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Abstract In this paper, we prove two strong convergence theorems for finding a com-
mon point of the set of zero points of the addition of an inverse-strongly monotone
mapping and a maximal monotone operator and the set of zero points of a maximal
monotone operator, which is related to an equilibrium problem in a Hilbert space.
Such theorems improve and extend the results announced by Y. Liu (Nonlinear Anal.
71:4852-4861, 2009). As applications of the results, we present well-known and new
strong convergence theorems which are connected with the variational inequality, the
equilibrium problem and the fixed point problem in a Hilbert space.

Keywords Equilibrium problem - Fixed point - Inverse-strongly monotone
mapping - Maximal monotone operator - Resolvent - Strict pseudo-contraction

1 Introduction

The theory of nonexpansive mappings in a Hilbert space is very important because
it is applied to convex optimization, the theory of nonlinear evolution equations and
others. Browder and Petryshyn [1] introduced a class of nonlinear mappings, called
strict pseudo-contractions, which includes the class of nonexpansive mappings. For
strict pseudo-contractions, we are interested in finding fixed points of the mappings.
We also know the class of inverse-strongly monotone mappings which is related to
nonexpansive mappings. For inverse-strongly monotone mappings, we are interested
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in finding zero points of the mappings. On the other hand, the generalized equilib-
rium problems which are formulated by the Ky Fan inequality have many important
applications in optimization problems, variational inequalities, minimax problems,
economics and others. Some methods have been proposed for solving the general-
ized equilibrium problems in Hilbert spaces; see, for example, [2, 3]. Recently, Liu
[4] studied strong convergence theorems for strict pseudo-contractions with equilib-
rium problems in a Hilbert space. We know from [5] that the solutions of equilibrium
problems in [4] are written by using the resolvent of a maximal monotone operator
with some domain condition. Furthermore, the class of strict pseudo-contractions is
related to the class of inverse-strongly monotone mappings in a Hilbert space.

In this paper, motivated by these results, we prove implicit and explicit strong con-
vergence theorems for finding a common point of the set of zero points of the addition
of an inverse-strongly monotone mapping and a maximal monotone operator and the
set of zero points of a maximal monotone operator which is related to an equilib-
rium problem in a real Hilbert space. Such theorems improve and extend the results
announced by Liu [4]. The limit point of the implicit strong convergence theorem is
simply proved by using an implicit contraction mapping which does not appear in
other references. Such a unique fixed point of the mapping is used in the proof of the
explicit strong convergence theorem. Using this explicit strong convergence theorem,
we obtain well-known and new strong convergence theorems in a Hilbert space.

2 Preliminaries

Throughout this paper, we denote by N and R the sets of positive integers and real
numbers, respectively. We also denote by H a real Hilbert space with inner product
(-, -) and norm || -|. When {x,} is a sequence in H, we denote the strong conver-
gence of {x,} to x € H by x, — x and the weak convergence by x,, — x. We have
from [6], for any x,y € H and A € R,

Ix + Y12 < Xl +2(y, x + y) (1)

and

|2 + (1 =2y |* = Allx > + A = Dlyl2 =20 = W)llx — ylI> 2)

Furthermore we have, for x, y,u,v € H,

12— llx — ull®> = Ily — vl 3)

2x—yu—vy=|x—vl*+lly—u
Let C be a nonempty, closed and convex subset of H. Let T be a mapping of C
into H. We denote by F(T) the set of fixed points of T. A mapping T : C — H
is called nonexpansive iff |[Tx — Ty|| < |lx —y| foral x,ye C.If T :C - H
is nonexpansive, then F(T') is closed and convex; see [6]. For a nonempty, closed
and convex subset D of H, the nearest point projection of H onto D is denoted
by Pp, thatis, ||x — Ppx|| < |lx — y|| for all x € H and y € D. Such Pp is called
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the metric projection of H onto D. We know that the metric projection Pp is firmly
nonexpansive, that is,

| Ppx — Ppyll> < (Ppx — Ppy,x — y)

forall x, y € H. Furthermore (x — Ppx, y— Ppx) <0Oholdsforallx € H and y € D;
see [7].

For a positive number « > 0, a mapping A : C — H is called «a-inverse-strongly
monotone iff

(x —y, Ax — Ay) > allAx — Ay||?, Vx,yeC. )

If A: C — H is a-inverse-strongly monotone, then (x —y, Ax — Ay) >0 and ||Ax —
Ayl < (1/a)|lx — y]|| for all x, y € C; see, for example, [8, 9] for inverse-strongly
monotone mappings.

Let B be a mapping of H into 27, The effective domain of B is denoted by
dom(B), that is, dom(B) = {x € H : Bx # (J}. A multi-valued mapping B is said to
be a monotone operator on H iff (x — y,u —v) >0 for all x, y € dom(B), u € Bx,
and v € By. A monotone operator B on H is said to be maximal iff its graph is not
properly contained in the graph of any other monotone operator on H . For a maximal
monotone operator B on H and r > 0, we may define a single-valued operator J, =
(I +rB)~!': H— dom(B), which is called the resolvent of B for . We denote by
A= %(1 — J;) the Yosida approximation of B for r > 0. We know from [10] that

AxeBJ,x, YxeH,r>0. 5)
Let B be a maximal monotone operator on H and let
B_IO:{xe H :0e€ Bx}.

