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Abstract The purpose of this paper is to consider a class of nondifferentiable multi-
objective fractional programming problems in which every component of the objec-
tive function contains a term involving the support function of a compact convex set.
Based on the (C,α,ρ, d)-convexity, sufficient optimality conditions and duality re-
sults for weakly efficient solutions of the nondifferentiable multiobjective fractional
programming problem are established. The results extend and improve the corre-
sponding results in the literature.
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1 Introduction

In recent years, multiobjective fractional programming problems have received
much attention by many authors due to in many practical optimization prob-
lems the objective functions are quotients of two functions (see, for example,
[1–3, 6, 8–11, 14, 16, 17] and the references therein). In particular, Bector et al. [1]
derived Fritz John and Karush-Kuhn-Tucker necessary and sufficient optimality con-
ditions for a class of nondifferentiable convex multiobjective fractional programming
problems and established some duality theorems for such problems. Following the
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approaches of Bector et al. [1], Liu [9, 10] obtained some necessary and sufficient
optimality conditions and duality theorems for a class of nonsmooth multiobjective
fractional programming problems involving pseudoinvex functions or (F,ρ)-convex
functions. Kuh et al. [6] established generalized Karush-Kuhn-Tucker necessary and
sufficient optimality conditions and duality theorems for nonsmooth multiobjective
fractional programming problems involving V -ρ-invex functions. Liang et al. [7] in-
troduced the concept of (F,α,ρ, d)-convexity and obtained some optimality condi-
tions and duality results for nonlinear fractional programming problems. Liang et al.
[8] further obtained some optimality conditions and duality results for multiobjective
fractional programming problems in the framework of (F,α,ρ, d)-convexity. Later,
Liu and Feng [11] extended the results of Liang et al. [8] to nonsmooth case.

On the other hand, Mond and Schechter [13] studied non-differentiable symmet-
ric duality, in which the objective functions contain a support function. Based on the
ideas of Mond and Schechter [13], Yang et al. [18] studied generalized dual problems
for a class of nondifferentiable multiobjective programs. Recently, under assumption
of V -ρ-invexity, Kim et al. [4] derived some necessary and sufficient optimality con-
ditions and duality results for nondifferentiable multiobjective fractional program-
ming problems in which the objective function contains a support function. Very
recently, Long et al. [12] extended their results to (F,α,ρ, d)-convexity.

Convexity and generalized convexity play an central role in mathematical eco-
nomics, engineering, management science, and optimization theory. Therefore, the
research on convexity and generalized convexity is one of the most important aspects
in mathematical programming. In a recent paper [19], Yuan et al. introduced a class of
functions, which called (C,α,ρ, d)-convex function and which includes (F,α,ρ, d)-
convexity [7], V -ρ-invexity [5], (F,ρ)-convexity [15] as special cases. They ob-
tained sufficient optimality conditions for nondifferentiable minimax fractional pro-
gramming problems. Chinchuluun et al. [3] later studied nonsmooth multiobjective
fractional programming problems in the framework of (C,α,ρ, d)-convexity.

In this paper, we are motivated by [4, 12, 19] to consider a class of nondiffer-
entiable multiobjective fractional programming problems in which each component
of the objective function contains a term involving the support function of a com-
pact convex set. We derive some sufficient optimality conditions and duality results
for weakly efficient solutions of nondifferentiable multiobjective fractional program-
ming problems under the assumptions of (C,α,ρ, d)-convexity. The results extend
and improve the corresponding results in the literature.

2 Preliminaries

Throughout this paper, let R
n be the n-dimensional Euclidean space and R

n+ be non-
negative orthant of R

n. Let X be an open subset of R
n. Assume that α : X × X →

R+\{0}, ρ ∈ R and d : X × X → R+ satisfies d(x, x0) = 0 ⇔ x = x0. Let C : X ×
X × R

n → R be a function which satisfies C(x,x0)(0) = 0 for any (x, x0) ∈ X × X.

