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Abstract In the literature, it was shown recently that the Douglas—Rachford alternat-
ing direction method of multipliers can be combined with the logarithmic-quadratic
proximal regularization for solving a class of variational inequalities with separa-
ble structures. This paper studies the inexact version of this combination, where the
resulting subproblems are allowed to be solved approximately subject to different
inexactness criteria. We prove the global convergence and establish worst-case con-
vergence rates for the derived inexact algorithms.

Keywords Alternating direction method of multipliers - Logarithmic-quadratic
proximal regularization - Convergence rate - Inexact - Variational inequality

1 Introduction

Variational inequality problems (VIPs) with separable structures and linear con-
straints capture wide applications in some fields. For solving these VIPs, the
Douglas—Rachford alternating direction method of multipliers (ADMM) proposed
originally in [1] is a benchmark. The proximal point algorithm (PPA) in [2, 3] was
suggested to regularize ADMM’s subproblems and accordingly an algorithmic frame-
work of the inexact version of ADMM with proximal regularization was established.
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Moreover, in [4, 5] the ADMM subproblems were suggested to be regularized by the
logarithmic-quadratic proximal (LQP) regularization proposed in [6]; thus the com-
plementarity subproblems of applying ADMM reduce to systems of nonlinear equa-
tions. However, it is not possible to acquire the exact solutions of the complementarity
subproblems of ADMM with LQP regularization. Therefore, we are interested in in-
vestigating how to solve these subproblems approximately. Our purpose is to study
the inexact version of the combination of ADMM with LQP regularization, seek-
ing appropriate inexactness criteria under which the inexact version of ADMM with
LQP regularization can be still guaranteed to be convergent. We shall study several
inexactness criteria with different levels of implementability. For the resulting algo-
rithms based on the inexact version of ADMM with LQP regularization, we prove
their global convergence and establish their worst-case O (1/¢) convergence rates.

The rest of this paper is organized as follows. We first state the model to be studied
and the motivation of considering the inexact version of ADMM with LQP regular-
ization in Sect. 2. Then, in Sect. 3, we summarize some preliminaries for further anal-
ysis. After that, a conceptual inexact version of the ADMM with LQP regularization
is presented in Sect. 4; an implementable algorithm based on the inexact version of
ADMM with LQP regularization is proposed in Sect. 5. For both the conceptual and
the implementable algorithms, the global convergence and a worst-case convergence
rate are established. Finally, some concluding remarks are drawn in Sect. 6.

2 Model and Motivation
More specifically, the VIP we consider is to find a u™ € U such that

(u—u*)TF(u*)z(), Yuel, (D

x N AC))
(y)’ F(u)._(g(y)) and @

L{::{(x,y)|Ax+By=b,xeR", yeRf_},

with

u

where A € R™*" and B € R™*P are given matrices; b € R™ is a given vector;
f:RY —>R"and g: Rf_ — RP? are continuous and monotone operators.

By attaching a Lagrange multiplier A € R™ to the linear constraint in (2), we can
reformulate (1)—(2) as: Finding a w* € W such that

(w— w*)TQ(w*) >0, YweWw, 3)
where
N f@)—AT)
w=|\y], Qw):=| g(y)—BTxr |, W:=R! xR xR™. (4
» Ax+By—-b>
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We denote by SVI(WV, Q) the structured VIP (3)—(4); and its solution set, denoted by
W*, is assumed to be nonempty.
The ADMM in [1] for solving SVI(W, Q) is

0 <x*FILLF (M) — AT[AF — H(AX*T! + By* —b)]} > 0, )
0 S yk+1J_{g(yk+l) _ BT[)\,k _ H(A.xk+l + Byk+1 _ b)]} Z 0, (6)
)“k-ﬁ-l = )\‘k _ H(Axk+1 + Byk+1 _b), (7)

where H € R™*™ is a penalty matrix in the metric form. In the literature, it is often
chosen as H := § - I, where [ is the identity matrix in R”*™ and 8 > 0 is a scalar.

To truly implement the ADMM scheme (5)—(7), the resulting complementarity
problems should be solved efficiently. In fact, for some particular cases, where f, g,
A, and B are all special enough, the resulting subproblems of ADMM could be easy
enough to have closed-form solutions or can be easily solved up to high precisions.
This feature has triggered a tremendous burst of applying ADMM in the literature for
solving different problems varying from semidefinite programming, image process-
ing, statistical learning, control, computer vision to numerical linear algebra; see, e.g.,
[7] and references therein. On the other hand, equally importantly, for generic setting
of f, g, A, and B, we can only expect to achieve approximate solutions of these sub-
problems subject to certain accuracy by applying certain iterative scheme internally.
For this case, it is important to analyze under which criterion these subproblems can
be solved approximately and how to seek truly implementable inexactness criteria. In
[4, 5] the ADMM subproblems were suggested to be regularized by the LQP regular-
ization proposed in [6]. The LQP regularization forces the solutions of ADMM sub-
problems to be interior points of R’ and ]Ri, respectively, thus the complementarity
subproblems (5) and (6) reduce to systems of nonlinear equations. More specifically,
the iterative scheme of ADMM with LQP regularization is as follows:

