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Abstract The present paper is concerned with the convergence problems of New-
ton’s method and the uniqueness problems of singular points for sections on Rie-
mannian manifolds. Suppose that the covariant derivative of the sections satisfies
the generalized Lipschitz condition. The convergence balls of Newton’s method and
the uniqueness balls of singular points are estimated. Some applications to special
cases, which include the Kantorovich’s condition and the y-condition, as well as the
Smale’s y-theory for sections on Riemannian manifolds, are given. In particular, the
estimates here are completely independent of the sectional curvature of the underly-
ing Riemannian manifold and improve significantly the corresponding ones due to
Dedieu, Priouret and Malajovich (IMA J. Numer. Anal. 23:395-419, 2003), as well
as the ones in Li and Wang (Sci. China Ser. A. 48(11):1465-1478, 2005).

Keywords Newton’s method - Riemannian manifold - Section - Generalized
Lipschitz condition

1 Introduction

Many problems considered in optimization theory are formulated in linear spaces,
where the linear structure plays an important role to develop numerical algorithms
for solving the problems. At the same time, there are lots of optimization problems
arising in various applications which can not be posed in linear spaces and requires
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a Riemannian manifold (in particular, a Hadamard manifold) structure for their for-
malization and study. For example, geometric models for human spine [3], eigenvalue
optimization problems [4—6], nonconvex and nonsmooth problems of constrained op-
timization in R" that can be reduced to convex and smooth unconstrained optimiza-
tion problems on Riemannian manifolds as in [7-11], etc. We refer the reader to [6,
12-14] and the bibliographies therein for more examples and discussions.

In recent years, extensions of the concepts and techniques of optimization prob-
lems in linear spaces to the setting of Riemannian manifolds are done frequently, with
theoretical objective and also to obtain effective algorithms as in [6, 8, 9, 14-21], etc.
For example, in [8, 16, 17, 22], various derivative-like and subdifferential construc-
tions for nondifferentiable functions on Riemannian manifolds have been developed,
while, in [8, 23, 24], the extension of the maximal monotonicity to the setting of Rie-
mannian manifolds makes it possible the development of a proximal-type method
to approximate singularities of set-valued vector fields on a class of Riemannian
manifolds with nonpositive sectional curvatures (i.e., on Hadamard manifolds). In
[6, 14], several numerical algorithms such as steepest descent, conjugate gradient,
trust-region method and so on, for solving optimization problems and/or equations
are extended to the setting of Riemannian manifolds. As in the case of linear spaces,
Newton’s method is one of the most important methods to solve smooth optimization
problems and/or to find singularity of vector fields on Riemannian manifolds. In par-
ticular, the extensions of the well-known Kantorovich theorem [25] and the famous
Smale’s a-theory and y-theory [26] for Newton’s method from linear spaces to Rie-
mannian manifolds were done in [27] and [1, 28], respectively. We extended in [28]
the notion of the y-condition, which was presented by Wang in [29], to vector fields
on Riemannian manifolds to establish the y -theory and «-theory of Newton’s method
which improves the corresponding results in [1]. Alvarez et al. introduced in [30] a
Lipschitz type radial function for the covariant derivative of vector fields and map-
pings on Riemannian manifolds to establish a unified curvature-free convergence cri-
terion of Newton’s method on Riemannian manifolds, which improves significantly
the corresponding results in [1, 28]. Very recently, in [31], we extended the notion of
the Lipschitz condition with L-average in [35] to Riemannian manifold settings and
explored the semi-local behavior of Newton’s method for sections on Riemannian
manifolds. In particular, applications to analytic vector fields and mappings improve
the corresponding results in [1, 28, 30].

Our interests in the present paper are focused on the local behavior of Newton’s
method for sections on Riemannian manifolds. Recall that the first results on the
estimates of the radii of convergence balls of Newton’s method on Riemannian man-
ifolds are due to [1] for analytic vector fields and mappings. Then, the authors of
[2] extended one kind of Lipschitz condition with L-average to vector fields on Rie-
mannian manifolds and provided the estimates of convergence balls and of unique-
ness balls of singular points of vector fields, which extend the corresponding estimate
results in [1]. All the estimates are in terms of one geometric number depending on
the sectional curvature of the underlying Riemannian manifold. In the present paper,
under the assumption that the covariant derivatives of the sections satisfy one kind
of Lipschitz condition with L-average, we give new estimates of the radii of conver-
gence balls of Newton’s method and the radii of uniqueness balls of singular points of
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sections on Riemannian manifolds. In particular, our estimates are completely inde-
pendent of the sectional curvature and hence improve the corresponding results due
to [2]. Applications to special cases, which include the Kantorovich’s condition and
the y-condition, as well as the Smale’s y-theory for sections on Riemannian mani-
folds, are provided, which consequently improve the corresponding result in [1].

The paper is organized as follows. In Sect. 2, some basic concepts, results and no-
tations on Riemannian manifolds are introduced. Results on estimates of the radii of
uniqueness balls of singular points of sections and the radii of convergence balls are
provided, respectively, in Sects. 3 and 4. Applications to special cases are presented
in Sects. 5 and 6. In the last section, we give a criterion to determine a point being an
approximate singular point of an analytic section.

