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Abstract In this paper, we mainly study one convex mixed-integer nonlinear pro-
gramming problem with partial differentiability and establish one outer approximation
algorithm for solving this problem. With the help of subgradients, we use the outer
approximation method to reformulate this convex problem as one equivalent mixed-
integer linear program and construct an algorithm for finding optimal solutions. The
result on finite steps convergence of the algorithm is also presented.
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1 Introduction

Many optimization problems involve both discrete and continuous variables and can
be modelled as mixed-integer nonlinear programming problems (MINLPs) that arise
from practical applications. Problems defined by convex functions are known as con-
vex MINLPs, but they are still non-convex problems due to the presence of discrete
variables. Over the past decades, convex MINLPs have become an active research area
and several methods have been developed. Readers are invited to consult references
[1-6] for more details.
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Convex MINLP with continuously differentiable functions has been extensively
studied, while convex but not continuously differentiable functions appear in opti-
mization problems. Therefore, it is natural to study convex MINLP by relaxing the
differentiability assumption. Motivated by this, we consider convex MINLP with par-
tial differentiability, one version of relaxed differentiability, and use outer approxima-
tion method to establish an appropriate algorithm for solving it.

Duran and Grossmann [1] introduced outer approximation (OA) method to deal
with a class of MINLPs, whose functions are dependent linearly on discrete variables.
An extension of this OA method was given by Fletcher and Leyffer [2]. They gen-
eralized OA method to deal with one wider class of MINLPs defined by convex and
continuously differentiable functions. This OA method was mainly studied in [7,8]
to equivalently reformulate convex MINLP as one MILP master program. Along the
line given in [1,2,7,8], we study the OA method for solving convex MINLP with par-
tial differentiability and use subgradients and KKT conditions to establish one outer
approximation algorithm for finding optimal solutions.

2 Preliminaries

Let (-, -) denote the duality pairing between two elements of R". Let €2 be a closed
and convex set of R" and x € Q. We denote by 7T (€2, x) the contingent cone of €2 at
x; thatis, v € T (2, x) if and only if there exist a sequence {vi} in R" converging to
v and a sequence ¢ in ]0, 4-o0o[ decreasing to O such that x + #;vx € Q2 for all k € N.
Let N(£2, x) denote the normal cone of €2 at x, that is

N(Q,x) ={y eR": (y,z—x) <0 forall z € Q}.

It is known that normal cone and contingent cone are the polar of each other.
Let ¢ : R" x R” — R be a continuous and convex function and (x, y) € R" x R”.
Recall that a vector (C, D) € R"*” is said to be a subgradient of ¥ at (x, y) iff

Y(x,y) = ¥, 5) +(C, D) (); :;) for all (x, y) € R" x R?.

where (C, D)7 is the transpose of matrix (C, D). The set of all such subgradients,
denoted by 9 (x, y), is said to be the subdifferential of ¥ at (x, y). When y is fixed,
the subdifferential of ¥ (-, y) at x is defined by

W, )E) ={CeR" :Y(x,y) = ¥(,y) +(C,x —x) forallx € R"}.

It is easy to verify that, for any (C, D) € 9y (x, y), one has C € 9y (-, y)(x) and
D edy(x,)).
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3 Main Results

In this section, we mainly study convex MINLP with partial differentiability and refor-
mulate this MINLP as one equivalent MILP master program. Then by solving a finite
sequence of relaxed MILP master programs, we establish one outer approximation
algorithm for this MINLP.

Let us make some assumptions:

(A1) X is a nonempty, compact and convex set in R" and Y is a discrete set of R?,

and functions f, gi : R" xRP — R (i = 1, ..., m) are convex and continuous.
(A2) Moreover f(-,y) and g(-, y) are differentiable functions on R" for any fixed
yeY.

The class of convex MINLPs considered in the whole paper is defined as follows:

min f(x,y), s.t. g(x,y) <0, xe€X, yeVt. (1)
x,y

Let us set:
Vi={yeY:g,y) <0 for somex € X}

is the set of all discrete assignments that give rise to feasible subproblems. For any
fixed y € Y, we consider the following subproblem P (y):

P(y) min f(x,y) s.t. g(x,y) <0, xelX.

