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Abstract We introduce a new flexible inexact-restoration algorithm for constrained
optimization problems. In inexact-restoration methods, each iteration has two phases.
The first phase aims at improving feasibility and the second phase aims to minimize
a suitable objective function. In the second phase, we also impose bounded deterio-
ration of the feasibility, obtained in the first phase. Here, we combine the basic ideas
of the Fischer-Friedlander approach for inexact-restoration with the use of approxi-
mations of the Lagrange multipliers. We present a new option to obtain a range of
search directions in the optimization phase, and we employ the sharp Lagrangian as
merit function. Furthermore, we introduce a flexible way to handle sufficient decrease
requirements and an efficient way to deal with the penalty parameter. Global con-
vergence of the new inexact-restoration method to KKT points is proved under weak
constraint qualifications.

Keywords Nonlinear programming - Inexact-restoration - Global convergence -
Lagrange multipliers

Mathematics Subject Classification 90C30 - 49K99 - 65K05

L. F. Bueno (X))
Institute of Science and Technology, Federal University of Sdo Paulo, Sdo José dos Campos, SP, Brazil
e-mail: Ifelipebueno @ gmail.com

G. Haeser

Department of Applied Mathematics, Institute of Mathematics and Statistics, University of Sdo Paulo,
Séao Paulo, SP, Brazil

e-mail: ghaeser@ime.usp.br

J. M. Martinez

Department of Applied Mathematics, Institute of Mathematics, Statistics and Scientific Computing,
University of Campinas, Campinas, SP, Brazil

e-mail: martinez@ime.unicamp.br

@ Springer



J Optim Theory Appl (2015) 165:188-208 189

1 Introduction

Practical methods for solving nonlinearly constrained optimization problems are itera-
tive. Given an iterate, one tries to find a better approximation to the solution taking into
account feasibility and optimality criteria. Several traditional nonlinear programming
methods preserve feasibility of all the iterates, so that the improvement criterion relies
only on objective function values [1-9]. These methods are very effective in many
cases, but they tend to be slow in the presence of constraints with high curvature.
Modern inexact-restoration (I-R) methods, on the other hand, admit infeasibility of
iterates and employ inexact nonspecific restoration procedures, which may be adapted
to different classes of problems. See [10-23].
The common features of the I-R methods mentioned above are the following:

— Given the current iterate, a sufficiently more feasible point (inexactly restored
point) is computed by any arbitrary method. This is the Feasibility Phase of the
I-R iteration.

— At the Optimality Phase of the I-R iteration, one minimizes (approximately) a
suitable objective function (the Lagrangian or some approximation) for obtaining a
trial point. The trial point is compared with the current iterate in terms of feasibility
and optimality (using merit functions as in [10,11,19], or filters, as in [12,18]). If
the trial point is acceptable, we define it as the new iterate. Otherwise, we find a
new trial point “closer” to the inexactly restored point. The fact that the new trial
point should be “closer” to the inexactly restored point, instead of closer to the
current iterate, is crucial in the philosophy of I-R methods, because ultimately the
inexactly restored point is considered to be better than the current iterate.

The first I-R methods [10,11] motivated the introduction of a sequential optimal-
ity condition called AGP (approximate gradient projection) [24]. For several years,
it was thought that AGP was equivalent to the approximate KKT condition (AKKT)
implicitly used to define stopping criteria in nonlinear programming algorithms. Sur-
prisingly, it was recently shown [25] that AGP is stronger than AKKT; moreover,
one of the AGP variations, called linear AGP (L-AGP), is stronger than AGP. These
theoretical facts support one of the decisions taken in our I-R method: When linear
constraints are present in the problem, feasibility with respect to these constraints
should be satisfied at all the iterations.

Fischer and Friedlander [19] introduced a new line search by means of which an
I-R method exhibits interesting global convergence properties. The resulting approach
turns out to be simpler than more classical approaches based on trust regions or filters.
The main convergence result of [19] states that under proper assumptions, the search
direction, used at the optimality phase, tends to zero. This result complements the
suggestion of Gomes-Ruggiero, Martinez and Santos [17] who claim that by means
of the spectral gradient choice [26-30] of the first optimality-phase trial point, I-R
turns out to be the natural generalization to nonconvex and constrained optimization
of the spectral projected gradient (SPG) method [31-33], which is currently used for
large-scale convex and constrained minimization.

In [17], spectral gradient tangent directions and the trust-region globalization
approach of [10] were invoked for proving convergence. With the aim of getting
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closer to quadratic convergence [13], we use here a search direction that comes from
solving a strictly convex Newton-related quadratic minimization problem. The result-
ing method is the natural generalization of the variable metric method [34] for non-
linear programming in the same sense that the method [17] is a generalization of
SPG.

In this work, we introduce an improved line search I-R algorithm based on
the Fischer-Friedlander approach. The proposed method is more flexible than the
approaches in [10,11,19], when dealing with sufficient decrease. Several typical I-
R algorithmic requirements are relaxed and, therefore, larger steps are more likely
to be accepted by the algorithm. We also employ approximations of Lagrange mul-
tipliers in the merit function in order to add relevant information when solving the
problem. An optimization procedure for general constrained optimization problems is
introduced.