2 Notions and Preliminaries

Let « € NU {00, w}, and let M be a complete m-dimensional C*-Riemannian man-
ifold with countable bases, where C* means smooth or analytic in the case when
k =00 orw. Let p e M and T, M denote the tangent space at p to M. We denote by
(-, -)p the scalar product on T;, M with the associated norm | - || ,, where the subscript
p is sometimes omitted. The tangent bundle 7 M of M is defined by

™ := || T,M.
PEM

Thus, a vector field X on M is a mapping from M to T M satisfying X(p) € T,M
for each p e M. For p, g € M, let c: [0, 1] = M be a piecewise smooth curve con-
necting p and g. Then the arc-length of ¢ is defined by /(c) := fol IIc’(¢)]||dt, while
the Riemannian distance from p to g is defined by d(p, q) := inf. [(c), where the in-
fimum is taken over all piecewise smooth curves c : [0, 1] — M connecting p and q.
Thus (M, d) is a complete metric space by the Hopf-Rinow Theorem (cf. [32]). Not-
ing that M is complete, the exponential map exp,, : T,M — M at p is well-defined
on T, M. Recall that a geodesic ¢ in M connecting p and g is called a minimiz-
ing geodesic iff its arc-length is equal to its Riemannian distance between p and g.
Clearly, a curve ¢ : [0, 1] — M is a minimizing geodesic connecting p and ¢ if and
only if there exists a vector v € T, M such that ||v|| =d(p,q) and c(¢) = expp(tv)
foreach t € [0, 1].

Let V denote the Levi-Civita connection on M and let ¢ : R — M be a C“-curve.
Then we use P..... to denote the parallel transport on tangent bundle 7'M along ¢ with
respect to V. In particular, we write P.. for P, .. in the case where ¢ is a minimizing
geodesic.

In the remainder of this section, we describe simply the notion of sections, con-
nections and parallel transports as well as some relative facts. For the details, the
readers are refereed to [31] and some text books, for example, [32—-34]. Recall that
k € N U {oo, w}. Throughout the whole paper, we assume that £ and M be C*-
manifolds. Let 7 : E — M be a C*-vector bundle and & a C*-section of this vector
bundle. Let D be a connection of this vector bundle. Since D is tensorial in X, the
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value of Dx& at p € M depends only on the tangent vector v = X (p) € T, M. Hence,
the map D&(p) : Ty M — rr_l(p), given by

Dé(p)v:=Dxé(p) foreachveT,M, @))

is well-defined and is a linear map from T, M to Y p).
Letc:R — M be a C¥-curve. For any a, b € R, define the mapping

Pe.cty.ct@ 7 (c(@) — 7w c(b))

by P cb),c(@)(v) = ny(c(b)) for each v € 7~ Yc(a)), where 1Ny is the unique C“-
section such that D1, = 0 and ny(c(a)) = v. Then P, .. is called the parallel
transport on vector bundle E along c. In particular, we write Pe).c(a) fOr Pe.cb),c(a)
in the case when c is a minimizing geodesic.

Let k be a positive integer and let &€ be a C“-section. Following [31], we now define
inductively the covariant derivative of order k for £. Recall that D is a connection on
the vector bundle v : E — M and V is the Levi-Civita connection on M. Define the
map D'& = Dg : (C*(TM))' - C*~'(M, E) by

DE(X) =Dyé foreach X € CX(T M) )
and define the map D& : (C*(T M)k — C*~K(M, E) by

D*e(Xy, ..., Xk—1, X) =Dx (D 'e(Xy, ..., Xi—1)
k—1

_ZDkils(Xl7""VXXi7"'7Xk_1) (3)
i=1

for each Xy,..., Xx_1,X € C*(TM). Then, one can use mathematical induction
to prove easily that D¥&(X 1, ..., X;) is tensorial with respect to each component
X;, that is, k multi-linear map from (C(TM))* to C*~%(M, E), where the lin-
earity refers to the structure of C¥(M)-module. This implies that the value of
DKE(X1, ..., Xy) at p € M only depends on the k-tuple of tangent vectors

i, o) = (X1(p), -, Xi(p) € (T, M),
Consequently, for a given p € M, the map D*E(p) : (TpM)k — E,, defined by
DFe(p)vy -+ -vp ;=D E(Xy, ..., Xp)(p) forany (vi,...,n) € (T,M)*, (4
is well-defined, where X; € C*(T M) satisty X;(p) =v; foreachi =1,...,k. Let
po € M be such that DE(pg)~! exists. Thus, for any piece-geodesic curve ¢ con-

necting pg and p, Dé(po)’ch,po,pDké(p) is a k-multilinear map from (TPM)k to
Ty, M. We define the norm of D& (po)_ch,pO,pDkE(p) by

IDE(p0) ™ Pe, po. y DXE(P)II = sup IDE(p0) ™" Pe, po. p DX E(PIVIVL - -~ V| o
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where the supremum is taken over all k-tuple of vectors (vy,...,v) € (T,M )¢ with
each |v;||, = 1. Furthermore, for any geodesic ¢ : R — M on M, since V5’ (s) =
0, it follows from (3) that

Dre(c(s))(c'()F =D (D E(e() (¢ (5))*!) foreachs eR.  (5)

The following lemma is taken from [31, Lemma 2.2], which plays an important
role in this paper.