( k+1) AT[ (Axk'H + Byk _ b)]
+ R[(HH! =69 + n (= X2 ] =0, ®)
( k+1) [ (Axk+] +Byk+1 b)]
+S[(M = 38) + (- 24T =0, ©)
AkH — Ak _ H(Axk—H + Byk—i-l —b), (10)

where R € R"*" and § € RP*? are symmetric positive definite diagonal matrices and
they are called proximal matrices; R(x*T! —x¥) and S(y**! — yk) are quadratic prox-
imal regularization terms, p €]0, 1[ is a given constant, Xj := dlag(x1 ,x2, .. )

(xk*t1)=1 € R” is a vector whose Jjth element is l/xk‘H Y = d1ag(y1 , y2, e, yn)

(Y1)~ € R? is a vector whose jth element is l/ykJrl In [8], this scheme was
further shown to be convergent on a worst-case 0(1/ t) rate, provided that both
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the x- and the y-subproblems (i.e., (8) and (9)) are solved exactly. Here, the worst-
case O(1/t) convergence rate of ADMM with LQP regularization means the scheme
(8)—(10) achieves a solution of SVI(W, Q) with the accuracy of O(1/t) after most ¢
iterations.

To solve the complementarity subproblems (8) and (9), we shall study several in-
exactness criteria with different levels of implementability. When the accuracy of
solving these subproblems is relaxed, it is easy to understand that some additional
corrections might need to be supplemented after the iteration of ADMM with LQP
regularization. Or, relaxing the accuracy of solving these subproblems might pay
the price of requiring additional correction on the subproblems’ solutions. We thus
suggest to solve these subproblems within the framework of either under a more re-
stricted criterion but without further correction step, or under a more relaxed criterion
but with some further correction step. How to balance the accuracy of inner subprob-
lems and further correction depends on how special a concrete application of the ab-
stract model (3)—(4) is, and it is too inane to discuss this issue for the abstract model
(3)-(4) without any specification of the involved functions and sets. Instead, in this
paper, we only provide some inexact algorithms based on the framework of combin-
ing ADMM with LQP regularization. In addition to the global convergence, a worst-
case O(1/t) convergence rate is established for these inexact algorithms. Therefore,
we show that these inexact algorithms based on the combination of ADMM with
LQP regularization, which are more practical than the exact version (8)—(10), enjoy
the same worst-case convergence rate as the exact version.

3 Preliminaries

In this section, we recall some basic definitions and properties, which will be fre-
quently used in our later analysis. Some useful results proved already in the literature
are also summarized.

3.1 Some Basic Definitions and Properties

Let N be a positive definite matrix with appropriate dimensionality, the N-norm of
a vector v with appropriate dimensionality is denoted by ||v||y := vvT Nv. Let 2
be a nonempty, closed, and convex subset of R!. The projection operator under the
N-norm is defined by

P,y (v) := argmin{|lv — u|ly | u € 2}.

Clearly, according to this definition, we have the following property related to the
projection operator under the N-norm:

|Pen@ —w|, <lv-wly, YveR weg. (11)

In the following, we give the definitions of monotonicity and Lipschitz continuity
for a mapping.
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Definition 3.1 Let X CR” and f : X — R” be a mapping. Then,

(i) f is said to be monotone with respect to X iff the following inequality always
holds:

=T (f(x) = f(@) =0, Vx,ieX;

(ii) f is Lipschitz continuous with respect to X iff there exists a constant (called
Lipschitz constant) L ¢ > 0 such that

|fe) = F®| <Lflx—3l, Vx,ieX.

We denote by L ¢ and L, the Lipschitz constants of the mappings f and g in the
model (1)—(2). Note that the mapping Q(w) in (4) is monotone with respect to W
under the monotonicity assumption of f and g. Therefore, the solution set W* of
SVI(W, Q) is closed and convex; see, e.g., [9].

Throughout the rest of the paper, we define the matrix G as

A+ wR 0 0
G:= 0 (1+wS+BTHB 0 |. (12)
0 0 H™!

Last, we recall a characterization of the solution set YW* proved in [9], see (2.3.2)
in p. 159 of [9]. As shown in [8, 10], this characterization is crucial for establishing
the convergence rate for ADMM or ADMM with LQP regularization. More specifi-
cally, recall that W* can be characterized as

W= () {weWw|w-w)"ow)=0}.
weWW

Therefore, as Definition 1 in [11], w € WV can be regarded as an e-approximation
solution of SVI(W, Q) if it satisfies

sup {(IZ) — w)TQ(w)} <e, where By (w) = {w eWlllw—wl| < 1}.(13)
weByy ()

In our later analysis, we shall establish the worst-case O(1/¢) convergence rate
for the new algorithms to be proposed in the sense that after ¢ iterations of these
algorithms, we can find a w € W such that

@ —w) Q) <e, YweBy),
with e = O(1/t).
3.2 A Key Lemma

Inspired by Proposition 1 in [6], the following lemma was proved in the literature
(see, e.g., [5, 12]), and its conclusion plays an important role in analyzing the conver-
gence of ADMM with LQP regularization and establishing its convergence rate. Our
later analysis is also based on this conclusion.
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Lemma 3.1 Let P := diag(py, p2, ..., p:) € R be a positive definite diagonal
matrix, qg(u) € R" be a monotone mapping of u with respect to R, and 11 €]0, 1.