It is known that B~10 = F(J,) for all » > 0 and the resolvent J, is firmly nonexpan-
sive, i.e.,

1rx = Tyl < (x =y, Jrx = Jry), Vx,y€H. (©)
We also know the following lemma from [5].
Lemma 2.1 Let H be a real Hilbert space and let B be a maximal monotone opera-

toron H. Forr > 0 and x € H, define the resolvent J.x. Then the following holds:

(Jsx — Jrx, Jyx — x) = || Jsx — Jix]||

N

foralls,t >0and x € H.

From Lemma 2.1, we have
[ hx = Juxll < (1A — pl/A) lx — Jox]|

forall A, u > 0and x € H; see also [7, 11].
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To prove our main results, we need the following lemma [12, 13]:

Lemma 2.2 Let {s,} be a sequence of non-negative real numbers, let {«,} be a se-
quence of [0, 1] with ZZOZI on = 00, let {Bn} be a sequence of non-negative real
numbers with Y 12| B, < 00, and let {y,} be a sequence of real numbers with
limsup,,_, o, ¥» < 0. Suppose that

Sn1 < (I —ap)sp +anyn + B

foralln=1,2,.... Then lim,_ s, =0.

3 Strong Convergence Theorems

In this section, we first prove the following implicit strong convergence theorem of
Browder’s type [14] in a Hilbert space. Before proving it, we need some definitions.
Let H be a Hilbert space. A mapping g : H — H is a contraction iff there exists
k €]0, 1] such that||g(x) — g(3)|| < kl|lx — y| for all x,y € H. We call such g a
k-contraction. A linear bounded operator G : H — H is called strongly positive iff
there exists ¥ > 0 such that (Gx, x) > y||x ||2 forall x € H. We call such G a strongly
positive operator with coefficient ¥ > 0. Marino and Xu [15] proved the following
result.

Lemma 3.1 Let H be a Hilbert space and let G be a strongly positive bounded
linear self-adjoint operator on H with coefficient 7 > 0. If 0 <y < |G| ™', then
11 —yGll=1-yy.

Theorem 3.1 Let H be a real Hilbert space and let C be a nonempty, closed and
convex subset of H. Let « > 0 and let A be an «-inverse-strongly monotone mapping
of C into H and let B be a maximal monotone operator on H. Let F be a maximal
monotone operator on H such that the domain of F is included in C. Let J, = (I +
AB) ' and T, = (I + rF)~" be the resolvents of B and F for A > 0 and r > 0,
respectively. Let 0 < k < 1 and let g be a k-contraction of H into itself. Let G be a
strongly positive bounded linear self-adjoint operator on H with coefficient y > 0.
Let 0 <y < % and suppose (A + B)~'0N F~10 # 0. Assume that {a,} C]0, 1,
{Xn} C10, oo and {r,} C]0, oo[ satisfy

Iim o, =0, O<a<Mt,<2x, and liminfr, > 0.
n—oo n—0o0

Then, the following hold:
(1) For sufficiently large n € N, define T, : H — H by

Thwx=o0pygx)+ U —a,G)J, (I — 1, AT, x, VxeH.

Then, T,, has a unique fixed point x,, in H and {x,} is bounded.
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(ii) For any nonempty closed convex subset D of H, Pp(I — G + yg) has a unique
fixed point zg in D. This point zg € D is also a unique solution of the variational
inequality

((G—vgz0.9 —20)=0, VgeD.

In particular, the set (A + B)~'0 N F~10 is a nonempty, closed and convex
subset of H and P gy-10np-10(I — G + yg) has a unique fixed point z¢ in
(A+B)lonF~lo.

(iii) The sequence {x,} converges strongly to zo € (A + B)~lon F~10, where {z0} =
VI(A+ B)"'0NF~10,G — yg).

Proof Let us prove (i). For sufficiently large n € N, define 7, : H — H by
Thwx=oayygx)+ U —a,G)J,,(I —1,A)T,,x, VxeH.

From a, — 0, we have a,, < ||G||~!. Then we have from Lemma 3.1 that for any
x,yeH,

I Twx = Tyl = |anyg ) + (I — anG) s, (I — Ay AT, x
—{anyg + I —yG) o, (I = 2 ATy, v}
<oy |g0) — g
+ 1 =y G| I, (I = 2n AT x = Ji, (I = 2 AT,y |
< apyklx =yl + A=) | =2 AT x — (I = 2 AT,y |
< apyklx =yl + (1 =P x — T, yll
< apyklx =yl + (1 —app)llx -yl
= (anyk+1—a,p)llx -y
= (1 -0 —yh)lx—yl.

Since0 <1 —a,(y —yk) <1, T,isa (1 — o, (¥ — yk))-contraction of H into itself
and hence 7}, has a unique fixed point x, in H. Next, we show that {x,} is bounded.
Letue (A+ B)_10 N F-Lo. Using u = o, Gu +u — o, Gu, we have, for alln e N,

lxn —ull = 1Twxn — anGu — u + o, Gul|
= JJoun (v8(en) = Gu) + (I = @wG) (1, (I = 2n AV Ty, 3, — ) |
< anlygam) = Gul + 11 = anGl|[[ /3, (I = Ay AT, 30 — u
< anykllxn —ull + o[y g@) = Gul| + (1 = @ ¥)llxn —ul.
Thus we have o, (¥ — yk)|lx, — u|l < o,llyg(u) — Gull and hence
7 =yl —ull < ||yg@) — Gul.

