,
has an integrand that changes drastically its growth, sharply moving from a p-growth
to a g-growth. Other related boundedness results are in Dall’ Aglio et al. [14], Mascolo
and Papi [15] and Moscariello and Nania [16].

The common feature, in these cited results, is that the local boundedness of the
minimizers holds if the exponents are not too spread, otherwise the boundedness may
fail; see Giaquinta [17], Marcellini [18], Hong [19] for counterexamples. Precisely, if
the maximum exponent in the growth estimate from above of the integrand is greater
than the Sobolev exponent of the harmonic average of the exponents appearing in
the growth estimate from below of the integrand, then the minimizers may be locally
unbounded.

In the present paper, we prove that, below this threshold, we get locally bounded
minimizers. The equality case, more delicate, is also treated. We adopt a different
strategy than in [7], where the Euler equation and the Moser iteration scheme were
used. Here, we derive the local boundedness by the De Giorgi method of super(sub)-
level sets; see [20]. This allows to improve the previous results in different directions:
we consider a Carathéodory integrand f, thus not necessarily smooth; we admit the
dependence of f not only on x and Du, but on u too; we obtain the boundedness
of quasi-minimizers and not only of local minimizers. As noted above, we prove
that if g is less then or equal to the Sobolev exponent of the harmonic average of
the exponents {p;} appearing in the growth estimate from below of the integrand f,
then the quasi-minimizers are locally bounded. We stress that we are able to include
the equality case that the procedure of the Moser iteration argument was unable to
include. The embedding results for anisotropic Sobolev spaces, see Troisi [21] and
Acerbi and Fusco [22], play a crucial role. A delicate case is when the maximum of the
summability exponents { p; } is equal to the Sobolev exponent of their harmonic average
7. In this case, the Sobolev space is no more embedded in the p*-Lebesgue space; see
Kruzhkov and Kolodii [23] and Haskovec and Schmeiser [24] for counterexamples;
see also Remark 3.1 for further details. In the known literature, this fact is sometimes
not considered and the condition that the minimizers have to be assumed a priori in
the p*-Lebesgue space is omitted.

Moreover, we study a class of variational integrals with linear growth from below.
Under this assumption, the lack of coercivity is overcome using the relaxed functional,
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acting on a suitable subclass of the BV -functions, and a generalized definition of
minimizers. We prove that there exists a locally bounded minimizer for this new
functional. We refer to Beck and Schmidt [25] for related results.

The contents of the paper is described next briefly. In Sect. 2, we give the precise
hypotheses and statements of the regularity results. We also state regularity results for
minimizers of functionals in suitable Dirichlet classes, dealing with both the coercive
case and the non-coercive case; see Theorems 2.4 and 2.5. Sections 5 and 6 contain
the proofs of Theorems 2.1, 2.2 and 2.5. The proofs rely on embedding results for
anisotropic Sobolev spaces and on a suitable Caccioppoli inequality; these results can
be found in Sects. 3 and 4, respectively.

2 Assumptions and Statement of the Main Results

Define the integral functional
F(u; $2) ::/ f(x,u, Du(x)) dx, (1)
2

where §2 is an open and bounded subset of R”, n > 2, and u € W“(Q, R).
Assume that f : £2 x R x R" — R is a Carathéodory function, such that

(H1) either f is convex in the pair (s, &)
or
f is separately convex in s and £ and ‘ |lim f(x,s,&) = +oo uniformly w.r.t. x
§|—>+0o0

and &.
(H2) there existcy,cp >0and 1 < p; <gq,i =1,...,n,such that
n
c1 Z[g(léil)]p" < f(x,5.8) < {1+ 1gUsDI? + [g(IENI?} (2)
i=1
for a.e. x and every & € R".

Here, g : Ry — Ry is of class C', convex, non-decreasing, g(0) = 0, g # 0,
satisfying, for some p > 1 and some 7y > 0,

g(ht) < AMg(t) forevery A > 1 andevery t > 1. 3)

Without any loss of generality, we assume #y large, so that g(¢) > 1 for all r > 1.
Moreover, note that, if the second alternative in (H1) holds, then:

3 M > Osuch that f(x, -, &) is decreasing in ] — oo, —M ]
and increasing in [M, 4-00]. 4)

In this case, we can also assume ty > 2M.
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Now, we introduce some notation. Given a function ¢, then supp ¢ is the support
of ¢. The set Bg(xp) is the ball in R” of center x¢ and radius R. Moreover, given two
sets A, B C R", we write A € B whenever the closure of A is a subset of B.

Let us now give the definition of quasi-minimizers of (1).

Definition 2.1 A function u € Wll)’cl (£2) is a quasi-minimizer of (1) iff there exists

QO > 1 such that F(u; supp ¢) < 400 and

F(u; suppp) < QF (u + ¢; supp @),
for all p € W1 (£2) with suppg € 2. If Q = 1, then u is a local minimizer of (1).

