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Abstract In this note we correct and improve a zero duality gap result in extended
monotropic programming given by Bertsekas (J. Optim. Theory Appl. 139:209–225,
2008).
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1 Introduction and Preliminaries

In this paper we deal with the extended monotropic programming problem (for the
origins of which we refer to [2, 3])

(P ) inf
m∑

i=1

fi(xi) s.t. (x1, . . . , xm) ∈ S,

where Xi are separated locally convex spaces, fi : Xi → R are proper and convex
functions, i = 1, . . . ,m, and S ⊆ ∏m

i=1 Xi is a linear closed subspace, such that∏m
i=1 domfi ∩ S �= ∅, and its dual problem
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(D) sup
m∑

i=1

−f ∗
i (x∗

i ) s.t. (x∗
1 , . . . , x∗

m) ∈ S⊥,

with f ∗
i : X∗

i → R, f ∗
i (x∗) = sup{〈x∗, x〉 − fi(x) : x ∈ Xi}, the conjugate function

of fi , i = 1, . . . ,m, and S⊥ = {x∗ ∈ X∗ : 〈x∗, x〉 = 0 ∀x ∈ S} the orthogonal space
of S.

The same primal-dual pair has been recently investigated by Bertsekas in [1] in
the case Xi = R

ni , ni ≥ 1, i = 1, . . . ,m. In [1, Proposition 4.1], under the supple-
mentary assumption that the functions fi are lower semicontinuous on domfi , a zero
duality gap result is stated for (P ) and (D), provided that, for every (x1, . . . , xm) ∈∏m

i=1 domfi ∩ S and every ε > 0, the set

T (x, ε) := S⊥ +
m∏

i=1

∂εfi(xi)

is closed. The proof of this statement, which represents the main result in that article,
applies in an ingenious way the ε-descent method.

In this note we furnish first an example which shows that this zero duality gap
statement is false and indicate the place where the error occurs. This will be the topic
of the forthcoming section. In Sect. 3 we prove that, under alternative, still weak,
topological assumptions for the functions fi, i = 1, . . . ,m, the zero duality gap state-
ment in discussion turns out to be true, and we use to this aim some techniques spe-
cific to the convex analysis based on subdifferential calculus, whereby a determinant
role is played by a generalization of the Hiriart-Urruty-Phelps formula. Recall that
by zero duality gap we name the situation where v(P ) = v(D), v(P ) and v(D) being
the optimal objective values of the primal and dual problem, respectively.

In the following, we introduce and recall some notions and results in order to
make the paper self-contained. Having a separated locally convex vector space X,
we denote by X∗ its topological dual space and assume throughout the paper that
this is endowed with the weak∗ topology. By 〈x∗, x〉 = x∗(x) we denote the value
of the continuous linear functional x∗ ∈ X∗ at x ∈ X. Given a subset U of X, by
clU we denote its closure. By δU : X → R = R ∪ {±∞}, defined by δU (x) = 0
for x ∈ U and δU (x) = +∞, otherwise, we denote its indicator function, and by
σU : X∗ → R, defined by σU(x∗) = supx∈U 〈x∗, x〉, its support function. We call a
set K ⊆ X cone if for all λ > 0 and all k ∈ K one has λk ∈ K , and we denote by
K∗ := {x∗ ∈ X∗ : 〈x∗, k〉 ≥ 0 ∀k ∈ K} its dual cone. For U,V ⊆ X two given sets,
the projection operator prU : U × V → U is defined as prU(u, v) = u for all (u, v) ∈
U × V .

Having a function f : X → R, we use the classical notations for its domain
domf := {x ∈ X : f (x) < +∞} and its epigraph epif := {(x, r) ∈ X × R :
f (x) ≤ r}. Regarding a function and its conjugate, we have the Young-Fenchel in-
equality f ∗(x∗) + f (x) ≥ 〈x∗, x〉 for all x ∈ X and x∗ ∈ X∗. We call f proper if
f (x) > −∞ for all x ∈ X and domf �= ∅.

For ε ≥ 0, if f (x) ∈ R, then the ε-subdifferential of f at x is

∂εf (x) := {x∗ ∈ X∗ : f (y) − f (x) ≥ 〈x∗, y − x〉 − ε ∀y ∈ X},
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while, if f (x) = ±∞, we stipulate that ∂εf (x) := ∅. We denote by ∂f (x) := ∂0f (x)

the (convex) subdifferential of f at x. The ε-subdifferential of f at x is always a
convex and closed set. If f is a proper function, then for x ∈ domf , x∗ ∈ X∗ and
ε ≥ 0 one has

f (x) + f ∗(x∗) ≤ 〈x∗, x〉 + ε ⇔ x∗ ∈ ∂εf (x) ⇒ x ∈ ∂εf
∗(x∗).

