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Abstract In this paper, the problem of stability analysis for a class of delayed sto-
chastic bidirectional associative memory neural network with Markovian jumping
parameters and impulses are being investigated. The jumping parameters assumed
here are continuous-time, discrete-state homogenous Markov chain and the delays
are time-variant. Some novel criteria for exponential stability in the mean square are
obtained by using a Lyapunov function, Ito’s formula and linear matrix inequality op-
timization approach. The derived conditions are presented in terms of linear matrix
inequalities. The estimate of the exponential convergence rate is also given, which
depends on the system parameters and impulsive disturbed intension. In addition,
a numerical example is given to show that the obtained result significantly improve
the allowable upper bounds of delays over some existing results.
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1 Introduction

The neural networks have received a lot of attention for the past few decades. In par-
ticular, the bidirectional associative memory (BAM) is a type of recurrent neural net-
work. BAM was introduced by Kosko in 1988 [1]. There are two types of associative
memory, auto-associative and hetero-associative. It contains two layers of neurons,
we shall call # and v. Layer u and v are fully connected with each other. Once the
weights have been established, input into layer u presents the pattern in layer v, and
vice versa. BAM is hetero-associative, meaning given a pattern it can return another
pattern which is potentially of a different size. However, regular networks return pat-
terns of the same size. Moreover, it has been shown that the BAM neural networks
structure leads to better results than the regular neural networks structures [2]. For
example, the basic transmitting unit in the nervous system in brain cells is so called
neurons. The neuron is not one homogenous integrative unit but is divided in many
sub-integrative units, each one with the ability of mediating a local synaptic out-
put to another cell or a local electro-tonic output to another part of the same cell.
Because of this, the synapse can be viewed as having bidirectional networks. The
BAM neural networks have wide applications in many fields such as pattern recog-
nition, image and signal processing, automatic control and artificial intelligence etc.
Such applications of neural networks heavily depend on the dynamical behaviors of
the networks. Therefore, a large number of criteria on the stability of bidirectional
associative memory neural networks with time delays have been reported in the lit-
erature [3—10]. Moreover, there are only a few papers which have taken the random
fluctuations of external circumstance into account in the stability analysis of neural
networks. Practically, a real system is usually affected by complex external perturba-
tions which can be treated as stochastic inputs to the system. Markovian jump system
can be employed to model abrupt phenomena such as random failures, changes in the
interconnections of sub systems and sudden environment changes, etc. Recently, the
stability of stochastic neural networks with Markovian switching has received much
attention [11, 12]. Zhang and Wang [13] have investigated the stability analysis of
Markovian jumping stochastic Cohen-Grossberg neural networks with mixed time
delays via linear matrix inequality approach. Mao [14] discussed the exponential sta-
bility of stochastic delay interval systems with Markovian switching. Wang et al. [15]
studied the exponential stability for stochastic neural network with mixed time-delays
and Markovian jumping parameters.

In the literature, there are several works on the exponential stability for stochas-
tic neural network with mixed time-delays and Markovian jumping parameters. On
the other hand, in real world problems many physical systems also undergo abrupt
changes at certain moments due to instantaneous perturbations, which lead to impul-
sive effects. For more details about impulsive theory and its applications one can refer
[16]. So far, several interesting results have been reported that have focused on the
impulsive effect of neural networks without Markovian switching [17-21]. Zhou [22]
derived a set of sufficient conditions for obtaining the existence and global exponen-
tial stability of a unique equilibrium for BAM neural networks without assuming the
differentiability and the monotonicity of the activation functions. Recently, Samidu-
rai et al. [23] introduce a class of BAM neural networks with distributed delays and
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impulses, provided some sufficient conditions for the global exponential stability of
unique equilibrium point for BAM neural networks. More recently, stability criterion
is obtained by LMI optimization algorithms to guarantee the exponential stability of
uncertain fuzzy BAM neural networks with time-varying delays in [24-26]. More
recently, Song et al. [27] investigated the global exponential stability of BAM neural
networks with reaction-diffusion terms and distributed delays by using the theory of
topological degree, properties of M-matrix and Lyapunov functional.

Moreover, the neural network models are often subject to impulsive perturbations
that in turn affect dynamical behaviors of the systems. Therefore, it is significant
to consider the impulsive effect when investigating the stability of neural networks.
Further, the state of electronic networks is often subject to instantaneous changes,
and will experience abrupt changes at certain instants, which can be caused by fre-
quency change, switching phenomenon, or by the effect of some noise. Hence, the
importance of formulating neural network models with impulses is straightforward.
The incorporation of impulses in neural network models is also motivated by the bi-
ological reality. Impulsive phenomena can be found in a wide variety of biological
systems, such as biological neural networks and bursting thythm models in pathol-
ogy, in which many sudden and sharp changes occur instantaneously, in the form
of impulses. Therefore, the analysis of neural network models with impulses also
leads to a better understanding of the complex phenomena occurring in biological
neural networks. To the best of the authors knowledge, no work has been reported for
the problem of global exponential stability of stochastic BAM neural networks with
impulsive effects and Markovian jumping parameters and this motivates the present
work. The presence of impulses requires some modifications and the imposing of
additional conditions on the systems. Therefore, it is important to study the stability
issue of BAM neural networks with impulses and Markovian jumping parameters.
The main purpose of this paper is to construct a suitable Lyapunov functional to
investigate the exponential stability of the equilibrium of stochastic delayed BAM
neural networks with Markovian switching and impulsive effects. A new set of suf-
ficient conditions are derived for obtaining the global exponential stability for the
time varying delayed BAM neural networks with impulses and Markovian switching.
Finally, an example is provided to illustrate the effectiveness of the obtained result.