For a given u € Rt++’ we define U:= diag(uy, us, ..., us). Then, the equation
q@) + Pl —i)+p(i —U*u")]=0 (14)

has the unique positive solution u. In addition, for this positive solution u € R, and
any v € R!, we have

14+pun _ 1—n
w—uw)q) > — (= l|% — Il — vlI%) + i —ulb.  (15)
Moreover, we have
W—w)Tq@) >+ —u) Pv—u)— pli—ul?. (16)

3.3 Proof Framework of Convergence

Later, we shall propose several algorithms, and they differ in the inexactness crite-
ria for solving the ADMM subproblems with LQP regularization. The convergence
proofs for these different algorithms share a common framework, even though the
specific techniques required are quite different in their respective proofs. For suc-
cinctness purpose, in this subsection we first show the framework of proving the
convergence before these algorithms are presented. Then, when we establish the con-
vergence for a specific algorithm later, it suffices to check the conditions presented in
this framework. The proof framework presented below is thus a unified treatment on
the convergence analysis for different algorithms.

We first establish an identity which will be used later for convergence. The proof
of this lemma only requires straightforward manipulation.

Lemma 3.2 Let xK e R", yk, 5% € R? and A* € R™ be given. We define X* and A+l
as

A=k — H(AX* 4+ By  —b) and AT :=2F — H(AF* + BF* - b).
Then, for any y € R” and 1 € R, we have
20— )" (A7F + BF* —b) +2(y — )" BT HB(y* - 7)
=y = Vsrus = 1y =5 Vgrms + 12 =2
S Ly PR EARYA P
Proof Using the definition of A**!, we have
2(r — 9" (A% + BF* —b)
— 2()\ _ )‘\k)THfl (Ak _ ik+l)

— 2(}\‘ _ ik'f’])TH—]()“k _ ik'f’]) +2(ik+1 —Xk)TH_l()\.k _ ik'ﬁ‘])' (17)
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For the first term in (17), we have the following identity:
A T .— A A 2 2 A 2
2 e e e e R L P S PR e ||1(11—é'
Then, it follows from the definitions of A* and AKFL that
Ml =3k 4 HBy* — HBY,
and thus
2(ik+1 _ )‘Lk)THfl()\k _ ikH)
= 2(HBy* — HBF)  H~' (3 = 3F+)

= W =3 BBy — HB [y — [k = A |y~ HB [

kN2 A 2 —k 12
= |20 =2 e = I = A = 1 = 5 e e
Substituting this and (18) into (17), we have
2(r — 9" (A% + BF* —b)
o L R P A Ve P ARl P el

Note that
2(y - yk)TBTHB(yk _)_’k) = ||y — 5 H129THB - ||y - ||ZTHB + ”yk - ||§3THB'
Adding the above equality and (19), the assertion is proved. |

Next, we will present a unified framework for proving the convergence of our new
algorithms to be presented.

Theorem 3.1 Let ¢y €]0, +00[ and p €]0, 1[ be positive constants; {ny} be a non-
negative sequence with y - ok < +00; and G be defined by (12). For any w* € W*,
if the sequences {w* = (x*, yX, 26)} and {w* = (x*, 3%, A5} satisfy

2 2 _k112
[ = w* g = " = w g+ m = o[l = &
P PR R, ez Qo)
then {w*} is bounded and
Jim | wk — k||, =0. 1)

Furthermore, if the mapping Q is continuous and
liminf(w — a%)" Q(@%) =0, VweW, (22)
k— 00

then the sequence {w*} converges to a point in W*.
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Proof 1t follows from (20) that for any / < k and w* € W*, we have

k
R A e PR U PR DRCE

i=l

Thus the sequence {w*} is bounded, since > 2o ni < +oo. Summing the inequality
(20)over k=0, 1,..., we get

o o
co 3 (e =5+ I* = 55+ 14 = 27 0) < o = w* |G + 30 me < oo,
k=0 k=0

Therefore, we have

Jim (=3t 4 = 3 =24 ) =0,

It follows that

: k =k _ : k -k _ : k Tk _
Jim [ =] =0, tim [y~ 5 =0 and tim |25 35],, =0
The first assertion (21) is proved.

Since {w*} is bounded and limj_, o |w* — wk||g = 0, we find that {1} is also
bounded and then it has at least one cluster point. Let w™ be a cluster point of {iw*}
and the subsequences {wki} and {w*i} both converge to w. It follows from (22)
that

liminf(w — w%)" Q(wh) >0, VweWw,
Jj—>00
and consequently
(w— wOO)TQ(w‘X’) >0, YweW,

since the mapping Q is continuous. This means that w is a solution of SVI(WV, Q).
Note that the inequality (23) is true for all solution points of SVI(OV, Q), hence we
have

oo
o = o —w G+ o, wezoMsk QY
i=l

Since wki — w™® (j = o0) and Z?io n; < 400, for any given ¢ > 0, there exists a

Jo > 0 such that
2 o 2
who —welg =5 and Yom=7 @
=k

Therefore, for any k > k,, it follows from (24) and (25) that

oo
[kt —wf g < | Juhh —weelg+ 37 m<e.

l:kjo

This implies that the sequence {w*} converges to a point w™ in W*. O
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According to Theorem 3.1, it suffices to check conditions (20) and (22) when we
establish the convergence for the algorithms to be proposed. As the new algorithms
are based on the combination of ADMM with LQP regularization, where the sub-
problems are solved inexactly, we abbreviate these algorithms as -ADMM-LQP X,
where “X” is an arabian number representing a concrete algorithm.