If 0 ≤ ε ≤ η, then it holds ∂εf (x) ⊆ ∂ηf (x) and
⋂

μ>ε ∂μf (x) = ∂εf (x) for all
x ∈ X. Assuming that f is a proper and convex function and x ∈ domf , then (see,
for instance, [4, Theorem 2.4.4(iii)]) f is lower semicontinuous at x if and only if
∂εf (x) �= ∅ for all ε > 0. Therefore, if f ∗(x∗) ∈ R and ε > 0 one has ∂εf

∗(x∗) �= ∅.
If K is a nonempty cone containing the origin, then δ∗

K = σK = δ−K∗ and
∂εδK(0) = −K∗ for all ε ≥ 0, while, if S is a nonempty linear subspace, then
δ∗
S = σS = δS⊥ and ∂εδS(x) = S⊥ for all ε ≥ 0 and all x ∈ S.

The lower semicontinuous hull of f : X → R is the function clf : X → R

which has as epigraph cl epif . One always has that domf ⊆ dom clf ⊆ cl domf

and f ∗ = (clf )∗. Assuming that f is convex, f ∗ is proper if and only if clf
is proper, the latter being a sufficient condition for f ∗∗ = clf . Given the proper
functions f,g : X → R, their infimal convolution is the function f �g : X → R,
(f �g)(x) := inf{f (x − y) + g(y) : y ∈ X}. If f,g : X → R are proper, convex and
lower semicontinuous functions with domf ∩ domg �= ∅, then one has the Moreau-
Rockafellar formula (f +g)∗ = cl(f ∗ �g∗) (see [5]). For the convex analysis notions
and results introduced in this section we refer to [4, 6].

We would like to close this section by pointing out that, for g : ∏m
i=1 Xi → R,

g(x1, . . . , xm) = ∑m
i=1 fi(xi), the primal problem (P ) can be equivalently written as

inf
x=(x1,...,xm)∈∏m

i=1 Xi

[g(x) + δS(x)] = −(g + δS)∗(0).

Its Fenchel dual problem is

sup
x∗=(x∗

1 ,...,x∗
m)∈∏m

i=1 X∗
i

[−g∗(x∗) − δ∗
S(−x∗)] = −(g∗ � δ∗

S)(0)

and, as for x∗ = (x∗
1 , . . . , x∗

m) ∈ ∏m
i=1 X∗

i one has g∗(x∗
1 , . . . , x∗

m) = ∑m
i=1 f ∗

i (x∗
i ),

this is further equivalent to

sup
(x∗

1 ,...,x∗
m)∈S⊥

−
m∑

i=1

f ∗
i (x∗

i ),

being nothing else than the dual problem (D). Thus one can note that for the primal-
dual pair in discussion we always have weak duality, i.e. v(P ) ≥ v(D).

2 Examples

In the beginning of this section we give the announced example, which shows that
under the hypotheses considered in [1] the duality statement [1, Proposition 4.1] may
fail.
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Example 2.1 Consider the convex set C = {0}×[3,∞)∪ int(R2+) and define the func-
tions f1 : R

2 → R by f1(u, v) = v + δC(u, v) and f2 : R → R, f2(w) = δR−(w). We
are in the case m = 2, n1 = 2, n2 = 1. We further take S = {(u, v,w) ∈ R

3 : u = w},
which is a linear subspace of R

3 and show that the assumptions of [1, Proposition 4.1]
are fulfilled. The functions f1, f2 are proper and convex, f1 is lower semicontinuous
on domf1 = C, f2 is lower semicontinuous (on R) and the feasible set of the primal
problem is (domf1 × domf2) ∩ S = {0} × [3,∞) × {0}.