2 Problem Formulation and Preliminaries

Let (2, F, {Fi>0}, P) be a complete probability space with a filtration {F;>¢} satis-
fying the usual conditions and E{-} represents the mathematical expectation. Let R”
and R denote the n-dimensional Euclidean space and the set of n x m matrices
respectively. | - | is the Euclidean norm in R". [, is the n x n identity matrix and
for a matrix A, Apyqx(A) and A, (A) represent the largest and the smallest eigen-
value of A, respectively. The superscript “T” denotes the matrix transposition. For a
real matrix S, ST denotes its transpose, and S > 0 (S < 0) means that § is positive-
definite (negative-definite). Let PC?O([—f, 0], R™) be the family of all bounded and
Fo-measurable.
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Consider the following time delayed BAM neural networks with impulses

w(t) = —Cu(t) + Af (it =8O+ 1, t#n,

u(ty) = Exu(t, ), t=t, .
)
v(t) =—Dv(t)+ Bgu(t —t@)+J, t#1,

v(te) = Gru(ty ), =1,

fort >0and k=1,2,..., where u(t) = (u1(t), uz(t), ..., un, ()T, v(t) = (v1(t),
va(®), ..., v,(0))T are the state vectors associated with n neurons; C = diag(cq,
€2, ...,¢y) >0, D =diag(dy, ds,...,d,) > 0 denotes the decay rates of the neu-
rons; A = (ajj)nxn, B = (bij)uxn denotes the connection weight matrices; f(v) =
(fi(wn), f2(v2), ..., fu(vn)), &) = (g1(u1), §2(u2), ..., &u(un)) denotes the neu-
ron activation functions; I = (I1, I, ..., I,)", J = (J1, Ja, ..., J,)T are the con-
stant external input vectors from outside the system; 7 (¢), §(¢) represents the time-
varying delays satisfying 0 < t(#) < 7 and 0 < §(¢) < S, here T and § are known
positive integers; u(f) = Exu(t, ) and v(f) = Grv(t, ) are the impulse at moment
of time #; satisfying #; <t <,...,limg_ ooty = +00 and u(t™) = lim,_, ,— u(s),
v(t7) = limy_,,— v(s); Ex and Gy are the constant matrices at the moments of
time f;. The initial conditions of system (1) are described as u(t) = ¢3(t), te
[-7.0] v(®)=V(t), te[-5,0] here ¢:[~7,0] > R" and ¥ : [-5,0] > R"
with the sup-norms |$| = sup_; ;o l6(s) | and |§F| = sup_s_, o 1V ()]|.

(I) The neuron activation functions f (+) and g(-) are bounded on R” and satisfies the
Lipschitz condition, i.e., there exist constants L, L, € R**" such that

Ifa) — f) <Lilu—vl, |§w)—§W)|<Lalu—vl, u,veR™

Assume x* = (x}, x5, ..., x0T, y* = (F, v5. ..., y)T be the equilibrium point
of (1) and for convenience, we shift the equilibrium point to the origin by translation
x(@®)=u(t) —u*, y(t) = v(t) — v*, then (1) can be transformed into

X(t) =—-Cx()+Af(y(t —68(0)), tF#u,

x(t) = Exx(ty), t=#t, o
() =—Dy(@t)+ Bg(x(t — (1)), t#Uu,

y) = Gry(t), =1,

where f(y(1) = f(y(t) + v*) = f(v*), g(x (1)) = g(x(t) + u*) — §(u*), x(tx) =
u(ty) —u*(ty) = Erx(t,), y(tr) = v(te) — vi() = Gy (). Obviously, the activa-
tion function can be rewritten as | f(y)| < L1|y|, |g(x)| < La|x|, Vx,y € R".

(II) The time-varying delays 8(¢) and 7 (¢) satisfy the following conditions

0<h <8(t)<8<hy, d(t)<p<l,

O<rn=<t@®)<t=<r, tT@)=<i<l,
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where hy, hy, rq, rp, L, A are constants.

Let {r(z),t > 0} be a right-continuous Markov process on the probability space
which takes values in the finite space S = {1,2,..., N} with generator I" =

(vij), (i, j €S) given by

i T+ o(T), ifi+# j
P(r(t+8)=jl(r(t)=1i))= )l/ii-y"g-i-O(H)l Hiéfi_j v
ij ’ -

where y;; > 0(i # j) is the transition rate from i to j and y;; = — Zi# YVij, 11 >
0 and lims_,qgo(IT)/IT = 0. In this paper, we consider the stochastic BAM neural
networks with Markovian jumping parameters and impulses

dx(t) = [-Cr®)x@) + A1) f(y(t — 8(2)))]dt
+o(t,x(0), y(t —58(0), r()dwi(t), t#1,

x(n) = Ex(r)x(t,), t=n,
“)
dy(t) =[=D@r®)y() + B(r())g(x(t — t(1)))]dt
+p(t, y@), x(t — (1), r())dwa (1), t#n,

Y() = Gr(r(®)y(, ), =1,

where r(t) is the Markovian chain defined in (3), w;(t) = {w;1(¢), wi2(?),...,
win (M)}, (i = 1,2) are the n-dimensional Brownian motion defined on the com-
plete probability space (2, F,{Fi>0},P) and o : Rt x R" x R" x S — R"*",
0 :RT x R" x R" x S — R"*" Based on the discussion in the introduction, in par-
ticular, (4) is considered with the impulsive term x(t;) = Ex(r(t)x(t, ), =1,
y(tr) = Gp(r(0)y(t, ), t = t. Therefore, our proposed model is different from
the existing results.

