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Abstract In this paper, we study a class of time-dependent stochastic evolution equa-
tions with Poisson jumps and infinite delay. We establish the existence, uniqueness
and stability of mild solutions for these equations under non-Lipschitz condition with
Lipschitz condition being considered as a special case. An application to the sto-
chastic nonlinear wave equation, with Poisson jumps and infinite delay, is given to
illustrate the obtained theory.

Keywords Stochastic evolution equation · Evolution operator · Poisson point
process · Successive approximation

1 Introduction

The stochastic evolution differential equations have attracted much attention because
of their practical applications in many areas such as physics, population dynamics,
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electrical engineering, medicine biology, ecology and other areas of science and en-
gineering. For more details, one can see Da Prato and Zabczyk [1], Ren and Sun [2],
Wang and Zhang [3] and the references therein. In many areas of science, there has
been an increasing interest in the investigation of the systems incorporating memory
or aftereffect, i.e., there is the effect of infinite delay on state equations. Therefore,
there is a real need to discuss stochastic evolution systems with infinite delay.

In addition, stochastic differential equations with Poisson jumps have become very
popular in modeling the phenomena arising in the fields, such as economics, where
the jump processes are widely used to describe the asset and commodity price dy-
namics (see [4]). Very recently, stochastic evolution equations with Poisson jumps
have attracted the interest of many researchers. One can see [5–8] and the references
therein.

Motivated by the above works, this paper is concerned with the time-dependent
stochastic evolution equations with Poisson jumps and infinite delay of the form:

dx(t) = [A(t)x(t) + f (t, xt )]dt + σ(t, xt )dw(t)

+
∫

Z

h
(
t, x(t−), z

)
Ñ(dt,dz), t ∈ J := [0, T ], (1)

x0 = φ ∈ B, (2)

in a real separable Hilbert space H with inner product (·, ·) and norm ‖ · ‖, where
A(t) : D ⊂ H → H, t ∈ J is a family of unbounded operators defined on a common
domain D, which is dense in the space H and generates a strong evolution operator
U(s, t),0 ≤ t ≤ s ≤ T , and the history xt : ]−∞,0] → H,xt (θ) = x(t + θ), for
t ≥ 0, belongs to the phase space B, which will be defined axiomatically in Sect. 2.
Let M be another real separable Hilbert space. Suppose that w is a M-valued Wiener
process with increment covariance given by a non-negative trace class operator Q and
Ñ(ds,dz) is a compensating martingale measure induced by a Poisson point process
k(·), which is dependent on the Wiener process w and takes values in a measurable
space (Z, B(Z)) defined on a complete probability space (�, F ,P ). Let L(M,H)

be the space of all bounded, continuous and linear operators from M into H . Assume
that f : J × B → H, σ : J × B → LQ(M,H) and h : J × H × (Z − {0}) → H

be appropriate mappings specified later. Here, LQ(M,H) denotes the space of all
Q-Hilbert-Schmidt operators from M into H , which will be defined in next section.
The initial data φ = {φ(t) : −∞ < t ≤ 0} is an F0-measurable, B-valued stochastic
process independent of the Wiener process w and the Poisson point process k(·).
Further, φ has finite second moment.

The present paper is devoted to prove the existence, uniqueness and stability
of mild solutions for (1)–(2) with the functions f , σ and h satisfying some non-
Lipschitz condition, which includes Lipschitz condition as a special case. Here, we
adopt the methods, which have been used in our previous works Ren et al. [9] and Ren
and Xia [10]. An application to the stochastic nonlinear wave equation with Poisson
jumps and infinite delay is given to illustrate the obtained theory.

The paper is organized as follows. In Sect. 2, we introduce some preliminaries.
Section 3 is devoted to the proof of existence and uniqueness of mild solutions. In
Sect. 4, we study the continuous dependence of solutions on the initial values. An
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example is provided in Sect. 5 to illustrate the theory. Section 6 includes some con-
cluding remarks.

2 Preliminaries

In this section, we recall some preliminaries needed to establish our results. For more
details, one can see Da Prato and Zabczyk [1], Hale and Kato [11] and the references
therein.

Throughout the paper, we assume that (�, F ,P ;F) (F = {Ft }0≤t≤T ) be a com-
plete filtered probability space such that F0 contains all P -null sets of F , Ft =
Ft+ = ⋂

ε>0 Ft+ε, t ≥ 0 and F = FT . Suppose that {k(t) : t ∈ J } be a Poisson point
process, taking its value in a measurable space (Z, B(Z)) with a σ -finite intensity
measure λ(dz). We denote by N(ds,dz) the Poisson counting measure, which is in-
duced by k(·), and the compensating martingale measure by

Ñ(ds,dz) := N(ds,dz) − λ(dz)ds.