Lemma 2.1 Let ¢ : R — M be a geodesic and let ¢ be a C*-section. Then, for each
teR,

t
Pe.c0),cr)¢ (c(t)) =§(0(0))+/0 Pe.c(0),c(s) DL (c ()" (5))ds. (6)

In the remainder of this paper, we assume that £ be a C!-section and pg € M. We
end this section by giving Newton’s method to sections on M (cf. [31]). Newton’s
method with initial point pg for & is defined as follows.

prs1 =exp, (—DE(p) '6(py)) foreachn=0,1,2,.... (7)

3 Uniqueness Ball of Singular Points of Sections

For a Banach space or a Riemannian manifold Z, we use Bz(p,r) and Bz(p, r) to
denote respectively the open metric ball and the closed metric ball at p with radius r,
that is,

Bz(p.r)={qeZ:d(p,q) <r} and Bz(p,r)={qeZ:d(p,q)=<r}.

We often omit the subscript Z if no confusion caused.

Let L(-) be a positive integrable function on [0, R], where R is a positive number
large enough such that fOR (R —u)L(u)du > R. The notion of center Lipschitz condi-
tion with the L average for operators from Banach spaces to Banach spaces was first
introduced in [35] by Wang for the study of Smale’s point estimate theory. The fol-
lowing definition extends this notion to sections on Riemannian manifold M. Recall
that w : E — M is a C“-vector bundle with a connection D and & is a C*-section of
this vector bundle.

Definition 3.1 Let 0 < r < R. Let p* € M be such that DE(p*)~" exists. Then
DE&(p*)~'DE is said to satisfy the center Lipschitz condition with the L-average on
B(p*, r) iff for each p € B(p*, r), we have

d(p*,p)
|IDE(P*)_1(Pp*,pDS(P)Pp,p* —DE(p)l Sfo L(u)du. (®)

The main theorem of this section is as follows which shows that the uniqueness
ball of singular points of sections is independent of the sectional curvature of the
underlying manifold and hence improves the corresponding result in [2].
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Theorem 3.1 Let r, > 0 be such that
1 Ty
—/ Lu)(ry —u)du <1. O]
"w Jo

Suppose that £(p*) = 0 and D& (p*) ' DE satisfies the center Lipschitz condition with
the L-average on B(p*, r,). Then p* is the unique singular pint of &€ on B(p*, r,).

Proof Let ¢* € B(p*, r,) be another singular pint of & in B(p*, r,). As L(u) > 0, it
follows from [35] that the function v defined by

t
w(t):%/ L(u)(t —u)du, Vtel0,r)
0

is strictly monotonically increasing. Set

1 /d(q*,p*) .
= —— Lu)(d(g*, p*) — u)du.
d(g*, p*) Jo
Then, by (9), we get
1 [
A< —/ Lw)(ry, —u)du <1.
Tu Jo
To complete the proof, it suffices to show that

d(q*, p*) < »d(q", p"). (10)

Granting this, one has that ¢* = p*. In fact, there exists v € T,+M such that g* =
eXP x U and ||v]| = d(p*, q*). Define the curve c(¢) := eXP s 1V for each 1 € [0, 1].
Thus,

d(p*,q*) = lvll = |-DEP*) ™" (Pe.pr.4+E(g™) — E(p™)) + vll. (1)

Using Lemma 2.1 and (8), we obtain that

I=DE(p*) " (Pe.pr g+E(g™) — E(p*)) + 0]

1
< -De(p™)"! / Pepr-e(eyDEC(D)) Prcger. vt + o]
0

1
< /0 |=DE(p*) " (Pe. pr c(0yDE(C(2)) Peccor.p — DE™ ) [1v]ldx
I prdig*,p®)
< / / L(u)du - d(q*, p*)de
0 0

d(q*,p*)
:/0 Lw)(d(g*, p*) —u)du

=xd(q*, p").

This, together with (11), gives (10). This completes the proof of the theorem. Il
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4 Convergence Ball of Newton’s Method

This section provides estimates of the radii of the convergence balls of Newton’s
method, which are independent of the sectional curvature of the underlying manifold.

Let L(-) be a positive nondecreasing integrable function on [0, R], where R is a
positive number large enough such that fOR (R — u)L(u)du > R. The notion of the
2-piece L-average Lipschitz condition has been presented in [31] for the study of
Newton’s method on Riemannian manifolds. Let k be a positive integer. The fol-
lowing definition extends the k-piece L-average Lipschitz condition to sections on
Riemannian manifolds.

Definition 4.1 Letr 0 < r < R. Let pg € M be such that D&(po)~" exists. Then
DE(po)~'DE is said to satisfy the k-piece L-average Lipschitz condition on B(po, r)
iff for any k points pi,..., px € B(po,r) and for any geodesics c; connecting
Di, pi+1 withi =0,1,...,k — 1, co a minimizing geodesic connecting po, p1, and
Zi:ol I(c;) <r,we have

”Dé(pO)_lPCo,po,m “Per g 2. per Per1,pi1, e DE(Pi)

X PCk—lyPkyPk—l —DE&(pr—1)ll
i len)
§f L(u)du. (12)
Zf;él(Cf)

Remark 4.1 (i) Clearly, the (k + 1)-piece L-average Lipschitz condition implies the
k-piece L-average Lipschitz condition.