For the sake of simplicity, we take r(r) =i € S, therefore A(i) = A;, B(@i) =
B;, C(i)=C;, D(i) = D;. Now the system (4) can be transformed into

dx(t) =[=Cix(t) + A; f(y(t — &(1)))]dt

x(te) = Eigx(ty), t=t,
Q)
dy(t) =[=Diy(t)+ Big(x(t — ©(1)))]dt

+pi(t, y(@), x(t — (@), )dwa(t), F#,
y(t) = Giky(), t=t.

Further, in order to get the required result, we assume the following conditions:
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(IIT) There exist matrices Ry >0, R, >0, Q1 >0, Q> > 0 such that foralli € S

trace[UT(t, x(),y@t—=68@)), D)o, x(@),y(t—35()),i)]
<x"ORx@)+y" (¢ = 8)Ray(t — 5(1)),

trace[p” (¢, y(t), x(t — (1)), Dp(t, y(£), x(t — (1)), )]
<y O01y®) +x"(t —1(1)) Qax(t — T(1)).

av) o(t,0,0,r()=0; p(¢,0,0,r(t)) =0.

Definition 2.1 For the stochastic impulsive BAM neural network (5) and every initial
condition ¢ € PC;O([—f, 0],R"), ¥ € PC?_-O([—S, 0], R™), the equilibrium point is
globally exponentially stable in the mean square, if for every network mode, there
exist scalars & > 0 and Ky > 0, K, > 0 such that

Bl )2 + 1y, ) 2] < e (KIEllg 2 + KElv 1)
here x (¢, ¢) and y(¢, ) are state trajectories.

Before closing this section, let us give some lemmas that we will use in the rest of the
article.

Lemma 2.1 ([28]) The function V : [ty, 00) x R" — RT belongs to class vy if

(1) the function V is continuous on each of the sets [ty—1, t) X R" and for all t > 1y,
V(,t)=0;

(2) V(x,t) is locally Lipschitzian in x € R";

(3) foreachk=1,2,..., there exist finite limits

lim Vig,t)=V(x,t,)

(@0 (1)

lim V(g )=V (x,tf) with
(g.0)—> .1

Vix, t,j') = V(x, ) satisfied.

Lemma 2.2 ([29]) Given any real matrices X, Y, P > 0 of appropriate dimensions,
for any ¢ > 0, the following inequality holds:

1
XTy+yvTx <=xTPx+eyTpPly.
&

Sii Sz
S=| 1 >0,
512 522

Lemma 2.3 ([29]) The LMI
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with S1; = SlTl, Sy = Ssz’ is equivalent to

S <0,  Si—SiSy,' Sh<o.

3 Main Result

In this section, we will discuss the exponential stability of the BAM neural networks
with impulses, and give their proofs. Recently, the generalized Ito’s formula has
played an important role in the analysis of stochastic systems [14]. Before discussing
the stability analysis of the considered problem, we first introduce the Ito’s formula
for a general stochastic system with Markovian switching in the following:

Consider a general stochastic system dx(t) = f(t, x(¢t), r(t)) + g, x(1),
r(t))dw(t) on t > 0 with initial value x (0) = xo € R?, where f :RT™ xR" x S — R",
g :RT xR" x S — R" and r(t) is the Markov chain defined in the previous section.
Let C>(RT x R* x S;R*) be the family of all nonnegative function V (¢, x,i) on
R x R" x S which are continuously twice differentiable in x and once differentiable
inz. If Ve C>' (Rt x R" x S; R") an operator LV is defined from RT x R” x S to
R by

Ev(t’xvi) = Vf(tvxvi)+V)C(t7x9i)f(t’x5i)

1 oo . e .
+ tracelg” (6,3, D) Ver (6,2, D)8t x, D] + Yy VT, x, ),
j=1
where V,(r,x,i) = &0y, (¢ x i) = (LD VR0, Y (ox i) =
a2 .
% By the generalized Ito’s formula, one can get

!
EV(t,x(t),r()) =EV(0,x(0), r(0)) +E/ LV (s, x(s),r(s))ds.
0

Now, we are in a position to establish the conditions under which the BAM net-
work model (5) is globally exponentially stable in the mean square. The stability
criteria can be expressed in terms of linear matrix inequalities.