Let w be a Q-Wiener process, which is independent of the Poisson point process
{k(t) : t ∈ J }, on (�, F ,P ) with the non-negative, linear and bounded covariance
operator Q such that Tr(Q) < ∞. We assume that there exist a complete orthonormal
system {en} in M , a bounded sequence of non-negative real numbers {λn} such that
Qen = λnen,n = 1,2, . . ., and a sequence of independent Wiener processes {βn} such
that

〈
w(t), e

〉 =
∞∑

k=1

√
λn〈en, e〉βn(t), e ∈ M.

Let ψ ∈ L(M,H) and define

|ψ |2Q := Tr(ψQψ∗) =
∞∑

n=1

∣∣√λnψen

∣∣2
.

If |ψ |Q < ∞, then ψ is called a Q-Hilbert-Schmidt operator. Let LQ(M,H) de-
note the space of all Q-Hilbert-Schmidt operators ψ : M → H. The completion
LQ(M,H) of L(M,H), with respect to the topology induced by the norm | · |Q, is a
Hilbert space with the above norm topology, where |ψ |2Q = 〈ψ,ψ〉. We assume that
the filtration be generated by the Q-Wiener process w(·), the Poisson point process
k(·) and be augmented, that is,

Ft = σ {w(s); s ≤ t} ∨ σ {N(]0, s],A); s ≤ t,A ∈ B(Z)} ∨ N , t ∈ J,

where N is the class of P -null sets. In the sequel, L0
2(�,H) denotes the space of

F0-measurable, H -valued and square integrable stochastic processes.
In this work, we will employ an axiomatic definition of the phase space B intro-

duced by Hale and Kato [11]. To establish the axiom of the phase space B, we follow
the terminology used in Hino et al. [12]. The axioms of the space B are established
for F0-measurable functions from ]−∞,0] to H , endowed with a seminorm ‖ · ‖B ,
which satisfies the following axiom.
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Axiom 2.1 (A1) If x : ]−∞, T ] → H,T > 0 is such that x0 ∈ B, then, for every
t ∈ J , the following properties hold

(1) xt ∈ B;
(2) |x(t)| ≤ L‖xt‖B;
(3) ‖xt‖B ≤ K(t) sup0≤s≤t |x(s)| + N(t)‖x0‖B ,

where L > 0 is a constant; K,N : [0,+∞[→ [1,+∞[, K is continuous, N is locally
bounded, and L,K,N are independent of x(·).

(A2) The space B is complete.

The next result is a consequence of the phase space axiom.

Lemma 2.1 Let x : ]−∞, T ] → H be an Ft -adapted measurable process such that
the F0-adapted process x0 = ϕ ∈ L0

2(�, B); then

E‖xs‖B ≤ NT E‖φ‖B + KT sup
0≤s≤T

E‖x(s)‖,

where NT = supt∈J {N(t)} and KT = supt∈J {K(t)}.

Remark 2.1 In functional differential equations with infinite delay, the axiom of the
abstract phase space B includes the continuity of the function t → xt ; see for instance
[12]. However, this property is not satisfied in stochastic functional differential equa-
tions with Poisson jumps and infinite delay and for this reason, has been eliminated
in our abstract description of B.

Definition 2.1 Denote by M2(]−∞, T ],H) the space of all H -valued, right con-
tinuous with left limits processes and Ft -adapted process x = {x(t)}−∞<t≤T such
that

(i) x0 = φ ∈ B and x(t) is a right continuous with left limits process on [0, T ];
(ii) define the norm ‖ · ‖M in M2(]−∞, T ],H) by

‖x‖2
M = E‖φ‖2

B + E

∫ T

0
|x(t)|2 dt < ∞. (3)

Then, M2(]−∞, T ],H) with the norm (3) is a Banach space. In the sequel, when
there will be no fear of confusion, we will use ‖ · ‖ for this norm.

In what follows, we need the following facts on evolution operators.
Let {A(t), t ∈ J } be a family of linear operators satisfying that

(A1) the domain D(A(t)) = D of A(t) is dense in H and independent of t , A(t) is a
closed linear operator for t ∈ J ;

(A2) for each t ∈ J , the resolvent R(λ,A(t)) exists for all λ with Re(λ) ≤ 0 and
there exists a constant K > 0 such that ‖R(λ,A(t))‖ ≤ K

|λ|+1 ;
(A3) there exist constants L > 0 and α ∈ ]0,1[ such that for t, s, τ ∈ J

‖A(t) − A(s)A−1(τ )‖ ≤ L|t − s|α;
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(A4) for each t ∈ J and some λ ∈ ρ(A(t)), the resolvent set of A(t), R(λ,A(t)) is a
compact operator.

Definition 2.2 (see [13]) A two parameter family of bounded linear operators
U(t, s),0 ≤ s ≤ t ≤ T , on H is called an evolution system iff the following two
conditions hold

(1) U(s, s) = I, U(t, r)U(r, s) = U(t, s), for 0 ≤ s ≤ r ≤ t ≤ T .