Next we prove that, for all ε > 0 and all a ≥ 3, the set

T ((0, a,0), ε) = S⊥ + ∂εf1(0, a) × ∂εf2(0)

is closed. Let us fix some arbitrary elements ε > 0 and a ≥ 3. One can easily see that
S⊥ = {(x∗,0,−x∗) : x∗ ∈ R} and ∂εf2(0) = R+. We claim that

∂εf1(0, a) = R− ×
[
1 − ε

a
,1

]
. (1)

According to the definition of the ε-subdifferential, an element (u∗, v∗) belongs to
∂εf1(0, a) if and only if

v − a ≥ u∗u + v∗(v − a) − ε ∀(u, v) ∈ C. (2)

We show first that R− ×[1−ε/a,1] ⊆ ∂εf2(0, a). Take u∗ ≤ 0 and v∗ ∈ [1−ε/a,1].
Then for each (u, v) ∈ C we get

u∗u + v∗(v − a) − ε ≤ u∗u + v∗v − a + ε − ε = u∗u + (v∗ − 1)v + v − a ≤ v − a,

hence (u∗, v∗) ∈ ∂εf2(0, a). For the opposite inclusion, take an arbitrary element
(u∗, v∗) ∈ ∂εf2(0, a). One can easily derive from (2) that

v − a ≥ u∗u + v∗(v − a) − ε ∀(u, v) ∈ R
2+. (3)

From here one has that u∗ ≤ 0. By taking u := 0 in (3) we obtain

(v∗ − 1)(v − a) ≤ ε ∀v ≥ 0, (4)

thus v∗ ≤ 1. For v := 0 in (4) we get a(v∗ − 1) ≥ −ε, that is v∗ ≥ 1 − ε/a. In
conclusion, (1) holds. As a consequence we get

T ((0, a,0), ε) = {(x∗,0,−x∗) : x∗ ∈ R} + R− ×
[
1 − ε

a
,1

]
× R+

= R ×
[
1 − ε

a
,1

]
× R,

which is a closed set. Hence all the hypotheses of [1, Proposition 4.1] are fulfilled.
However, there is a nonzero duality gap between the primal-dual pair (P )–(D).

Indeed,

v(P ) = inf
(u,v,w)∈S

{f1(u, v) + f2(w)} = inf
(u,v,w)∈{0}×[3,∞)×{0}v = 3,
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while,

v(D) = sup
(u∗,v∗,w∗)∈S⊥

{−f ∗
1 (u∗, v∗) − f ∗

2 (w∗)} = sup
u∗∈R

{−f ∗
1 (u∗,0) − f ∗

2 (−u∗)}

= sup
u∗≤0

{
− sup

(u,v)∈C

{u∗u − v}
}

= 0.

Consequently, v(D) < v(P ), although the assumptions of [1, Proposition 4.1] are
fulfilled.

Let us point out in the following where the error that occurred in [1] comes from.
The author claims that the formula σ∂εf (x) = f ′

ε(x, ·) is valid, where f is a proper and
convex function which is lower semicontinuous on domf , x ∈ domf and ε > 0 (cf.
[1, Sect. 3], see [1, relation (15)]). Here f ′

ε(x, y) = infα>0(f (x +αy)− f (x)+ ε)/α

denotes the ε-directional derivative of f at x in the direction y ∈ X. He deci-
sively uses this formula in his argumentation; however, this formula holds in case
f is proper, convex and lower semicontinuous (on the whole space) (see [4, Theo-
rem 2.4.11] and [7, p. 220]). Otherwise it can fail, as the following example shows.

Example 2.2 Let X be a separated locally convex space and K ⊆ X a nonempty
convex cone containing the origin, which is not closed, and define f = δK . The func-
tion f is proper, convex and lower semicontinuous on domf = K . Take u ∈ clK \K

and ε > 0. One can easily show that f ′
ε(0, u) = +∞ and ∂εf (0) = −K∗; hence

σ∂εf (0)(u) = δclK(u) = 0 < f ′
ε(0, u).

One of the main ingredients of the ε-descent method, on which the proof of the
duality result [1, Proposition 4.1] relies, is [1, Proposition 3.1]. In its proof the for-
mula discussed above is used, too. Let us recall this result: if fi : R

n → R are
proper and convex functions, i = 1, . . . ,m, and x ∈ ⋂m

i=1 domfi is a vector such
that fi(x) = clfi(x) for all i = 1, . . . ,m, then for all ε > 0 the inclusion

∂ε(f1 + · · · + fm)(x) ⊆ cl
(
∂εf1(x) + · · · + ∂εfm(x)

)

holds. We show in the following example that this is not always the case.

Example 2.3 Take m = n = 2, K = int(R2+) ∪ {(0,0)}, S = R × {0} and define the
functions f1 = δK and f2 = δS , which are proper and convex functions such that
domf1 ∩ domf2 = {(0,0)}. The vector x = (0,0) satisfies the property fi(0,0) =
clfi(0,0), i = 1,2. Take an arbitrary ε > 0. One can show that f1 + f2 = δ{(0,0)};
hence

∂ε(f1 + f2)(0,0) = R
2.