This paper is organized as follows. In Sect. 2, we introduce the new I-R method and
we prove that it is well defined. In Sect. 3, we state the assumptions that will allow
us to prove convergence starting from arbitrary initial points, and we prove feasibility
and optimality of the limit points. The plausibility of the assumptions used to prove
convergence is discussed in Sect. 4. Conclusions are given in Sect. 5.

2 Basic Method
In this section, we consider the constrained optimization problem in the form:
min f(x) st h(x) =0, x € Q, (1)

where Q C R” is a polytope, f : R — R, h : R" — R™ and both f and % are
smooth. Every smooth, finite dimensional, and constrained optimization problem may
be written in the form (1) using slack variables, if necessary.

For all x € @2 and A € R™, we define the Lagrangian L (x, A) by

L(x,2) = f(x) + D Aihi(x).

i=1

Given a penalty parameter 6 € [0, 1], we consider, for all x € Q,A € R™, the
following merit function that consists of a convex combination of the Lagrangian
function and the infeasibility measure:

D(x,A,0):=0L(x, 1)+ (1 —=6)|[hx)]. 2)

Note that, when 6 = 1, the merit function coincides with the Lagrangian function
and, when 6 = 0, it coincides with the infeasibility measure. In these cases, we are
neglecting either the objective function or the feasibility at the point x. In our method
0 is always smaller than one, and we will prove that it is also bounded away from zero.
In this paper, the symbol || - || denotes the Euclidean norm, although many times it can
be replaced by an arbitrary norm.
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The merit function (2) is essentially the sharp Lagrangian defined in [35] and
employed in [36-38], in the context of nonsmooth optimization, and in [11] in the [-R
framework.

Algorithm 2.1 below is a flexible form of the I-R method with the line search
procedure of [19]. One improvement here with respect to [19] is that we are able to use
Lagrange multipliers in the algorithm (thus employing (2)) preserving convergence.
Moreover, sufficient descent requirements are relaxed so that acceptance of “Pure
Newtonian” steps will be more frequent.

Algorithm 2.1 Flexible inexact-restoration with sharp Lagrangian.

Step 0 Initialization
As initial approximation we choose, arbitrarily, x* €  and A° € R™. We initialize
6_1€]0,1[ and &k < 0.

Step 1 Restoration step
If |h(x¥)|| = 0, define y**! := x*. Otherwise, try to compute y¥*! € Q such that
IR GFDI < RG] 3)
If this is not possible, we say that Step 1 is deemed unsuccessful and the algorithm
stops.

Step 2 Estimation of Lagrange Multipliers
Compute A+ € R™. (Practical effective ways for this choice will be given later.)

Step 3 Descent direction
Compute d* € R” such that y**! + g% € Q,

VLM AN gk <o, if a* #o0, )
and, for some ¢x > 0 and all small enough ¢ > 0:
IR+ 2ad") | < IR I+ et 1451 )

Step 4 Globalization

Step 4.1 Sufficient decrease parameters
If [|R(x%)[| = | (y* 1) ]| = 0, take r¢ € 10, 1[. Else, define r # 0 such that

MO”WI[
— . 6
E[Mum| ©
Set

s € [0, rel. (7

Step 4.2 Penalty parameter computation
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Compute 6, as the supremum of the values of 6 € [0, 6x_1] such that
1 — sg
(LA 0) < @ (x 25 0) + ——= (IR = 1RGHI). (8
Step 4.3 Line search

If ||d¥|| = 0 we define #; := 1.
Otherwise, by means of some backtracking procedure, compute # € [0, 1] such
that
L(yk+1 +tkdk,)\‘k+1) < L(yk+1,)\.k+l) (9)

and

1 —rg

O (Y 4 1d, A 6) < @ (k0K 6) + (IR (I = IRGS). (10)

Moreover, the backtracking procedure should be such that either #; = 1 or there
exists 7 € [t, 10;] such that

or
_ 1 —r
S +5kd, 25 0) > o (6,05, 00) + — EURGAYI = G (12)
Step 4.4 Iteration update
Set
= YAy db, (13)

update k < k + 1 and go to Step 1.

We have defined Algorithm 2.1 without an explicit stopping criterion, which, of
course, is necessary in practical implementations. This means that, in principle, the
algorithm generates an infinite sequence whose theoretical properties are proved in
Sects. 2 and 3. In Sect. 5, we define suitable criteria for stopping the execution of the
algorithm.

Algorithm 2.1 is a simple inexact-restoration algorithm, where even the condition
of d¥ being in the tangent subspace is relaxed. However, it is interesting to show that
this simplified method is well defined in the sense that an iteration can be completed if
the inexactly restored point y**! can be computed at every iteration. In the following
theorem, we do not make use of Lipschitz conditions at all, neither on the objective
function, nor on the constraints.

Theorem 2.1 Forallx* € Q, ifthe point y**' at Step 1 of Algorithm 2.1 is successfully
computed, then the iterate x*' is well defined.