(2) (t, s) → U(t, s) is strongly continuous for 0 ≤ s ≤ t ≤ T .

Lemma 2.2 (see [13]) Assume that (A1)–(A3) hold. Then, there exist a unique evo-
lution system U(t, s),0 ≤ s ≤ t ≤ T and a constant K > 0 such that

(i) ‖U(t, s)‖ ≤ K for 0 ≤ s ≤ t ≤ T ;
(ii) for 0 ≤ s ≤ t ≤ T ,U(t, s) : H → D and t → U(t, s) is strongly differentiable

in H . The derivative ∂
∂t

U(t, s) belongs to L(H) and it is strongly continuous on
0 ≤ s ≤ t ≤ T . Moreover, for all 0 ≤ s ≤ t ≤ T , it holds

∂

∂t
U(t, s) + A(t)U(t, s) = 0,

∥∥∥∥ ∂

∂t
U(t, s)

∥∥∥∥ = ‖A(t)U(t, s)‖ ≤ K

t − s
,

‖A(t)U(t, s)A(s)−1‖ ≤ K;
(iii) for each v ∈ D and t ∈ J , U(t, s)v is differentiable with respect to s on 0 ≤ s ≤

t ≤ T and ∂
∂t

U(t, s)v = U(t, s)A(s)v.

Lemma 2.3 (see [14]) Let {A(t), t ∈ J } be a family of linear operators satisfy-
ing (A1)–(A4). If {U(t, s),0 ≤ s ≤ t ≤ T } is the linear evolution system gener-
ated by {A(t), t ∈ J }, then {U(t, s),0 ≤ s ≤ t ≤ T } is a compact operator whenever
t − s > 0.

Remark 2.2 If A(t), t ≥ 0 is a second order differential operator A, i.e. A(t) = A for
each t ≥ 0. Then, A generates a C0-semigroup {eAt , t ≥ 0}.

Now, we present the definition of the mild solution of the system (1)–(2).

Definition 2.3 A right continuous with left limits process x : ]−∞, T ] → H is called
the mild solution of the system (1)–(2) iff

(i) x(t) is Ft -adapted and {xt : t ∈ [0, T ]} is B-valued;
(ii)

∫ T

0 |x(s)|2 ds < ∞, P -a.s.;
(iii) for each t ∈ J , x(t) satisfies the following integral equation

x(t) = U(t,0)φ(0) +
∫ t

0
U(t, s)f (s, xs)ds +

∫ t

0
U(t, s)σ (s, xs)dw(s)

+
∫ t

0
U(t, s)

∫
Z

h
(
s, x(s−), z

)
Ñ(ds,dz);
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(iv) x0 = φ ∈ B.

In this work, we will work under the following assumptions:

(H1) U(t, s) is a compact operator whenever t − s > 0 and there exists a constant
K > 0 such that ‖U(t, s)‖2 ≤ K for 0 ≤ s ≤ t ≤ T .

(H2) The maps f : J × B → H , σ : J × B → LQ(M,H) and h : J × H × (Z −
{0}) → H are all measurable functions satisfying for any t ∈ J , φ,ψ ∈ B,
x, y ∈ H , z ∈ Z − {0},

|f (t, ϕ) − f (t,ψ)|2 ∨ |σ(t, ϕ) − σ(t,ψ)|2 ≤ κ
(‖ϕ − ψ‖2

B
)
,(∫

Z

|h(t, x, z) − h(t, x, z)|2λ(dz)dt

)

∨
(∫

Z

|h(t, x, z) − h(t, y, z)|4λ(dz)dt

)1/2

≤ κ
(|x − y|2),

(∫
Z

|h(t, x, z)|4λ(dz)dt

)1/2

≤ κ(|x|2),

where κ(·) is a concave nondecreasing function from R+ to R+ such that
κ(0) = 0, κ(u) > 0 for u > 0 and

∫
0+ du

κ(u)
= ∞. Here, the symbol

∫
0+ stands

for limε→0+
∫ +∞
ε

.

(H3) For all t ∈ J , there exists a positive constant K such that

|f (t,0)|2 ∨ |σ(t,0)|2 ∨
(∫

Z

|h(t,0, z)|2λ(dz)dt

)
≤ K.

Remark 2.3 Let us give some concrete functions κ(·). Let K > 0 and δ ∈ ]0,1[ be
sufficiently small. Define

κ1(u) = Ku,u ≥ 0.

κ2(u) =
{

u log(u−1), 0 ≤ u ≤ δ,

δ log(δ−1) + κ ′
2(δ−)(u − δ), u > δ.

κ3(u) =
{

u log(u−1) log log(u−1), 0 ≤ u ≤ δ,

δ log(δ−1) log log(δ−1) + κ ′
3(δ−)(u − δ), u > δ.