4 The First Algorithm

We propose the first algorithm based on the combination of ADMM with LQP regu-
larization where the subproblems are solved approximately. The inexactness criterion
required by this algorithm involves the exact solutions of the resulting subproblems,
thus is not applicable directly in implementation. We still present this algorithm,
however, because its convergence analysis provides a similar sketch for the other
algorithms to be analyzed later, and is quite simple. Thus, by this simpler analysis, it
becomes easier to understand the latter analysis for other implementable algorithms.
In addition, although the inexactness criterion itself is not checkable directly, it pro-
vides the possibility to seek implementable criteria based on some error bounds; see,
e.g., [9, 13]. Thus, it deserves at least theoretical interest. Note this criterion is widely
used in PPA and ADMM literature.

4.1 Algorithm 1

In this algorithm, we seek approximate solutions of the subproblems (8)—(9) and the
accuracy is controlled by a summable sequence of positive scales.

Algorithm 1 (I-ADMM-LQP 1)

Step 0. Let ¢ > 0; 1 €10, 1[; w” := (x%,y%, 19 e R%, x R?, x R™; R € R"™*",
S € RPXP and H € R™ ™ be positive definite diagonal matrices; and {v} be a
nonnegative sequence satisfying Y po vk < +00. Set k = 0.

Step 1. Find x**! € R% | such that

ka+1 . x1;+1 H <, (26)
where xX*1 is the exact solution of the system
f) = AT[MF = H(Ax+ BY* —b) ]+ R[(x —x*) + n(x* = X}x~1)] =0. 27)
Step 2. Find y**! € RY | such that

[y =y <, (28)

k+1

where y;

is the exact solution of the system

g =BT [A — H(AxE + By = b)]+ 5[y =) + (0 = ¥Ey )] =0,
29)
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Step 3. Update the Lagrange multiplier
AT =0k — H(AXMT 4 By —p). (30)

Step 4. Set w1 = (xk+1 YKL k1) If Jwkt! — wk| < &, stop; otherwise set
k =k + 1 and goto Step 1.

Remark 4.1 Tt follows from Lemma 3.1 that there exist unique x**! € R" | and

yfﬁ“ € Ri . satisfying (27) and (29), respectively. This guarantees that we can find

M1 e R and y*+! e RY | satisfying (26) and (28), respectively.
4.2 Convergence

In this subsection, we prove the convergence of Algorithm 1. First, we define

A=k — H(AxET 4 By — ), (31)
and set
xi+1 )Tfk x>1:+1
wi+] — y>/:+1 and u—)k = g)k — y>’/f+l
A+ Ak A — H(Ax**! + Byk — b)
(32)

to simplify our notation in the following analysis.
To prove the convergence of Algorithm 1, we first present some lemmas.

Lemma 4.1 Let {wi'H} be defined by (32) and {w*} be generated by Algorithm 1.
Then, there exists a positive constant p such that

H wi‘H — k! ”G <pv, VYk=0, (33)
where G is defined by (12).
Proof 1t follows from (30) and (31) that
)‘iH kel HA(xk'H _ xif"'l) + HB(yk+1 _ yif“).
Together with (26), (28), and (12), the above equation implies (33) immediately. [
Lemma 4.2 Let the sequence {w*} be generated by Algorithm 1, and the accompany-

ing sequences {wiJrl } and {w*} be defined by (32). Then, for any w := (x, y, 1) € W,
we have

- - 1 2 2
(w—a")" (") = Z (|l —w[g — |w* —w[g)
l—u k|2 2y, | k2
T P I AR I o AR
where G is defined by (12).
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Proof Note that ¥¥ = x**! and y* = y¥*!. Applying Lemma 3.1 to (27) by set-
ting P =R, it = x*, u = x* = x**1, qu) = f(&*) — ATDK — H(AZF + By* —

)12 £(7%) — ATAk and v = x in (15), we have
T, = - 1+u 2 2
(r =) [ () = AT ] = —= (| = x g = 2 = x])

+1_T“]|xk—xk|fi,, VieRL.  (35)

Similarly, applying Lemma 3.1 to (29) and using (32), we get
(v =3")"[s(") — B3 + BT HB(5* — "]
M ||yk _ yk

1+pu 2 2y, 11—
= (I =yls = =yl +——

2
S

vy e RY.
1t follows from the above inequality that
(v =5 [s(") - BTH]
= (v = ) BTHB(A — 34) + (= [ )
SR co

Setting AK*! = A%+ in Lemma 3.2 and using y* = y¥*!, we have

(r =) (AZ* + BF* —b)
- - 1
= (=3 B HB(* )+ 5y = yran = 1y = [ us)
1 2 2 1 k12
(=2 e = 2= 25 ) + 5 3 = A5

Combining (35), (36) and the above equation together and by simple manipulations,
we can get (34) immediately. The proof is completed. O

The following result shows the contraction of the sequence generated by Algo-
rithm 1, based on which the convergence of Algorithm 1 can be established easily.