Proof By the hypothesis, we have that Step 1 is well defined. Steps 2 and 3 can be
completed observing that A**! = 0 € R” and d¥ = 0 € R” are always acceptable.
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Although these options will not be our choice, this ensures that both steps are well
defined. We will show now that the other computations required in the iteration are
possible, whenever [|h(y**1)|| < |h(x%)|| or y* 1 = xk.

Computation of 6: If y¥*! = x*, we have that [|2(y*T1)|| = |aA(x%)| = 0 and,
thus, L(xk, A) = L(yk+1, w) forall &, o € R™. This means that (8) is obvious for all
6 and so 6y = G_1.

If y¥+1 £ xk by (3), we have that |A(y* T || < [|h(x%)| and, since 0 < s < 1,

1_
nh@“ﬂn—nmﬁﬂw<—Eﬁamo“hn—nmﬁnu

Therefore, for small enough 6, we have that

0
|M@“5W—M@hnsT——

k 1k k+1 5 k+1
— [t = Lot

1 — s k+1 k
——— (R = ||k .
+2(1_9)(|I GO = IR

This implies that, for small enough 6 > 0, (8) takes place. By direct calculations,

we note that the parameter 6; can be computed in the following way: If (8) is verified

with 0 = 6x_1, then take 6y = ;1. Otherwise, we compute

. (1 + 50 (I GEY = 1AGFD]) i
CT LG E) S LK, AR + [AGR) | — RG]

Computation of #;: We only need to consider the case in which ||dk I # 0.

By (4), we have that (9) necessarily holds for small enough ¢. Let us prove now that
(10) also holds for small 7.

Assume first that y**1 = xK then, |h(*H| = |hG&%)| = 0 and
L(x*, 1) = f(x*) forall A € R™. Thus

1_
¢@ﬁthy+—73mmf“M—uMﬁw)=@Luhﬁ)=@f0“5,uﬂ

and, by (), k+1 k 2q gk 2
I (Y + td®) || < et ("7 (16)

Now, by (4), for small enough 7, we have that

L(yk+1 +tdk’kk+1) < L(yk+1’)hk+l) n %VL(yk-H’}Lk-&-l)Tdk

and
g
EkVL(xk, WD (1= ) erelld* ) < 0. (18)
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By (15), (16), (17), and (18), for small enough ¢, we have that
(T 2ak I 0) = G L (Y - 1d AT + (1= 00 IR (YFT! + ea) |
t T
< 0(fOFN)+ VLT A T + (=00 ld

§¢@hﬂﬁo+1;”mM¢HM—nuﬁm)

So we conclude that (10) holds for small enough ¢ when y**+! = x*.

Now, let us show that 7 is well defined in the case that [|2(y*T1)| < [|A(x*)]|. In
this case, by (7), we have that

I — sk 1—r

5 (B G = 11 19)

(IR GEHI = 1rGP1) <

By (8) and (19),
1—r
@@”Rﬂ“ﬂg<¢@hﬂﬁo+—3iwmf“w—wuhm

By continuity,

1 —r,

(Y 4 1dk, A 6) < (K, 1K 6y) + (IRG*HI = IR G

for small enough ¢. This ensures that #; can be computed in a finite time by means of
a backtracking procedure. This completes the proof.

Observe that (10) is easier to be fulfilled, if r; is chosen to be close to 1 in (6).
This means that the chances of accepting large steps # increase if we choose r; ~ 1.
Moreover, the gap in (19) is larger as s is closer to zero, which also favors the
acceptance of large steps. On the other hand, 6y, the weight of the Lagrangian in the
merit function, is larger as s, is closer to ry. Since the direction d k is a descent direction
for the Lagrangian, it is natural that large values of 6; increase the chances to accept
large steps. We believe that the best choice of s; strongly depends on the nonlinearity
of the constraints in (1). For simplicity in our implementation, we decide to take the
largest gap in (19) setting s = O for all k. This flexible way of handling sufficient
decrease allows the algorithm to take larger steps than the ones in [19], where r and
si are equal and fixed for every k.

Theorem 2.1 showed that, for well-definedness, the following conditions are essen-
tial: (a) simple descent of ||A(y*T1)|| with respect to [|A(x¥)||; (b) the direction
d* should be quasi-tangent (5); and (c) d* must be a descent direction for the
Lagrangian L.
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3 Assumptions and Global Convergence

The global convergence proof for Algorithm 2.1 requires a problem assumption (3.1)
and several algorithmic assumptions (3.2-3.6).

Assumption 3.1 The problem should be such that Lipschitz conditions hold both on
the gradients of f and h. Namely, there exists n > O such that, forall x, y € <,

IVF) = VI = nlly = x|l and [Vh(y) = VR(x)| < nlly —x[l.  (20)

The algorithmic assumptions involve conditions that should be satisfied by the
different steps of the algorithm in order to guarantee global convergence. For the
introduction of these assumptions, we will denote the Euclidean projection of x on
a non-empty, closed, and convex set 2 by Pgq(x) and {(xKY, {y*1, (1%} will be the
sequences generated by Algorithm 2.1. Note that these sequences have infinitely many
terms, except in the case when the restoration step fails and (3) cannot be obtained for
some k.