So, we have ||x, —u| < w

. This implies that {x,} is bounded.
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Let us prove (ii). Since g : H — H is a k-contraction and G is a strongly positive
bounded linear self-adjoint operator on H with coefficient 7 > 0, we have, for any
x,yeH,

(x=y.(G—ye)x—(G—yg)y)
=(x—y,Gx—y)—(x—y, ygx —ygy)
>7lx = ylI* = yklx — y|I*
= —vhlx—yl*

Then G — yg: H — H is a (y — yk)-strongly monotone operator. Furthermore,
taking a positive number p with (|G| + vk)? <2(7 — yk) and 2u(y — yk) < 1,
we have, forany x,y € H,

|x = 1(G —yg)x — (y — (G — yo)y) |’

=[x = yI* = 2(x =y, 1(G — yg)x — u(G — yg)y)
+ | (G = ye)x — (G —yo)y|
<llx = yI* =20 - yb)lx - y|?
+ 1 (1G> +21Glyk + (vk)*)l1x — 12
={1-2u — vk + 1*(IGIl + vk *}lIx — yII?
= (1= p{2 —vh) — n(Gl +yk)?*})lx = yII?

and
0<1—ul2(7 —yk) — (G + yk)*} < 1.

So, I — u(G — yg) is a contraction of H into itself and hence Pp (I — u(G —yg)) is
also a contraction of D into itself. Thus there exists a unique point zo € D such that
z0=Pp(I — n(G — yg))zo. We also have, for w € D,

w=Pp(l — (G —yg)w

— (w—u(G—yg)w—w,w—q)iO, VYge D
— ((G—yg)w,w—q)go, VYgeD

— w—Gw+ygw—w,w—q)>0, VgeD
— w=PpU—-G+ygw.

Thus VI(D, G — yg) = {z0}. Next, we show that (A + B)~'0N F~10 is closed and
convex. Since F is a maximal monotone operator, we know from [6] that F~10 is
closed and convex. Furthermore, we know from [16] that for any A > 0,

we(A+B)7'0 > weF(LU—1r4)).
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If 0 < A <2a, then I — AA is nonexpansive and then J, (I — AA) is nonexpan-
sive. Thus F(J; (I — LA)) is closed and convex and so is (A + B)~10. Therefore,
(A+ B)~'0N F~10 is closed and convex. Thus P4 g)-10np-10(/ — G + yg) hasa

unique fixed point zg in (A + B)~'lon F~lo.

Let us prove (iii). Put y, = J;,,( — 1, A)T,,, x, and u,, = T, x, for all n € N. Since
{x,} is bounded, {y,} and {u, } are bounded. Furthermore, {g(x,)} and {Gx,} are also

bounded. Let z € (A + B)~'0N F~10. We note that
lyn =zl = || 1o, (I = Ap Aty — 2| < llun — 2
and

it = Yull < Nt — Xl + 1% — Yl
= llun — xpll + [nygCn) + (I — 0nG)yn — v
= llun — xpll + atn | ¥ () — Gy |-
Using (6), we have
20 — 2 = 20Ty, xn — T, 2|
< 20Xy — 2,1y — 2)
= |lxn — 2l + llun — 21> = llun — xall*
and hence
i = zlI* < o = zlI* = Nun — xa 1%
Then we have from (1) and (9)
lben =21 = 111 = & G) (v = 2) + et (v g (un) — G2) 1>
< (1= o) llyn — 201 + 2en(y g (xn) — Gz, 20 — 2)
< (1= 0)?llun = 2I* + 20u{y g (xa) — Gz, 50 — 2)
< (1= 0P * (I — zll* =l — unl?)
+ 2an v klxy — 2l + 20 | ¥ 8 (2) — Gz %0 — 2
= {1 =20, (7 — k) + 0,7} 10 — 21?
— (1= an¥)? 10 — unll* + 20| ¥ () — Gz || [l — 2|
< ln = 2l + 077 10 — 2l1* = (1 = 0 P)[1%0 — unll®

+ 20, |y g(2) — Gz llxa — 2l

and hence

(1 — ay?)? %0 — unll® < 027?120 — 2l + 20 | v 8(2) — Gz||llxn — zlI.

(N

®)

©))
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From «,, — 0, we have
X0 — unll — 0. (10
Then we have from (8)
lyn — unll — 0. (1D
Take Ag € [a, 2«]. Putting z,, = (I — A, A)u,, we have from Lemma 2.1
[0 (1 = Ao Ay — yu |
=< [0 = RoA)un — Tg( = A At | + || g (I = dn Ayt — 3 |
< ||(I = roA)up — (I = A || + || Jrgzn — Jrn2n||

Mn - )\0|
=< |An — Aol IIAMnIIJrTIIJAOZn—ZnII. (12)
Furthermore, we have
| 70U = hoA)un — un | < || Jag( = oA ttw = yu | + llyn —unl.  (13)

We will use these inequalities (12) and (13) later. We know from (ii) that there exists
a unique zo € (A + B)~'0N F~10 such that

(G -v9)20,4—20)=0, YgeA+B)lonFlo.