Definition 2.1 A function C : X × X × R
n → R is said to be convex on R

n iff for
any fixed (x, x0) ∈ X × X and for any y1, y2 ∈ Rn, one has

C(x,x0)

(
λy1 + (1 − λ)y2

) ≤ λC(x,x0)(y1) + (1 − λ)C(x,x0)(y2), ∀λ ∈]0,1[.



J Optim Theory Appl (2011) 148: 197–208 199

Using the convexity of C, Yuan et al. [19] introduced the following definition.

Definition 2.2 A differentiable function h : X → R is said to be (C,α,ρ, d)-convex
at x0 ∈ X iff for any x ∈ X,

h(x) − h(x0)

α(x, x0)
≥ C(x,x0)

(∇h(x0)
) + ρ

d(x, x0)

α(x, x0)
.

The function h is said to be (C,α,ρ, d)-convex on X iff it is (C,α,ρ, d)-convex at
every point in X. In particular, h is said to be strongly (C,α,ρ, d)-convex on X iff
ρ > 0.

Remark 2.1 If the function C is sublinear with respect to the third argument, then the
(C,α,ρ, d)-convexity is the same as the (F,α,ρ, d)-convexity introduced by Liang
et al. [7].

Remark 2.2 Every (F,α,ρ, d)-convex function is (C,α,ρ, d)-convex. However, the
converse is not true. This can be seen from the following example.

Example 2.1 Let X = {x : π
4 ≤ x ≤ π

2 }, ρ = −1, α(x, x0) = 1, d(x, x0) =√
(x − x0)2 and C(x, x0;a) = a2(x −x0) for any (x, x0) ∈ X×X. Let h(x) = sin2 x.

Obviously, the function C is not sublinear with respect to the third argument. Then, h

is not (F,α,ρ, d)-convex at x0 = π
4 . It is easy to prove that h is (C,α,ρ, d)-convex

at x0 = π
4 .

In this paper, we consider the following multiobjective fractional programming
problem:

(MFP) min

(
f1(x) + s(x|C1)

g1(x)
,
f2(x) + s(x|C2)

g2(x)
, . . . ,

fp(x) + s(x|Cp)

gp(x)

)
,

s.t. h(x) ≤ 0,

where fi : X → R, gi : X → R, i = 1,2, . . . , p and h = (h1, h2, . . . , hm) : X → R
m,

are continuously differentiable functions over X. Suppose that fi(x) + s(x|Ci) ≥ 0
and gi(x) > 0 for any x ∈ X, i = 1,2, . . . , p; Ci , for each i ∈ {1,2, . . . , p}, is a
compact convex set of R

n, and s(x|Ci) denotes the support function of Ci evaluated
at x, defined by

s(x|Ci) = max
{〈x,w〉|w ∈ Ci

}
.

Let S = {x ∈ X : h(x) ≤ 0} be the set of all feasible solutions and let I (x) :=
{j : hj (x) = 0} for any x ∈ X.

Let

ki(x) = s(x|Ci), i = 1,2, . . . , p.

Then, ki is a convex function and

∂ki(x) = {
w ∈ Ci | 〈w,x〉 = s(x|Ci)

}
,

where ∂ki is the subdifferentiable of ki (see [13]).
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Theorem 2.1 Let f and g be two real-valued differentiable functions defined on X,
such that f (x) + 〈w,x〉 ≥ 0 and g(x) > 0 for all x ∈ X. If f (·) + 〈w, ·〉 and −g(·)
are (C,α,ρ, d)-convex at x0 ∈ X, then f (·)+〈w,·〉

g(·) is (C,α,ρ, d)-convex at x0, where

α(x, x0) = g(x0)α(x, x0)

g(x)
, ρ = ρ

(
1 + f (x0) + 〈w,x0〉

g(x0)

)
,

d(x, x0) = d(x, x0)

g(x)

and

C(x,x0)(a) = f (x0) + 〈w,x0〉 + g(x0)

g2(x0)
· C(x,x0)

(
g2(x0)

f (x0) + 〈w,x0〉 + g(x0)
· a

)
,

a := ∇(
f (x0)+〈w,x0〉

g(x0)
), for all x ∈ X.