Assumption 3.2 Forall k € N, Step 1 of the Algorithm is successful and there exists
r € [0, 1] and B > 0 such that
ry <r 201

and
L(yF a8y — Lk, 25) < BlaEb)). (22)

Conditions (21) and (22) involve the restoration step. Condition (21) states that
sufficient uniform feasibility improvement should be obtained by the restoration pro-
cedure. In most I-R implementations, r is an algorithmic parameter and the algorithm
stops declaring “restoration failure” if the restoration procedure fails to satisfy (21)
after reasonable computer time. Here we adopt the practical point of view that even
conservative algorithmic parameters r (say r = 0.99) could be excessively strict at
some iterations of the algorithm, which, however, could converge smoothly under
single descent requirements such as (3). On the other hand, the requirement (21) for
some unknown value of r is usually satisfied under regularity assumptions on the con-
straints. Since y¥*1 = x¥ if |A(x¥)|| = 0, and ry is defined as in (6) if Y1 £ xk,
condition (21) implies that

IRGETDI = 1RGO < rellh GO = 1REE ) < =0 = ) RG] (23)

Condition (22) requires that the deterioration of the Lagrangian at (y*T!, Ak+1)
should be smaller than a multiple of the infeasibility ||/ (x*)]|. If the Lagrange mul-
tipliers estimates are bounded, and under suitable Lipschitz assumptions, condition
(22) is implied by | y¥+1 — x%|| = O(JJh(x¥)|)). This means that the distance between
x¥ and the restored point y**! should be proportional to the infeasibility measure at
x*. Providing suitable safeguarding parameters f is even harder than in the case of
(21), because (22) is scale-dependent. In practical terms, Assumption 3.2 says that we
believe that the restoration algorithm employed is reasonable enough so that sufficient

improvement and bounded-distance requirements are automatically satisfied.
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Assumption 3.3 For all k € N, we choose d* such that y**' + d* e Q and
Vh(y*HT g% = 0. Moreover, we assume that there exists o > 0 such that

VL R k< —oat)? (24)

and
o[ Pe(yFT = VLML AR — 4 < j1aby) (25)

for all k € N, where Py denotes the Euclidean projection on the polytope defined by
y € Q and Vh(y*HT (y — y*¥*t1)y = 0. As we will see in Sect. 4, there is no loss of
generality in the use of the same o in (24) and (25).

In practice, the direction ¢ will be obtained as the solution of the following prob-
lem:

1
min EdTde + VL kN g (26)
st. V() a =0, Y +deq, 27)

where Hj is an approximation to the Hessian of the Lagrangian. Since €2 is a polytope,
we have that (26)—(27) is a quadratic programming problem. Note that solving (26)—
(27) is equivalent to minimize $d' Hyd + V f (y**1)Td subject to (27).

Note that the requirement (24) is not necessarily satisfied by the solution of (26)—
(27), unless we impose some additional conditions on Hy. We will show in Sect. 4
that Assumption 3.3 holds if the eigenvalues of the matrix of ZkT Hy Zy lie in a positive
interval [0min, Omax ], Where the columns of Z; form an orthonormal basis of the null-
space of VA(y**1)T . In implementations, we will define Hj as the Hessian of the
approximate Lagrangian, testing further the descent condition and switching to a safe
positive definite matrix, if necessary.

Assumption 3.4 There exists y > 0 such that, for all k € N,

Note that (28) states that the Lagrangian, whose quadratic approximation is min-
imized at (26)—(27), should decrease along the direction d*. The sufficient decrease
condition, which depends on y, holds for small enough #; under the choice (26)—(27)
with safeguards on the eigenvalues of H. As we saw in Theorem 2.1, condition (10)
also holds for small enough #;. Therefore, Assumption 3.4 suggests a safeguarding
backtracking procedure that aims to satisfy, simultaneously, (10) and (28).

Assumption 3.5 The Lagrange multiplier estimates {A\*} lie in a compact set.

By Assumption 3.1, we have that VL(-, A) : 2 — R” is Lipschitz continuous in £2
for all fixed A € R™. By Assumption 3.5, we can assume that the Lipschitz constant
for VL(-, A) is the same for all k € N. Without any loss of generality, we will also
denote by 7 this Lipschitz constant, that is, forall x, y € Q and k € N,

IVL(y, Ay — VL, A5 < nlly — x| (29)
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Assumption 3.6 The Lagrange multiplier estimates {\*} are such that

Jim Po(y* — V() — VRGN — vk =0. (30)

As we will see in Sect. 4, this assumption can be fulfilled, if we take A+ ag the
Lagrange multipliers associated with V/(y*) in the KKT conditions of the problem
(26)—(27).

In next lemma, we will prove that the sequence of the penalty parameters is bounded
away from zero. This means that the objective function always has a significant weight
in the merit criterion.

Lemma 3.1 Suppose that Assumption 3.2 holds. The sequence {0y} is non-increasing
and bounded away from zero.

Proof By direct calculations, (8) is equivalent to
OL (YT AR — L(xk %) + 1h eI = 1n ()]
( + Sk)
(1R = RG], 31)
If [L (YA 254 — L (3K, 25) + [R5 = 1 (y¥T1) 1] < 0, then (31) holds for all
6 > 0, thus 6, = 6r_;.