It is well known that restrictions on the exponents {p;} and g are necessary to
have the local boundedness of quasi-minimizers of (1). We denote by p the harmonic

. 1 1 no 1 . _
average of {p;};i.e., — 1= — E . —; finally, p™ is the Sobolev exponent of p:
p n i=1 p;

. [ ., i < n, )

anys > p, ifp >n.
Our first result deals with the case ¢ < p*.

Theorem 2.1 Assume (H1) and (H2). If ¢ < p*, then any quasi-minimizer u of (1)
is locally bounded. Moreover, fixed B (xo) € 2, there exists a constant c, depending
ongq, pi, b, Q, to, c1, c2, such that

146
1 ¢
lg(uDlizoBg oy <yl 4+ ——=— (/ gq(|u|)dx) , (6)
2 ) ) Br(x0)

P*a=p)
r(P*—q)’

where 0 1= with p := min{p;}.
As far as the borderline case g = p* is concerned, we have the following result.

Theorem 2.2 Assume (H1) and (H2). If ¢ = p* and

cither max{p;} < P* or g(u|) € LT (£2),

loc
then any quasi-minimizer u of (1) is locally bounded.

Example 2.1 Let us consider the functional

Fu) = / (wa,wl' +a(x>|uxn|‘f) dx,
2

i=1

with 1 < p; < .-+ < p,. Assume that a # 0, with a(x) = 0 on a set of positive
measure: If p, < g = p*, then the quasi-minimizers of F are locally bounded.
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Assume now a(x) = 1:If p, = g = 7%, then we can conclude that any quasi-
minimizer u € Ll[:)C(SZ) of F is locally bounded.

Note that, if the p;’s are equal, then a straightforward consequence of the above
results is the following.

Theorem 2.3 Assume (H1) and that there exists ¢, co > 0, such that
cll§l? < f(x,5.86) <o {1 +1sl7 + 617},

fora.e. x and every s € R and every & € R™.
If1 < p < q < p* then the quasi-minimizers of F are locally bounded.

Now, we deal with the minimization problem in a Dirichlet class. To do this, we
consider g(¢) :=t;i.e.,

(H3) there existcy,co >0and 1 < p; <gq,i =1,...,n, such that

et ) &1 < flx,5,8) < e {1+ sl + 1§19}

i=1

for a.e. x and every s € R and every & € R".
A first result, with min{p;} > 1, is the following.

Theorem 2.4 Assume (H1) and (H3), with 1 < p; < q < P50 =1,...,n Let
ug € Whi(2) N L? (2) be such that F(ug; 2) < +oo. If u is a minimizer of

loc

Now, let us consider the analogue of Theorem 2.4, under the assumption min{p;} =
1.

Fix ug € W41(£), such that F(ug; 2) < +oo. Since min{p;} = 1, then
W1(PrPn) (2) is a non-reflexive space and the direct method generally fails. So,

.....

BYV of the relaxed functional in BV (£2) of F, i.e.,
F) := inf {liminf F(ug) : ux — win LY(RQ), ug € up + Wg’(m""*”")(g)] ,
k— 400

exist and are locally bounded.

Theorem 2.5 Assume (H1) and (H3), with 1 < p; < g < p*, min{p;} = 1.
Fixed ug e_Wl’l(.Q), such that F(uo; §2) < —+o00o, there exists a minimizer u €
BV (82) of F, such that ii € L7%.(§2) and, for all Bg(xo) € £2,

qp*

Rﬂﬁ*—q

_ 1 — 1+6
Nl oo (B g (xo)) < € [1 +— (f(u) + 1+ lluollyr.pp.e Pn)(g)) ] ,
2

where 6 = %.

q
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3 Anisotropic Sobolev Spaces

To prove our results, we use a suitable anisotropic Sobolev space. Precisely, we con-
sider

WP (@Y = {u e WHI(2) : uy, € LP(R2), forall i = 1n}

endowed with the norm

last space, an equivalent norm of u is given by > "_; [luy, || L7 Q)
We recall the following embedding results for anisotropic Sobolev spaces. We refer
to [21,22].

Theorem 3.1 Let p; > 1,i =1,...,n, and p* be as in (5).

Ifu e W(;’(pl""’p")(ﬂ), with §2 open and bounded set in R", then there exists c,
depending on n, p; and, only in the case p > n, also on p* and the measure of the
support of u, such that

n
lell 7 2y < € D Nl i (2)-

i=1

Theorem 3.2 Let Q C R" be a cube with edges parallel to the coordinate axes and
consider u € Wl’(p"“"p")(Q), pi > 1foralli =1,...,n. If p < n, assume also
that max{p;} < p*.