They are all concave nondecreasing functions satisfying
∫

0+ du
κi (u)

= +∞ (i =
1,2,3). In particular, we see that the Lipschitz condition is a special case of the
proposed conditions.

In order to obtain the uniqueness of solutions, we give Bihari inequality which
appeared in [15].

Lemma 2.4 (Bihari inequality) Let T > 0 , u0 ≥ 0, u(t) and v(t) be two continuous
functions on [0,T]. Let κ : R+ → R+ be a concave continuous and nondecreasing
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function such that κ(r) > 0 for r > 0. If

u(t) ≤ u0 +
∫ t

0
v(s)κ(u(s))ds for all 0 ≤ t ≤ T ,

then

u(t) ≤ G−1
(

G(u0) +
∫ t

0
v(s)ds

)

for all t ∈ [0, T ] such that

G(u0) +
∫ t

0
v(s)ds ∈ Dom(G−1),

where G(r) = ∫ r

1
ds

κ(s)
, r ≥ 0 and G−1 is the inverse function of G. In particular, if,

moreover, u0 = 0 and
∫

0+ ds
κ(s)

= ∞, then u(t) = 0 for all 0 ≤ t ≤ T .

In order to obtain the stability of solutions, we give the extended Bihari inequality,
which appeared in [16] (Lemma 3.2) and its Corollary.

Lemma 2.5 Let the assumptions of Lemma 2.4 hold. If

u(t) ≤ u0 +
∫ T

t

v(s)κ(u(s))ds for all 0 ≤ t ≤ T ,

then

u(t) ≤ G−1
(

G(u0) +
∫ T

t

v(s)ds

)

for all t ∈ [0, T ] such that

G(u0) +
∫ T

t

v(s)ds ∈ Dom(G−1),

where G(r) = ∫ r

1
ds

κ(s)
, r ≥ 0 and G−1 is the inverse function of G.

Corollary 2.1 Let the assumptions of Lemma 2.4 hold and v(t) ≥ 0 for t ∈ [0, T ]. If
for all ε > 0, there exists t1 ≥ 0 such that for 0 ≤ u0 < ε,

∫ T

t1
v(s)ds ≤ ∫ ε

u0

ds
κ(s)

holds.
Then for every t ∈ [t1, T ], the estimate u(t) ≤ ε holds.

3 Existence and Uniqueness of Mild Solutions

In this section, we establish the existence and uniqueness theorem of mild solutions
for the system (1)–(2). The main result of this section is the following theorem.

Theorem 3.1 Let (H1)–(H3) be satisfied, and x0 = φ ∈ B satisfy x0 ∈ L0
2(�,H).

Then, there exists a unique mild solution of (1)–(2) in space M2(]−∞, T ],H).
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In order to prove the result, we consider the sequence of successive approxima-
tions defined as follows:

• x0(t) = U(t,0)φ(0), t ∈ J,

• xn(t) = U(t,0)φ(0) +
∫ t

0
U(t, s)f (s, xn−1

s )ds +
∫ t

0
U(t, s)σ (s, xn−1

s )dw(s)

+
∫ t

0
U(t, s)

∫
Z

h
(
s, xn−1(s−), z

)
Ñ(ds,dz), t ∈ J,n ≥ 1, (4)

• xn(t) = φ(t), −∞ < t ≤ 0, n ≥ 1.

Lemma 3.1 Assume the assumptions of Theorem 3.1 hold. Then, for all t ∈ ]−∞, T ],
n ≥ 0, it holds that xn(t) ∈ M2(]−∞, T ],H). That is, there exists a positive constant
C1 such that

‖xn(t)‖2 ≤ C1.

Proof Obviously, x0(t) ∈ M2(]−∞, T ];H). By induction, we have xn(t) ∈
M2(]−∞, T ];H). In fact, from (4), using the Hölder inequality, the Doob martin-
gale inequality and the Burkhölder-Davis-Gundy inequality for pure jump stochastic
integral in Hilbert space ([17] Theorem 35), we have

E
(

sup
0≤s≤t

|xn(s)|2
)

≤ 4E|U(t,0)φ(0)|2 + 4E

∣∣∣∣
∫ t

0
U(t, s)f

(
s, xn−1

s

)
ds

∣∣∣∣
2

+ 4E

∣∣∣∣
∫ t

0
U(t, s)σ

(
s, xn−1

s

)
dw(s)

∣∣∣∣
2

+ 4E

∣∣∣∣
∫ t

0
U(t, s)

∫
Z

h
(
s, xn−1(s−), z

)
Ñ(ds,dz)

∣∣∣∣
2

≤ 4KE‖φ‖2
B + 4KT E

∫ t

0
|f (s, xn−1

s )|2 ds

+ 4KE

∫ t

0
|σ(s, xn−1

s )|2 ds + 4C

∫ t

0

∫
Z

|h(t, xn−1(s−), z)|2λ(dz)dt

+ 4C

∫ t

0

(∫
Z

|h(t, xn−1(s−), z)|4λ(dz)