(ii) The 1-piece L-average Lipschitz condition is equivalent to the center Lipschitz
condition with the L-average.

Let rop > 0 and b > 0 be such that

/rOL(u)duzl and b:/rOL(u)udu. (13)
0 0

The following proposition plays a key role in this section, which is taken from [31,
Theorem 4.1].

Proposition 4.1 Let py € M be such that D&(po)~" exists. Suppose that

B =D& (po) "5 (po)ll < b (14)
and that D&(po)~'DE satisfies the 2-piece L-average Lipschitz condition on
B(po, ro). Then Newton’s method (7) with initial point pg is well-defined and con-
verges to a singular point p* of & on B(py, ro).

The following lemma estimates the value of the quantity |D&(po) ™' &(po)|l, which
will be used in the proof of the main theorem of this section.
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Lemma 4.1 Let 0 < r < rg and let po € B(p*, r). Suppose that D (p*) "' D& satis-
fies the center Lipschitz condition with the L-average on B(p*,r). Then DE(po)~!
exists,

1
d p*
_f() (po.p )L(u)du

IDE(po) ™" Ppy, p#DE(P™) | < 1 (15)

and

d(po, p*) + [P Lwy(u —d(po, p du

DE(po)~! <
ID&(po)~ &(po)ll < 1— fd(I’OI’)L(u)du

(16)

Proof Tt follows from [31, Lemma 3.1] that D&(po) " exists and (15) holds. Below,
we verify that (16) holds. Let v € T,»M, and let ¢ denote the geodesic connecting
p*, p and be defined by ¢(¢) := exp ,« tv for each 7 € [0, 1]. Observe that

,Pc,p*,pos(p())
= c,p*,pog(PO) - E(P*) - Pc,p*,poDéf(PO)Pc,po,p*v + ’Pc,p*,poD‘g(PO)Pc,po,p*U
1
Z/O Pc,p*,po(Pc,po,c(r)D";:(C(T))Pc,c(r),po

—DE&(po)) Pe, py. p*vdT + Pe, p*. pyDE(P0) Pe, py, p* v A7)

where the second equality holds because of Lemma 2.1. This, together with (8) and
(15), gives that

IDE(po) ™' &(po)l
= ”DE(pO)_lpc,po,p*Pc,p*,pog(PO)”
< IDE(po) ™" Pe,py,  DE(P)|
1
A ”Ds(p*)ilPc,p*,po(,Pc,po,c(r)Dé(C(T))Pc,c(r),p()

—Dé&(po)llllviidz + [Jv]|

/ /d(pop
L@u)du|jv|dt + [Jv]|
f”’”’“’ " Laydu Jo Jracpo.pr)

d(po,p™)
L(u)udu
= o T +d(po. p*). (18)
l—fo 0 L(u)du

Consequently, (16) is seen to hold and the proof is complete. g

We also need the following lemma whose proof is easy and so is omitted here.
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Lemma 4.2 Let ¢ : [0, rg] = R be defined by
t
¢(t)=b—2t+ 2/ Lu)(t —u)du foreacht €0, ro], (19)
0

where b is given by (13). Then, ¢ is strictly decreasing on [0, rol, and has exactly one
zero g in [0, ro] satisfying

S

- < fo <ro. (20)

\S)

Now, we are ready to give the main theorem of this section which shows that
the radius of convergence ball of Newton’s method is independent of the sectional
curvature of the underlying Riemannian manifold.

Theorem 4.1 Suppose that &(p*) = 0 and that DE(p*)~'DE satisfies the 3-piece
L-average Lipschitz condition on B(p*,ro). If d(p*, po) < ro with ry given by
Lemma 4.2, then the sequence {p,} generated by Newton’s method (7) with initial
point pg is well-defined and converges to p*.

Proof Write
L(u+d(p*, po))

1 — [31P0P) L(u)du
Let ro, b be such that
ro _ _ o _
/ L(u)du=1 and b= / L(u)udu. (22)
0 0
Clearly, 0 < rg < rp. Then, by the definition of ry and 7, one has
0 d(po,p*)
/ L(u+d(po, p*))du =1 —/ L(u)du
0 0
ro d(po,p™)
= f L(u)du — / L(u)du
0 0
ro
= / L(u)du.
d(po,p*)
Hence,
Fo+d(po.p™) o
/ L(u)du =/ L(u)du.
d(po.p*) d(po,p*)
As L(-) is a nondecreasing and positive integrable function, one has
ro +d(po, p*) =ro. (23)
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Therefore,

_ fo _ ro—d(po,p*) _
b =f L(u)udu :/ L(u)udu
0 0

Jatpo.pe L@ = d(po. p*))du
1— fod(po,p*) L(u)du :

(24)

Below, we show that

B =ID&(po) " E(po)ll < b. (25)

Since, d(po, p*) < Fo < ro, it follows from Lemma 4.1 that D& (po)~! exists and

d(po, p*) + JPPD L(wy(u — d(po, p*))du

IDE(po) & (po) |l < : (26)
1— fod(POaP )L(u)du
Thus, by (24) and (26), to complete the proof of (25), it’s sufficient to prove that
d(po,p*)
d(po, p*) +/ L(u)(u —d(po, p*))du
0
ro
<[" L= do @7)
d(po,p*)

Noting that b = [° L(u)udu and [;° L(u)du = 1, we have
d(po.p™)
b—2d(po. p*) +2 /0 L) d(po. p*) — u)du
ro )
= / L(u)udu — d(po, p*) — d(po, p*)/ L(u)du
0 0
d(po.p*)
- 2/0 L(u)(u —d(po, p*))du

ro
=/ L(u)(u—d(po, p*))du —d(po, p*)
d(po.p*)

d(po,p*)
- /O L(u)(u —d(po, p*))du.