Further, ∂εf1(0,0) = −K∗ = −R
2+ and ∂εf2(0,0) = S⊥ = {0} × R, thus

cl
(
∂εf1(0,0) + ∂εf2(0,0)

) = R− × R.

Thus the assertion of [1, Proposition 3.1] does not hold in this particular case.
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Finally, let us mention that the results stated in [1] in finite dimensional spaces
become valid if the functions fi , i = 1, . . . ,m, are assumed to be proper, convex
and lower semicontinuous on the whole space. In next section we prove, by using a
different technique than in [1], that these results remain true in a more general context
and under weaker assumptions.

3 Zero Duality Gap in Extended Monotropic Programming

For the beginning we provide a generalization of the Hiriart-Urruty-Phelps formula
(see [8, Theorem 2.1] and [4, Corollary 2.6.7]). We refer the reader to [9, Theo-
rem 13], [10, Proposition 2] and [11, Theorem 4] for other generalizations of this
result. The proof of the following theorem is an adaptation of the one given in
[8, Theorem 2.1].

Theorem 3.1 Let X be a separated locally convex space and f,g : X → R two con-
vex functions such that clf and clg are proper and the following equality holds

cl(f + g) = clf + clg. (5)

Then for all x ∈ X and all ε ≥ 0 we have

∂ε(f + g)(x) =
⋂

η>0

cl

(
⋃

ε1,ε2≥0
ε1+ε2=ε+η

(
∂ε1f (x) + ∂ε2g(x)

)
)

. (6)

Proof Take x ∈ X and ε ≥ 0. The inclusion “⊇” is always true (even in the case when
(5) is not fulfilled), since

⋃
ε1,ε2≥0

ε1+ε2=ε+η
(∂ε1f (x) + ∂ε2g(x)) ⊆ ∂ε+η(f + g)(x). Take

now an arbitrary element x∗
0 ∈ ∂ε(f + g)(x). This is equivalent to

(f + g)∗(x∗
0 ) + (f + g)(x) ≤ 〈x∗

0 , x〉 + ε. (7)

We apply the Moreau-Rockafellar formula to the proper, convex and lower semicon-
tinuous functions clf and clg and obtain (by using (5))

(f +g)∗ = (
cl(f +g)

)∗ = (clf +clg)∗ = cl
(
(clf )∗ � (clg)∗

) = cl(f ∗ �g∗). (8)

Thus by (7) and (8) it holds (clφ)(x∗
0 ) ≤ r , where φ : X∗ → R is defined by φ(x∗) =

(f ∗ �g∗)(x∗) − 〈x∗, x〉 and r := ε − (f + g)(x) ∈ R. Let us fix an arbitrary η > 0.
The condition (clφ)(x∗

0 ) ≤ r implies that

x∗
0 ∈ cl

(
{x∗ ∈ X∗ : φ(x∗) ≤ r + η/2}

)
. (9)

Let us show that for x∗ ∈ X∗ we have

{x∗ ∈ X∗ : φ(x∗) ≤ r + η/2} ⊆
⋃

ε1,ε2≥0
ε1+ε2=ε+η

(
∂ε1f (x) + ∂ε2g(x)

)
. (10)
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Indeed, if x∗ ∈ X∗ satisfies φ(x∗) − r ≤ η/2, then

inf
x∗

1 ,x∗
2 ∈X∗

x∗
1 +x∗

2 =x∗

{
f ∗(x∗

1 ) + f (x) − 〈x∗
1 , x〉 + g∗(x∗

2 ) + g(x) − 〈x∗
2 , x〉

}
< ε + η; (11)

hence there exist x∗
1 , x∗

2 ∈ X∗, x∗
1 + x∗

2 = x∗, such that

f ∗(x∗
1 ) + f (x) − 〈x∗

1 , x〉 + g∗(x∗
2 ) + g(x) − 〈x∗

2 , x〉 < ε + η. (12)

We define ε1 := f ∗(x∗
1 )+f (x)−〈x∗

1 , x〉 and ε2 := ε+η−(f ∗(x∗
1 )+f (x)−〈x∗

1 , x〉).
By using the Young-Fenchel inequality and (12) we easily derive that ε1, ε2 ≥ 0,
ε1 + ε2 = ε + η, x∗

1 ∈ ∂ε1f (x) and x∗
2 ∈ ∂ε2g(x); hence (10) holds. Combining (9)

and (10) we get the desired conclusion. �

Remark 3.1

(i) Let us note that the condition (5) is automatically fulfilled if we assume that f

and g are lower semicontinuous.
(ii) If f (or g) is finite and continuous at x0 ∈ domf ∩ domg, then (5) holds (cf. [9,

Lemma 15]).
(iii) Let us mention that the condition (5) was used also by other authors (see

[9, 12, 13]) in order to generalize duality results or subdifferential formulae
for convex functions which are not necessarily lower semicontinuous (see also
[10, 11] for some nonconvex versions of these results).