)1/2

dt

≤ 4KE‖φ‖2
B + 4KT E

∫ t

0
|f (s, xn−1

s ) − f (s,0) + f (s,0)|2 ds

+ 4KE

∫ t

0
|σ(s, xn−1

s ) − σ(s,0) + σ(s,0)|2 ds
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+ 4C

∫ t

0

∫
Z

|h(t, xn−1(s−), z) − h(t,0, z) + h(t,0, z)|2λ(dz)dt

+ 4C

∫ t

0

(∫
Z

|h(t, xn−1(s−), z)|4λ(dz)

)1/2

dt

≤ K1 + 8K(T + 1)E

∫ t

0
κ(‖xn−1

s ‖2
B)ds + 12CE

∫ t

0
κ(|xn−1(s)|2)ds,

where C > 0 is a constant and K1 = 4KE‖φ‖2
B + 8K2T (T + 1) + 8T CK. Given

that κ(·) is concave and κ(0) = 0, we can find a pair of positive constants a and b

such that

κ(u) ≤ a + bu, for all u ≥ 0.

So, by Lemma 2.1, we get

E
(

sup
0≤s≤t

|xn(s)|2
)

(5)

≤ K2 + 8M(T + 1)bE

∫ t

0
‖xn−1

s ‖2
B ds + 12CbE

∫ t

0
|xn−1(s)|2 ds

≤ K2 + 8K(T + 1)bE

∫ t

0

(
sup

0≤r≤s

|xn−1(r)| + N‖xn
0 ‖B

)2
ds

+ 12CbE

∫ t

0

(
sup

0≤r≤s

|xn−1(r)|
)2

ds

≤ K3 + [
16K(T + 1)b + 12Cb

] ∫ t

0
E

(
sup

0≤r≤s

|xn−1(r)|
)2

ds, (6)

where K2 = K1 + 8T aK(T + 1) + 12CT a, K3 = K2 + 8K(T + 1)bT N2E‖φ‖2
B.

For any k ≥ 1, it follows from (5),

max
1≤n≤k

E
(

sup
0≤s≤t

|xn(s)|2
)

≤ K3 + [
16K(T + 1)b + 12Cb

]∫ t

0

[
E|x0(s)|2 + E max

1≤n≤k

(
sup

0≤r≤s

|xn(r)|
)2]

ds

≤ K3 + [
16K(T + 1)b + 12Cb

]
T E‖φ‖2

B

+ [
16K(T + 1)b + 12Cb

] ∫ t

0
E max

1≤n≤k

(
sup

0≤r≤s

|xn(r)|
)2

ds

≤ K4 + [
16K(T + 1)b + 12Cb

]∫ t

0
E max

1≤n≤k

(
sup

0≤r≤s

|xn(r)|
)2

ds,

where K4 = K3 + [16K(T + 1)b + 12Cb]T E‖φ‖2
B.
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From the Gronwall inequality, we derive that

max
1≤n≤k

E
(

sup
0≤s≤t

|xn(s)|2
)

≤ K4e16K(T +1)b+12Cb.

Since k is arbitrary, we have

E
(

sup
0≤s≤t

|xn(s)|2
)

≤ K4e16K(T +1)b+12Cb, for all 0 ≤ t ≤ T , n ≥ 1.

Thus, by the above result, we obtain

‖xn‖2 = E‖xn
0 ‖2

B + E

∫ T

0
|xn(s)|2 ds

≤ E‖φ‖2
B + T K4e16K(T +1)b+12Cb < ∞,

which shows that the desired result holds with C1 = E‖φ‖2
B +K4e16K(T +1)b+12Cb . �

Lemma 3.2 Under the assumptions of Theorem 3.1, there exists a positive constant
C2 such that

E
(

sup
0≤s≤t

|xn+m(s) − xn(s)|2
)

≤ C2

∫ t

0
κ
(
E

(
sup

0≤r≤s

|xn+m−1(r) − xn−1(r)|2
))

ds

for all 0 ≤ t ≤ T ,n,m ≥ 1.

Proof From (4), for n,m ≥ 1 and 0 ≤ t ≤ T , we derive that

xn+m(t) − xn(t)

=
∫ t

0
U(t, s)

[
f

(
s, xn+m−1

s

) − f
(
s, xn−1

s

)]
ds

+
∫ t

0
U(t, s)

[
σ
(
s, xn+m−1

s

) − σ
(
s, xn−1

s

)]
dw(s)

+
∫ t

0
U(t, s)

∫
Z

[
h
(
s, xn+m−1(s−), z

) − h
(
s, xn−1(s−), z

)]
Ñ(ds,dz).

