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Abstract This paper presents a high-order D-type iterative learning control (ILC)
scheme for a class of fractional-order nonlinear time-delay systems. First, a discrete
system for D*-type ILC is established by analyzing the control and learning pro-
cesses, and the ILC design problem is then converted to a stabilization problem for
this discrete system. Next, by introducing a suitable norm and using a generalized
Gronwall-Bellman Lemma, the sufficiency condition for the robust convergence with
respect to the bounded external disturbance of the control input and the tracking errors
is obtained. Finally, the validity of the method is verified by a numerical example.

Keywords Fractional-order - Nonlinear time-delay system - Iterative learning
control - Generalized Gronwall-Bellman lemma

1 Introduction

Fractional differential calculus [1, 2], an old mathematical topic from the 17th cen-
tury, has recently attracted a rapid growth in the number of applications. It was found
that many systems in interdisciplinary fields could be elegantly described with the
help of fractional derivatives and integrals [3, 4]. Also, fractional-order controllers
have so far been implemented to enhance the robustness and the performance of the
control systems [5-7].
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Iterative learning control (ILC) is an approach for improving the transient perfor-
mance of systems that operate repetitively over a fixed time interval [8, 9]. Owing to
its simplicity and effectiveness, ILC has been found to be a good alternative in many
areas and applications (see, for instance, [10, 11] and the referenced therein). In re-
cent years, the application of ILC to the fractional-order systems has become a new
topic [4, 12—14]. The authors in [12] were the first to propose the D“-type ILC algo-
rithm in frequency domain. For fractional-order linear systems described in the state
space form, the convergence conditions are derived in [5]. In [13], the asymptotic sta-
bility of PD%-type ILC for a fractional-order linear time invariant (LTT) system was
investigated. The convergence condition of open-loop P-type ILC for fractional-order
nonlinear system was studied in [14].

It should be noted that the higher-order learning algorithms are the ones in which
the information from past cycles, not just from the last cycle, is taken advantage of. As
a result, developing higher-order learning algorithms can lead to better performance
in terms of both robustness and convergence rate [11, 15, 16]. The key idea of the
presented method was to use past information of more than one to update the current
adaptation learning law.

In this paper, we investigated a high-order D*-type ILC updating law design
method for a class of fractional-order nonlinear time-delay systems. The rest of this
paper is organized as follows. In Sect. 2, the fractional derivative and some prelimi-
naries are presented. The high-order D*-type ILC scheme as well as the convergence
condition for fractional-order systems is discussed in Sect. 3. MATLAB/SIMULINK
results are shown in Sect. 4. Finally, some conclusions are drawn in Sect. 5.

2 Fractional Derivative and Preliminaries

In this section, some basic definitions and properties (for more details see [1]) are
introduced, which will be used in the following sections.

Definition 2.1 The definition of fractional integral is described by

1 t
DY f (1) = —/ t—0)* ' f(r)dr, a>0,
o r@l,
where I"(-) is the well-known Gamma function.

Definition 2.2 The Riemann-Liouville derivative is defined as
DL f(0):=DDI T f (1), qelm—1,m),
and the Caputo derivative is
EDIf() =D "D f(1), g elm—1,m),

where m € ZT, D™ is the classical m-order derivative.
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Definition 2.3 [1] The two-parameter Mittag—Leffler function is defined by

o0 2
Eqp(2): Z TR a>0, B>0.

Property 2.1 [1] The fractional-order differentiation or integral of Mittag—Leffler
function is

D7 [P Ea p (%) ] = 1777 B pp (7).
where p < B, D denotes either the Riemann—Liouville or Caputo fractional-order

operator.