Then, u € LP (Q). Moreover, there exists c, depending on n, p; and, if p > n, also
on p* and the measure of the support of u, such that

n
leell L7+ ) = € [”””L‘(Q) +2 ””x;”L"i(Q)}- )

i=1
We also need the following result; see Proposition 1 in [7].

Proposition 3.1 Let u € Wlf)’cl (£2) and let g satisfy the assumptions described in
Sect. 2. Suppose that g(|uy,;|) € LY (2), with 1 < p; < p* foreveryi =1,...,n.

=z loc
Then, g(|u]) € LY (£2).

loc

Remark 3.1 Letn > 2.In general, the inclusion W1 (PP (2) LP" (£2) does not
hold, even if £2 is a rectangular domain. Let assume p < n, that is Z:’I 1 % > 1, and,
without loss of generality, assume p; < py < --- < p,. Define, fork =1, ..., n,
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k .
—_— iy > 1,
qk = 25'(:1 % -1 i Di

+00, else.

If p, = p*, we have ¢"~! = ¢" = p*. Thus, by Lemma 1| and Theorem 6 in [24],

WL(P1.--Pn) (£2) is continuously embedded into every L7 (£2) with ¢ < p*. In [24],
it is alio proved that, if q"‘l > g", then Wl’(pl’“"p")(.Q) is continuously embedded
into L7 (£2).

4 Caccioppoli Inequality

First of all, we recall some properties of the A;-functions; see [7] for the proof.

Lemma 4.1 Consider g : Ry — R of class C', convex, non-decreasing and satis-
fying (3). Then,

g(At) < M (g(1) + g(t0)) and g'(1)r < u(g(t) + g(to)),

forallt > 0andall A > 1.
Moreover, for every (t1,...,1lx) € IR]_‘l_, we have:

k k k
K'Y e < g(z t,-) <k Ig(to) + Zg(ti)] :
i=1 i=1 i=1

Now, we state a lemma related to the convexity assumptions on f.

Lemma 4.2 [fthe second alternative in (H1) holds, then, for all &, & € R", we have
Fots1 4+ (1= D2, 181 + (1= 0D&) <t f(x,51,6) + (1 — 1) f(x, 52, &)
+1(1=1)f(x,82,81),
whenever 0 <t <land M < s; <syporsy <sy < —M. Here, M is as in (4).
Proof Using the convexity of f in the second and in the third variable, we have
ftsi+ (1= D2, 161+ (1 = &) < 17 f(x, 51, 6)
+1(1 = D{f(x,51,8) + f(x, 52, ED} + (1 = D f(x, 52, &2).

Since f(x, s1, &) < f(x, 52, &), then the thesis follows. O
The following is a well-known classical result; see, e.g., [26].

Lemma 4.3 Let ¢(t) be a nonnegative and bounded function, defined in [ty, T1].
Suppose that, for all s, t, such that 1y < s <t < 11, ¢ satisfies

¢(s) =09 (1) +

B7
5@
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where A, B, o are nonnegative constants and 0 < 6 < 1.
Then, for all p and R, such that 1o < p < R < 11, we have

A
Cl———+B}.
¢(p) = [(R_p)a-F ]

Ifu € Wh1(£2) and Bgr(xg) € £2, we define the super-level sets:
A g :={x € BR(xp) : u(x) > kj, k € R.

The following Caccioppoli inequality holds.

Theorem 4.1 Assume (H1), (H2) and let u € W]L’c] (82) be a quasi-minimizer of F,

such that g(lu|) € L;’OC(.Q). Then, there exists a constant ¢ > 0, such that, for any

Br(xo) €@ 2,0 < p <R < p+1, and for any k and d, suchthat%" <k<d,

C
- f(x,u, Du)dx < m x {gq(u —k)+ gq(d)} dx. (8)

Proof Let Br(xg) € §2. Let p,s,t besuchthat p < s <t < R < p+ 1. Let
n € C3°(By) be a cutoff function, satisfying the following assumptions:

2
0<n=<1, n=1inBs(xo), IDnISt—. 9
— S
Fixed k € R, define

w:=max(u —k,0) and ¢ := —n"w.

Consider a number d, such that d > k. By the quasi-minimality of u, we get
/ f(x,u, Duydx < Q f(x,u+ ¢, Du+ Do) dx
Ak,s Akt

=0 [ f(x (1= u+ 0"k, (1= 0"9) Du+ ugns~'(k = wDn) d.
Akt

Case 1 Let us assume that the first alternative in (H1) holds.
If f is convex in (s, £), by (H2) we have that, for a.e. x € {n # 0},

k_
£ (0= )k 0k, (=) Dt (a0~ D))
n
k—u
< (1—=n") f(x,u, Du) + "9 f { x, k, ng——Dn
n

< (1 = n™) f(x, u, Du) + cn™ [1 + g (uq|%0n|) + g%d)].
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Lemma 4.1 and (9) imply

u—k Qug)*
g(IMTDnI) =< syt {g(lu —k|) + g(10)} . (10)

Taking into account that supp(1 — n*9) C A(k,t) \ A(k,s) and r < R, we obtain

/ f(x,u, Du)dx < Q 1 —n*) f(x, u, Du) dx
Agrs Akt

c
MG /Ak,, {87 (u— k) +g(t0) + g7(d) + 1} dx

c3
B ”Dd+—/ 9 —k) +g(d) dx, (11
=¢ Ak, \Ag,s S, u, Duj dx (t —s)a A g (g (u ) +8%( )) (11

with cz = ¢3(n, 1, q, O, c2).