IFLLGA W) — LKA + 1RGO = 1R G > 0, then y*+ 5 x* and,
consequently,

(1 + 50 (IR = IRGHD1)
2[L(yk+l’ Ak — L(xk, )\k) + [|h(xR)| — ||h(yk+1)||]

In this case, we have that

kyi — k+1
9k=min[9k_1, (1 + s (G| = 1A DI) ].(32)

R[L(YHT, 2K5T) — L(xk, 08) + G | — 1 (= 1)1]

By the updating rule of the penalty parameter, we have that the sequence {6} is
non-increasing. It remains to be proved that {6;} is bounded away from zero. For this
purpose, it is sufficient to show that 6y is greater than a fixed positive number when
Ok # Or—1. In this case, we have

l 2[L(yk+l, )\’k—H) _ L()Ck, )\,k) 4 ||h(xk)|| _ ||h(yk+l)”]
Ok (1 +s0) (1h (k) | = 1A+ )

2 |:L(yk+l’ Ak“) _ L(xk’ )Lk) N 1:|

1+ 51 IR = IR
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Thus, by Assumption 3.2, (7), and (23),

! Bl s
% S2[(1—r>||h<xk>n “] —2[1_,» “]’ G

This implies that the sequence {1/6;} is bounded. Therefore, the sequence {0y} is
non-increasing and bounded away from zero. O

The following lemma ensures that any limit point of the sequence generated by
Algorithm 2.1 is feasible.

Lemma 3.2 Suppose that Assumptions 3.2 and 3.5 hold. Then, the sum Z,fio 12 (x5
is convergent.

Proof By condition (10) and Assumption 3.2, for all k € N one has that
1—r
LA ) < (6, 25, 06) + —— (IRGH DI = IR GH1).
Therefore, by (23),

(1—r)?
2

O (x5 ) < o (K, A8 6) - G G

Let us_deﬁne pr = (1 — ek)_/ek forall k € {—1,0,1,2...}. By Lemn}a 3.1, there
exists 8 > 0 such that ; > 0 for all £ € N. This implies that p; < 1/6 — 1 for all
k € N. Since {pr} is bounded and non-decreasing, it follows that

oo
D (k= pet) = lim pr = poy < 0. (35)
=0 k—>oo

By compactness, the sequence {[|4(x*)||} is bounded. Therefore, by (35), there exists
¢ > 0 such that

> ok = oD RG] < ¢ < o0, (36)
k=0

Now, by (34),

1 — 6 1— 0k
L+ 2k 4 T”h(XkH)H < L(x*,2%) + Tﬂh(xk)ﬂ

(I r>2
- 1R G-
Since 0 < 6; < 1, we have that 157" r) < (20:)2, so
k41 4 k41 k+1 ok k (1 —r)? .
LA ol (FE) = L5 05) + el (7)) = ==l
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Therefore, for all k € N,

LR8N 4 ol () < L5 25 + oot 1 (x5 )
(1— )

+(pk — pr—1) IR )| — I (x5
Thus, for all £ € N, we have
L) o la () < L0, 2%) +p-1llh(x ||+Z — pj-1)IhGD)]

-2 & .
= 2” > el
j=0

Therefore, by (36),

L35 4 ol (K < L(x%,2%) + oy ||h( Bl

(1- )2 j
+eo— Zuh( )l

Thus,

Y
(1 ) Z”h(x/)” < [ R ol () ] + L (0 20)

+ o1l ()1l + .

Since the functions L and 4 are continuous, by Assumption 3.5 and the compactness
of 2, we have that the sequences {L(x*, A¥)} and {||h(x*)||} are bounded. Since {px}
is also bounded, it follows that the series > po, A (xK)]| is convergent. O

The following lemma shows that, if the problem is sufficiently smooth, then the
direction on the tangent subspace ensures a uniform- bounded deterioration of the
feasibility. The lemma also guarantees that the step size will not tend to zero. This
means that Algorithm 2.1 will not produce excessively small steps.

Lemma 3.3 Suppose that Assumptions 3.1-3.3 and 3.5 hold. Define ci as in (5) and
ty as in Step 4.3 of Algorithm 2.1. Then, there exist ¢ > 0 and t > 0 such that ¢, > ¢
and ty >t forall k € N.

Proof Given any continuously differentiable function F : R" — R”, by the Funda-
mental Theorem of Calculus, we have that

1
F(y+1td)=F()+tVF(y)d +t/(VF(y +16d) —VF(y) dds.  (37)
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Applying (37) with F(y + td) = h(y*T! + td*), by Assumptions 3.1 and 3.2, the
triangle inequality, and the Cauchy-Schwarz inequality, we have that, for ¢ = g,

1
IR(*F + 2d®) | < IR () )+ 1 / nlly 4 tgd® — Yy 1ak) dg
0
IR () + k)2 (38)

IA

Thus (5) holds for ¢ = %, independently of k and for all # > 0.
Now, applying (37) with F(y + td) = L(y**! + td*, A¥), by Assumptions 3.1,
3.2,3.5, and (29),

L(yk+1 + tdk, kk+1) _ L(yk+1, Ak+1) _ tVL(ka, Ak+l)Tdk
! T
+t/ (VL(yk+l T 16d*, 39 = VLM, Ak+l)) d* dt

0
1

ot d |2 + 1 / nlly<H 4 tedt — yEHY 1 de
0

nt
— (cr - 3) tld* )12

Therefore, if y; < 3 and 7 = ;—n, we have that

IA

IA

L(yk+l + tdk, )\.k+l) < L(yk+l, )\k“r]) _ y1t||dk||2, (39)

forallt <.