Thus, we have

E
(

sup
0≤s≤t

|xn+m(s) − xn(s)|2
)

≤ 3KT E

∫ t

0

∣∣f (
s, xn+m−1

s

) − f
(
s, xn−1

s

)∣∣2 ds

+ 3KE

∫ t

0

∣∣σ (
s, xn+m−1

s

) − σ
(
s, xn−1

s

)∣∣2 ds
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+ 3C

∫ t

0

∫
Z

|h(
t, xn+m−1(s−), z

) − h
(
t, xn−1(s−), z

)|2λ(dz)dt

+ 3C

∫ t

0

(∫
Z

|h(
t, xn+m−1(s−), z

) − h
(
t, xn−1(s−), z

)|4λ(dz)

)1/2

dt

≤ 3K(T + 1)E

∫ t

0
κ
(‖xn+m−1

s − xn−1
s ‖2

B
)

ds

+ 6CE

∫ t

0
κ
(|xn+m−1(s) − xn−1(s)|2)ds

≤ 3[K(T + 1) + 2C]E
∫ t

0
κ
(

sup
0≤r≤s

∣∣xn+m−1(r) − xn−1(r)
∣∣2

)
ds.

From the Jensen inequality, we get

E
(

sup
0≤s≤t

|xn+m(s) − xn(s)|2
)

≤ 3[K(T + 1) + 2C]
∫ t

0
κ
(
E

(
sup

0≤r≤s

|xn+m−1(r) − xn−1(r)|2
))

ds.

If we choose C2 = 3[K(T + 1) + 2C], we obtain the desired result. �

Lemma 3.3 Under the assumptions of Theorem 3.1, there exists a positive constant
C3 such that

E
(

sup
0≤s≤t

|xn+m(s) − xn(s)|2
)

≤ C3t (7)

for all 0 ≤ t ≤ T ,n,m ≥ 1.

Proof From Lemma 3.1 and 3.2, we have

E
(

sup
0≤s≤t

|xn+m(s) − xn(s)|2
)

≤ C2

∫ t

0
κ
(
E

(
sup

0≤r≤s

|xn+m−1(r) − xn−1(r)|2
))

ds

≤ C2

∫ t

0
κ(2C1)ds

≤ C2κ(2C2)t = C3t.

The proof is complete.
Define

ϕ1(t) = C3t,

ϕn+1(t) = C2

∫ t

0
κ(ϕn(s))ds, n ≥ 1,

ϕn,m(t) = E
(

sup
0≤r≤t

|xn+m(r) − xn(r)|2
)
, n,m ≥ 1.
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Choose T1 ∈ [0, T [ such that

C2κ(C3t) ≤ C3, for all 0 ≤ t ≤ T1. �

Lemma 3.4 There exists a positive 0 ≤ T1 < T such that for all n,m ≥ 1,

0 ≤ ϕn,m(t) ≤ ϕn(t) ≤ ϕn−1(t) ≤ · · · ≤ ϕ1(t) (8)

for all 0 ≤ t ≤ T1.

Proof We prove this Lemma by induction with respect to n. By Lemma 3.3, we have

ϕ1,m(t) = E
(

sup
0≤r≤t

|x1+m(r) − x1(r)|2
)

≤ C3t = ϕ1(t).

By Lemma 3.3,

ϕ2,m(t) = E
(

sup
0≤r≤t

|x2+m(r) − x2(r)|2
)

≤ C2

∫ t

0
κ
(
E

(
sup

t0≤r≤s
|x1+m(r) − x1(r)|2

))
ds

≤ C2

∫ t

0
κ
(
ϕ1,m(s)

)
ds

≤ C2

∫ t

0
κ
(
ϕ1(s)

)
ds = ϕ1(t).

So, we also have

ϕ2(t) = C2

∫ t

0
κ
(
ϕ1(s)

)
ds ≤ C2

∫ t

0
κ(C3s)ds

≤ C2

∫ t

0
C3ds = ϕ1(t).

We have already showed that

ϕ2,m(t) ≤ ϕ2(t) ≤ ϕ1(t), for all 0 ≤ t ≤ T1.

Now, we assume that (8) holds for some n ≥ 1. Then, using the same inequalities as
above yields that

ϕn+1,m(t) = C2

∫ t

0
κ
(
E

(
sup

0≤r≤s

|xn+m(r) − xn(r)|2
))

ds

≤ C2

∫ t

0
κ
(
ϕn,m(s)

)
ds

≤ C2

∫ t

0
κ
(
ϕn(s)

)
ds = ϕn+1(t)
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for all 0 ≤ t ≤ T1. On the other hand, we have

ϕn+1(t) = C2

∫ t

0
κ(ϕn(s))ds ≤ C2

∫ t

0
κ(ϕn−1(s))ds = ϕn(t),

for all 0 ≤ t ≤ T1. This completes the proof. �

Proof of Theorem 3.1 Uniqueness. Let x(t) and x̄(t) be two solutions of (1)–(2).
Then, the uniqueness is obvious on the interval ]−∞,0] and for 0 ≤ t ≤ T , by the
same calculations as Lemma 3.2, we have

E
(

sup
0≤s≤t

|x(s) − x̄(s)|2
)

≤ 3
[
K(T + 1) + 2C

] ∫ t

0
κ
(
E

(
sup

0≤r≤s

|x(r) − x̄(r)|2
))

ds.