Case 2 Let us assume that the second alternative in (H1) holds.
By Lemma 4.2, with 1 := n"9(x), s; = k, 57 := u(x), & = ug*=“Dn, & =
Du(x), and, using k > M, we get that, for a.e. x € {u > k} N {n # 0},

k —
f (x, (= n*Du + 9"k, (1 —n"*)Du + n"quq—an)
n
1qy2 2uq k—u
<A =n")* f(x,u, Du) +n" f(x, k, unDn)
k—u
+n’“’f(x,u,uq—n Dn).

Now, using (H2), k < d, and (10),

|u — k|

k—u
f(x,k,unDn)fcz 1+ g9(d) + g% (ugq IDnl)]

< m{g‘mu — k) + g%(d)}.

Analogously, taking into account that, in A g,
q q L g L g
8 (luf) = g%(lu — k| + k) = 8% Q2lu — k) + 58%(2k)
< 2497 g (ju — kD) + g7 (@)}

we obtain

k—u c
fx,u, MC]TD’?) = m{g(iﬂu —k|) + g9(d)}.

So, we get
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k —

f (x, (= n*Du + 9"k, (1 — n*)Du + n‘“’uq—an)
n

Cc

_ o hgy2 -
= (=D, D)+

{g?(ju —k|) + g%(d)}.

Therefore, estimate (11) follows.
Conclusion
By (11), adding to both sides Q times the left-hand side, we get:

" f(x,u, Du)dx < 01/, f(x,u, Du)dx
I R
i (t —s)ra /Ak.R {87~k +g%(d)} dr.

Thus, by Lemma 4.3, with 79 := p, 71 := R, and

o) :=/ f(x,u, Du) dx, A :=/ {gq(u —k)—i—gq(d)} dx,
Ay AR
we get (8). O

5 Proof of Theorems 2.1, 2.2 and 2.4

We will use the following classical result; see, e.g., [26].

Lemma 5.1 Let o > 0 and (Jy) a sequence of real positive numbers, such that
Jng1 < AdgT

with A > Olandf\ > 1. ,
If Jo < A"« A™ oz, then J, <A™« Jyand limy_. o Jp, = 0.

We now need to introduce some notation.
Fixed Bg,(xo) € £2, with R < Ry, define the decreasing sequences

R R R 1 _ pa+pon R 3
L YA S L A PRI
=t 2(+2h) Ph 2 Ut

Fixed a positive constant d > f, to be chosen later, define the increasing sequence of
positive real numbers

1
kh::d(l—ﬁ), h eNN.
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Moreover, whenever g(|u|) € L;’OC(.Q), define the sequence (Jp,),

Jn :=/ g% (u — kyp) dx.
A

kpson

We begin proving an inequality that will be the common root to prove Theorems
2.1 and 2.2.

Lemma 5.2 Assume (H1) and (H2). Let u € le)’cl (82) be a quasi-minimizer of F.
Assume that ¢ < p* or, if ¢ = p*, that g(lu|) € LY _(£2).
If2" ), = 1 for all h, then there exists a constant C > 0, such that, for all h € INU{0},

loc
2
Mﬂ,
Jh+1 < LZ (i) r )LhJ}:+Ol’
_4a-
(g(d)?™ 7

2

nit- q
where . =47 P and o = - o

q
p
Proof Since u is quasi-minimizer of 7 and (H2) holds, then g(Juy,|) € Lfo"C(Q).
If g < p*, then max{p;} < p* and, by Proposition 3.1, g(|u|) € Lllg;(.Q).
If ¢ = p*, we have, by assumption, that g(|u|) € Lf;Z(Q). In particular, g(|u|) €
Lf’oic(SZ), i =1,...,n,and J, is finite. Moreover, Jy4+1 < Jp, since the following

chain of inequalities holds:

Jht1 = /
A

Let, now, define a sequence (&) of cutoff functions, satisfying the following properties:
2h+4

¢n € C°(Bg, (x0)), ¢ =1in By, |, [DG| < =5
By the Holder inequality, denoting (¢ — kj41)+ := max{u — k41, 0}, we get

-2
Jht1 = |Akh+l:/_7h| 7 (/
A

_ 4 —x P
= |Akh+1,;3h|1 7 ( (Cng((u — kpy1)4)? dx) .
Bﬁh

1 — kps1) d 5/ gl —knydx < Jy. (12)