If ||dk || # 0, condition (39) ensures that (9) holds whenever #, < 7. Let us prove
that we can also satisfy (10) for any # in a specific interval. In fact, we will prove that
any #; < min {C (911119_) , r}, where 6 is defined in Lemma 3.2, is acceptable in Step 4.3
of Algorithm 2.1. Since ry > 0, by (8), (19), (38), (39), and Lemma 3.1, we have
that

@ (YK 4 1ak, WL 6) — @ (xF, 0K, 6y)
— q)(yk-l—l + tdk, )\’k-‘rl’ ek)—q)(yk+1, )\,k+1, ek) + cb(yk+l, )"k+1’ 9]()
— @ (xk, 2k, ;)

<60 (L(yk+1 + tdk, )Lk+1) _ L(yk+1’ Akﬂ))

1—
(1= 0) (1 (! 1) 1= 1R GA)) 4+ = (1R GH DI = IaG)
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1—rg
< —Oeyitlld* |1 + (1 — et (ld ) + —(||h<y"+1)|| — IR
_ 1 —
< —Oyitl|ld > + (1 = )et ||dk|| + —E (IR = Ih )
) k k+1 k
< (0 = O)ct — Gyr)t)|d")? Ll 5 (||h<y NI
1—r

< — (IR GEY = TR (1),
Thus, due to the backtracking procedure, we have that 7 > 7 := min { : Océ(Jl/l 7 ' 757 1}
forall k € N. O

Lemma 3.4 Suppose that Assumptions 3.1-3.5 hold. Then limy_ o ||d*|| = 0.

Proof By Lemma 3.3, there exists 7 > 0 such that #; > ¢ for all k € N. By (22) and
(28),

L(xk+l, Ak—&-l) _ L(xk, Ak) — L(xk+1, Ak+1) _ L(ka, Ak+l)
+ L(yk+l,)kk+l) _ L(xk’ Ak)
< —ytelld®|”? + BIRGE) < —yrlld*|”* + BIRGE)).
By Lemma 3.2 there exists ¢ such that Z,fio |A(x*)|| = ¢. Thus
[

1
L(xl+l, )\’l-‘rl) .X )\'0 — Z k-‘rl’ )\k-‘rl) _ L(x )\’k z |dk”2
k=0 k=0

1
+ B Z IR < —yi D 1d*I1> + Be.
k=0 k=0

Since f and h are bounded below on €2, and {A¥*!} remains in a compact set, we
have that the series Z,fio ||dk ||2 is convergent, and thus, {||dk I} converges to zero. O

Next Lemma and its corollary are used to prove the optimality of every limit point
of the sequence generated by Algorithm 2.1.

Lemma 3.5 Consider Py as in Assumption 3.3. Given y**1 € Q, then
Pe(y* = VLM A) = P (M = VLT ),
forall ., u € R™.
Proof Defining Si := {d : Vh(y**1)Td = 0}, we have that VA(y**1)(A—p) € St

Since VL(y**1,1) = VL(y**1, ) + VA (y**1) ( — 1), the result follows from the
Projection Theorem (see [39], Proposition B.11, item (b), p 704). m|
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Corollary 3.1 Let x* be a feasible point of (1) such that

llm yk+1 — .X* and kll)n,olo Pk(yk+1 _ VL(ykJrl, )\‘k+1)) _ yk+1 — 0’

k— 00

for some {Y*T'} C Q and (A**t'} C R™. Then x* satisfies the L-AGP optimality
condition [25].

Proof By hypothesis, x* is feasible. Moreover, by Lemma 3.5,

limg— oo Pk(yk+1 _ Vf(yk“)) _ yk-H =limy_ oo Pk(yk+l _ VL(yk+1, 0)) — yk+1
= limg o0 PL(Y*T! = VLM, 2HHD) — it =0,
Thus, x* satisfies the L-AGP optimality condition. O

Next lemma will be used to prove the convergence of the Lagrange multiplier
estimates {Ak}.

Lemma 3.6 Let x* be a feasible point such that

lim y* = x* and lim Po(y* — VL(y*, A1) —yk =0,
k— 00 k— 00

forsome {y*} C Qand {\**'} C R™. Then, ifx* satisfies the Mangasarian—Fromovitz
constraint qualification, we have that the KKT conditions hold in x*. Moreover, all the

limit points of {\**t1} are Lagrange multipliers associated with the equality constraints
; *
in x*.

Proof Let 75 := Pq(y* — VL(y*, Akt1)); hence limj_, o0 (z — y¥) = 0 and z¥ is the
solution of the problem:

1
min |z — (Y = VLG, 212 stz € Q.