Proof Let k(x) = s(x|C) and w ∈ ∂k(x0). Then, for any x, x0 ∈ X,

f (x) + 〈w,x〉
g(x)

− f (x0) + 〈w,x0〉
g(x0)

= f (x) + 〈w,x〉 − f (x0) − 〈w,x0〉
g(x)

− [
f (x0) + 〈w,x0〉

] · g(x) − g(x0)

g(x)g(x0)
.

By the definition of (C,α,ρ, d)-convexity and the above equation, we have

1

α(x, x0)

(
f (x) + 〈w,x〉

g(x)
− f (x0) + 〈w,x0〉

g(x0)

)

≥ 1

g(x)

(
C(x,x0)

(∇[
f (x0) + 〈w,x0〉

]) + ρ
d(x, x0)

α(x, x0)

)

+ f (x0) + 〈w,x0〉
g(x)g(x0)

(
C(x,x0)

(−∇g(x0)
) + ρ

d(x, x0)

α(x, x0)

)

= f (x0) + 〈w,x0〉 + g(x0)

g(x)g(x0)
· g(x0)

f (x0) + 〈w,x0〉 + g(x0)

× (
C(x,x0)

(∇[
f (x0) + 〈w,x0〉

]))

+ f (x0) + 〈w,x0〉 + g(x0)

g(x)g(x0)
· f (x0) + 〈w,x0〉
f (x0) + 〈w,x0〉 + g(x0)

(
C(x,x0)

(−∇g(x0)
))

+ ρ
f (x0) + 〈w,x0〉 + g(x0)

g(x)g(x0)
· d(x, x0)

α(x, x0)

≥ f (x0) + 〈w,x0〉 + g(x0)

g(x)g(x0)

(
C(x,x0)

(
g2(x0)

f (x0) + 〈w,x0〉 + g(x0)

×
(

g(x0)∇[f (x0) + 〈w,x0〉]
g2(x0)

− f (x0) + 〈w,x0〉
g2(x0)

· ∇g(x0)

)))
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+ ρ
f (x0) + 〈w,x0〉 + g(x0)

g(x)g(x0)
· d(x, x0)

α(x, x0)

= f (x0) + 〈w,x0〉 + g(x0)

g(x)g(x0)

{
C(x,x0)

(
g2(x0)

f (x0) + 〈w,x0〉 + g(x0)

· ∇
[
f (x0) + 〈w,x0〉

g(x0)

])}
+ ρ

f (x0) + 〈w,x0〉 + g(x0)

g(x)g(x0)
· d(x, x0)

α(x, x0)
.

Denote

α(x, x0) = g(x0)α(x, x0)

g(x)
, ρ = ρ

(
1 + f (x0) + 〈w,x0〉

g(x0)

)
,

d(x, x0) = d(x, x0)

g(x)

and

C(x,x0)(a) = f (x0) + 〈w,x0〉 + g(x0)

g2(x0)

(
C(x,x0)

(
g2(x0)

f (x0) + 〈w,x0〉 + g(x0)
· a

))
,

where

a := ∇
(

f (x0) + 〈w,x0〉
g(x0)

)
.

It is easy to prove that C is a convex function with respect to variable a. By Defin-
ition 2.2, we have that f (·)+〈w,·〉

g(·) is (C,α,ρ, d)-convex at x0. This completes of the
proof. �

3 Optimality Conditions

In this section, we derive sufficient optimality conditions for a weakly efficient solu-
tions of (MFP) under the assumption of (C,α,ρ, d)-convexity.