Kn+1:Ph Akpy1.0n

Sl

(g(u — kny1)Cn)” dx)

Kn+1:P1

To apply the Sobolev embedding Theorem 3.1 to the function g((« — kp4+1)+)¢n, We
need to prove that g((u — k41)4)¢h € W(;’(p"""p”)(Bﬁh (x0)). Precisely, it remains
only to prove that ({58 ((u — kp41)+))x; € LP(Bg,(x0)). By Lemma 4.1 and using
(@) — kn1) ), = &' w) — kg, (Wxa, @), forae. x € By, (xo)
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(here xay, ., 5, 13, as usual, the characteristic function of the set Ay, ,,5,) we get that,
fora.e. x € Bp, (xp),

[(Chg((u — kpt1)4))x; |
h

2
= e {8 = kn1) + 80D} Xa,, 5, + 18(He DX A, 5y (13)

Indeed,

|(6hg (1 — KnsD)))x,|
< 9((u = knt) DI | + Er8' (0 — ki Dl [ Xy, 5,

< g((u — kp+1)+)1D&x|
+ Cn {g,(u — kp+1) (U — kny1) + &' (Juy, |)|”X;|} XAk 1.6

< 8(u = knyDIDEh XA, 5
+ S g — kns) + gux )+ 28(t0)} xay, 5,

and the claim follows. Since both g(Ju|) and g(|uy,|) are in LfgC(KZ), we have proved

that (58 ((u — kn+1)4))x; € LV (B, (x0)).
Thus, by the Sobolev embedding Theorem 3.1,

1 q

-2 | = Y
i = elal FAX( [ @e@— ko) H L as)

i=1 \’ By

1 1 1
By (13), since (a + b)? <a? +bri,g(d) > g(tp) > 1, and pp < pi, we get

1

> 1
pi pi
(/ |Cng (= k1)), ™ dx) = M(/ (g (Jux, D] dx)
Bon Al 1.5
i
2
T /A

Fi
(g9 = kny1) + g ()} dX) :
By (2) and the Caccioppoli inequality (8), we obtain

Kp41-Pn

cl/ g7 (i, ) dx s/ F (e u, Duydx
A

Kp1-0n Ay 1.0

2h nq
<c (—) /A {g%(u — kpy1) + g7(d)} dx,

R k,
h+1:Ph

with ¢ possibly depending on diam 2. Collecting the above inequalities, we have
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(/Akhﬂﬁh
q 1
2h Hor Pi
SC(E) (/ g9 — kni1) + g4 (D)} dx) :
Ag
h+1-Ph

By the above inequality, (14) and (12), it follows that

|(Ghg (u — K1) 1P dx) '

4 |~ (2" i Nk
Ih1 = Akl 7 Z (E) (Jh + gq(d)lAkthl,phD i R
i=1
Note that
= / ¢4 — k) dx > g% (Kns1 — ki)l Ay ]
Aby 1.1
g1(d)
= gq(wﬂAth,pﬂ > W|Akh+1,ph|,
therefore
2(h+2)nq
A 5 < |A < —J. 16
| kh+1,,0h| =< kh+1sﬂh| = " gi(d) h (16)

Since 2" J;, > 1 for all h, by (12), (15), (16), denoting p := min{p;}, we obtain

1—4

2hug P
Jny1 < C( Jh)
" g9(d)
q

q
2hug L S A [
< J = 2t )’
‘C(gwn ”) (R) (2

h
C i 1+1-%
n P p
< 5 4% p ‘Ih

1

n N
2 Pi >
> (—) (2’““1 J,,) i

i=1

[S]

- a =g
R*7 (g1(d) 7
and the conclusion follows. O
We are now ready to prove the first of our main results.

Proof of Theorem 2.1 Let us assume that 2h Jp > 1 for all h, and let d be a positive
constant, d > fg, to be chosen later.
By Lemma 5.2, we have that, for all #,

2

C 1'unhl-i-c\t
Jhi1 £ ——— 5 ACTTT

42

(g 7
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2
q-
with & ;= 4%»p anda::%—%>0.
C

2 g

Using Lemma 5.1, with A :=
q pP_—q
RY7P (g4(d)) 7

, we have that, if

_1
pL=L . c oL
Jo < K[g(d)]"P*-r, with K := " A o2 17
R v

then limy,— 400 Jp = 0.

Since
d
Jo :=/ g? (u — —) dx 5/ g2(Jul) dx,
A 2 Br

it is easy to check that (17) is satisfied, if we choose d such that

[SEW

R

P -p
] p(P*—q)

1
g(d) = g(to) + [}/ g7 (|Jul) dx (13)
Br

Hence, since lim Jj = / g% (u — d)dx, we get A, | = 0. So, we conclude
h— 400 R 2

4.5
that B§ C{u<dj.