In order to show that x,, — zo, it suffices to show that if {x,,} is any subsequence of
{x,}, then we can find a subsequence of {x,,} converging strongly to zg. Since {x,, }
is bounded and {A,;} C [a, 2a], without loss of generality there exist a subsequence
{xnij} of {x,,} and a subsequence {)Ln,.j} of {A,,;} such that Xnj, =W and )Lnl.j — A0
for some A € [a, 2«]. From x,, — u,, — 0, we have Un;, — w. Since {uni,_} C C and
C is closed and convex, we have w € C. Using Ay, = Ao and (12), we have

” Jko(l - )‘-OA)un,'j - yn,’j H — 0.
Furthermore we have from || Yni; = Un;, || = 0 and (13) that
[ 70T = Ao A)un,, — un, || — 0.
Since J;,(I — ApA) is nonexpansive, we have w = J;,(I — ApA)w and hence w €

(A+ B)~'0. We show w € F~10. Since F is a maximal monotone operator, we have
from (5) that A, Xn;, € FT,, X > where A, is the Yosida approximation of F for
ij ij

r > 0. Furthermore we have, for any (4, v) € F,
Xy, = U
u—iy ,v————=)>0.
J rnz

Since liminf, oo 7y > 0, Un;, — w and Xng, = Un; — 0, we have

'

(u —w,v)>0.
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Since F is a maximal monotone operator, we have 0 € Fw and hence w € F —lp,
Thus we have w € (A + B)~'0N F~10. On the other hand, we have

xn — 20 =an(y8(xn) — Gzo) + (I — @y G)(yn — 20)-
So we have
30 — zoll* = ey g (xn) — Gzo. X — 20) + (I — @ G) (Y — 20), Xn — 20}
< an(yg(n) — Gzo, x5 — 20) + I — au G |l lyn — zollllxn — zoll
< an(yg(xn) — G20, X, — 20) + (1 — au¥)llxn — 20l

Then we have

¥ llxn — ZO”2 = Oln(yg(xn) —Gzo, X0 — ZO)

and hence
, 1
%2 — z0ll* < ?(Vg(xn) — G20, Xy — 20)
1
= %<yg(xn) — v8(20) + v8(20) — G20, Xn — 20)
1 , 1
< %Vk”xn —20lI* + %(J/g(zo) — G20, Xn — 20).

This implies that

(vg(z0) = Gzo, Xn — w)

2 — zoll* < —
" v — vk

In particular we have

()/g(ZO) - GZO? ‘x”ij - ZO)

2
Xn;, —X =
s, — 20117 = —

Since X, — w, w € (A + B)~'on F~10 and
(G ~yg)z0.4 —20)=0, Vge(A+B)lonFo,

we have

(vg(z0) = Gzo, Xn;; — 20)

limsup ||x,, — zolI* < lim
j—o00 ! J=ee

Y — vk

(vg(zo0) — Gzo, w — z0)

Y — vk

<0.
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Thus Xnj; = 20 Then {x,} converges strongly to zo € (A + B)~loN F~10 such that
(G -v8)z20.9—20)20, Yge(A+B)~'onFo.

We also know that this z¢ is a unique fixed point of P4, gy-19np-10(/ — G + ).
This completes the proof. O

Compare the proof of Theorem 3.1(ii) with the proof in [4]. We prove simply that
Pp(I — G +yg) has aunique fixed point by using another contraction mapping which
is different from Pp (I — G + y g). Using this result, we prove Theorem 3.1(iii). Next,
we prove a strong convergence theorem of Halpern’s type [17] in a Hilbert space; see
also [18].

Theorem 3.2 Let H be a real Hilbert space and let C be a nonempty, closed and
convex subset of H. Let o > 0 and let A be an a-inverse-strongly monotone map-
ping of C into H and let B be a maximal monotone operator on H. Let F be a
maximal monotone operator on H such that the domain of F is included in C. Let
Jo=U~+AB) " Vand T, = (I + rF)~" be the resolvents of B and F for » > 0 and
r > 0, respectively. Let 0 < k < 1 and let g be a k-contraction of H into itself. Let
G be a strongly positive bounded linear self-adjoint operator on H with coefficient
y>0.LetO< y < % and suppose (A+ B)'ONF~10#£ 0. Let x; = x € H and let
{x,} C H be a sequence generated by

Xnt1 =0y 8(xy) + (I — Gy, (I — X1, A) Ty xp

for all n e N, where {a, } C]0, 1[, {*,} C]0, oo[ and {r,} C]0, oo[ satisfy

o0 o
lim o, =0, Zan:oo, E|an—an+1|<oo, 0<a<i, <2a,
n—>oo | ]

n= n=

oo o0
E A — Apt1] <00, liminfr, >0, and E [rp — rug1| < oo.
n—>oo

n=l1 n=1

Then {x,} converges strongly to a point zo of (A + B)~'0 N F~10, where
20 € (A+ B)~'0N F~10 is a unique fixed point of Piaypy-1onr-10(d =G +yg). This
point 7o € (A 4+ B)~'0N F~10 is also a unique solution of the variational inequality

(G —yg)z0.g —20)=0, VYge(A+B)lonFlo.

Proof Put u, = T,,x, and y, = J,,(I — 2,A)T,,x, for all n € N. Let

zhe (A + B)~'0 N F~10. Then, we have from z = T,z and z = J;, (I — A, A)z
that

lyn = zll = |15, (I = 2 ATy, x0 — 2|
= |5, =2 AT, x0 — T, (I — by AT 2|
< | = AT x0 — (I — 2 AT 2|
= ”Tr,,xn - TrnZ“
< llxn — 2l (14)
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Since x,+1 =apyg(xy) + (I —a,G)y, and 7z =, Gz + z — @, Gz, we have

Ixnt1 = 2l = [l (vgGen) — G2) + (I — 2nG) (yn — 2) |
< an|ygt) — Gz| + I = anG|lllxn — 2|
< anyklxn —zll +an|vg(2) — Gz|| + (1 — anP)llxn — 2|l
= {1 —a,7 =y }lxn — 2l + o | y8(2) — G|

lvg(z) = Gzl

= {1 —an@ =y }llxn — zll + (7 = k) ok

Putting
-G
K = max{ ||)/g_(z)4z|l
Y — vk
we have ||x, — z|| < K for all n € N. Then {x,} is bounded. Furthermore, {u,} and
{yn} are bounded. Since