For the equivalent reformulation of problem (P), we assume that problem (P) satisfies
the following Slater constraint qualification (A3):

(A3) for any y € Y producing feasible subproblem P(y), the following Slater con-
straint qualification holds:

g(x,y) <0 for some x € X.

For the convex MINLP, whose functions are continuously differentiable, Fletcher
and Leyffer [2] and Bonami et al. [7] used gradients and first-order Taylor expansion
to linearly approximate functions f, g and established one equivalent MILP master
program with the help of KKT conditions. Under the partial differentiability assump-
tion, we substitute gradients with subgradients and equivalently reformulate problem
(P) of (1) along the line given in [2,7].

Let y; € V be fixed and let x; be an optimal solution to P(y;). Take any subgra-
dients (A;, Bj) € 3f (x;, y)), (C}, D%) € 9gi(xj, yj) foralli = 1,---,m and set
C; = (C‘l., e, C;”), D; = (D}, o, D;.”). We first study the following problem:

min f(xj.yj) + ((Aj, Bj), (x —x;,0)T)
LP(xj,yj) yst. g(xj,y)+ ((Cj, D)), (x —x;,007) <0, )

x € X.
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The following theorem establishes the equivalence between L P(x;, y;) and P(y;).
This equivalence plays a key role in the reformulation of problem (P).

Theorem 3.1 Let LP(x;, y;) be defined as (2). Then x; is one optimal solution of
LP(x;,y;), and f(x;j,y;) is the optimal value of LP(xj, y;).

Proof In order to prove Theorem 3.1, it suffices to show that
(Aj, BT (x _0"1') >0, Vx € X with g(x;, y;)+(Cj, D;)T (x _Oxf') <0. (3)
Let x € X be such that
g(xj. ) +(C;. DT (x _Ox") <0. @)

Using assumption (A2), one has that A; = V, f(x;, y;) and C; = V,gi(x;j,y;) for
alli = 1,...,m. This and (4) imply that

x—x]-

(AJ’B/‘)T( 0 )=(fo(xj,yj),x—xj)

and
8i(xj,yj) +(Vagi(xj,y;), x —x;) <0, Vi=1,...,m. 5

Noting that x; solves P(y;) and the Slater constraint qualification for g (-, y;) holds, it
follows from KKT conditions that there exist (A1, ..., A;) € Rﬁ and y € N(X, x;)
such that 2, g; (x;, y;) =0 (Vi =1,...,m) and

Vaf )y + Z AiVigi(xj,yj))+y =0 (6)
iel(x;)

where [ (x;) := {i efl,....m}:gi(xj,y;) = O}. Using (4) and (5), one has
(Vxgi(xj,yj), x —xj) <0, Viel(x)). @)

Since x — x; € T(X, x;) by the convexity of X, it follows from (6), (7) and y €
N(X, x;) that

Vil Gy e —xp) == D hivVagi(xj, ) (x —x)) =y (x —x;) = 0.
iel(xj)
Hence (3) holds. The proof is complete. O
Let us set

T = {j : P(y;) is feasible and x; is an optimal solution to P(yj)}.
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Forany j € T, take any subgradients (A;, B;) € af (x, y;), (Ct, Dj.) € 0gi(xj,y;)
foralli =1,...,mandsetC; := (Cl., e, C’I."), Dj = (Dl., e, D’/?’).Weconsider
the following MILP master program (My): ' '

min 7
ESN
X —Xxj
s.t. f(xj,y]')-i-(Aj,Bj)T( !
y—=Yj

g(xj,)’j)-i-(Cj,Dj)T (;i:;c}j) <0VjeT,
J
x € X,y € V discrete variable.

)anjeT,

(My) ®)

Theorem 3.2 Master program (My) in (8) and problem (1) are equivalent in the
sense that they have the same optimal value and that the optimal solution (X, y) to
problem (1) corresponds to the optimal solution (x, y, n) to (My) with n = f(x, y).

For reformulating the problem (1) completely, it only suffices to represent suitably
the constraint y € V. As pointed out by Fletcher and Leyffer [2] and Bonami et al. [7],
it is necessary to include information from infeasible subproblems and then exclude
discrete assignments producing infeasible subproblems.