Theorem 3.1 Let x0 ∈ S be a feasible solution of (MFP). Assume that there exist
λi > 0, i = 1,2, . . . , p, and μj ≥ 0, j = 1,2, . . . ,m, such that

p∑

i=1

λi∇
(

fi(x0) + 〈wi, x0〉
gi(x0)

)
+

m∑

j=1

μj∇hj (x0) = 0, (1)

〈wi, x0〉 = s(x0|Ci), wi ∈ Ci, i = 1,2, . . . , p, (2)
m∑

j=1

μjhj (x0) = 0. (3)
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Let fi(·) + 〈wi, ·〉, −gi(·), i = 1,2, . . . , p, be (C,αi, ρi, di)-convex at x0, and let
hj (·), j = 1,2, . . . ,m, be (C,βj , ηj , cj )-convex at x0, and

p∑

i=1

λiρi

di(x, x0)

αi(x, x0)
+

m∑

j=1

μjηj

cj (x, x0)

βj (x, x0)
≥ 0, (4)

where

αi(x, x0) = gi(x0)αi(x, x0)

gi(x)
, ρi = ρi

(
1 + fi(x0) + 〈wi, x0〉

gi(x0)

)
,

di(x, x0) = di(x, x0)

gi(x)
.

Then x0 is a weakly efficient solution of (MFP).

Proof Let x0 be not a weakly efficient solution of (MFP). Then, there exists x ∈ S,
such that

fi(x) + s(x|Ci)

gi(x)
<

fi(x0) + s(x0|Ci)

gi(x0)
, i = 1,2, . . . , p.

From (3.2) and 〈wi, x〉 ≤ s(x|Ci) for i = 1,2, . . . , p, we get

fi(x) + 〈wi, x〉
gi(x)

≤ fi(x) + s(x|Ci)

gi(x)
<

fi(x0) + s(x0|Ci)

gi(x0)
= fi(x0) + 〈wi, x0〉

gi(x0)
.

(5)

By Theorem 2.1, for each i, 1 ≤ i ≤ p, fi(·)+〈wi,·〉
gi (·) is (C,αi, ρi, di)-convex at x0, i.e.,

1

αi(x, x0)

(
fi(x) + 〈wi, x〉

gi(x)
− fi(x0) + 〈wi, x0〉

gi(x0)

)

≥ ρi

di(x, x0)

αi(x, x0)
+ fi(x0) + 〈wi, x0〉 + gi(x0)

g2
i (x0)

×
{
C(x,x0)

(
g2

i (x0)

fi(x0) + 〈wi, x0〉 + gi(x0)
· ∇

[
fi(x0) + 〈wi, x0〉

gi(x0)

])}
, (6)

where

αi(x, x0) = gi(x0)αi(x, x0)

gi(x)
, ρi = ρi

(
1 + fi(x0) + 〈wi, x0〉

gi(x0)

)
,

di(x, x0) = di(x, x0)

gi(x)
.

By the (C,βj , ηj , cj )-convexity of hj (·) (j = 1,2, . . . ,m), one has

hj (x) − hj (x0)

βj (x, x0)
≥ C(x,x0)

(∇hj (x0)
) + ηj

cj (x, x0)

βj (x, x0)
. (7)
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Denote

τ =
p∑

i=1

λi

fi(x0) + 〈wi, x0〉 + gi(x0)

g2
i (x0)

+
m∑

j=1

μj .