: [lxn —ZII},

Xn42 = Xngl = O 1Y 8 (Xn1) + (I — €n1G)yny1 — (anyg(xn) + (I — anG)yn)
= op1Y8 (Xnt1) — g 178 (Xn) + 1Y 8 (Xn) — 2y 8 (Xn)
+ (I = ap41G)ynt1 — (I — otn1G)yn
+ U —ap1G)yn — (I — anG)yn,

we have

%42 = Xnt1 | < o1 Y lIXns1 — Xnll + long1 — anly || gGn) |
+ (1 = a1 V) Iynt1 = Yull + letns1 — anlIGynll
< O‘n+1)/k||xn+l — Xl

+ A = a1 ynt1 — Yull + 2lapr1 — an|My,

where M1 = sup{y llg(x,) || + |Gy, |l : n € N}. Putting z,, = (I — A, A)T, x,,, we have
from Lemma 2.1 that
1¥ns1 = Yull = [ Jnpr I = An1 AT, Xt = Ji, (1= 2 AV T, x|
< [ Jrs U = 2n 1 AT Xt = Ty I = 21 AT, x|
A | T (I = A1 AV T Xy — T, (L = Ay AT |
+ | T = 2n AV T X0 — Ji, (I — dy AT, x|
< |T i xnt1 = T || + [ (7 = dnir AT 20 — (I = 20 AT 2
+

J)\n-HZ" - ‘l)\nzn ||
= H Trn+1‘xn+1 - Trn+l‘x" || + || Trn+1x” - Trn‘x” H

+ | (T = M1 DT 0 — (I = 2y AT X | + | Jrir 20 — Trn 2|
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[Tn1 — 7

< xp41 — xnll + 7”Trn+1xn — x|l
Fn+1
|)\n+1 — Anl
+ Ayt — )\n|||ATr,1xn|| + 7”-])\,1“@1 — zZnll
)\n+1
[rn1 —ral
< xXn41 — Xl + T”Trn_Hxn — Xnl|
|)\n+l _)\n|
+ [Ang1 — kn”lATrnxn” + f”-])\,ﬂ_lzn — zZnll

< xpg1 — xpll + 1Fng1 — Fal Mz + 2|11 — Ay [ M2,

where

1
Tr,,Hxn — xpll + ;”J)unﬂzn —Zull +|AT, x|l i1 € N}

1
M) = SUP{;H

and 0 < b <r, for all n € N. Thus we have

IXn+2 = Xnt1ll < @nr17klXn+1 — Xnll + 2lon1 — an| M)
+ (I = on 1) 1Yn+1 — Yl
< app1vklxne1 — x|l + 2ot — an| M)
+ (1 = ap 1) { 1%t 1 — Xull + Fag1 — ral M2 4 2| Ang1 — An| M2}
< {1 = o1 7 = v Hlxns1 — xall + ltns1 — on| M3
+lrnt1 — ral M3 + [Ap1 — An | M3
< {1 =17 = v Hlxnt1 — xall
+ (latng1 = onl + [Fagt = ral + [Ang1 — Anl) M3,

where M3 =2M/ + 2M>. Using Lemma 2.2, we obtain
lxn+2 — Xut1ll = O. (15)
We also have from x,+1 = a,yg(x,) + (I — @, G)y, that

lxn — yull < llxn — X1 ll + X041 — Yull

= llxn = Xn1ll + @nlly g (xn) — cn Gyl
Since o, — 0 and ||x,41 — x5 || = 0, we get
Yn —Xp = 0. (16)
As in the proof of Theorem 3.1, we have

2 2 2
lun =217 < ll2n — 2lI" = llun — x|l amn
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Then we have from (1) and (17) that

Ixn41 — 2l = 1T — @aG)(yn — 2) + (v g(xn) — G2) I
< (1= 0P llyn — 2lI* + 2a(v g (xn) — Gz, Xnt1 — 2)
< (1= aw?)?lun — 2l + 20y g () — Gz, Xpg1 — 2)
< (1= an?)?(Ilxn = zlI* = X0 — unll?)
+ 20,y kllxn — zll[1 X011 — 2l 4+ 20 | ¥8(2) — Gz | X1 — 2]l
= {1 = 20,7 + ;7 Hlxn — 21> — (1 — ) l|xn — un|1?
+ 20,y kllxy — zllll X1 — 2l + 20 | 8 (2) — Gz | Ixns1 — 2l
< o = 2l + o7 lxn — 2l1* = (1 = 0 P) (10 — un®
+ 2 ykllxn — 2l X041 — 2l + 20| ¥ () — Gz %041 — 2
and hence
(1 = 7)? |l — a)®
< llxn — 201> = xn41 = 2I* + o7 lxn — 2l
+ 2, ykllxn — 2l X041 — 2l + 20| ¥ (2) — Gz %041 — 2
< xn = Xnat I (130 = 20l + 11 — 2ll) + o772 120 — 212
+ 2, ykllxn — 2l X041 — 2l + 20 | ¥ (@) — Gz || X041 — 2.
From o, — 0 and ||x,4+1 — x, || = 0, we have
[l — tnll = 0. (18)
Then we have from (16) and (18) that
Iyn = nll < llyn = Xnll + 1xn — ]| = 0. (19)