Lemma 2.1 [f the function f(t, x) is continuous, then the initial value problem

Cpex() = f(t,x(t), O<a<l,
x(to) = x(0)

is equivalent to the following nonlinear Volterra integral equation:
!

x(1) = x(0) + b (: —5)* 7 (s, x(5)) ds
I'(a) '

and its solutions are continuous [17]. The initial value problem:
gLDf‘x(t) =f(t,x@), O<a<l,
RLDY x(t9) = x(0)

is equivalent to the following nonlinear Volterra integral equation [18]:

<r)—%(t—r)“ 1+mf<t ) (s, x(5)) ds

Lemma 2.2 (Generalized Gronwall Inequality, [14]) Let u(t) be a continuous func-

tion on t € [0, T] and let v(t — ©) be continuous and nonnegative on the triangle

0 <t <T. Moreover, let w(t) be a positive continuous and non-decreasing function
ontel0,T].If

t
u(t)fh(t)—l—/ vt —tu(r)dr, te€[0,T],
0

then

u(t) <w()eh =047 0, 7],

Throughout this paper, the 2-norm for the n-dimensional vector w = (wy, wa,

., wy) and the matrix A, is defined as |w| := /> " 1w Al :=+/Amax (AT A),
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respectively. The A-norm for n-vector-valued function A(¢) : [0, T] — R” is defined
as

|h@®)], == sup {e™|n®)]}. r>0,
tel0,T]

while the (A, &£)-norm for m-vector-valued function gx(¢) : [0, T] — R™, k € {0, 1,
2,...} is defined as

g = swp [ s ]e5). 30,
tel0,T]

where || - || can be chosen as any kind of norm.

3 High-Order D*-Type ILC for Fractional-Order Nonlinear Time-Delay
Systems

Consider the following fractional-order nonlinear time-delay system:

{ DYxp (1) = f(xx(t), X (t — T), 1) + Bug (1), 0

yk(t) = Cxi(t) + DD; “ui (1),
where k € {0,1,2,...},t€[0,T],0<a < 1.

|f (@), £k — 1) 1) = f(Z @), f(Zrlt — 1), 1)

<a|x(t) — 5| + a1 |x@ — 1) — %@ — 1)

)

xi(t) € R" is the state of the plant, and ui(f) € R™ and y;(¢) € R™ are the con-
trol input and output, respectively. A, Ay, B, C and D are constant system matrices
with appropriate dimensions, 7 is a pure delay and with the associated function of
the initial state: x;(r) = ¥ (t), —7 <t < 0. ¥ (¢) is a given continuous function on
[—7,0]. DY denotes either Caputo derivative or Riemann—Liouville derivative of or-
der «. (If one denotes the Riemann—Liouville derivative, the additional condition
D1 x;(0) = x(0) is needed.)
In this paper, the following high-order D“-type ILC updating law is considered:

Up1(t) = Aug(t) +upn (1) + I'Dier (1), ke{l,2,...}, 2
where

SN A—i), SN Ai=T1-A, ke{(N+1,N+2,..},

U (t) =
kn(t) 0. ke{l,2,...,N},

andt €[0,T],0 <o < 1, ex(t) = yq(t) — yx(¢) denotes the tracking error, I, A; and
A are unknown gain matrices to be determined.
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For fractional-order nonlinear time-delay system (1) under the D*-type ILC up-

dating law (2), we have the following Lemmas.

Lemma 3.1 Let Aug(t) := ug(t) — up—1(t), Axg(t) := xx(t) — x3—1(t), Afx(t) :=

Si() = fe—1(-) and

Au(t) r (A-DI

04(t) = |:'D;€k(l‘):|’ G (I—(CB+D)F (I — A)(CB + D)

Fu(t) = —CAfix1 (1) +(CB+ D)X A Y Aug (1)
. - ZzN:I Ai 23;11 Aug—j(1) ’

then
Qi+1(1) = GOk(t) + Fi(t), k=N.
Proof 1Tt follows from (2) that, for k > N,
N
w1 (1) = Au(0) + ) Ajug—i () + T'Dffex(0).
i=1
Noting that ZlNzl A; =1 — A, it can easily be shown that