It is easy to see that τ > 0. Multiplying both side of (6) by λi

τ
and of (7) by

μj

τ
,

respectively, adding them and using the convexity of C(x,x0)(·), we get

p∑

i=1

λi

ταi(x, x0)

(
fi(x) + 〈wi, x〉

gi(x)
− fi(x0) + 〈wi, x0〉

gi(x0)

)
+

m∑

j=1

μj

τ

hj (x) − hj (x0)

βj (x, x0)

≥
p∑

i=1

λi

τ

fi(x0) + 〈wi, x0〉 + gi(x0)

g2
i (x0)

×
{
C(x,x0)

(
g2

i (x0)

fi(x0) + 〈wi, x0〉 + gi(x0)
· ∇

[
fi(x0) + 〈w,x0〉

gi(x0)

])}

+
m∑

j=1

μj

τ
C(x,x0)

(∇hj (x0)
) +

p∑

i=1

λi

τ
ρi

di(x, x0)

αi(x, x0)
+

m∑

j=1

μj

τ
ηj

cj (x, x0)

βj (x, x0)

≥ C(x,x0)

(
1

τ

[
p∑

i=1

λi∇
(

fi(x0) + 〈wi, x0〉
gi(x0)

)
+

m∑

j=1

μj∇hj (x0)

])

+
p∑

i=1

λi

τ
ρi

di(x, x0)

αi(x, x0)
+

m∑

j=1

μj

τ
ηj

cj (x, x0)

βj (x, x0)
.

This fact together with (1) and (4) yields

p∑

i=1

λi

ταi(x, x0)

(
fi(x) + 〈wi, x〉

gi(x)
− fi(x0) + 〈wi, x0〉

gi(x0)

)

+
m∑

j=1

μj

τ

hj (x) − hj (x0)

βj (x, x0)
≥ 0. (8)

Since x0 is a feasible solution of (MPF), it follows from (3.3) that

m∑

j=1

μj

hj (x) − hj (x0)

βj (x, x0)
≤ 0. (9)

Combining (5) and (9) yields

p∑

i=1

λi

ταi(x, x0)

(
fi(x) + 〈wi, x〉

gi(x)
− fi(x0) + 〈wi, x0〉

gi(x0)

)
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+
m∑

j=1

μj

τ

hj (x) − hj (x0)

βj (x, x0)
< 0,

which contradicts to (8). Therefore, x0 is a weakly efficient solution of (MFP). �

Remark 3.1 Theorem 3.1 generalizes Theorem 2.3 of Kim et al. [4] and Theorem 3.2
of Long et al. [12].

Corollary 3.1 Let x0 ∈ S be a feasible solution of (MFP). Assume that there exist
λi > 0, i = 1,2, . . . , p, and μj ≥ 0, j = 1,2, . . . ,m, such that

p∑

i=1

λi∇
(

fi(x0) + 〈wi, x0〉
gi(x0)

)
+

m∑

j=1

μj∇hj (x0) = 0,

〈wi, x0〉 = s(x0|Ci), wi ∈ Ci, i = 1,2, . . . , p,

m∑

j=1

μjhj (x0) = 0.

If fi(·) + 〈wi, ·〉, −gi(·), (i = 1,2, . . . , p), are strongly (C,αi, ρi, di)-convex at
x0, hj (·), (j = 1,2, . . . ,m), are strongly (C,βj , ηj , cj )-convex at x0. Then x0 is a
weakly efficient solution of (MFP).

Proof We can easily check that (4) holds under the assumptions of the corollary. �

4 Duality Results

In this section, we consider the following Mond-Weir type dual (MFD) to the primal
problem (MFP):

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

max
(f1(u)+〈w1,u〉

g1(u)
, . . . ,

fp(u)+〈wp,u〉
gp(u)

)
,

s.t.
∑p

i=1 λi∇
(fi(u)+〈wi,u〉

gi(u)

) + ∑m
j=1 μj∇hj (u) = 0,

∑m
j=1 μjhj (u) ≥ 0,

w := (w1,w2, . . . ,wp), wi ∈ Ci, i = 1,2, . . . , p, u ∈ X,

μj ≥ 0, j = 1,2, . . . ,m,λ = (λ1, λ2, . . . , λp) ∈ 
+,

(10)

where


+ = {
λ ∈ R

p
+ : λi > 0

}
.

In the following, we shall prove the weak duality and strong duality results.