Lemma 4.3 Let the sequence {w*} be generated by Algorithm 1. Then {w*} is
bounded, i.e., for any w* € W*, there are positive constants Cy,» and p, such that

[w* —w*]g = Cur, VEZ0,
and
[0 —w* g < b —w* |G +20Cur v+ 0707
Y (B A S P LA )

where G is defined by (12).
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Proof Setting w = w* in (34), we get
2w — i) Q) = k™! — w [ — [
+ (= (= T 4 I =5 ) + 2 =T
On the other hand, since Q is monotone, wk e W, and w* € W*, we have
0= (w' — ") Q(w) = (w* ~ )" Q ().
From the above two inequalities and using p €]0, 1[, we obtain
[wht! —w* [ < Jwk = w*lg = A=y (=2 [ * = 5[5+ 4 =3¢ ||Z312~
It follows from (37) and Lemma 4.1 that there is a positive constant p such that (

” wk+1 k+1

L PR

W*HG + ” wh - kHHG

< ' —w*] g + pvec
Consequently, for any k > 0 we get

k 0
||wk+1 —w*”G < ||w0—w*||G+va,~ < ||w0—w*HG+vai 1= Cy* < +00.
i=0 i=0
l l (38)
Therefore, the sequence {w*} generated by Algorithm 1 is bounded. It follows from
(33), (37) and (38) that
” whkt! _ W*”é
=t —w) + (- wk
< bt = w |G 2wl -t =l ot -l
<t =g = A= (e = G+ [y* =55+ 25 = 37)
+2pmfut =g+ 0207
<| wk — w*”zG +20Cy+v + /02"1%
k2 k|12 k2
= (= (" = 2+ " = 3 s+ 125 =25 0)-
The proof is completed. O

Now, we are ready to prove the convergence of Algorithm 1.

Theorem 4.1 The sequence {w*} generated by Algorithm 1 converges to some w™
which is a solution of SVIOW, Q).
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Proof From Z,‘:io Vr < 400 and vg > 0, it follows that
oo
Z(chw*vk + pzv,%) < +o00.
k=0

Setting g = 2pCy*vi + pzv,%, co =1 — p in (20), from Lemma 4.3 and Theorem 3.1
we have

lim [w* —f|, =0. (39)

k— 00

Then it follows from (12), (31), and (32) that

Jim [ =t = im 353 = tim (B~ B, =0

From (34) and the above two formulas, we get
.. —_ T — k
l}fmlnf(w —w ) Q(w ) >0, VYweW.
—00
The convergence of Algorithm 1 is then obtained immediately from Theorem 3.1. [J
4.3 Convergence Rate
Now, we show the worst-case O(1/t) convergence rate for Algorithm 1.

Theorem 4.2 For any integert > 0, there is a wy; € VW which is a convex combination
of the iterates @0, ol . w! defined by (32). Then, for any w € W, we have

1 (1 d
(0 —w)" Q(w) < r+—1<§”“’0 —w[g+ o vt —w||G>, (40)
k=0

where w; == (Y j_ wk) /(1 +1).

Proof From (34), we have

(%) Q) + 5 [k —wl = 5wk ]} vwew.

It follows from (33) that
2 2
Jwit! —wlg = (Jw " = w] g = " = wiH )
= [w*t —wg - 2wt —w gt -k
+ ”wk-H _ wi-ﬁ-l ”é

k+1

sz —w”é—2pvk”wk+1—wHG, Yw e W.
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Since Q is monotone, from the above two inequalities, we have

T 1 2
(w—@")" Q) + Sfw* —wl

1
>EHwkH—wHZG—pkawkﬂ—w”G, Yw e W. 41

Summing the inequality (41) over k =0, 1, ..., f, we obtain

p T
_ 1 2
[(Hl)w— (I;Ow"ﬂ Q@) + = [w’ —wlg

t
2
[ = wlg = p 3 vilw ™ —wl,

k=0

>

| =

t
z —,OX:UkHwarl —w||G, Yw e W.

k=0
Since Z;(zo 1/(t +1) =1, w; is a convex combination of @0, w!, ..., w' and thus
w; € W. Using the notation of w;, we derive
(w—zZ);)TQ(w)—{— L ||w0—w||2 __r Z vk||wk+l—w|| , YweW.
2(t+1) G = 1+ 1= G
The assertion (40) follows from the above inequality immediately. d

It follows from Lemma 4.3 that the sequence {w*} generated by Algorithm 1 is
bounded. According to (39), the sequence {wk} defined by (32) is also bounded.
Therefore, there exists a constant D > 0 such that

|w |, <D and [@*|, <D, Vk=o.

Recall that w; is the average of {w°, w!, ..., w'}. Thus, we have || ;|| < D.Denote

Ej:=) 12y vk < +oo. Forany w € Byy(w,) :={w e W| |lw — wy|lg < 1}, we get

(W — w)" O (w)

1 (1 d
(310wl ol <l )
1
1

IA

k=0

IA

1 _ - 2
300 =1+ -l

t
oY (! —w,||G+||wz—w||G>}

k=0
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1 _ _
< |30+ 10+ 19 -l

t
+szk(||wk+l||c+||@t||c+||wt—w||c)}
k=0

1 T1
<—|=@2D+1)*+pE2D+1)]|.
_t+1[2( + D"+ pE 2D + )]

2D+1)2D+1+2pE})
2¢e

Thus, for any given ¢ > 0, after at most 7 := [ — 1] iterations, we

have
(W, —w) Q(w) <e, Yw e By (),

which means w; is an approximate solution of SVI(WW, Q) with an accuracy of
O(1/t). That is, a worst-case O(1/t) convergence rate of Algorithm 1 in ergodic
sense is established.