N i—1

U1 (1) = ur(0) = (A = DAu(®) = Y Ai ) Aug—j (1) + T Dt ex (0).
i=1  j=1

Since ex41(t) — ex(t) = —(Vr+1(t) — yk(t)), then, from (1), one has
Diex+1(t) — Dfer(t) = —CAfit1(t) — (CB + D) Augy1(1).
Taking into account (5), it yields

Dferr1(t) =1 — (CB + D)I'| D e (t) — (A — I)(CB + D) Auy(r)

N i—1

~CAfir1() = (CB+D) Y Ai Y Aug—j(1).

i=l  j=1

Therefore, from (5) and (7), one gets

Diexy1(t) | | Diex(r)
[ Bug 1 (1) } - [ Mug(0) ] IO

The proof is complete.

3)

“)

&)

(6)

(N

®)

g
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aT%+a [(T-1)*+1Y%]

Lemma 3.2 Denote that b := I Bll,c:=ICll, and M := e Teth M=
AT+ 1A =TI, b= (95 pe My, then

|Fx@)| o6 < M2l Oklle)

N i—1
+ Y ((h+DIAN+ [(€B+DIA) D& | QO] 5y O
i=1

j=1
Proof Tt follows the definition of Fy (¢) that

| Fe@ | < cal| Axipr @ || + car | Axes1 ¢ = 0) |

N i—1
+2_(l€B+DyAi| +14i0) Y[ Am—y 0] 10)
i=1

j=1

On the other hand, from Lemma 2.1 and in accordance with the property of the
fractional-order 0 < « < 1, we have

1 t
Axeri (0= o [0 (t =) Y (Afes1 () + BAugy ()} ds. (1)

Therefore, if t € [0, 7], then

MMMW_FUfO—NIMMMMM
b [ .
i = NAun ) ds. (12)
If t € [t, T], then
|avs10)] = s / (1 =)~ Axer1 ()] ds

r( )/ (t — )" Axks1(s — 1) ds

t
+ s / (1 =" Axir1 s — 0] ds

b t el
T Gl LYse 12

<t / (1 =~ Axer1 ()] ds

F(a)/ |t —1—s|*" 1“Axk+1(s)|| ds
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+ e )/ (t = )" Augr ()| ds. (13)

After combining (12) and (13), it yields, for any ¢ € [0, T],

t
a1 0] = i [ @ =9 as )] ds
t
+ F(oz)/o |t—r—s|°‘_1||Axk+1(s)H ds
* T )/ (t —9)* e ds | Augr () |- (14)

Noting that

t
t—) M ds = bt*E AL,
F(a),/(;( $)* e ds 1,14a (A1)

it follows from the Property 2.1 that, for A > 0,

dt*E111a(At)

yr =1*"TE| (A1) > 0.

Therefore,

b ! o— S
h(t) = mfo (t =) "M ds| Aug (0],

i )/ (t —5)* M ds || Awr1 (D]

is an increasing function. Setting

611 -1
Wt —8) = —— (1 —5)* " + lr—7—s|®7 !,
I'(a) F(Ot)
it can be proved that, for all r € [0, T],
efé v(t—s)ds < eagT +a1[‘[((§4:71r)) = = M. (15)

Taking into account (15) and applying Lemma 2.2 to (14), one obtains

(16)

bM ! a—1 s
|avisi 0] = P /0 (t — )" ds|

and

b -t
|Axi1(t — )| < F(al)/o t—t—9)* "M ds| A D],. A7)
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From (10), (16) and (17), it yields

a

becM, (!
o] < Gt [[a—sete as| auao],

aibecM, (!~ F a—1 s
W/o (t—1—39) T ds||Auk+1(t)||A
N i—1
+Y ([(CB+D) A +114ill) Y | Aur— )] (18)
i=1 j=1