Theorem 4.1 (Weak Duality) Let x and (u,λ,w,μ) be feasible solutions of
(MFP) and (MFD), respectively. Let fi(·) + 〈wi, ·〉 and −gi(·) (i = 1,2, . . . , p) be
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(C,αi, ρi, di)-convex at u, and let hj (·) (j = 1,2, . . . ,m) be (C,βj , ηj , cj )-convex
at u. If

p∑

i=1

λiρi

di(x,u)

αi(x,u)
+

m∑

j=1

μjηj

cj (x,u)

βj (x,u)
≥ 0, (11)

where

αi(x,u) = gi(u)αi(x,u)

gi(x)
, ρi = ρi

(
1 + fi(u) + 〈wi,u〉

gi(u)

)
,

di(x,u) = di(x,u)

gi(x)
.

Then the following cannot hold:
(

f1(x) + s(x|C1)

g1(x)
, . . . ,

fp(x) + s(x|Cp)

gp(x)

)

<

(
f1(u) + 〈w1, u〉

g1(u)
, . . . ,

fp(u) + 〈wp,u〉
gp(u)

)
. (12)

Proof Let x and (u,λ,w,μ) be feasible solutions of (MFP) and (MFD), respectively.
It follows that

m∑

j=1

μjhj (x) ≤ 0 ≤
m∑

j=1

μjhj (u).

By the (C,βj , ηj , cj )-convexity of hj (j = 1,2, . . . ,m), one has

0 ≥
m∑

j=1

μj

hj (x) − hj (u)

βj (x,u)
≥

m∑

j=1

μjC(x,u)

(∇hj (u)
) +

m∑

j=1

μjηj

cj (x,u)

βj (x,u)
. (13)

We now suppose that (12) holds. Since s(x|Ci) ≥ 〈wi, x〉, i = 1,2, . . . , p,

fi(x) + 〈wi, x〉
gi(x)

≤ fi(x) + s(x|Ci)

gi(x)
<

fi(u) + 〈wi,u〉
gi(u)

. (14)

By Theorem 2.1, we get

1

αi(x,u)

(
fi(x) + 〈wi, x〉

gi(x)
− fi(u) + 〈wi,u〉

gi(u)

)

≥ ρi

di(x,u)

αi(x,u)
+ fi(u) + 〈wi,u〉 + gi(u)

g2
i (u)

×
{
C(x,u)

(
g2

i (u)

fi(u) + 〈wi,u〉 + gi(u)
· ∇

[
fi(u) + 〈wi,u〉

gi(u)

])}
, (15)
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where

αi(x,u) = αi(x,u)gi(u)

gi(x)
, ρi = ρi

(
1 + fi(u) + 〈wi,u〉

gi(u)

)
,

di(x,u) = di(x,u)

gi(x)
.

Denote

τ =
p∑

i=1

λi

fi(u) + 〈wi,u〉 + gi(u)

g2
i (u)

+
m∑

j=1

μj .

It follows from (10), (11), (13)–(15) and the convexity of C(x,u)(·) that

0 >

p∑

i=1

λi

ταi(x,u)

(
fi(x) + 〈wi, x〉

gi(x)
− fi(u) + 〈wi,u〉

gi(u)

)
+

m∑

j=1

μj

τ

hj (x) − hj (u)

βj (x,u)

≥
p∑

i=1

λi

τ

fi(u) + 〈wi,u〉 + gi(u)

g2
i (u)

×
(

C(x,u)

(
g2

i (u)

fi(u) + 〈wi,u〉 + gi(u)
· ∇

[
fi(u) + 〈wi,u〉

gi(u)

]))

+
m∑

j=1

μj

τ
C(x,u)

(∇hj (u)
) +

p∑

i=1

λi

τ
ρi

di(x,u)

αi(x,u)
+

m∑

j=1

μj

τ
ηj

cj (x,u)