5 The Second Algorithm

As we have mentioned, the inexactness criterion in Algorithm 1 (i.e., (26) and (28))
is not applicable directly due to the lack of x!ﬁ'l and yf“. Now we propose a new
inexactness criterion in the absence of these exact solutions and embed it into the
subproblems (8) and (9). A new implementable ADMM with LQP regularization is
thus proposed. Note the new inexactness criterion allows the relative error of solving

the subproblems (8) and (9) to be fixed as a constant.
5.1 Algorithm 2

To ensure the convergence when the relative error of solving the subproblems (8)
and (9) is fixed as a constant, the approximate solutions of (8) and (9) should be
corrected to generate a new iterate (x*1, y**1 3k+1) In this algorithm, we thus use
(&K, 3%, 2y e R% | x Rfi 4+ X R™ to denote the approximate solutions of (8)—(10).
Below, for notational simplicity we choose R :=rI and S := s/ with r, s > 0 as the
proximal matrices for this algorithm.

Algorithm 2 (I-ADMM-LQP 2)

Step 0. Let £ > 0; i, v,0 €]0,1[; ¥ €10,2[; r,s > 0; w? := (x0, y°,20) e R”, x
R”, x R™ and H be a positive definite diagonal matrix. Set k = 0.
Step 1. Find % € R” , and &% € R” such that

(&) — AT[AK — H(AZ* + By —b)]
+ R{(F = M)+ u[h = X2 () ') + €k =0, (42)
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where £ satisfies the following inexactness criterion:
J&c]) < vr( = mw]x* = . (43)
Step 2. Find 7* € RY  and &} € R such that
g(3") — BT[* — H(AF* + B3* —b)]

+ {7 = )+ uly* - Y

1} +&k =0, (44)
where S;‘ satisfies the following inexactness criterion:
&b < st = * — 5]. @s)

Step 3. Update A¥ via
A=k — H(AZ* + B —b). (46)
Step 4. Set wk = ()Zk, )7]‘, )7‘), and then generate the new iterate wkt1 by
wit = (1 — o)w* + 0 Py g[w* — ard (w*, 0¥, &%)] 47)

with the step-size

ok = yag, (43)
where
k 7k gk S)]c(
a = p(w", w", §%) %-k.: gk
CT b, Bk gD o
d(wk, ¥, €%) := (w* — w*) — GTLEX, (49)

p(wk, i, £5) = (0 = 79" (By* — BF*) + (w* — 0*)" Ga(w*, w*, £¥)
— (k= 2+ =55, (50)

and G is defined by (12).
Step 5. If [|[w*T! — wk| <, stop; otherwise set k = k + 1 and goto Step 1.

Remark 5.1 Note that Lemma 3.1 guarantees that there exists a unique solution i €
R | for a given & )]C‘ € R”" and a unique solution 7% € Ri . for a given E;‘ e R?. To
implement Algorithm 2, it is easy to determine the error terms & f and & ;‘ subject to
the inexactness criteria (43) and (45). For example, in practice within finite iterations,

we can choose

g6 = f(xF) = FE) + ATHA(XF - 5. (51)
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Then, the system of equations (42) reduces to

F(54) = AT[35 = H(Ax* + By — )]+ (7 —x) + s — X)) =0,
(52)
whose solution can be given explicitly by

4@ A
(X)i: , i=1,...,n

2

with
g* = (1 - px* — %{f(x") — AT — H(Ax" + By —p)]}.

It is easy to verify that ¥ € R% | whenever xk e R’ . Similarly, we can choose

& =g(") —e(#) +B"HB(y* - 7). (53)

Then the positive solution of (44) can be obtained explicitly by

th+ /(T +4p(b)?

(y")i:_ 5 , i=1,...,p

with |
h=(1 - p)yr - ;{g(yk) - BT[Ak - H(A)ch + By* — b)]}

Furthermore, yk € Rf_ . whenever yke Rf_ 4

Remark 5.2 The inexactness criteria (43) and (45) can be met with proper values of r
and s, respectively. For example, when both f and g in (2) are Lipschtiz continuous,
we can choose ’;‘ff as (51) and

L+ |ATHA|
>_+ = 0@

) 54
vl —p) oY

where L 7 is f’s Lipschtiz constant. Then, it follows that

S e -
&= (2 s+ AT HA [ = < v — w6 -5

)

which means that the inexactness criterion (43) is satisfied. Similarly, we can choose
é}’? as (53) and
Lg+|BTHB|
s>
v(l —p)
where L, is g’s Lipschtiz constant. Then, we have

; (55)

(53) TIER)) -
ley I < (Lg + [ BT HB[)[y* = 5| < vs (1 = ][ y* = 5

’

and thus the inexactness criterion (45) is satisfied.
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Remark 5.3 As we have mentioned, since the ADMM subproblems with LQP regu-
larization are allowed to be solved subject to a constant accuracy, Algorithm 2 thus
requires certain correction step to further correct the approximate solutions to ensure
the convergence. More specifically, the additional correction required by Algorithm 2
in (47) can be specified as

A= (1= 0)xk + 0 Pay (7 — gl — 7 — Lo eh),

Y= (1 = o)y 40 Pap [V —euly* = 34 — Mg,

M= (1= o)Ak + o AF — ap (AF = 1) = 2% — oo (WF — 15),

where M := (1+)S+ BT H B. This additional computation is easy and inexpensive
computationally.

5.2 Convergence

Recall we let wk := (x¥, yk,2%) e R", x RY, x R™ be a given vector, ¥ :=
(&K, 55,00 e RY | x ]Rf_+ x R™ be generated by Algorithm 2, w*, ¥ and & satisfy
(43) and (45). In this subsection, we prove the convergence of Algorithm 2.