This means that (27) is equivalent to

d(po.p™)
b—2d(po. p*) +2 /0 L) (d(po, p*) — u)du = $(d(po, p™)) = 0. (28)

Since d(pg, p*) < o and ¢ is strictly decreasing, we have ¢ (d(pg, p*)) > ¢ (F9) =0,
that is, (28) holds. Therefore, (25) is true. Then in order to ensure that Proposition 4.1
is applicable, we have to show the following assertion: D& (po)_lDé satisfies the
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2-piece L-average Lipschitz condition on B(pg, 7). Indeed, for any two points p, g €
B(po, r0), let ¢ be a minimizing geodesic connecting pg and p, and ¢ a geodesic
connecting p and ¢ such that [(c1) + [(c2) < ip. Since DE(p*)~'DE satisfies the
3-piece L-average Lipschitz condition on B(p*, rg) and

d(p*, po) +1(c1) +1(c2) <d(po, p*) +7o=ro
thanks to (23), we obtain that

IDEP*) ™ Pt oy Per.po.p (Pes.p.gDE(@) Pey.g.p — DE(P))

d(p*,po)+l(c)+l(c2)
<],

L(u)du. (29
d(p*,po)+i(c1)

Therefore, using (15) and (29), we conclude that

”D%—(PO)_I,PQ,po,p(,Pcz,p,qDS(CI)Pcz,q,p —DEP)II
< IDE(po) ' Ppy. p* DE(P™) |

: ||D$(p*)717)p*,popcl,po,p(,Pcz,p,qDE(Q)Pcz,q,p —DEPI
1 /d(p*,po)+l(c’1)+l(c‘z)

<
T = [P0 L uydu

/z(c1>+l(cz> L(u+d(po, p*))
I(c1) 1- fod(po,p*) Lu)du

len+l(er) _
:/ L(u)du.
I(c1)

L(u)du
d(p*,po)+i(c1)

du

Hence, D& (po) ' DE satisfies the 2-piece L-average Lipschitz condition on B(py, 7p).
Thus, by applying Proposition 4.1, we conclude that the sequence {p,} generated by
Newton’s method (7) with the initial point pg converges to a singular point g* of &
on B(po, ro). Since ro <r, and

d(p*,q*) <d(p*, po) +d(po,q*) <d(p*, po) +ro=ro,

it follows from Theorem 3.1 that ¢* = p*. This completes the proof of the theorem. [J

5 Theorems Under the Kantorovich’s Condition and the y-condition

This section is devoted to the study of some applications of the results obtained in
the preceding sections. At first, in the case when the Lipschitz conditions with the

Lipschitz constant L > 0 in B(p*, r) are satisfied, it is easy to get, by (9), (13) and

Lemma 4.2, r, = %, ro = % and 7y = %5 Hence, by Theorems 3.1 and 4.1, we

have the following corollaries.
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Corollary 5.1 Suppose that £(p*) = 0 and D&(p*)~'DE satisfies the center Lip-
schitz condition with the Lipschitz constant L on B(p*, %). Then p* is the unique

singular pint of & on B(p*, %).

Corollary 5.2 Suppose that D&(p*)~'DE satisfies the 3-piece Lipschitz condition

with the Lipschitz constant L on B(x*, %). If d(po, p*) < zgiﬁ, then Newton’s
method (7) with initial point pg is well-defined and converges to p*.

The y-condition for operators in Banach spaces was first introduced by Wang
[29] for the study of Smale’s point estimate theory and extended to vector fields and
sections on Riemannian manifold in [28] and [31], respectively.

In the remainder of this section, we always assume that £ is a C2-section. Let
r>0and y > 0 be such that ry < 1. Let pg € M be such that D&(pg)~! exists. Let
k be a positive integer.

Definition 5.1 £ is said to satisfy the k-piece y-condition at po on B(po, r) iff for

any k points p1, ..., pr € B(po, r) and for any geodesics c; connecting p;, pi+1 with
i=0,1,...,k—1, co a minimizing geodesic connecting py, p1, and Zf;& I(ci)<r,
we have
ID& (po)~' P P DX (p)ll < 24 (30)
€0,P0>P1 """ T Ck—1,Pk—1,Dk = — :
(1—y XI5 1)
Obviously, the (k + 1)-piece y-condition implies the k-piece y-condition.
Let y > 0 and let L be the function defined by
2y 1
L(u)zi3 foreachO <u < —. 31D
(1 —=yuw Y

The following proposition shows that the y-condition implies the L-average Lip-
schitz condition.

Proposition 5.1 Suppose that & satisfies the 3-piece y-condition at po on B(pg, ).
Then DE(po)~'DE satisfies the 3-piece L-average Lipschitz condition on B(pg, r)
with L given by (31).