Theorem 3.1 Assume that ()—-(IV) hold. For given positive scalars hy > hy > 0,
r>r1>0,7>0,8>0,uand A, the system (5) is said to be globally exponentially
stable in the mean square if there exist positive definite matrices Pj; > 0, Py; > 0,
Q1i, 02, 03, Q4i >0, Ry, Ryi, R3;, R4; >0,Y,Y2>0and Zy, Zy > 0 and con-
stants 01, 02, L1, W2, U3, ©1, W2, W3, €1, €2, N1, N2 such that the following inequalities
hold foralli € S,k e N:

P <011, Py <01, (6)
Qi PiiA; Qo; P B;

T 1 1 1 <0’ T 1 1 1 < 0’ (7)
Aj P —e B Py  —n;
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K 0 0 0 0 ]
*x  —Rp; 0 0 0
B = * * —R3; 0 0 <0, )
* * * _e—rzfz Z 0
E—a(r2+r1)
k k k k —
- rp—ri
R\Z 0 0 0 0 7
* =0 0 0 0
Ey=| * x  —Qu 0 0 <0, ©)
—ahy
* * * £ el 0
—a(hy+hy)
| * * * * ¢ - T Y; |
N
T Amax |:Z vij(Q1; + LY Q4jL2)] < u1,
=1
Skmax[zyij(R1j+L1TR4jL1)} <wi, (10
j=1
N N
hMmux(ZVijQ2j> < u2, rlkmax(ZVin2j> <wy, (11)
j=1 j=1
N N
hoXmax (Z Vij Q3j) = U3, raAmax (Z Vin3j> < w3, 12)
j=1 j=1
E}Pi;Eyx — P <0, Gl PGy — Py <0, (13)

where

Qi = —P1iCi — CiPy; +01Ry + Qui + Qo + Q3 + L) Qui Ly
N

+ Zyijplj +hoY1+ (hy — h))Y2 — (w1 + 2 + p3)l,
j=1

Qi = —Py;Di — D; Py + 6,01 + Rij + Roj + Ry + L] Ry Ly
N
+ ZVijPZj +rZi+ (2 —r1)Zy — (w1 + w2 +@3)1,
Jj=1
®; =61 Ry — (1 — W)[Ry; + LT Ry L1+ & LT Ly,

U =600 — (1 —w[Q1; + LY Qui Lol +n; LY Ls.
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Proof In order to prove the exponential stability result, we consider the following
Lyapunov function

Vi, x,y, i) =Vi(t,x,y, i)+ Valt,x,y,i) + V3(t,x,y,i) + Valt, x, y,i)
+ Vs(t, x,y,i) + Ve(t,x,y,0),

where
Vit x,y,i) = e xT () Pix (1), Va(t,x,y,i) =e*yT (1) Pyy(1),

t B t
Vi(t,x,y,i) = / ST (5)01ix(s)ds +/ ST T (5)00ix(s)ds

t—hy

eS0T (x(5)) Quig (x(5))ds,

+ f ST T () Q3ix(s)ds
o

V4(t,x,y,i)—/ s+ T(s)Rlly(s)ds—i—/ TN (O Ry y(s)ds  (14)
t

1—ri

5
t
+ / YT (5)R3iy(s)ds
t
t _
+ f Se“‘””fﬁy(s»mif(y(s))ds,
.
—hl t
Vs(t, x, y,l)_f / e‘”xT(s)le(s)dsd9+/ / e xT (s)Yax(s)dsd#,
hy Jt+0 t+6

Ve (2, x, y,l)—/ / ey ()Z1y(s)dsdo + / ey () Zay(s)dsd®.
—ry Jt+6 +0

—ry
When ¢t = t;, we have
V(tk,X,y,j) - V(tk_’x’y’i)

= e xT (@) P (n) = xT GO Pux () + 37 @0 Payy (e — 7 (60 Pary )}

1 t,_
+/k7 a(s+T) T(S)Qljx(s)ds—/ c{(H—‘L’) T(S)Q],X(S)ds
=T

tk -7

7 I
+/ . et T(S)Qz;X(S)ds—/f ST () Qi x (s)ds
1 I

—hy

Tk t]:
+/ eo‘(5+h2)xT(s)Q3jX(S)dS—/ O3 T () 03ix (s)ds
tx—ho tk

~_n,
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3
. / TN () Ryl = [ YT () Ry )
le—=r1

4 _
" 66T (1(5)) Q48 (x(5))ds _/f _ea(s+r)gT(x(S))Q4ig(x(s))ds

tk -7

fe
+ O{(Y-‘r(s) T(S)ley(s)ds_/ Cll(Y-HS) T(S)Rlly(s)ds

kf(S

[k —r

Ik tl;
—i—/ Sty T )Ry y(s)ds _/_ Oy (5)R3iy(s)ds
lr—rp !

kT2

t -
+ / e FT(y () Ray £ (3(5))ds — / ) TG @IRf ()

i
/ / e xT(s)Y1x(s)dsdo — / f e xT ()Y 1x(s)dsdb
hy Jtg+6 hy Ji +0
/ / e xT(s)Yax(s)dsdo — / f e xT(s)Yax(s)dsdo
t+6 hy I +0
t 11:
+/ / e‘“yT(s)Zly(s)dsdG—f f e yT () Z1y(s)dsdo
—ry Jt+0 —r l‘,:+(9

—
/ / e yT(s)Zay(s)dsdb — f / ey (s)Zry(s)dsde.
- ik +0 1 +0

By simple calculation, it can be verified that

V(tk’x’yaj)_v(tk_’xﬂy’i)