For convenience of the following analysis, we define

xx i*
= 3¢ | = ik . (56)
2k A — H(AZ* + By* — b)

Lemma 5.1 Let the sequence {w*} be generated by Algorithm 2, and the accompa-
nying sequence (WX} be defined by (56). Then, for any w := (x, y, A) € W, we have

2 2—y -
(Jw** = w[g = [w* —w]g) + =L (wh, ik, &),

(w— i) Q) = .
(57)

2oyl
where p(w*, Wk, £%) is defined by (50).

Proof Recall that ¥ = %% and 7% = §¥. It follows from (42), (44) and (56) that
F(#) = ATTE + g6+ (& = xb) + ulx* = x3() "]} =0,

s(75) = BT+ BTHB( —y!) + &l 4+ S{(7 =) +uly =12 () ]} =0

Applying Lemma 3.1 to the above equations, respectively, the inequality (16) can be
written as

(x ="

> (1+ ) (x*

(v=3"[2( )—BT%"+BTHB(§"—y")+s)’E]
=+ w(y =3 50 -5 -

F(E) - AT +&]
) R(x = 7F) — k= 5[5, vaeR,

P
Vy e R,.
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Thus we have
(x =)&) - "]

> (e =) [+ RO = #) =gl — [t = # |G vreRy,
(v=3)"[s(3") - B"3]

> (v =) [+ wsS+BTHB|(Y* — 7*) — €5} — u|y* — 73,

Yy eRi.
Note that
(A= (AFF + B —b) = (A =N HT (k= 7F), Vi eRr™

Combining the above three formulas together and using (49) and the notation of G
and & k we get

(w24 Q") > (w— ") Gd(wh, d*, ) — (" — [ + |5 = 55)

(58)
= (w = ") Ga(w*, 0, &%) + (uF — 7") Gd(wt, ¥, §°)
(] = P o _;k||§), YweW. (59)
For any w € W, we have
W —w|? = |0 =)k + 0Py g[wh — yapd(wk, ik, €] - w|%
< [a-o)|uwr —w],
+o | Pw.g[wt = yafa(wt, a*. )] —w| ;]
an
= (1 =o)|wt —wlg +out —yata(et, ot &) —ulg

(4—9) || k—w” —20yak(wk—w)TGd(wk,1I)k,§)

+oylafe(wt, it £). (60)
It follows from (60) that
(w—w*)" Gd(w*, 0", &)

! 2 2y Y s
> W(Hwkﬂ _ w”G _ Hwk _w”G) _ E(p(wk,wk,ék). 1)

Since (W% — )T Gd(wk, Wk, %) = (,\k AT (Byk — BFK) (see (12), (49) and
(56)), it follows from the notation of (w¥, Wk, £¥) that

(w* — 5" Ga(w*, i*, ) — (| x* — |5 + 5" = 7[5)
= (w* = 5*)" Ga(w*, &, ) — (| x* — 7|7 + [ 5* = 7[5)
+(171k—w) Gd(w*, ok, &%)
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~inT . ~k 12 ~k 112

= (uF — )7 Ga (w7, £) — (|2 2 + |5 - 512)

+ (k=357 (By* - BY)

= o(wk, ¥, 5). (62)

Substituting (61) and (62) into (59), the assertion (57) is proved. Il
Using the notation of M, the matrix G can be rewritten as
d1+wR O 0
G .= 0 M 0 .
0 0 H!

Proposition 5.1 For given wk := (x*,y* 1%) e R, x RY, x R™, let wF :=
(&K, 3, 5y be generated by (42)—(46). Then we have

oot 3t 6) = gla(ut, ot )7 )
Proof 1Tt follows from (49), (50) and the notation of G and x* that
o(wh, ¥, 65) = (AF =797 (By* — B + [k — ¥ |G — (wh — )" ¢*

— (2 = 7R+ =55

= (WK =T8T (BYF — BF) + 2K = 3K,
~k 12 ~k12
+ | By* = BF [}, + | = 7%
— (k= 2Tk ok =5 - (F - 79T ek (64)

Using AF = Ak — H(By* — Bj*) (see (46) and (56)), we have
- _ 1 - _
(=TT (BY* = B3*) + S (125 = R4 + | By — B5,)
1 -
= =T m (B - B[
1 kN2
= S =T
Substituting this into (64), it follows that
k ~k gk 1 k_ 7k|2 k_ 5k|2 k <k |2
o(wh, @, &) = S (|25 =2 [y + 25 =25 + [ B = B )

T P R IR LR R TS
(65)
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Since R :=r1, it follows from (43) that
||R_1§)’§||R§v(1—u)||xk—)Ek”R. (66)

Using the Cauchy—Schwarz inequality and (66), we have

R e R e N R e M
L —u)2<1 ) k2 0
From the above inequality, we obtain
O P R | USR] WSS U R
Using (66), we have
I+ R e = g B

S AN
< | = e

It follows from the above inequality that

¥ — & H(21+//«)R (x* — xk)TSf
z ka _ik“?l—&-u)R (x —X ) &+ ||[(1 +“)R]7]"§Jf ||?1+,L)R

—_ N =

. —1,k2
= Euxk — 3= [(1+wR] & ||(1+/1«)R'

Substituting this into (67), we obtain

1

o = % ()T - [0 R 6)

Similarly, using (45), we obtain

~ ~ 1 - _
o4 =545 = 0 =3 el = g = = [+ 8] 8 se

Therefore, it follows from (65) and the above two inequalities that

ot %, 65) 2 S (I8 = R+ By = B ) + |x = 2] - (+* =3 "e!