Proof For any three points p1, p2, p3 € B(po,r) andeachi =0, 1, 2, let ¢; be a geo-
desic connecting p;, pi+1 such that cg is a minimizing geodesic and /(co) + I(c1) +
l(cp) < r. To complete the proof, it is sufficient to prove that

IDE(P0) ™" Pey, po. 1 Per,pr.pr (P, pa.ps DE(P3) Pes, p, pp — DE(p2)) |
/1(60)+l(61)+l(62) 2y

< —=du.
1)+ (cr) (1—yu)

(32)

Let v € T,,M be arbitrary. Then there exists a unique vector field ¥ such that
Y (c3(0)) =vand Vcé(t)y =0.Then Y (¢c2(s)) = Pey,c5(5), p, v Tor each s € [0, 1]. Thus
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we apply Lemma 2.1 (to { = Dyé&) to conclude that

Pes,pr,p3 DE(P3) Pey, psy, p v — DE(p2)V
=Pty pr.p3sDE(P3)Y (p3) — DE(P2)Y (p2)
= C2,p2,p3DY€(p3) - DYS(PZ)

1
— [ P DDy (33)
Since V /(S)Y(cz(s)) =0, it follows that
D2 (c2(s)Y (c2(5))ch(s) = De; 5)(Dy§(ca(s)) — DE(Vyy ()Y (c2(5)))

= D(Dy&(c2()))ch(s).

Combining this with (33), we have that

Pes,pr,p3sDE(P3) Pey, p3, prv — DE(P2)v
1
= /(; PCz,pz,Cz(s)(Dzé(CZ(S))Y(CZ(S))C/Q(S))dS- 34

Since ¢; is a geodesic connecting p2 and p3, there exists v € T, M such that p3 =
exp,, (V) and [(c2) = ||v||. It follows from (34) and (30) that

”DS(PO)_IPCO,pO,pl Pcl ,P1,D2 (,Pcz,pz,ng(P?x)Pcz,pg,pz — D& (p2))v||

1
5/0 ID&(p0) ™" Peg. po.pr Per.pr.pa Pes. pacas DZEC2( DI Y (c2()) [l ()l ds

! 2y _
< ——— [vllllvids
0o (I=y(co) +1(c1)+ slvl))
l(co)+I(c1)+H(c2) 2y
= / ———dullv].
1(eo)+(er) (I =yu)
As v € T, M is arbitrary, (32) is seen to hold and the proof is complete. O

Suppose that L is defined by (31). Then, by (9), we compute r, = 2y Similarly
to Proposition 5.1, we can prove that the 1-piece y-condition implies the center Lip-
schitz condition. Therefore, applying Theorem 3.1, we get the following corollary.
Recall that p* € M is such that D&(p*)~! exists and £(p*) =0.

Corollary 5.3 Suppose that £(p*) =0 and & satisfies the 1-piece y -condition at p*
on B(p*, %). Then p* is the unique singular point of & in B(p*, 2y)

Suppose that L is defined by (31). Then, by (13) and Lemma 4.2, one has

2—-V2 . 5-2V2-V1242-15
and rg=
2y 8y

ro =
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Then, applying Theorem 4.1, we have the following corollary which shows that the
radius of the convergence ball is independent of the sectional curvature of the under-
lying manifold and hence improves the corresponding results in [28].

Corollary 5.4 Suppose that £(p*) = 0 and & satisfies the 3-piece y -condition at p*

on B(p*, %). If d(po, p*) < % 3/12\/5—15’ then Newton’s method (7) with
initial point pq is well-defined and converges to p*.

6 Applications to Analytic Sections and Generalized Smale’s y -theory

Throughout this section, we assume that M be a real complete analytic Riemannian

manifold, and £ be an analytic section. Following [1], we define, for a point p € M,
k 1

1 D¥E(p) || T

D&(p) " —

(35)

y(§, p) =sup
k>2 p

Also we adopt the convention that y (&, p) = oo if D&(p) is not invertible. Note that
this definition is justified and in the case where D&(p) is invertible, by analyticity,
y (€, p) is finite. Recall that p* € M is such that D&(p*)~! exists.

For the study in the remainder, we need the following two lemmas which are taken
from [31]. For notational simplicity, for p € M and v € T,+ M, ¢ denotes the geodesic
connecting p*, p and is defined by c(¢) := exp « tv foreach 7 € [0, 1] in Lemma 6.1.
We use the function i defined by
ﬁ) (36)

V) :=1—4u+2u*> foreachu e [o, 1— >

-9

Note that i is strictly monotonically decreasing on [0

Lemma 6.1 Ler r = W. Let p e M and v € Ty«M be such that |v|| <r and
p =exp,«v. Then
o
, 1 , , ‘
DIE(p) = Pe.p.pr (Z EDk"']S(p*)vk) P! ., foreachj=0,1,2,..., (37)
k=0 "

where chlp*’p stands for the map from (T, M)/ to (Tp M)/ defined by

Pg’p*,p(vl,...,vj) = (Pe,p*,pVl, .., P px pvj)  foreach (vi,...,vj) € (TPM)j.

Lemma 6.2 Let p € M be such that

2
M=J/($,p*)d(p*,l7)<1—\/7—. (38)
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Then Dé(p)_1 exists, and

y (&, p")
vE,p) < m 39

Let y = y (&, p*). We show that any analytic section satisfies the y-condition. For
this purpose, we need a simple known fact (cf. [36, p. 150]):

o .
k ! 1
Z( +,J) th = foreachr e [—1.1]and k=0, 1, .... (40)
. k! j! (1 — p)k+l
Jj=0
25;/5 Suppose that & is analytic at p*.