Define Q2 := {x € R" : Ax = b, x > 0}. Then, forall k =0, 1, 2, .. ., there exist
o and B¥ such that

=0 HTp =0, (40)

and
2= yF VLR A 4 ATk — gF = 0. (41)
Defining M = max{|A* ! |oo, lcFlloos |8¥]lo0}, We have that {M;} is

bounded. Otherwise, we could divide (41) by M; and take the limit on a suitable
subsequence to obtain a contradiction with the Mangasarian-Fromovitz condition.
Since {My} is bounded, if A* is a limit point of {x¥*1}, there exists K N such
that limgeg AXT! = 1%, limgeg of = o*, and limgeg B = B*. Taking limits for
k € K in (40) and (41), we verify that 1* is a Lagrange multiplier associated with the
constraints 2(x) = 0 in x*. O
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The following theorem summarizes the convergence properties of Algorithm 2.1
under Assumptions 3.1-3.6.

Theorem 3.1 Suppose that Assumptions 3.1-3.6 hold. Then

1. Forallk e N, x* is well defined.

2. There exists 6 > 0 such that 6 > G_for all k € N.

3. 1Moo RGN = limpo oo 1A = 0 and any cluster point of {x*} or
(y*} is feasible.

limg— oo d¥ = 0.

limg o0 [Iy* = x*[| = 0.

The sequences {x*} and {y*} admit the same cluster points.

Limit points of {x*} satisfy the L-AGP optimality condition.

If a limit point x* satisfies the Constant Positive Generators (CPG) constraint
qualification [40], then the KKT conditions hold at x*.

If a limit point x* satisfies the Mangasarian—Fromovitz constraint qualification,
then the sequence {}*} admits a limit point \*, which is a Lagrange multiplier
associated with Vh(x™).

S0 N QK

he

Proof Well-definedness of x* has been proved in Theorem 2.1. The existence of 0
follows from Lemma 3.1.
By Lemma 3.2 and (3),

. k+1 . kY —
Jim [ (y)) < lim [la() =0,

and thus, by the continuity of /, any cluster point of {xk} or {y*¥} is feasible.
The fact that limg_, oo d¥ = 0 follows from Lemma 3.4.
By item 4 and the triangle inequality, we have that

lim [y = = dim ]y — (! 4 5dh) ) < lim @t = 0.
k—00 k— o0 k—00
By item 5 and the triangle inequality,

lim |Ix* =zl =0« lim [y* —z| =0.
keKCN keKCN

Thus, the sequences {x¥} and {y*} admit the same cluster points.
Let x* be a limit point of {xk}, therefore, by item 6, there is K C N such that
limgeg y¥+! = x*. By Assumption 3.3 and item 4,

lim || P (! = VL) — ) = 0,
(S

By item 3, we have that x* is feasible. Thus we conclude, by Corollary 3.1, that x*
satisfies the L-AGP optimality condition.

The statement 8 is a consequence of item 7 and the fact that sequential optimality
conditions such as L-AGP imply KKT under the CPG constraint qualification [25,40].
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Finally, suppose that limscgx y* = x* and the Mangasarian—Fromovitz constraint
qualification holds in x*. Since the sequence {A**!} lies in a compact set, we have
that this sequence admits at least one limit point. Then, by Lemma 3.6, we conclude
that any limit point of {Af*!} with k € K is a Lagrange Multiplier associated with
Vh(x*). O

Remark 3.1 The CPG constraint qualification is weaker than CRSC [40],
(R)CPLD [41-43], (R)CRCQ [44], and Mangasarian—Fromovitz constraint qualifi-
cation.

4 Plausibility of Assumptions

One of our main assumptions is that, given an infeasible point x*, a less infeasible
point can always be computed at the Restoration phase. Clearly, this assumption is
not always true. For example, if the feasible set is empty and x* is a minimizer of the
infeasibility, then it would not be possible to be successful at the Restoration phase.

However, if a good algorithm is used at the Restoration phase, we judge that the
improvement in feasibility will be achieved, or the problem is probably infeasible.

Lipschitz conditions on the gradients of f and /4, assumed in Assumption 3.1,
are standard in smooth optimization. Convexity conditions on the problem (26)—(27)
are also usual in quadratic programming analyses. After minimizing %d THy 1d +
Vf(yk)Td subject to yk +d e Q, Vh(yk)Td = 0, a natural way to estimate the
Lagrange multipliers is taking A*! as the Lagrange multipliers associated with the
constraints Vi (y*)Td = 0. In this case, it is plausible to assume that A+ Ties in a
compact set if the Mangasarian—Fromovitz constraint qualification holds at y¥. Thus,
if the sequence {|| Hxd¥||} is uniformly bounded, we have that Assumption 3.5 holds
under the Mangasarian—Fromovitz constraint qualification on 2. An easy alternative to
guarantee that Assumption 3.5 holds is to use safeguards on the Lagrange multipliers
in the implementation.