-bl'—‘

+ =5 - (F =) e
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1 .
2 U =& = [+ R G p + (1B = B,
+]y =3 -[a +M)S]7 & ”?H—M)S) A ”irl] (69)

Using the notation of M, we get

EY [+ ws] ek = (65 M eL,
and thus
I+ M)S]q%}% ||?1+u)s = ||M715§ “?\4 (70

By a simple manipulation, we have

| By — B3 |3 + [ = 5 = [+ 8] € 108

)
= ”Y -y ||(]+;L)S+BTHB_2(yk_y) Ey‘*‘”[(l"‘/“‘)S] s§”(1+u)5

(70) ~ _
> |k =35 —20F - ) ek + | MEE| ),

= vk =5 - M3, (71)

Substituting (71) into (69) and using the notation of d(w*, w*, £¥) and G, the asser-
tion of this proposition is proved. g

The following corollary follows from the definition of X and (63) directly, and
we omit its proof.

Corollary 5.1 The step-size aj defined in Step 4 of Algorithm 2 satisfies aj > 1/4
forall k > 0.

Next, we will show the contraction of the sequence generated by Algorithm 2,
based on which the convergence of Algorithm 2 can be established easily.

Corollary 5.2 For any w* € W¥*, there is a positive constant ¢y such that the se-
quence {w*} generated by Algorithm 2 satisfies

R P A e e e !

Proof Since w* € W*, wX € W and Q is monotone, we have
0= (w— )" Q(w*) = (w* — ") Q(w").
Then, setting w = w* in (57), we have
0= (w — ") 0 (")

! 2 2—y 8
22ayaz(||wk+l_w*nc_Hwk_w*” )+T(p( k k’gk).
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It follows from the above equation and Corollary 5.1 that

Ju ! = ulg < ot — 0™l — oy @ = piae(u. 0t £)

Mw(wk,@k,ék),

2
S“wk_w*HG_ 4

Using (65), we have
1 _
p(wh it £4) 2 23 =R e = R - (- ) e
i LAl PR G M

It follows from (43) and (45) that

(73)

1 - - - - ~
LA R e P e I N PR (A R

1 - _ -
R R el P CARE B
oo Rab P U B 5
1 -
= o I = R s+ I = 2 = v = e = 34

n ”yk — 3 ”i, —v(l— M)Hyk -y Hi

_d=wd—-v

> (e = e I = 55+ 2 = 25 ).

Setting c; :=o0y(2—y)(1 —p)(1 —v)/8, the assertion (72) is proved from the above

three inequalities.

O

Theorem 5.1 The sequence {wk} generated by Algorithm 2 converges to some w™

which is a solution of SVIOW, Q).

Proof Setting n; =0, co = ¢ in (20), from (72) and Theorem 3.1 we have

- kK -k _
kll?;on —w ”G_O’

and {wk} is bounded. It follows from (73) and (63) that
lim |d(w*, &%, €4)| . =o0.
Jim [l (w, 0%, &)
From (58), we obtain

(w=")" () = ~[w — | g a(w, i*. £ ;

— (| =2 =), Ywew.
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Together with (74) and (75), we get

liminf(w — 0*)" Q(@*) =0, YweW.

}(rglog(w w)" o(w") = w
The convergence of Algorithm 2 is then obtained immediately from Theorem 3.1. [J
5.3 Convergence Rate

Now, we show the worst-case O(1/¢) convergence rate for Algorithm 2.

Theorem 5.2 For any integer t > 0, there is a w; € W, which is a convex combina-
tion of the iterates w0 wl, . w! defined in (56). For any w € W, we have

b —w)T < 0 _w|? 76
(wy —w)" Q(w) < 2oy T, [|w wHG (76)
where
t 1 t
T; —Za}f and W= — Y ajwt
k=0 ! k=0

Proof 1t follows from (57) and (63) that

1

(w — J)k)TaZQ(li)k) + 30y

2 1 2
fut =l 2 5t —lf vaew.
Since Q is monotone, from the above inequality, we have

1 1
(w—li)k)Ta,fQ(w)+Eﬂwk—w”ézE”w"‘“—w”zG, YweW. (77)

Summing the inequality (77) over k =0, 1, ..., ¢, we obtain
t t T 1 ) | )
) — *ﬁ)k w+_w0_w >_wt+l_w
[ g I
>0, YweW.
Since (Z;:O a,’f)/Tt =1, w, is a convex combination of @w°, w!,..., w' and thus
w; € W. Using the notation of 7; and w,, we derive
(w — )" Q(w) + ! |w® —w|?. =0, Vwew.
20y 7; 6=

The assertion (76) follows from the above inequality immediately. U

Using Theorem 5.2, we can prove a worst-case O(1/t) convergence rate of Algo-
rithm 2 in ergodic sense as Algorithm 1.
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6 Conclusions

This paper studies how to combine the alternating direction method of multipliers
and the logarithmic-quadratic proximal method, allowing the resulting subproblems
to be solved approximately subject to different inexactness criteria. We demonstrate
how to develop inexact versions of ADMM with LQP regularization by applying the
most popular and fundamental choices of inexactness criteria in the literature. It de-
serves further research on embedding other inexactness criteria into the subproblems
of ADMM with LQP regularization and thus developing other algorithms of the same
kind as those in this paper. We expect that certain correction steps are required if some
relaxed inexactness criteria are chosen for solving the resulting subproblems of the
combination of ADMM and LQP method.
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