Then & satisfies the 3-piece y -condition at p* on B(p*, r).

Proof Let p1, p,q € B(p*, r). Let ¢y be a minimizing geodesic connecting p*, py.
Let c1, ¢ be geodesics connecting p1, p and p, g respectively such that [(cg) +
I(c1) 4 l(c2) < r. Then, there exist vi € TpxM, vo € T,, M and v3 € T,M satis-
fying p1 = exp,« vi, p = exp, v2, ¢ = exp,v3, l(co) = [lvill, I(c1) = [lv2]l and
[(cp) = |lvz]|. We claim that

1 1 1
- — — and — . @l
sl < s el < oo and el < @D

We only show that ||v3]| < % since the proofs for ||v2| < and |vy| <

1
v(&.p1)
S5 are similar. Write u = y (&, p*)d(p*, p). Since p € B(p*, r), Lemma 6.2 is
applpcable It follows that

L d-wy)

> (42)
v, p) v (&, p*)
By a simple calculation, we see that
A —wy@) 2—-2 At ). 43)

v&, p*) T 2y, pY)

Noting that

V2

2—
d(p*, p) + llusll < llvrll + llo2ll + llvsll <7 < 5———~
2y (&, p)’

it follows from (42) and (43) that ||v3]| < @; hence our claim stands. Thus, by
(41), Lemma 6.1 is applicable to concluding that

DE(P*)_IPco,p*,plPcl,pl.ppcz,p qDZS(Q)

_Dé(p) PCOP »P1 C1 PIPZI,DI+2$( ) czpq
=0
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1 I+j+2 I+2 2
=DE(p*)™ Pey.p* mZ Z D+]+§(p)U2PL1+PlP L

1= 0
e R I l s
L+ j+k+2 +j4+2
=33 e D
=0 " j=0"" k=0
+2 .l p2
x PL uPl - (44)
Since
||D%-(p*)7l'Dl+j+k+2€(p*)” <y p*)1+j+k+1
I+ j+k+2) - ’
one has from (44) that
”DE(P*)_IPCO,p*,plPcl,pl ppcz p,qDZE(‘])”
Z Z(l+1+2)'z(l+j+k+2)!
1! = K+ j+2)!
x y (&, P*)l+’+k+1||v1||kllvzllj llvsll”. (45)

Using (40) to calculate the quantity on the right-hand side of the inequality (45), we
get that

IDE(P*) ™ Pey. p*.p1 Pev.prop Perp.a D2E@) |

2y (&, p")
(1—1/(%‘ PO vl + ozl + w33

(46)

Since I(co) +1(c1) +1(c2) = ||v1]l + |lv2|l + ||vs]|, it follows from (46) that

ID&(P*) ™ Pey.p.p1 Per.pr.pPer.p.a D E@)

2y (€, pY)
(1 =y (&, pHU(co) +1(c) +1(c2))*

Hence & satisfies 3-piece y-condition at p* on B(p*, r) and the proof is complete. O

Since the 3-piece y-condition implies the 1-piece y-condition, one has that an
analytic section satisfies the 1-piece y-condition. Hence, applying Corollary 5.3, we
get the following Corollary 6.1, which shows that the radius of the uniqueness ball
is independent of the sectional curvature of the underlying manifold and hence im-
proves significantly the corresponding results of [1] and [2]. Recall that £ is analytic
on M and p* € M is such that D(p*)~! exists. Write y = y (€, p*).

Corollary 6.1 Suppose £(p*) = 0. Then p* is the unique singular point of & on
B(p*. 1)
Y
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Using Corollary 5.4 and Proposition 6.1, we get the following corollary which
shows that the radius of the convergence ball is independent of the sectional curvature
of the underlying manifold and so improves the corresponding results in Li and Wang
[28] and Dedieu et al. [1].

Corollary 6.2 Suppose that £E(p*) =0. If

5-2/2—-+1242-15
8y ’

d(po, p*) <

then Newton’s method (7) with the initial point po is well-defined and converges
to p*.

7 Approximate Singular Point

This section is devoted to the study of a criterion to determine a point being an ap-
proximate singular point of an analytic section. In [31], the notion of the approximate
singular point has been extended to the case of sections on Riemannian manifolds as
follows.

Definition 7.1 Suppose py € M is such that Newton’s method (7) is well-defined for
& and satisfies

21171
O(pn) < <§> ®O(pp—1) foralln=1,2,...,

where ©(p,,) denotes some measurement of the approximation degree between py,
and the singular point p*. Then py is said to be an approximate singular point of &
in the sense of ©(py).

The following proposition is useful, which is taken from [31].