— ik {XT(fk_)[Ei]];PIjEik — Pli]x(tk_) + yT(tk_)[GiTkP2jGik - P2i])’(tk_)}

4 e+ T(s)Qljx(S)dS-i-/ eSO T (5) 00 x(s)ds

I

+ Ot(Y-‘rhz) T(S)Q3jx(s)ds+/ 0{(&‘-}—‘[) T(x(S))Q4]g(X(S))dS

T

+

Iy

4 [ e T () Ry y(s)ds + / 0+ T (y(s))Raj f (v (s))ds

I

/ DT (R y(s)ds + / 2O yT (5) Ry y(5)ds

—h t
+ / e xT ()Y 1x(s)dsdb +/ / e xT (s)Yax(s)dsdo
_ -
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—r

—r 73
/ / e*SyT (s)Z1y(s)dsdb +/ /ﬁ ey (5)Zry(s)dsdb.
- lk

Since Ej; and Gj; are constant matrices at the moment #; and in the mode i for
i €8S,k € N.The terms involving positive-definite constant matrices Q1;, Q2;, Q3;,
Qu4j, R1j, Raj, R3j, Ryj, Y1, Y2, Z1, Z3 are equal to zero and hence V (1, x, y, j) —
Vit ,x,y,i) <O0.

Before proving the stability part, it is necessary to show that p; > 0, up >0,
uz >0, w1 >0, wr >0, w3 > 0. First, we prove that u; > 0. By choosing
Amin(Q1i + LT Q4 Ly) to be the smallest of Apin(Q1; + LY Q4;L2), (1 < j < N),
i.e., Amin(Q1i + LT Q4iLs) = minj<;j<n Amin(Q1i + LT Q4iL>) and let x # 0 be
the corresponding eigenvector of Q1; and L2T Q4iLo, then xT(Qy; + L2T Q4iLy)x =
Amin(Q1i + LY Q4; Ly)|x|?. Furthermore

N
T(ZVij(Qlj +L2TQ4J‘L2)>X
=1
N
— e . T . T ) T )
=Y yijx"(Quj + L] QajLa)x + yiix" (Q1j + L] QujLa)x
J#i
N
> Z)/ij)»min(Qlj + LY QujL)Ix1* + ViiAmin(Q1j + LY Q4 Lo)|x|?
J#

N
Amin(Q1; +L2TQ4jL2)|X|ZZVij = 0.
j=1

Thus we have, Amax (X0, % (Q1j + LT QajLo))Ix> = xT(TY, v (01 +
LY 04;L>))x > 0. Since, |x| > 0, we get )»max(zyzl ¥ij(Q1; + LT Q4;L2)) > 0.
This implies that ;1 > 0 and by following the similar argument, one can prove that
H2=>0,u3>0,01 20,2 >0,w3 >0.

Let p; = maxjes Amax (Q1i + LT Q4iL2),  Bi = maxjes Amax (R1i + LT RaiLy),
P2 = max;es Amax (Q2:), B2 = Max;jes Amax (R2i), p3 = maxjes Amax(Q3i), B3 =
max;es Amax (R3i), V1 = —MaXxjes Amax (217), v2 = —max;es Amax (€22i). It is easy
to see that a6 + (%7 — 1)p; + (e"‘h1 —Dpa+ ("2 — Dp3 + 127 + ,uzez"‘hl +
p3e*2 — vy =0 and afy + (€% — 1)1 + (¢ — 1By + (e%2 — 1) 3 + w12 +
wpe?" 4 @3e’*2 — vy = 0 both have unique positive roots and we denote them by
o1 and ap, respectively. Let « = min{oq, a2}, we can obtain

afy + (€7 — Dpp + (M — 1D py + (€2 — 1)p3 + 11"

+ poe™ + pze® — vy <0, (15)
abr + (eaS — D1+ (™ =D a4 (" = 1)B3 *l-w]eo“§
+ wre®! + w3e*? — vy <0. (16)
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When ¢ # t, the infinitesimal operator of LV can be computed as follows
LVi(t, x,i) = e {axr(t)PliX(t) +2x T () Pii[—Cix(1) + Ai f (y(t — 8(1)))]
+tracelo (t,x(t), y(t — 8(1)), i) Prjo(t, x(1), y(t — 8(1)), )]

N
+Z7/iij(f)P1jx(t)}

J=1

N
< eat{xT(I)[aPli ~ P1iCi = CiPyi + 1Ry + ) vij Py
=1

+e,~1P1iAiA,~TPu]x<r) +eiy (= 8)LTLyy(t - 3)
+ 7 (t — )01 Roy(t —S>}, (17)

LVo(t,y,i) =" {ayT(r)PZiy(t) + 2y (1) Poi[=Diy(t) + Big(x(t — T(1)))]

+trace[oT(t, y(@), x(t —t(t)),i)Pro(t, y(t), x(t —1(t)),i)]

N
+Z)/iij(f)P2jy(t)}

J=1

N
< e"'{yT(l)|:0!P2i — PyiD; — Di Py +6:01+ Y _vij Py
j=1

+ '7,~1P2iBiB,-TP2i]y(t) +nix" (1 =)L) Lyx(1 — 7)

+xT(t = )6, 0ox (1 — f)}, (18)
LV3(t,x,i) = FOxT () Qrix () — (1 — (1) xT (t = T) Qpix(t — 7)
+ ﬁ: Yij /tt_ e xT () Q1jx(s)ds + e xT (1) 0o x(1)
j=1 ) |
— e xT(t —h))Qoix(t —hy) + ; Vij /t_hl e xT(5)Q2;x(s)ds