On the other hand, since —u is a quasi-minimizer of the functional
Z(v) = /?(x, u, Du) dx,

where ?(x, u, &) = f(x,—u, —£), which satisfies the same assumptions of f, we
obtain that B§ C {u > —dj.
Therefore, by (18) and the monotonicity of g,

. 7 =p
C @ P(P*—q)
g(lul) < g(to) + _ /\72/ ¢7(lu)) dx ae.in Br,
RM5 Br 2
that is

e

C ppT—q
T T e E—— (/ gq(|u|)dx) .
2 Rup@**q) Bg

The estimate (6) follows.
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Now, let us assume that it fails that 2" Ji > 1 for all h. Then, for a suitable subse-
quence, J;,, — 0, hence g4(u —d) = 0 a.e. in Ad%, for any d > #y. Choosing d as
in (18), we get the same estimate than in the previous case. O

We now turn to the proof of our boundedness result, under the assumption ¢ = p*.

Proof of Theorem 2.2 As in the proof of Theorem 2.1, we observe that, without any
loss of generality, we may suppose that 2 J,, > 1 for all A.

If max{p;} = p*, we know, by assumption, that g(|u|) € Lﬁ)C(Q). The same
conclusion holds if max{p;} < p*. Indeed, (H2) implies g(|uy,|) € LY (£2); so, by

loc
Proposition 3.1, g(Ju|) € LY (£2).

loc

By Lemma 5.2,
AR ER
P
Jn1 < C (—) Al gt
R
, @ Z
with A := 4""7  and « := % — 1 > 0. Therefore, by Lemma 5.1 we have that

limys 400 Jp = 0, if

1
> @

1\* 7 W2\ @
Jo<|C = 447 . (19)

By definition, Jo = [, g7 (u— %) dx. We choose d > 0 large, such that (19)
4R

I\J"_

holds; this is possible, because gﬁ*(|u|) e L'(Bg) and

Jo=/
A

With this choice of d, we get J, —> 0; i.e.,

% d e
g’ (M - 5) dx S/A 8" (luh) dx =g 400 0.

R

IR

R

[SE

/ ¢ (u—d)ydx = 0.
A

R
d, 5

Therefore, u < d a.e. in B§ (x0).
To get a bound from below, we proceed as in the proof of Theorem 2.1. O

We conclude the section with the proof of Theorem 2.4.

Proof of Theorem 2.4 If ¢ < P*, then we get the thesis by Theorem 2.1. Assume
q = P*. By F(ug) < +oo and (H3), we get ug € WhP1---n) (). Theorem 3.1
implies u — ug € L? (£2). Thus, u € Lf;c(.Q). The conclusion follows by Theorem

2.2. O
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6 Proof of Theorem 2.5

In this section, we assume the growth condition (H3), with min{p;} = 1. For the
reader’s convenience, we now recall the main notations. The functional is

F(u) ::/ f(x,u, Du)dx.
Q

We assume that there exist ¢y, ¢ > Oand 1 = min{p;} < p; <q,i =1,...,n,such
that

ClZ|§i|piSf(xysﬁg)502{1+|§|q+|s|q}» (20)
i=1

for a.e. x, every s € R and every £ € R".
Fixed ug € W1 (£2) such that F(ug) < +o0o, we consider the relaxed functional
in BV ($2) of F

F(u) := inf [Eminf}"(uk) S up — win LY(82), ug € uo + W(;’(pl""’p”)(.Q) )
—+00

Proof of Theorem 2.5 By Rellich’s Theorem in BV, every minimizing sequence for F
inug+ WO1 A(P1seees ) (2)hasa Ll—convergent subsequence. The lower semicontinuity
of F gives the existence of a minimizer u# in BV, such that

F(it) = min F(u) = inf F(u). 1)
ueBV ueu0+W0|’(p1 ----- pn)(Q)

We prove now that u is locally bounded. By the minimality of u and (21), there

1
Fug) < inf F+4+—, and  up —>koqoo #inL'(2). (22)
MO+W5,(P1=»--1Pn)(Q) k

By the Ekeland’s variational principle, see [27], for every k there exists a function

n 1
1 ) Pi 1,(P1yeees Pn)
Fp) < F(u) + — (/ |(vk—u)i|1"dx) Yu € ug 4+ Wy PP )y,

(23)

and

> ( / |0k = up)y, 17 dx)"" <L ow (24)
: Q k

i=1
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Since uy — vy € W] (1. ")(Q), then (24) implies that u; — v converges to 0 in L.