Proposition 7.1 Let y > 0 and B = |D&(po) ~'&(po) . Suppose that

13 —34/17
a=By < — ~0.157671
and that & satisfies the 2-piece y-condition at pgy in B(po, %). Then Newton’s

method (7) with initial point po is well-defined and the generated sequence {p,}

converges to a singular point p* of & in B(po, %). Moreover, there hold for each
n=273,...,

IDE(P0) ™ Py pu1 Pews o1, pnE ()

2/1—1
< (E) ”D%_(pO)illppo,pn_szcn_],p,,_z,pn_l‘i:(pn—l)”v (47)
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and for eachn=1,2, ...,

2"
ID&(pw) ™' (pu) |l < (5) ID& (Pu-1)""E(Pu-)Il. (48)

where c,, is defined by
cn(h) :=exp,,  (~ADE(pa—1)'6(pu-1)) foreachre[0,1].  (49)
Below, we assume that £ be an analytic section at p*,
E(p")=0 and y=y(, p".

Recall that ¥ (w) = 1 — 4w + 2w? for each w € [0, #). Let wy = 0.0858167 - - -
be the smallest positive root of the equation

w—2w? 13-3J17
v(w? 4

Then, we have the following corollary.

Corollary 7.1 Suppose &(p*) =0 and

w 0.0858167 - - -
d(po. p*) < — = —— .
14 14

Foreachn=1,2,..., let c, be the geodesic defined by (49). Then py is an approxi-
mate singular point of & in the senses of ||Dé§(pn)_1$(pn)|| and ||D$(;7())_1731],0,11,"_1
Pcnvpn—l ’Png(pn) ” .

Proof Since & is analytic at p*, one has from Proposition 6.1 that & satisfies the
3-piece y-condition at p* in B(p*, 25—;/5). Thus, by Proposition 5.1, D&(p*)~ D&
satisfies the 3-piece L-average Lipschitz condition in B(p*, r) with L given by (31).
Write

w =d(po, p*)y.
We apply Lemma 4.1 (with L given by (31)) to concluding that

B = ID&(po) ' (po)

d(po,p*) 2y (u—d(pgy,p*
d(po, p*) +f0 (po,p™) y(tzl_](j;(;f ))du

= d(po.p*) _ 2y
0,
1 — fo mdu
_d-wd-2w)w (50)
¥ (w) 14
Set
j=— Y  and a=87.
Y(w)(1 —w)
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Then, one has from (50) that

w—2w? wo—2w) 13-3J17
< = .
¥ (w)? ¥ (wo)? 4

a=py= 61V

w—2w?
¥ (w)?

creasing on [0, 272\/5) and w =d(po, p*)y < wy. Write g = % Note by standard

differential technique,

where the second inequality holds because the function w — is strictly in-

2-2 o 2=42 w_ 2—V2 Y —w)
—d(po, p*) = -=> :
2y 2y Y 2 Y
22
- 2{:‘0. (52)

Thus in order that the Proposition 7.1 is applicable, it’s sufficient to verify that
& satisfies the 2-piece y-condition at py in B(pog, o). Indeed, for any two points
P,q € B(po, 7o), let c; be a minimizing geodesic connecting pg, p and ¢ a geo-

desic connecting p, g such that /(c1) + [(cp) < ro. Let c¢p be a minimizing geodesic
connecting p*, po. Since & satisfies 3-piece y-condition at p* in B(p*, %) and

I(co) +1(c1) + 1(c2) <d(p*, po) + 70 < %ﬁ thanks to (52), we obtain that

2y
—y((co) +1(c1) +1(c2))3

This, together with (15) (with L given by (31)), gives that

IDE(P™) ™ Pey. . po Per.po.p Per.p.a D*E@I < q

IDE(P0) ™" Pey po.pPes.p.g D*ED)I
= IDE(P0) " Pey, po, p* DEPINDED™) ™ Pey. v, po Perpo.p Pea,pa D*E@) I

_U-w? 2y

Y(w) (1—yUco)+I(c) +1(c2))3
B 2y (1—w)?
Sy (1 —w) (1—w—y () +1(c2)))?
_ 2y
(1= (e + ()’
< 237
= (= g () + 1))

2y

T (=) + 1)

because /(co) = d(p*, po) and 0 < ¥ (w) < 1 for each w € (0,1 — g). Therefore,
& satisfies 2-piece y-condition at pg in B(pg, 79). Combining this and (51) yields
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that Proposition 7.1 is applicable to concluding that Newton’s method (7) with initial
point pg is well-defined and the generated sequence {p,} converges to a singular
point g* of & in B(pg, iy). Moreover, (47) and (48) hold. Noting by (52) that

_2-4v2 1
d(p*,q*) <d(p*, po) +d(po,q*) <d(p*, po) + 7o < 2, < 2

it follows from Corollary 6.1 that ¢* = p*. Hence, pg is an approximate singular
point of & in the senses of |D&(p,) " &(p,)|l and

”Dg(p())ilPPO,Pn—l,PCn,Pn—lypn‘i:(p")”' D

8 Conclusion

We have explored in the present paper the local behavior of Newton’s method for sec-
tions on Riemannian manifolds. Under the assumption that the covariant derivatives
of the sections satisfy one kind of Lipschitz condition with L-average, new estimates
of the radii of convergence balls of Newton’s method and the radii of uniqueness balls
of singular points of sections on Riemannian manifolds are given. In particular, our
estimates are completely independent of the sectional curvature and hence improve
the corresponding results due to [2]. Applications to special cases, which include the
Kantorovich’s condition and the y-condition, as well as the Smale’s y-theory for
sections on Riemannian manifolds, are provided, which consequently improve the
corresponding result in [1].
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