+ T} T (1) Q3 (1) — e x7 (t — h2) Q3ix (t — )
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+Zy,, / e xT(5)Q3jx(s)ds + ") T (x(1)) Qi g (x (1))

ha

— (1 —2()e”'g" (x(t — 7)) Qaig(x(t — 7))

+Zm, / [1p11e% g7 (x(5)) Qa8 (x(5))ds

< ea<’+f>xT(t)Q1,~x(t) — (1= e x"(t —7)Quix(t — 7)

t
+ ! f x(@)Pds + e (1) Qaix (1)
-7

t
—e‘”xT(t—hl)inx(l—h1)+lL2h1_l/ ) lx(s)*ds
t—ny
+ e T (1) Q3ix(1) — e x T (1 — h2) Q3ix(1 — o)
t —
tohy! [ )Py + T 0L QuLax(r)
t—hy

— (1= e x" (1 = T)L] QuiLax(t — 7), (19)

LVi(t, y, i) = 3T Ry y(t) — (1 = 8(1)e yT (t — 8)Riiy(t — )

@ Springer

t
+> v / ey ()R y(s)ds +e* TV yT (1) Ry y (1)
. [—

N t
'yt = r)Rayiy(t —r1) + Z Yij f eyl (s)Rpjy(s)ds
j=1 t—ry

+ eIy () Ry y (1) — e yT (t — r2) Ra; y(t — r2)

N . _
#3001 [ TR +e D T RS 500
=1

t—ro

— (1 =8@)e™ T (y(t — 8)Rai f(y(t = 8))
+Zm, / e T (y(5))Raj f (y(s))ds
VT () Ryy(t) — (1 — M)e® yT (£ — B Ry y(t — &)

+w18—1f Iy()Pds
5

+ TN () Ry y (1) — e yT (t — r) Ry y(t — 11)
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t
oy / () Pdds + Ty T (1) Ry y (1)
t—ry

t
— e yT(t =) Raiy(t —r2) + w3ry ! f ly(s)|%ds

t—rp
+ YT (LT Ry Ly y (1)
— (1= yT(t =8 L] Ry L1y(t = 5), (20)
t
LVs(t,x,i) = hye® xT ()Y x(1) —e““—hz)/ xT()Yyx(s)ds
t—hy

1—h
+ (ha — hD e xT () Yax (r) — e*U—h2) / xT(s)Yax(s)ds

t—hy

< hae® xT () Y1x(1)

t T t
—e“(ch)(/ X(s)ds> I:LYl](/ x(s)ds>
t—hy h t—hy

+ (hy — h)e® xT (1) Yox (1) — e =m2=hD

t—hy T 1 t—hy
x </t—h2 x(s)ds) [hz_hlyz} (/t_hz x(s)ds), Q1)

t
LVe(t,y, i) =r2e®yT (1) Z1y(t) — ™7 / ¥y () Z1y(s)ds

t—ry

t—r

+ (r2 — r)e* YT (1) Zoy () — 27 / y1(5)Zay(s)ds

t—rp

stz - ([[ o) [La]([[ )
=revy (1)Z1y(1) —e y(s)ds Zy y($)ds
1—r r —ry

+ (2 =)y (1) Zoy (1)

t—ry

v [ [ [

—ry

t—ry

y(s)ds). (22)
From (17)—-(22), we have

LV, x,y,0) =LV (t,x,y,i)+LVy(t,x,y,i)+LV3(t,x,y,i)+ LVy(t, x,y,i)
4+ LVs5(t,x,y,i)+ LVg(t,x,y,i)
< {xT Ol P + (7 — 1D(Q1i + L] QaiLy) + (¢*" — 1)(Qa)
+ ("2 = 1D(Q3) + Quilx (1)
+yT OlaPy + (€ = D(Ry; + LT Ry Ly)
+ (€ = D(Rai) + (% — D(R3) + Qi 1y (0)
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t
+EfmEED+T (1) Ez;(z)}+ea’mf*‘/ |x(s)[ds
.

T
t
t -1
+ ™ puah /

t
ePds+ e [ e Pds
t—hy

t—hy

t t
+e‘”w13—1/ _|y(s)|2ds+e°”w2r1_1/ ly(s)|ds
t—§8 t—ry

t
e ;! / Iy (s)Pds, 23)
1—r

where

_ t T t—ry T7T
é<r>=[yTa—8>yT(r—r1)yT(r—r2>< / y(s)ds) ( / y(s)ds) } :
t—rp t—rp
t T t—h THT
;(r):[xT(t—f)xT(t—hl)xT(t—h2)</ x(s)ds> (/ x(s)ds> } .
t—hy t—hy

By integrating the last six parts from O to ¢ in (23) and by changing the order of
integration, we have

t K t 0+t
f e‘“( / |x(9)|2d0>ds§ / ( / e””|x(9)|2dsd9)
0 s—T -7 6

t
5%6”[ €S |x(s)|%ds.