Assumption 3.2 asks for a sufficient improvement of feasibility with a bounded
deterioration in the Lagrangian. This assumption can be satisfied with a typical
Lipschitz hypothesis and regularity conditions on the feasible set. In Lemma 2
of [19], it is proved that if the Mangasarian Fromovitz-constraint qualification holds
at all points of £, then the closest feasible point to x* fulfills the bounded dete-
rioration for the objective function f, and so any rx > 0 is a possible choice
for all k. A practical restoration procedure is shown in Lemma 6.1 of [11], if
the Linear Independence constraint qualification holds on €2. This result asserts
that, given r € ]0, 1[, there is a neighborhood N of the feasible set such that,
if xX¥ € N, then the linearization of the constraints at Xp, T == {y € Q
h(x*) + VR(x¥)T(y — x¥) = 0}, is not empty, and denoting by y**! the point
of Ty, closest to x*, we have that h(ka) < rh(xk). Moreover, under Lipschitz con-
ditions, bounded deterioration for the objective function holds. In both restoration
procedures, if the Lagrange multipliers A¥ remain in a compact set (Assumption 3.5),
then the bounded deterioration also holds for the Lagrangian.
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The plausibility of Assumption 3.3 is strictly linked with our proposal in the present
paper of choosing d* as the solution of the quadratic programming problem:

1
minV L (y* 2k g Sd"Hd sy 1 d e @, va(y*) d =0, 42

where Hj is symmetric, ZkT Hi Zy. is positive definite, and the columns of Z; form an
orthonormal basis of the null-space of Vh(y**1T  In addition, we assume that the
eigenvalues of ZkT Hi Zj. lie in a positive interval [omin, Omax]-

By selecting d* in this way, since d = 0 is feasible to (42), we have that

1
VL(y* k)T gk 4 E(d")Tdek <0.
Therefore,

O
VL(yk+1, )“k+1)Tdk < _%”dknz

In order to prove condition (25), let us define

—{deR" : Vh(y**") d =0and y**! +d € Q). 43)
Since d* is the solution of the linearly constrained problem (42),

Pp, (d* — Hyd* — VL(y*!, 3 1)) —a* =o.

Changing variables (y = y**! 4+ d) and using the fact that the projections are non-
expansive, we have

||Pk(yk+1 _ VL(ka, Ak+1)) _ yk+1 | = ||PDk(— VL(ka, )\k+1))”
— ||PDk(_ VL(yk+l, Ak—s—l)) — Pp, (dk _ dek _ VL(ka, )\k+1))
+PDk(dk — Hd* —VL ( k+1 )Lk+1))” < ||PDk(_ VL(yk+1’kk+l))
_ PDk (dk_dek _ VL(ka, )»k+1))||+||PDk (dk—dek—VL(yk+l, AkH))H
< d* — Hd|| + ]| < (2 + omax) 1d".

So, defining o := min {"’gi“ , m}, we have that Assumption 3.3 holds.

From Lemma 3.3, we can see that condition (39) holds for y; = % and sufficiently
small 7. Thus, if o, is known, then we can ensure that Assumption 3.4 holds testing
the sufficient decrease at Step 5 of Algorithm 2.1. Moreover, even if oy, is not known,
it is possible to do a double backtracking, in ¢ and o, to ensure that Assumption 3.4
holds [45]. However, this does not seem to be either efficient or necessary in practice,

so we only test simple decrease in Step 5 of Algorithm 2.1.
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Finally, to prove the plausibility of Assumption 3.6, we consider that A** is chosen
as the vector of Lagrange multipliers associated with the constraints Vi(y¥)Td = 0
in problem:

1
minEdTHk_ld +VFoHTd st Y +d e, VRG"Td = 0.

In this case, denoting Dy := {d : yk + d € @}, we have that
PDk (dk—l o Hk—ldk_l _ Vf(yk) o Vh(yk))\.k+l) _ dk—l —0.
Therefore,

I1Po(y* = V£ = VRGO — 38| = (|1 Pp, (= V£ (*) = VROHAH)|
<IIPp (= VL) = VROFAFY) — Pp, (a* 7' = Heyd* ' = V £ (55
—Vh(yH)RH)|
+1Pp (d* " = Hieyd ' = V£ OF) — VRO
< |la*" = Hed* N+ ak L

Thus, considering that the sequence {|| Hi||} is uniformly bounded and that Assump-
tions 3.1-3.5 hold, by Lemma 3.4, we have that

lim Po(y* — V(") = VAP —y* =0,
k— 00
which means that Assumption 3.6 holds.

5 Conclusions

The Inexact-Restoration method introduced in this paper employs an improved version
of the Fischer-Friedlander line search approach combined with the use of Lagrange
multipliers estimates both in the Optimization Phase subproblem as in the merit func-
tion. The new method has enhancements in several theoretical aspects and it is appro-
priate to tackle many problems in which there is a natural way to restore feasibility.

It remains to be investigated its application to general constrained optimization
problems. In the general case, some standard (perhaps under-determined Newtonian)
method should be defined for the restoration phase and convergence should be proved
taking into account the characteristics of that method.

Other possible approach for general problems could be to introduce objective func-
tion information in the restoration phase, aiming to provide better initial approxima-
tions for the second-phase subproblems. Much theoretical and practical research can
be expected along these lines.

Future research will also include the application of alternative I-R approaches to
multiobjective optimization.
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