Multiplying both sides of (18) by e™*' and taking the A-norm, one has

abcMije™

At t
|F@], < T /0(z—s)‘He“ds||Auk+1(z)||A

ajbeMie ™

-1
@ /0 (t—1—9)% 1M ds || Augy1(t) ||)L

N i—1
+Y (|(€B+D)Ai], +14illx) D | Aur—j 0] ;- (19)
i=1

j=1

Note that

t t t
_ t—s= _ _ -1 -
/ (t — S)a leks ds S=w / w® lek(t w) dw = ekt/ w? le Aw dw
0 0 0

At At At
= e e
2w=s = sl g < @), (20)
0

and

At—AT

-1
f (t—1—95)1eMds < (). (1)
0

)\’Ct
From (19)—(21), it yields, for any ¢ € [0, T'],

4 —AT
IRl < (5 Joe | aun o],

N i—1
+Y ([€B+ DA +114:l) D [Aur—; )], (22)
i=1 j=1
Moreover, it follows from (5) that
i—1

N
Alueni @], < (A= D]+ 1T Qelln + D 1Al Y [ Awm— 1) ;. (23)

i=1 j=1
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As a result, one obtains from (22) and (23) that

|Fe@)|, < hM2ll Qi
i—1

N
+Y (+ DA+ [ €B+DYA]) D | Qu—j)],- 24

i=1 j=1

Applying the (A, £)-norm to (24) yields (9), which completes the proof. 0

Theorem 3.1 For the fractional-order nonlinear time-delay system (1) and a given
reference yq(t), suppose that y;(0) = yr(0) and

N
241+ B +D)aj[)=er <1, (25)
j=1
G} <p <1, (26)

where p{G (1)} is the spectral radius of G, p is a constant, then, for all t € [0, T], and
arbitrary initial input satisfying u_;(t) =0,i = 1,2, ..., N, the high-order D*-type
ILC updating law (2) guarantees that {uy(t)} is uniformly convergent, and

kli)ﬂgo Yi(t) = ya (). 27

Proof 1t follows from (3) that, for k > N,

k—1
Or()=G"Nonm + Y GTR®). (28)
i=N
Therefore, for k > N,
k—1 _
lov)| <N ove |+ Fw). (29)
i=N

Noting that 0 < p < 1 and ¢; < 1 by assumption, there exist a constant £ > 1 and a
sufficiently large A such that p& < 1, and

N 1
O<h= ﬁ[Né;'N“(cl +oah) +ERMy] < 1, (30)
—p
where ¢ = Z?,:l | Ajll, M2 and h as defined in Lemma 3.2.
For the above A and &, multiplying both sides of (29) by e *£X and taking the

(A, &)-norm, it yields
(loe@ |g")e™

k—1

<o MovOl, + Y @H TTEF 0] ;- Gl

i=N
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Now, it follows from (9) that (31) gives

(lox@) )& )e

k—1
<5 Vovl, + 3 (36 Mo Oxll ey
i=N
k—1 ‘ N j—1
+ Y GOTTEY (A DIAI+ [ CB+ DA ) Y& Qs 0
i=N j=1 s=1
p N ov]|, + géth o 1000
N
- DIA;I+ [(€B+D)A;[) - NE¥T sup 11Qillg.e)
j=1 1<i<k

—[NEVT (et + o) + ERML] sup [ Qillg.e)

< Vool +

— p§ I<i<k
=5 N on® |, +h sup 1Qilli.e)- 32)
1<i<k
Therefore,
—N ~
S [CiD] ey <P~V ONv®], +1 S [0iD] ¢ (33)
Hence,
pN
lil;lgk ” Ql(t)”()»,f) < m” QN(I)”A (34)
Note that

loxn] =57 (e g™ <675 sup [Qi0]g ) B39

Consequently, one obtains from (34) and (35)

lox®] < HQN( )|, = (36)

—h sk é—""

where r =

kl_i)n;o”Qk(t)H:O, te[0,T1. (37)
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Therefore, for all ¢ € [0, T'], we have
lim Aui(t) =0, lim Dfe(r) =0. (38)
k—o00 k—o00