-7

Similarly, we obtain

t s t O+h
f e‘“</ |x(9)|2d9>ds§/ </ e‘“|x(6)|2ds)d9
0 s—hy —h %

t
Shleo‘m/ e |x(s)|?ds
Iy

t s t O+hy
/ e‘“‘(/ |x(9)|2d9>ds 5/ </ e‘”|x(9)|2ds)d9
0 s—hy —hy %

t
< hpe / e**|x(s)|>ds
—hy

t s t 0+8
/ e‘”</ _|y(0)|2d9)ds§f_</ e‘“|y(9)|2ds)d9
0 s—§8 -4 %]

t
Se*d / K ly(s)|ds
-8

t K t 6+r1
/ e‘”</ |y(0)|2d9)ds§/ (/ e‘”|y(9)|2ds)d9
0 s—ry —ry 6

IA
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t
Srle“rl/ e‘”|y(s)|2ds

—ry

t s t 0+r
/ e‘”(/ |y(0)|2d9)ds§/ (/ eo”|y(9)|2ds)d49
0 s—rp —rp \J6

t
§rze°”2/ e‘”|y(s)|2ds.

—r)

Therefore, by the generalized Ito’s formula and Eqn. (14), we have

EV(t,x,y,i)
=EV(0,x(0), y(0), 7(0)) + /OIEW(s,x(s), ($),7(s))ds
< Vo +[ab) + (%" — Dp
+ (@ = Dpz + (e — 1)p3 — vi]E /O e lx(s) Pds
+ [y + (€% — 1DB1 + (¢* — 1)Ba

t t s
(e — 1)fs — na]E / e ly(s)2ds + i ! / e‘“( / |x(e>|2d9)ds
0 0 s—T

t s
+M2h1_1[ e </ |X(9)|2d9)ds
0 S—h]
' 5 5
+M3h2"/ e"”(/ |x(9)|2d0>ds+a)18 1/ e (/ |y(9)|2d0>
0 s—hy 0
t K t s
+w2r1_l/ e*’ </ |y(9)|2d9>ds+a)3r 1/ </ |y(9)|2d9>ds
0 s—rq 0

<Vo+ (mfe‘” + pahie® + M3h2€°‘h2>EII¢II2

+ (wlée"g + wyri e +w3r2e“’2>E||w||2, (24)

where Vy = EV (0, x(0), y(0),r(0)). On the other hand, from the definition of
V(t,x,y,i)

EV (0, x(0), y(0), 7(0)) < [61 + (e + h1e®" + hae®"2)v  1E| ¢
F[0s 4 (e + r1e® + e B A (25)
EV(t,x(t), y(1),i) > e Amin{Elx(1)]* + Ely ()%}, (26)

where A;,;;, = min{min;es Apin (P1;), Minjes Apin (P2;)}.
From (23) and (25), we obtain

E{lx(0)]> + [y()*} < e “{KiEllp)I* + IE ¥ |1}, 27)
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where
o Ot w1 Tt 4 (g + pa)h1e?M + (vy + u3)hoe®2)
1 = b
Amin
o, _ Bt @t ®1)8€”® + (V2 + wW)r1e™ + (vy + w3)r2e®"2)
2 = .

)‘min

Therefore by Definition 2.1, the stochastic impulsive BAM neural network (5) is
globally exponentially stable in the mean square. This completes the proof. g

Further, consider a deterministic BAM neural network with Markovian jumping
parameters and impulsive effects

xX@) =[=CUr@)xO) +ACr@®) f(ye—8MN], 1#k

x(n) = Ex(r@)x(t,), t=n,

y(@) =[=Dr®)y@®) + Br@)gx(t —t())], 1#u (28)
y(t) = Gr(r®)y(y ), t=tx.

By using Theorem 3.1, the stability criterion for the above system can be derived as
follows:

Corollary 3.1 Assume that (I)-(I) hold. For given positive scalars hy > hy >
0 and r, > r1 > 0,u and A, the system (28) is globally exponentially stable
in the mean square if there exist positive definite matrices Py > 0, Py; > 0,
Q1i, 02i, 03i, Q4i >0, Ry;, R2i, R3j, R4; > 0,Y1,Y2 >0, Z1, Z2 > 0 and constants
U1, w2, 43, 1, w2, W3, €1, €2, N1, N2 such that the following inequalities hold for all
ieS,keN:

O PiiA; Oy  PyB;
<0, <0, 29
[A,TPU —é&i ] [B,TPzi i ] 9
K 0 0 0
*  —Rp; 0 0 0
m=|* * —Ri 0 0 <0, (30
* —£ - 2 Z1 0
2
* * * * _ ettt
rn—=ri
R 0 0 0 0
¥  —Q0o 0 0 0
M= * * ~% 0 0 <0, 3D
* * * —¢ i Y, 0
g_a(hZ'H’l) Y
L k k k k —W 2
- N
TAmax ZVij(Qlj + L2TQ4jL2)} < i1,
| j=1
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N
M max |:Z vij (R1j +L1TR4jL1)] <o, (32)
=1

N N
h1Amax (Z VijQZj) < u2, 71 Amax (Z J/in2j> < wy, (33)

j=1

N N
h2Amax (Z Vij Q3j> < u3, 72 Amax (Z Vij R3j> < w3, (34)

j=1 j=1

Eijl;Ple,-k — P <0, Gl-TszjGik — P <0, 35)
where

@1 = —P;C; — CiPij + Q1 + Q2 + Q3 + LI Q4i Ly

N
+Z7/ijPlj +ho¥1 + (ha —h)Ys — (w1 + pa + u3)l,
j=1
®2i = — Py D; — D; Py + Ry + Ryi + R3; + L{ Ryi L,
N
+Z)/5J'P2j +rZ1+(rr—r1)Z) — (w1 + w3 +w3)l,
j=1

®3 =g LT Ly — (1 =Ry + L] Ry L1],

Wy =L Ly — (1 — Q1 + LY Qui L)

Proof The proof of this corollary is similar to that of Theorem 3.1 and hence it is
omitted. U

4 Tlustrative Example

In this section, a numerical example is given to show the validity and effectiveness of
our developed theoretical results.