The Bihari inequality yields that

E
(

sup
0≤s≤t

|x(s) − x̄(s)|2
)

= 0, 0 ≤ t ≤ T . (9)

The above expression means that x(t) = x̄(t) for all 0 ≤ t ≤ T . Therefore, for all
−∞ < t ≤ T , x(t) = x̄(t) a.s. This establish the uniqueness.

Existence. We claim that

E
(

sup
0≤s≤t

|xn+m(s) − xn(s)|2
)

→ 0 (10)

for all 0 ≤ t ≤ T1, as n,m → ∞. Note that ϕn is continuous on [0, T1]. Note also that
for each n ≥ 1, ϕn(·) is decreasing on [0, T1], and for each t, ϕn(t) is a decreasing
sequence. Therefore, we can define the function ϕ(t) as

ϕ(t) = lim
n→∞ϕn(t) = lim

n→∞C2

∫ t

t0

κ
(
ϕn−1(s)

)
ds = C2

∫ t

t0

κ
(
ϕ(s)

)
ds (11)

for all 0 ≤ t ≤ T1. The Bihari inequality implies that ϕ(t) = 0 for all 0 ≤ t ≤ T1. Now,
from Lemma 3.4, we have

ϕn,n(t) ≤ sup
t0≤t≤T1

ϕn(t) ≤ ϕn(T1) → 0 (12)

as n → ∞. That is xn(t) is a Cauchy sequence in L2 on ]−∞, T1]. From Lemma 3.1,
we can easily derive that

‖x(t)‖2 ≤ C,

where C is a positive constant.
Using the property of the function to κ(·), we can obtain that for all 0 ≤ t ≤ T1,

E

∣∣∣∣
∫ t

0
U(t, s)[f (s, xn

s ) − f (s, xs)]ds

∣∣∣∣
2

→ 0, as n → ∞,
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E

∣∣∣∣
∫ t

0
U(t, s)[σ(s, xn

s ) − σ(s, xs)]dw(s)

∣∣∣∣
2

→ 0, as n → ∞,

and

E

∣∣∣∣
∫ t

0
U(t, s)

∫
Z

[h(s, xn−1(s−), z)−h(s, x(s−), z)]Ñ (ds,dz)

∣∣∣∣
2

→ 0, as n → ∞.

For all 0 ≤ t ≤ T1, taking limits on both sides of (4), we obtain

x(t) = U(t,0)φ(0) +
∫ t

0
U(t, s)f (s, xs)ds +

∫ t

0
U(t, s)σ (s, xs)dw(s)

+
∫ t

0
U(t, s)

∫
Z

h
(
s, x(s−), z

)
Ñ(ds,dz).

The above expression demonstrates that x(t) is one solution of (1)–(2) on [0, T1]. By
iteration, the existence of solutions to (1)–(2) on [0, T ] can be obtained. �

4 Stability of Solutions

In this section, we will give the continuous dependence of solutions on the initial
value by means of the Corollary of Bihari inequality.

Definition 4.1 A mild solution xξ (t) of the system (1)–(2) with initial value ξ is said
to be stable in mean square iff for all ε > 0 there exists δ > 0 such that

E
(

sup
0≤s≤t

|xξ (s) − yη(s)|2
)

≤ ε, when E‖ξ − η‖2
B < δ, (13)

where xη(t) is another solution of the system (1)–(2) with initial value η.

Theorem 4.1 Let xξ (t) and yη(t) be solutions of the system (1)–(2) with initial value
ξ and η, respectively. Assume the assumptions of Theorem 3.1 be satisfied; then the
solution of the system (1)–(2) is stable in mean square.

Proof By assumptions, let x(t) and y(t) be two solutions of the system (1)–(2) with
initial value ξ and η, respectively. Using the same arguments as Lemma 3.2, we get

E
(

sup
0≤s≤t

|x(s) − y(s)|2
)

≤ 4KE‖ξ − η‖2
B + 4K(1 + T )

∫ t

0
κ
(
E‖xs − ys‖2

B
)

ds

+ 4C

∫ t

0
κ
(
E|x(s) − y(s)|2)ds

≤ 4KE‖ξ − η‖2
B + 4

[
K(1 + T ) + C

]

×
∫ t

0
κ
(
E

(
sup

0≤r≤s

|x(r) − y(r)|2
))

ds.
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Let κ1(u) = 4[K(1 + T ) + C]κ(u), where κ is a concave increasing function from
R+ to R+ such that κ(0) = 0, κ(u) > 0 for u > 0 and

∫
0+ du

κ(u)
= +∞. Thus, κ1(u)

is obvious a concave function from R+ to R+ such that κ1(0) = 0, κ(u) ≥ κ(1)u, for
any 0 ≤ u ≤ 1 and

∫
0+ du

κ1(u)
= ∞. So, for any ε > 0, ε1 := 1

2ε, we have

lim
s→0

∫ ε1

s

du

κ1(u)
= +∞.