Thus, by the second item in (22), we get vy — i in L.
Note that there exists ¢ > 0, depending on |£2[, such that

a’/Pi<a+¢R) Vi=1,...,n, andVa > 0.
Thus, using (23) and (H2), we get that, for all u € ug + Wé’(pl""'p")(-Q),

1/pi n 1/pi
f(vk><f(u>+7{ (/ [CAML dx) +Z(/ﬂ|ux 7 dx) ]

2682|

Vi

F(vp) +

( Cl\/_)]:(u)—i_ li/%

that implies

1 1 2¢|82|
- F l+——|)F
( clﬁ) (”")5( *w:) W+

Therefore, the above inequality implies that vy is a quasi-minimizer of the functional

T(u) :=/ (f(x,u, Du) + 1) dx,
Q

with Q independent of k. Since (x, s, &) — f(x,s, &) + 1 satisfies properties analo-
gous to (H1) and (20), we can apply Theorem 2.1. Thus, vy € Ly, (£2) and it satisfies
an estimate analogous to (6) that we now write using cubes instead than balls. Pre-
cisely, fixed xo € §2, consider Q g(xp) € §2, cube centered at x(, with edges, of length
2R, parallel to the coordinate axes. Then, there exists a constant ¢, independent of &,

such that

146

1 q

lvkllLeeo g (o) < cq1+ (/ [vg | dx) , (25)
z R”‘** Or(x0)

where 6 := L p(q_ql)_

Since F(ug) < 400, then we have that ug € W@ (2). By Theorem 3.2,
up € Ly (QRr) and it satisfies an estimate as in (7) on the cube Q z. Moreover, since
vk € ug + W()l’(p"""p”)(.Q), we can apply Theorem 3.1 to the function vy — ug €

W,y PP (). Thus,
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1

{/ |vk|qu]q
ORr(x0)
s 1
lfii —k T’* —x F*
<|e 7 (/ lvk — uol” dx) +(/ luol? dx)
2 Qg (x0)

Using (20), it is easy to prove that there exists ¢ > 0, independent of k, such that

n L . plil
Z(/ [(vk — uo)x, | dx) L <c{Fo+ l}—l—cZ{/ (1), | dx}
i=1 “~/a

= c{F ) + 1} +clluollyr.or.om ) (26)

Thus, collecting (25)-(26), we get

1 146

lvkllLoo(Q g (xo)) =€ [1 +—F (f(vk) + 1+ luollyro ~»-»Pn>(9)) ] , @27

2 I
R P"—q

for some positive ¢ depending also on §2, but independent of k and uy.
By (23), applied with uy in place of u, by (24) and the first property in (22), we have

1 2

Fog) < Flup) ++ < inf F+Z.

k uo+WJ’(” »»»»» ™ () k

Therefore, (27) implies
lvkll Lo (0 & (x0))
2
1+6
scfie— inf  Fo 1+ ol

=¢ 7 1n 7 UOllw1.(propn) (2
R g \uo+wy T (2) k ()

So, up to subsequences, vy converges to a function v in the x-weak topology of L°°.
Since vg also converges to i in L', then v = ii. By the lower semicontinuity of the
L®°-norm and (21), we conclude. |

7 Perspectives

We studied above the local boundedness of minimizers of general integrals of the
calculus of variations of the type

Fu; 2) .= / f(x,u, Du(x))dx, (28)
2
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where £2 is an open and bounded subset of R”,n > 2,and f : 2 x R x R" - R
is a Carathéodory function, satisfying some convexity and growth conditions. As
a particular case, we considered f(x,s,&) convex in (s, £) and satisfying growth
conditions such as

c1 D I&IP < flxs &) <o {1l +1Isl? + [£19), (29)

i=1

forsome 1 < p; < gandcy, ¢ > 0. The boundedness of minimizers is not guaranteed
if the exponents are too spread; see Giaquinta [17], Marcellini [18], Hong [19] for
counterexamples. In this note, we proved that the reverse limit condition

1< 1

np 1
q = —, where —: ,
n—p 4 niT] Pi

is sufficient for local boundedness of minimizers. In the paper, we also considered
another limit case, when at least one of the exponents p; in (29) is equal to 1, by
extending the functional to BV'.

In the classical theory of regularity and in some recent developments, the integrand
f satisfies growth conditions depending on Du through its modulus | Du|, such as

cllEl” < f(x,5,86) <2 (141€19). (30)

If p = g, then (30) is called p-growth or standard or natural growth. If p < g, we are
in the framework of p, g-growth.
In (29), we may have max{p;} < ¢, as for instance for the functional

n

Fi(u) 2=/ (Z|ux,~|pi —l—a(x)IDulq) dx,
2

i=1

whenever a(x) > 0 is measurable and a(x) = 0 on a set of positive measure; see, in
this context, the recent and interesting papers by Colombo and Mingione [11,12]; see
also Esposito et al. [13]. There, the local boundedness of minimizers is a fundamental
initial step for further regularity; the restriction on p;, g is necessary only at this
stage of local boundedness. The local boundedness of minimizers of functionals with
anisotropic growth (29) has already been studied by the authors in [7]; related results
are in [8,9], for the vector valued case, and [10], for the existence and regularity of
solutions to elliptic equations.