Example Consider a stochastic BAM neural network with Markovian jumping para-
meters and impulses

dx(t) =[—Cix(t) + Ai f(y(t —8@))]dt + oi(t, x(1), y(t —8@)dwi (1), 1 #tk
x(t) = Epx (), t=tr, k=1,2. (36)
dy(t) =[=Diy(t) + Big(x(t — t()))]dt + pi(t, y(t), x(t — T (1)) dwa(t), tF#1k
() = Guy(ty), t=t, k=1,2.
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The parameters of the BAM neural network (36) are given as

r=[3 4] e=or f
oy B
s Kl B A
N e S i
a:=[o3 03] 1=[% os)
Rl::0(53 0(.)3:’ RZZ:Oi)S 0(.)3]
Q2::062 092:

1
]’ Cz:[o.l

0
1.5

I

Al:[é 2%1}’
Bz:[o?l _1(.)22]
6i=[03 03
L2=[064 0(.)4}’
Ql:[064 094}’

By using the Matlab LMI toolbox and solving the LMIs (6)—(13) in Theorem 3.1,
we obtain the following feasible solutions:

p [ 65906 0.0587 p [ 56572 —0.6164

1= 10.0587 6.8545 271 -0.6164 5.5986 |

py | 33411 03526 p,, | 52837 —0.2308
17103526 4.1858 | 27| -02308 5.3583 |
0, = [46767 34742 01, — | 46767 34742

U= 34742 46788 | 2734742 4.6788 |

0, = [ 94758 —12178 0ry— | 04738 12178
M7 -1.2178 95503 | 27 -12178 95503 |
0y = [#4434 38510] 05— | 44434 38510
317138510 4.4447 | 327 3.8510 4.4447 |

04, — [ 08666 4.3472] 04, — | 93666 43472
143472 9.8691 | 2743472 9.8691 |

R. _ [5:0084 3.5502] Ro, _ | 5:0084 35592
1135592 5.0048 | 127 3.5592 5.0048 |’

R | 94473 —1.1139 Roy | 94473 —1.1139
A7 -11139 93174 | 27| -11139 93174 |
Ra _ [4:4307 3.8387 Ray — | 44307 3.8387

317 3.8387  4.4281 | 327 13.8387 4.4281 |
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[12.8428  2.8069
R4y = } , Ry =

12.8428  2.8069
| 2.8069  12.8399 ’

2.8069 12.8399

[ 2.6757 —1.3471]
Y, = ,

—1.3471  2.7549 —2.0300 4.4537

)

| —1.1044  2.3988 —1.7183  3.9508
w1 =20.4017, Mo =46.5795, w3 = 22.2400, w1 =21.2281,

[
|

Yo =
Z = 2.5195 —1.1044]’ Z = 4.1648 —1.7183i|

wy = 51.2658, w3 = 23.1889, 01 = 8.5989, 6, = 8.3374,
€1 = 8.7287, €y =8.7287, n1 =6.3527, Ny = 6.3527

For w =X = h; =r; =0, by solving the LMIs (6)—(13) in Theorem 3.1, we not
only obtain that the delayed stochastic BAM neural networks is globally expo-
nentially stable in the mean square but also get the convergence rate. By solving
an optimization problem, we get the maximum allowable upper bound time delay
§=1T=hy=ry=58.9874 and the convergence rate is o« = 1.1894. This shows that
the established results in this paper are new and finer when compared to the existing
results [23].

Suppose, if we choose the initial values of system (36) as [x1(s), x2(s)] =
[sin(s), cos(s)], s € [—2, 0], [y1(s), y2(s)] =[—0.5, cos(s)], s € [—2, 0], then we can
plot the trajectories of the BAM neural network (36) as shown in Fig. 1. The simula-
tion results reveal that the system (36) is convergent to the equilibrium point quickly,
and is stable at the equilibrium point. By using LMI Control toolbox in MATLAB, it
is easy to check the feasibility of the solution within few seconds. The computational
time is about minutes on a regular PC.

Fig. 1 Trajectories of the state
variables 1+ i; ]
x1(t), x(1), y1(t), y2(t) of the

L —y1|]
system (36) 0.8 y2
0.6
0.4

. . . . . . . .
0 10 20 30 40 50 60 70 80
t-axis
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5 Conclusion

The exponential stability problem for time delayed BAM neural networks with
Markovian switching and impulses are being discussed in this paper. By making use
of a novel Lyapunov functional and some new techniques, stability conditions are
established to ensure the BAM neural network system stochastically stable. In partic-
ular, the stability conditions are presented in terms of linear matrix inequalities, which
can be easily solved by some standard numerical packages. Finally, a numerical ex-
ample has been provided to demonstrate the effectiveness of the proposed criteria.
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