Let y; € Y be such that P(y;) is infeasible and let J; be one subset of {1, ..., m}
such that there is some x € X satisfying

gi(x,y) <0, Viel. 9)

Denote JlL = {1,...,m}\J;. To detect the infeasibility, we study the following
nonlinear program
min > [gi(x, y)l+
Test
s.t. gi(x,y) <0 Viel,
xeX,

F(y) (10)

where [g(x, y1)]+ := max{g(x, y;), 0}.

Theorem 3.3 Let y; € Y be such that P(yl') is_infeasible and x; solve nonlinear
program F (y;). Then for any subgradients (Cl’, D;) eadgi(x;,yDVi=1,...,m), y
is infeasible to the following constraint

gi (. y1) + (G}, DT (’y‘ :;Cj) <0, VieJtua,
xeX,yeYt.

Proof Since X is compact and g is continuous, one has >, _ It [gi(x, v+ > 0.
Noting that (C}, D}) € dg; (x;, y)(¥i = 1,...,m), it follows that

C; = Vxgilx, y1), Viefl,...,m}. (11
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Suppose to the contrary that there exists * € X such that
& (Xt y1) + (Vagi (i, ), £ — 1) <0, Vi€ Ji-U . (12)

Since x; solves F(y;) and (9) holds, by KKT conditions, there exist A; > 0 such that
Arigi(xp, y) =0 (Vi € J;) and

0 > dlgi y)l+ () + D 7iVagiGxr, yi) + N(X, x1). (13)

iel* i
Denote J! := {i € JIJ- s gi(x, ) =0yand J2 = {i € JIJ- 2 gi(x7, y1) > 0}. By

virtue of [9, Theorem 2.4.18] and (13), there existz; € [0, 1](i € Jl)andy e N(X, x;)
such that

Do tVegiGay) + D VagiCGy) + D hiVagiy) +y =0 (14)

ieJ! ieJ? ied;

Lets; = 1foralli € J2. Using (12) and (14), one has

T
0= > ngG+ (D 6VagiGn 0+ D MTagiGn ) +y) @ - x)

ieJluj? ieJluj? i€
> > it ) = > 18, y)l+
ieJ? iest
which contradicts Zie pat [gi (x1, y1)]+ > 0. The proof is complete. O
Let us set

S :={l: P(y) is infeasible and x; solves F(y;)}.

Using Theorem 3.3, we obtain the following theorem which enables us to eliminate
discrete assignments producing infeasible subproblems.

Theorem 3.4 Let | € S and take any subgradients (C;, Df) € agi(xy, y) for all
i =1,...,m. Then the following constraints

g(x. )+ (Cr. DT ()y‘ :;“j) <0, YleS (15)

exclude all discrete assignments y; € Y satisfying P(y;) is infeasible.

From Theorem 3.4, we add linearization from F(y;) where P(y;) is infeasible to
correctly represent the constraints y € V in (8) and give rise to the MILP master
program (MP) that is equivalent to problem (1).
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For any j € T, take any subgradients (A;, Bj) € df(xj,y;), (C’i,Di) €
dgi(x;,y;) foralli =1,...,mandset C; := (C‘l.,...,C;.”), D;:= (D!, ..., D),
while for any / € S, take any subgradients (C}, D;) € dg;(x;, y;) foralli =1,...,m
and set C; := (Cl], ., CM, D= (Dl], ..., D/"). We consider the following MILP
master problem:

min 7
X, y,1
st. fOxj,y)+ (A;, B)T ()yc :;-() <nVjeT,
J
(MP) g(xj. v)) +(Cj. DHT (;‘ ‘;‘f) <0VjeT, (16)
i

g(x1, ) + (Cr, DT (’yf B ’ycj) <0 Vles,

x € X,y € Y discrete variable.

Theorem 3.5 Master program (MP) in (16) is equivalent to problem (1) in the sense
that they have the same optimal value and that the optimal solution (x, y) to problem
(1) corresponds to the optimal solution (x, y, n) to (MP) withn = f(x, y).

Remark 3.1 As one extension of [2, Theoreml] and [7, Theoreml1], Theorem 3.5
shows that the OA method can be used to equivalently reformulate problem (1) and
any optimal solution of problem (1) is that of (MP) in (16). However, the converse
may not hold necessarily. Consider the following MINLP:

min f(x,y) := xo,
X,y

s.t. g(x,y) ::x%+x%+|y|—2§0 (17)
X = (xl’xz) € [_1’ 1] X [_27 2]7
ye{-1,0,1,3}.