βj (x,u)

≥ C(x,u)

(
1

τ

(
p∑

i=1

λi∇
(

fi(u) + 〈wi,u〉
gi(u)

)
+

m∑

j=1

μj∇hj (u)

))

+
p∑

i=1

λi

τ
ρi

di(x,u)

αi(x,u)
+

m∑

j=1

μj

τ
ηj

cj (x,u)

βj (x,u)
≥ 0,

which gives a contradiction. This completes the proof. �

Corollary 4.1 (Weak Duality) Let x and (u,λ,w,μ) be feasible solutions of (MFP)
and (MFD), respectively. Let fi(·) + 〈wi, ·〉 and −gi(·) (i = 1,2, . . . , p) be strongly
(C,αi, ρi, di)-convex at u, and let hj (·)(j = 1,2, . . . ,m) be strongly (C,βj , ηj , cj )-
convex at u. Then the following cannot hold:

(
f1(x) + s(x|C1)

g1(x)
, . . . ,

fp(x) + s(x|Cp)

gp(x)

)

<

(
f1(u) + 〈w1, u〉

g1(u)
, . . . ,

fp(u) + 〈wp,u〉
gp(u)

)
.

Proof We can easily check that (11) holds under the assumptions of the corollary. �
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Theorem 4.2 (Strong Duality) Let x be a weakly efficient solution of (MFP).
If there exists z∗ ∈ R

n, such that 〈∇hj (x), z∗〉 > 0, j ∈ I (x), then there exist
λ ∈ R

p
+, λ ∈ 
+, μ ∈ R

m+, and w := (w1,w2, . . . ,wp) ∈ (C1 × C2 × · · ·Cp), such
that (x,λ,w,μ) is a feasible solution for (MFD) and 〈x,wi〉 = s(x|Ci), i = 1, . . . , p.
If the assumptions in Theorem 4.1 are satisfied, then (x,λ,w,μ) is a weakly efficient
solution of (MFD).

Proof Since x is a weakly efficient solution of (MFP), by Theorem 2.2 in [4], there
exist λ ∈ R

p
+, λ ∈ 
+, μ ∈ R

m+, and w := (w1,w2, . . . ,wp) ∈ (C1 × C2 × · · ·Cp),
such that (x,λ,w,μ) is a feasible solution for (MFD) and 〈x,wi〉 = s(x|Ci), i =
1, . . . , p. If (x,λ,w,μ) is not a weakly efficient solution of (MFD), then there exists
a feasible solution (x∗, λ∗,w∗,μ∗) of (MFD), such that

(
f1(x) + s(x|C1)

g1(x)
, . . . ,

fp(x) + s(x|Cp)

gp(x)

)

<

(
f1(x

∗) + 〈w1, x
∗〉

g1(x∗)
, . . . ,

fp(x∗) + 〈wp,x∗〉
gp(x∗)

)
,

which contradicts the result of Theorem 4.1. This completes the proof. �

Remark 4.1 Theorems 4.1 and 4.2 generalize Theorems 3.1 and 3.2 of Kim et al. [4]
and Theorems 4.1 and 4.2 of Long et al. [12].

5 Conclusions

In this paper, we consider a class of nondifferentiable multiobjective fractional pro-
gramming problems in which each component of the objective function contains a
term involving the support function of a compact convex set. We derive some suffi-
cient optimality conditions and duality results for weakly efficient solutions of non-
differentiable multiobjective fractional programming problems under the assump-
tions of (C,α,ρ, d)-convexity.

It is well-known that (C,α,ρ, d)-convexity includes (F,α,ρ, d)-convexity [7],
V -ρ-invexity [5], (F,ρ)-convexity [15] as special cases. Now one open problem
arises in a natural way: How to characterize that a given function is a (C,α,ρ, d)-
convex function?

As pointed out by Professor F. Giannessi, it is deserved to consider the above open
problem in the future.
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