From Zzozl [An — Ang1]| < oo, we find that {A,} is a Cauchy sequence. So, we
have A, — Ag € [a,2a]. Since u, = T, x,, 2o = (I — A A)u, and y, = J;,(I —
AnA)T,, x,,, we have from Lemma 2.1 that
|70 (I = 2o A)up — yu|
= /oo (I = 2oA)up — Jo, (I — Ay A)uy |
= a0 = oAty — Jpg(I = dn Aty
+ Do = My Aty — Jp, (I — Ay Aty |
<[ = roA)un — (I = Ry At | + 1 J1920 = T3, 2l
|20 — Anl

< 2o — Anll[Aun |l + T /3920 = zull = 0. (20)
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We also have from (19) and (20) that
[uen = Jag (I = RoAun || < Ml = yall + | yn = oy = RoA)un | = 0. (21)

We will use (20) and (21) later. From Theorem 3.1, we can take a unique solution
20 € (A + B)~10 N F~10 of the variational inequality

(G —yg)z0.9 —20)=0, VYge(A+B)lonFlo.
We show that limsup,,_, .. ((G — ¥ g)z0, Xn — z0) = 0. Put

= limsup<(G —Y8)20, Xn — ZO)-

n—o0

Without loss of generality, there exists a subsequence {x,;} of {x,} such that [ =
lim; - 5 ((G — ¥8)z0, Xn; — z0) and {x,,;} converges weakly to some point w € H.
From ||x, — u,|| — 0, we also find that {u,,} converges weakly to w € C. On the
other hand, from A, — Ao € [a,2«a] we have A,, — Ao € [a, 2«]. Using (20), we
have

” J)\() (I - )\OA)”ni = Yn; || — 0.
Furthermore, from (21) we have
”uni - Jko(l - )\.()A)Mni ” — 0.

Since J;,(I — ApA) is a nonexpansive mapping of C into H, we have from [19,
Lemma 4.1] that w = J3,(I —XpA)w. This means that 0 € Aw + Bw. As in the proof
of Theorem 3.1, we can also show w € F~10. Thus we have w € (A+ B)~!0n F~10.
So, we have

[ = lim {(G = y8)z0, %s; — 20) = {(G — y&)z0, w — 20) = 0.
Since x,4+1 — 20 = oy (yg(xn) — Gzo) + (I — ¢ G) (v — z0), we find from (1) that

Ixn41 — zoll* < (1 — a¥)?lyn — zoll* + 2{on (Y8 (xn) — G20), X1 — 20)
< (1= 7?10 — 20117 + 20y 8 (xn) — G20, Xnt1 — 20)
< (1= 0, ?)*[1xn — 2011* + 20t v kl| X5 — 201l |41 — 20l
+ 2an(yg(20) — G20, Xnt1 — 20)
< (1= aa¥)? % — 20l1* + enyk(llxn — 20l1* + X041 — 20lI%)
+ 20, (y (20) — G20, Xnt1 — 20)
={(1 — ax¥)* + ctnyk}lxn — 20l1?

+ an vkl xa1 — 20* 4 20ta( 8 (z0) — G20, Xnt1 — 20)
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and hence

1 — 20,7 + (an7)2 +a,yk

lxn+1 — zoll” < T llxn — zoll
T (vg(z0) — Gz0, Xnt1 — 20)
[ —aprk v&(zo 05 Xn+1 — 20
2(y —ykay 2 (“n?)z 2
= 1 - — _ —
( 1 —apyk lx, — zoll~ + [ llx, — zoll
L (vg(z0) — Gz0, Xn41 — 20)
1 —a,yk Y820 05 Xn+1 0
2(y — yk)ay 9 . Oy %172 2
( — lxn — zoll” + 1—a,,yk”x" 20l
T (vg(z0) — Gz0, Xn41 — 20)
1—ayyk Y820 05 Xn+1 0

= (1 — B)llxn — 20>

=2 2
oY llxn — 2ol 1
(Tt
"\ 20 —vk V—Vk(

(22)

where 8, = % Since Y 7| Bn = 00, we have from Lemma 2.2 and (22) that

Xn = 20, Where 20 = P(a1 py-10np-10(/ — G + v£)zo. This completes the proof. [I

4 Applications

In this section, using Theorem 3.2, we obtain new strong convergence theorems for in
a Hilbert space. Let H be a Hilbert space and let f be a proper lower semicontinuous
convex function of H into |—oo, 0o]. Then, the subdifferential df of f is defined as
follows:

f):={zeH: f(x)+(z,y —x) < f(y), ¥y € H}

for all x € H. From Rockafellar [20], we know that df is a maximal monotone oper-
ator. Let C be a nonempty, closed and convex subset of H and let ic be the indicator
function of C. Then ic is a proper lower semicontinuous and convex function on H.
So, we can define the resolvent Jj of di¢ for A > 0, i.e.,

Jix = (I +10ic) 'x
for all x € H. We have, forany A >0, x € H andu € C,
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u=Jx <= xeu+Ardicu <= xeu+ANcu
1
S x(x—u,v—u)SO, YveC
<— {(x—u,v—u)<0, VveC

<— u= Pcx,
where Ncu is the normal cone to C at u, i.e.,
Neu:={ze H:(z,v—u) <0, Yve C}.

Let f : C x C — R be abifunction and let A be a mapping of C into H. A generalized
equilibrium problem (with respect to C) is to find X € C such that

f&,y)+(Ax,y—x)>0, VyeC. (23)
The set of such solutions x is denoted by EP(f, A), i.e.,
EP(f,A)={feC: f(X,y)+ (A%, y—2%)=0, VyeC}.