Thus, there is a positive constant δ < ε1 such that
∫ ε1
δ

du
κ1(u)

≥ T . From Corol-

lary 2.1, let u0 = 4KE‖ξ − η‖2
B, u(t) = E(sup0≤s≤t |x(s) − y(s)|2), v(t) = 1, when

u0 ≤ δ ≤ ε1, we have
∫ ε1
u0

du
κ1(u)

≥ ∫ ε1
δ

du
κ1(u)

≥ T = ∫ T

0 v(s)ds. So, for any t ∈ [0, T ],
the estimate u(t) ≤ ε1 holds. This completes the proof of the theorem. �

5 An Example

In this section, an example is provided to illustrate the obtained theory.

Example 5.1 We consider the following stochastic partial differential equations with
Poisson jumps and infinite delay of the form:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dv(t, ξ) =
[

∂2

∂x2
v(t, ξ) + b(t, ξ)v(t, ξ)

]
dt + F(t, v(t − h, ξ))dt

+ �(t, v(t − h, ξ))dβ(t) +
∫

Z

h(t, v(t−, ξ), z)Ñ(dt,dz),

0 ≤ ξ ≤ π,h > 0, t ∈ J := [0, T ],
v(t,0) = v(t,π) = 0, t ∈ J,

v(t, ξ) = ϕ(t, ξ), t ∈ ]−∞,0],0 ≤ x ≤ π,

(14)

where β(t) denotes a standard cylindrical Wiener process and {k(t) : t ∈ J } is a Pois-
son point process (independent of β(t)) taking its value in the space M = [0,∞[
with a σ -finite intensity measure λ(dz) defined on a stochastic space (�, F ,P ). We
denote by N(ds,dz) the Poisson counting measure, which is induced by k(·), and the
compensating martingale measure by

Ñ(ds,dz) := N(ds,dz) − λ(dz)ds.

To rewrite (14) into the abstract form of (1)–(2), we consider the space H =
L2([0,π]) and define the operator A : D(A) ⊂ H → H by Az = z′′ with domain

D(A) := {z ∈ H,z, z′ are absolutely continuous z′′ ∈ H,z(0) = z(π) = 0}.
Then, A is the infinitesimal generator of an analytic semigroup {S(t)}t≥0 on H . A has
discrete spectrum with eigenvalues −n2, n ∈ N, and the corresponding normalized
eigenfunctions is given by zn(ξ) = ∑∞

n=1 e−n2t sin(nξ). Moreover, {zn,n ∈ N} is an

orthonormal basis of H and for x ∈ H, t ≥ 0, it holds S(t)x = ∑∞
n=1 e−n2t (x, zn)zn.
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In addition, it follows that S(t) is compact for every t > 0 and ‖S(t)‖ ≤ e−t for every
t ≥ 0.

Now, we define an operator A(t) : D(A) ⊂ H → H by

A(t)x(ξ) = Ax(ξ) + b(t, ξ)x(ξ).

Let b(·) be continuous and b(t, ξ) ≤ −γ (γ > 0) for every t ∈ R. Then, the system

{
v′(t) = A(t)v(t), t ≥ s,

v(s) = x ∈ H,

has an associated evolution family, given by

U(t, s)x(ξ) = [S(t − s)e
∫ t
s b(τ,ξ)dτ x](ξ).

From the above expression, it follows that U(t, s) is a compact operator and for every
t, s ∈ J with t > s

‖U(t, x)‖ ≤ e−(1+γ )(t−s).

Let v(t)(·) = v(t, ·), for t ∈ J .We define respectively,

f (t, v)(·) = F(t, v(·)), σ (t, v)(·) = �(t, v(·)).
Then, we can rewrite (14) in the form of (1)–(2). Furthermore, if we impose suit-
able conditions on G,� and h to verify assumptions on Theorem 3.1, then we can
conclude that the system (14) has a unique mild solution on J .

6 Concluding Remarks

In this paper, we prove the existence, uniqueness and stability of mild solutions for
a class of time-dependent stochastic evolution equations, with Poisson jumps and
infinite delay, under non-Lipschitz condition with Lipschitz condition being consid-
ered as a special case. An application to the stochastic nonlinear wave equation, with
Poisson jumps and infinite delay, is given to illustrate the obtained theory.

Acknowledgements The authors are deeply grateful to the two anonymous referees and Prof. F. Zirilli
for their valuable suggestions improving the quality of this paper.
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