In the present paper, we adopted a different strategy than in [7], where the Euler
equation and the Moser iteration scheme were used. Here, we derived the local bound-
edness by the De Giorgi method of super(sub)-level sets. This allowed us to improve
the previous results in different directions, as already mentioned in the Introduction.
Moreover, it suggests to study, as a further step, the Holder continuity of the solu-
tions. Note that local minimizers of integrals, with Carathéodory integrands g(x, s, &)
possibly neither convex nor regular, and satisfying
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m(f(x,s,6) —1) <gx,s,8) =M(f(x,s,§)+1), withm, M >0,

are quasi-minimizers of fQ{ f(x,u, Du) + 1} dx. Thus, our results applied to local
minimizers too.

A more general assumption on g has been considered. With the notations for the
harmonic average p of {p;} and for the Sobolev exponent p*:

S =

1 n 1 np_ Cp—
B L T LA
n = pi anyu > p, ifp >n,

we proved that if ¢ < p*, then the quasi-minimizers of F are locally bounded.

We emphasize that we were able to include the limit case ¢ = p* and that the
procedure of the Moser iteration argument was unable to include. Precisely, given a
quasi-minimizer u, if g = p* and if one of the following two assumptions holds:

max{p;} < p* or uc Lg;(ﬂ),

then u is locally bounded. We point out that, in the known literature, for the case
q = p*, the condition that u a-priori belongs to Lf;c(.Q) is sometimes omitted. On the
contrary, this condition is needed for the embedding results of the anisotropic Sobolev
spaces. In fact, the natural space, to consider minimizers of F, is

WhPLep) (Qy = {u e Wh(Q) : uy, € LPI(R), i= ln}

For a rectangular domain £2, with edges parallel to the coordinate axes, if max{p;} <
p*, then Wh 1) () L7"(2); see Troisi [21] and Acerbi and Fusco [22].
Otherwise, if max{p;} = p*, then the embedding is not guaranteed; see Kruzhkov and
Kolodii [23] and Haskovec and Schmeiser [24] for counterexamples; see also Remark
3.1 for further details and insight. However, the embedding theory for anisotropic
Sobolev spaces is now entirely completed.

Theorems 2.1 and 2.2 actually cover functionals more general than (28), (29). More
precisely, the growth condition considered (see assumption (H2) in Sect. 2) takes into
account a function g satisfying the A, property (see (3)). Related boundedness results
are in Dall’ Aglio et al. [14], Mascolo and Papi [15] and Moscariello and Nania [16].

We also studied a class of variational integrals with linear growth from below; i.e.,
(29) with min{p;} = 1. Due to the lack of coerciveness, we considered the relaxed
functional of F in BV (£2); that is, for fixed ug € W'1(£2) with fQ f(x, ug, Dug) <
400, the relaxed functional, defined in BV (§2), is

F(u) = inf {liminf F(ug) : ux — uin L'(2), ug € uo + Wé’(m"“’p”)(ﬂ)] )
k— 400

We proved that there exists a locally bounded minimizer i € BV of F and an
estimate of the L°°-norm is given; see Theorem 2.5.
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The use of the De Giorgi method for local boundedness suggests to go on: Under
which conditions either the minimizers or the quasi-minimizers are Hélder continuous?
This problem is at the same time appealing and difficult to be treated. Few recent
tentative approaches for functionals and operators with special structures are available
in the literature; see Liskevich and Skrypnik [28], Diizgiin et al. [29,30], Colombo
and Mingione [11,12].

8 Conclusions

By means of De Giorgi’s method, which is still considered in the mathematical liter-
ature with plenty of interest and full of new applications to the regularity context, we
are able to arrive to a limit threshold condition for the growth exponents.

The contents of the paper is described next briefly. In Sect. 2, we gave the precise
hypotheses and the statements of the regularity results: Theorems 2.1 and 2.2 (cases
g < p* and g = p*, respectively) and Theorem 2.3 (p; = p for all i). We also
stated regularity results for minimizers of functionals in suitable Dirichlet classes,
dealing both with the coercive case (min{p;} > 1), Theorem 2.4, and with the non-
coercive case (min{p;} = 1), Theorem 2.5. In this last result, a generalized definition
of minimizers is used, e.g., minimizers in BV for the associated relaxed functional.

We state here one of the main results in this paper: minimizers of a class of integrals
of the calculus of variations, satisfying p, g-growth conditions with

(note the possibility of the equality sign), are locally bounded.

Sections 5 and 6 contain the proofs of Theorems 2.1, 2.2 and 2.5. They rely on
some embedding results for anisotropic Sobolev spaces and on a suitable Caccioppoli
inequality, which can be found in Sects. 3 and 4.
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