This convex MINLP satisfies assumptions (A1)—(A3) and has the optimal value —J2.
Note that

dg ((0, —ﬁ) ,o) — {(o, —2\/5)} < [=1, 1].

By taking any ¢ € [—1, 1] and using the reformulation as (16), problem (17) can be
equivalently rewritten as

min 7
X,y
s.t xp =<,
—2\/5)62 —4 41ty <0,
—2x+y—-3<0, (18)
—2x—y—=3=<0,
l+y-3=<0,
x = (x1,x2) € [-1,1] x [-2,2],
ye{-1,0,1,3}.
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Clearly for any x; # 0, (x, y,n) = ((xl, —«/5) , 0, —ﬁ) is an optimal solution to

problem (18), but (x, y) = ((xl, —«/5) ,O) is infeasible to problem (17).
Now, by solving relaxations of master program (MP) in (16), we formally state the
outer approximation algorithm for problem (1) as follow:

Algorithm 1 (Outer approximation algorithm for problem (1))

Step 1. Given an initial discrete variable y; € Y, set UBD? := +o00, To=Sy:=9
andletk := 1.

Step 2. Solve subproblem P (yi) and let the solution be xi ; or solve nonlinear program
F(y) if P(yy) is infeasible and let the solution be xi. If P(yx) is feasible,
set Ty := Tj_1 U {k}, Sk := Sx—1 and U BD* := min{f (xx, yx), UBD*"1};
otherwise set Ty := Ty_1, Sk := Sx—1 U {k} and UBDF := UBD* 1.

Step 3. If k € Ty, take any subgradients (Ay, Bx) € df (xx, w), (Ci, D}) € 0gi
(xj, y))(Vi =1,...,m)andset Cx:=(C},...,Ci"), Dy := (D}, ..., D{");
otherwise (k € Si), take any subgradients (C,i, D,i) € dgi(xj,y)Vi =
1,...,m) and set Cy := (C},...,C/"), Dy := (D], ..., D). Solve the
following relaxed MILP master program M PF:

[ min 7
ERN
st. n<UBDK
X —Xj .
fxj,y)+ (A, BHT (y B y/) <nVjeTl,
J
M P* o (x—x; . (19)
gxj,y;))+(Cj,Dj) <0 VjeTy,
' T y—Jj
g(xt, yo) + (Cr, DT (); : ;Ci) <0 VieS,
x € X,y €Y discrete variable.
Denote (%, 3, 7) the optimal solution to M P¥. Let y;41 := 9, obtaining a new discrete

assignment, and set k := k 4 1. Return to Step 2 until M P**! is infeasible.

Remark 3.2 Constraint n < UBD* in M P* (19) is used to prevent any y; (j € Tx)
from being the optimal solution to the relaxed master program M P¥. Further, as
pointed out in [2], constraint n < UB DX would be substituted with n<UB D¥ —¢
in practice for some tolerance parameter ¢ > 0.

The following theorem shows that Algorithm 1 stated above is able to detect feasi-
bility or infeasibility of problem (1) and the procedure terminates after a finite number
of steps under the assumption of finite discrete assignments. The proof, similar to that
of [2, Theorem1], can be obtained by using Theorems 3.1 and 3.3.

Theorem 3.6 Suppose assumptions (A1)—(A3) hold and the cardinality of discrete
set Y is finite. Then either problem (1) is infeasible or Algorithm 1 terminates at ko-th
step for some ko € N and there exists jo € Ti,—1 U {ko} such that f(xj,, yj,) equals
the optimal value of problem (1).
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4 Conclusions

The work in this paper is devoted to the study of the convex MINLP by relaxing the
differentiability assumption and the construction of outer approximation algorithm
for solving such MINLP. With the assumption of partial differentiability, the OA
method and subgradients obtained from KKT conditions are used to linearize convex
functions and reformulate this MINLP as an equivalent MILP master program. An
example showing that some optimal solution of the reformulated master program is
infeasible to the MINLP problem is given. By solving a finite sequence of subproblems
and relaxed master programs, the outer approximation algorithm has been established
to find optimal solutions of this MINLP. The convergence after a finite number of
steps is also proved. This work is an extension of the OA method for solving convex
MINLP under relaxed differentiability assumptions.
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