In the case of A =0, EP(f, A) is denoted by EP(f). In the case of f =0, EP(f, A)
is also denoted by VI(C, A). This is the set of solutions of the variational inequality
for A.

Using Theorem 3.2, we prove a strong convergence theorem for inverse-strongly
monotone operators in a Hilbert space.

Theorem 4.1 Let H be a real Hilbert space and let C be a nonempty, closed and
convex subset of H. Let « > 0 and let A be an o-inverse-strongly monotone mapping
of Cinto H. Let 0 < k < 1 and let g be a k-contraction of H into itself and let G be
a strongly positive bounded linear self-adjoint operator on H with coefficient y > 0.
Take y with0 <y < % and suppose VI(C, A) # . Let x; = x € H and let {x,} C H
be a sequence generated by

Xpp1 =0y 8(xy) + (I — 0, G)Pc(I — Ay A) Pcxy,

forall n € N, where {a,,} C]0, 1[ and {r,} C]0, ool satisfy

o0 o0
oy — 0, E oy = 00, E loty — apt1| < 00,
n=1 n=1

o0
O<a<i, <2a, and Zlkn—kn+1|<oo.

n=1

Then, the sequence {x,} converges strongly to a point zo of VI(C, A), where 79 €
VI(C, A) is a unique fixed point of Pyyc,a(I — G + yg). This point zo € VI(C, A)
is also a unique solution of the variational inequality

(G - y8)z0,4 —20) 20, Vg e VI(C, A).
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Proof Put B = F = dic in Theorem 3.2. Then, we have, for A,, > 0 and r,, > 0,
v, =T, = Pc.

Furthermore, we have (3i¢)~10 = C and (A + 3ic)~10 = VI(C, A). In fact, we have,
forz e C,

ze(A+0ic)'0 0e Az +dicz

0eAz+ Ncz
(—Az,v—2) <0, VveC
(Az,v—2)>0, VYveC

zeVI(C, A).

1ty

Thus we obtain the desired result by Theorem 3.2. g

Let C be a nonempty, closed and convex subset of H. Then, U : C — H is called
a widely strict pseudo-contraction iff there exists » € R with r < 1 such that

2

1Ux =UyIP < llx = yI> +r| (I =U)x = =U)y|", Vx,yeC.

We call such U a widely r-strict pseudo-contraction. If 0 <r < 1, then U is a strict
pseudo-contraction [1]. Furthermore, if r = 0, then U is nonexpansive. Conversely,
let T : C — H be a nonexpansive mapping and define U : C — H by U = ﬁT +
#I for all x € C and n € N. Then U is a widely (—n)-strict pseudo-contraction.
In fact, from the definition of U, it follows that T = (1 + n)U — nl. Since T is

nonexpansive, we have, for any x, y € C,
| +mUx —nx — (1 +m)Uy —ny)|* < IIx — yII2
and hence
1Ux — Uyl < llx = 312 = n (1 = )z — (1 = U}y

Using Theorem 3.2, we obtain an extension of Zhou’s strong convergence theorem
[21] in a Hilbert space.

Theorem 4.2 Let H be a real Hilbert space and let C be a nonempty, closed and
convex subset of H. Let r € R with r < 1 and let U be a widely r-strict pseudo-
contraction of C into H such that F(U) # (. Letu € C,x|1 =x € C and let {x,} C C
be a sequence generated by

Xnt1 =ayu + (1 — O5n)PC{(1 —t)U + tnl}xn

forall n € N, where {a,,} C]0, 1[ and {t,} C] — oo, 1[ satisfy

o o0
lim «, =0, E oy = 00, E loy — g1 | < 00,
n—>oo

n=1 n=1

o
r<t,<b<1 and Z|tn—tn+1|<oo.

n=1
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Then, the sequence {x,} converges strongly to a point zo of F(U), where zg =
Prwyu.

Proof Put B=F = dic and A =1 — U in Theorem 3.2. Furthermore, put g(x) =u

and G(x) = x for all x € H. Then, we can take y = % Since ||g(x) — gl =

0< %Hx — | for all x,y € H, we can take k = % and hence set y = 1. Putting

a=1—-b,A;=1—1t, and 200 = 1 — r in Theorem 3.2, we get fromr <t, <b < 1
that 0 <a <A, <2a«,

00 00
Z [Ant1 — Anl = Z [the1 — ta] <00
n=1 n=1

and
I —MA=1—-(1—-t,)U-U)=0—-1)U +1,1.

Furthermore, we have, for z € C,

z€(A+dic)™'0 0 Az +dicz
Oez—Uz+ Ncz
Uz—z€Ncz
(Uz—2z,v—2)<0, VYveC
PcUz=z.

11t11e

Since F(U) # , we find, as in the proof of [21, Fact 3], that F(PcU) = F(U). We
also have zo = Pry(I — G +yg)zo = Prw)(z0 — 20 + 1 - u) = Pp)u. Thus, we
obtain the desired result by Theorem 3.2. d

For solving the equilibrium problem, let us assume that the bifunction f : C x

C — R satisfies the following conditions:

(Al) f(x,x)=0forall x € C;
(A2) f is monotone,i.e., f(x,y)+ f(y,x) <Oforallx,y e C;
(A3) forall x,y,zeC,

limsup f(tz + (1 —t)x,y) < f(x,¥);
110

(A4) forall x € C, f(x,-) is convex and lower semicontinuous.