Furthermore, it follows from the initial conditions that {u; ()} is uniformly robust
convergent, and limy_, o Yk (t) = y4(¢). The proof is complete. U

Corollary 3.1 For fractional-order linear time-delay system

i DYx (1) = Axy(t) + Ay xp(t — T) + Bug (1), 9)

Yk (1) = Cxi(t) + DD; “ui (1),
where k € {0,1,2,...},t € [0, T],a € (0, 1), and a given reference y,(t), suppose
that y4(0) = y¢(0) and p{G(¢)} < p < 1, then, for all t € [0, T], and arbitrary initial
input satisfying u_1(t) = uo(t), the second-order D*-type ILC updating law
uk+1(t) = Aug(t) + (1 — Aug—1(t) + I'Df e (1), (40)

guarantees that {uy (t)} is uniformly convergent, and limy_ o Yk (t) = yq(t).

Corollary 3.2 For the fractional-order linear system

D xi(t) = Axye(t) + Buy (1), @
yk(t) = Cxi(t) + DDy “ur (1),
and a given reference yq(t), suppose that y;(0) = yi(0) and
p(I—(CB+D)A) <1, (42)

then, for all t € [0, T], and arbitrary initial input satisfying uo(t), D*-type ILC up-
dating law

up1(1) = ur(t) + ADf e (1), 43)

guarantees that {uy (t)} is uniformly convergent, and limy_ o yx (t) = yq(t).

Remark 3.1 Note that the convergence analysis of ILC updating law (43) for
fractional-order linear system (41) has been investigated in [4], in which the con-
vergence condition is

|1—(CB+D)A| <1 (44)

Since p(I — (CB 4+ D)A) <||I — (CB + D) Al||, the convergence condition (42) is
less conservative than the condition (44).
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4 Numerical Example

Consider the fractional-order linear time-delay system (39) with the Caputo deriva-
tive (fractional order o = 0.85),

L[ L[
12 <1 TTlo o5
g=| 0 ! c=|' . bp=o
=1 o’ 1o 1}’ -

tel0,1],t=0.5and ¥ () =[0 117, —=0.5 < ¢ < 0. Let the reference and external
disturbance be

(45)

[12;2(1 - z)} . T
ya(t) = . , wi(t) =[0.1sint 0.2cost]”, re€]0,1],
sin(37t)

respectively. We apply the second-order D -type ILC updating law
u1(2) = 0.9ur (1) + 0.1ug_1 (t) + (CB) "' D%e; (2).

with the initial control be u_;(t) = up(¢) = 0. In this case, it can be calculated that
p(G) =0.3702 < 1. The simulation results are shown in Figs. 1, 2, and 3. Figures 1
and 2 show the system output yx (¢) (solid) of the first five iterations and the referenced
trajectory yg(t) (dotted), while Fig. 3 shows the 2-norm of the tracking errors in the
first eight iterations. It can be seen that the output is capable of approaching the
desired trajectory accurately within few iterations.

5 Concluding Remarks

In this paper, a high-order D*-type ILC scheme for fractional-order nonlinear time-
delay systems was investigated. By using the generalized Gronwall-Bellman Lemma,
the convergence condition was derived. The validity of the proposed method was
verified by a numerical example.

2.0
1.0

0.0
-1.0

-2.0 i i i i

yi ()

0.0 0.2 0.4 0.6 0.8 1.0
t(s)

Fig. 1 The tracking performance of the system output (y{< (t): solid, yii(t): dotted)
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2.0
1.0
o 00
-1.0 ‘ :
20 i i i i
0.0 0.2 0.4 0.6 0.8 1.0
t(s)

Fig. 2 The tracking performance of the system output ( ylz‘ (t): solid, yg (1): dotted)

Fig. 3 The 2-norm of the tracking errors in each iteration
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