Then, we know the following lemma which appears implicitly in Blum and Oettli
[22].

Lemma 4.1 (Blum and Oettli) Let C be a nonempty, closed and convex subset of H
and let f be a bifunction of C x C into R satisfying (A1)—(A4). Letr >0andx € H.
Then, there exists z € C such that

1
f(Z,y)+;(y—z,z—X)20, VyeC.
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The following lemma was also given in Combettes and Hirstoaga [23].

Lemma 4.2 Assume that f : C x C — R satisfies (A1)—-(A4). Forr >0and x € H,
define a mapping T, : H — C as follows:

1
T, x := {zeC:f(z,y)—l—;(y—z,z—x)20, VyeC}

for all x € H. Then, the following hold:

(1) T, is single-valued,
(2) T, is a firmly nonexpansive mapping, i.e., forall x,y € H,

ITyx — Toyl> < (Trx — Try, x — y);

(3) F(T,) =EP(f);
(4) EP(f) is closed and convex.

We call such 7, the resolvent of f for r > 0. Using Lemmas 4.1 and 4.2, Taka-
hashi, Takahashi and Toyoda [5] obtained the following lemma. See [24] for a more
general result.

Lemma 4.3 Let H be a Hilbert space and let C be a nonempty, closed and convex
subset of H. Let f : C x C — R satisfy (A1)—(A4). Let Ay be a set-valued mapping
of H into itself defined by

Aoxoe {zeH: f(x,y)>(y—x,2), VyeC}, VxeC(C,
77 1g, vrec.

Then, EP(f) = AJZIO and A y is a maximal monotone operator such that dom(A ) C
C. Furthermore, for any x € H and r > 0, the resolvent T, of f coincides with the
resolvent of Ay, i.e.,

T,x= —i—rAf)_lx.

Using Lemma 4.3 and Theorem 3.2, we obtain the following result which gener-
alizes Liu’s strong convergence theorem [4].

Theorem 4.3 Let H be a real Hilbert space and let C be a nonempty, closed and
convex subset of H. Let r € R with r < 1 and let U be a widely r-strict pseudo-
contraction of C into H and let f be a bifunction of C x C into R satisfying (Al)—
(A4). Let Ty be the resolvent of f forr > 0. Let 0 < k < 1 and let g be a k-contraction
of H into itself. Let G be a strongly positive bounded linear self-adjoint operator
on H with coefficient y > 0. Let 0 < y < % and suppose F(U) N EP(f) # (. Let
x1=x € H and let {x,} C H be a sequence generated by

Xnt1 =0nyg(xn) + (I — anG){(l —1m)U + Z‘nI}Tr,,xn
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for all n € N, where {a,} C]0, 1[, {t,} C]—o00, 1[ and {r,} C]O, oo satisfy

oo o
(Xn—>0, § oy = 00, E |an_‘xn+1|<oov rStnSb<11
n=1 n=1

o0 o0

Y lta —tag1] <o, liminfr, >0, and Y |ry — rag1| < 0.
1 n—0oo

n=

n=1

Then, the sequence {x,} converges strongly to a point zo of F(U) N EP(f), where
z0 € F(U) NEP(f) is a unique fixed point of Prwynep(r)( — G + yg). This point
z0 € F(U)NEP(f) is also a unique solution of the variational inequality

(G —y8)20,q —20) =0, ¥q € F(U)NEP(f).

Proof For the bifunction f : C x C — R, we can define Ay in Lemma 4.3. Putting
A=1-U, Bx=0forall € H and F = Ay in Theorem 3.2, we obtain from
Lemma 4.3 that J,, =1 forall A, >0and 7, = (I + rnAf)_1 for all r, > 0. As
in the proof of Theorem 4.2, the sequence {¢#,} and U are changed in {),} and A. We
have also from Lemma 4.3 that

EP(f)=(Ap)'0o=F~'0.
Furthermore, we have, for z € C,
z€(A+B)7'0 <= zeFU).
So, we obtain the desired result by Theorem 3.2. g

Remark 4.1 We note that two assumptions 0 < r and lim,,—, » #, = b in Liu’s theorem
[4] do not appear in Theorem 4.3.

5 Concluding Remarks

(1) We cannot directly prove that the mapping Pp(I — G +rg) in Theorem 3.1 is a
contraction. We proved that the mapping has a unique fixed point by using another
contraction which is different from the mapping. Then we showed two strong con-
vergence theorems (Theorems 3.1 and 3.2) by using this result. It seems that such
methods are new.

(2) The domain of the maximal monotone operator Ay in Lemma 4.3, which is
deduced from an equilibrium problem, is included in C. Thus the maximal monotone
operator F' in Theorems 3.1 and 3.2 covers the equilibrium problem. Our methods
for the resolvents of the maximal monotone operator F', which are used in the proofs
of Theorems 3.1 and 3.2, are more general than methods for solving the equilibrium
problem.

(3) Since the class of inverse-strongly monotone mappings contains strict pseudo-
contractions, our two theorems are general and useful.
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(4) For the fixed point problem of nonself-mappings, we use generally the metric
projections. For such a problem, we used the resolvents of a maximal monotone op-
erator B in Theorems 3.1 and 3.2. Consequently, we solve the problem of finding a
zero point of the addition of an inverse-strongly monotone mapping and a maximal
monotone operator.

(5) Our results (Theorems 3.1 and 3.2) are also used for finding a common fixed
point of two commuting nonexpansive mappings defined on a bounded, closed and
convex subset of a Hilbert space.
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