The formula of the ε-subdifferential of the infimal convolution of two functions,
given in the proposition below, will play a decisive role in the proof of the main result
of this section.

Proposition 3.1 (cf. [4, Corollary 2.6.6]) Let X be a separated locally convex space
and f1, f2 : X → R two proper and convex functions for which

∃x∗ ∈ X∗, ∃α ∈ R, ∀x ∈ X,∀i ∈ {1,2} : fi(x) ≥ 〈x∗, x〉 + α. (13)

If (f1 �f2)(x) ∈ R and ε ≥ 0, then

∂ε(f1 �f2)(x) =
⋂

η>0

⋃

y∈X,ε1,ε2≥0
ε1+ε2=ε+η

(
∂ε1f1(x − y) ∩ ∂ε2f2(y)

)
. (14)

Remark 3.2 One can easily show that condition (13) in the above statement is nothing
else than domf ∗

1 ∩ domf ∗
2 �= ∅.

Next we present the main result of the paper, which is a zero duality gap theorem
for extended monotropic programming problems in infinite dimensional spaces stated
under weak topological assumptions.
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Theorem 3.2 Let Xi be separated locally convex spaces, fi : Xi → R proper and
convex functions, i = 1, . . . ,m, S ⊆ ∏m

i=1 Xi a linear closed subspace such that∏m
i=1 domfi ∩S �= ∅ and g : ∏m

i=1 Xi → R defined by g(x1, . . . , xm) = ∑m
i=1 fi(xi).

Suppose further that clfi , i = 1, . . . ,m, are proper functions and g(x) = clg(x) for
all x ∈ dom clg ∩ S. If for all (x1, . . . , xm) ∈ ∏m

i=1 domfi ∩ S and all ε > 0 the set

S⊥ +
m∏

i=1

∂εfi(xi)

is closed, then v(P ) = v(D).

Proof If v(P ) = −∞, then v(P ) = v(D) holds by weak duality; therefore we con-
sider in the following the case v(P ) ∈ R (that v(P ) < +∞ is guaranteed by the feasi-
bility assumption). By the hypotheses one has that clg(x1, . . . , xm) = ∑m

i=1 clfi(xi)

for all (x1, . . . , xm) ∈ ∏m
i=1 Xi , thus clg is a proper function. Let us show now that

cl(δS + g) = δS + clg. (15)

The inequality “≥” is always fulfilled, hence it is enough to prove that cl(δS +g)(x) ≤
(δS + clg)(x) for all x ∈ dom clg ∩ S. Taking an arbitrary x ∈ dom clg ∩ S we have

cl(δS + g)(x) ≤ (δS + g)(x) = g(x) = (δS + clg)(x) ≤ cl(δS + g)(x),

thus (15) holds. The following inclusions (which can be proved by using the Young-
Fenchel inequality) will be useful in what follows

∂εg(x1, . . . , xm) ⊆
m∏

i=1

∂εfi(xi) ⊆ ∂mεg(x1, . . . , xm)

∀(x1, . . . , xm) ∈
m∏

i=1

Xi ∀ε ≥ 0. (16)

We prove next that (δ∗
S �g∗)(0) ∈ R and ∂ε(δ

∗
S �g∗)(0) �= ∅ for all ε > 0.

Take an arbitrary ε > 0. Since (δS + g)∗(0) = −v(P ) ∈ R, we get ∂ε/m(δS +
g)∗(0) �= ∅. Let us choose an arbitrary x ∈ ∂ε/m(δS + g)∗(0). Thus

(δS + g)∗(0) + (δS + g)∗∗(x) ≤ ε/m.

Since cl(δS + g) is a proper function, we get

(δS + g)∗(0) + cl(δS + g)(x) ≤ ε/m,

which implies

(δS + g)∗(0) + δS(x) + (clg)(x) ≤ ε/m;
hence x ∈ dom clg ∩ S. Consequently, clg(x) = g(x), x ∈ domg ∩ S and

(δS + g)∗(0) + δS(x) + g(x) ≤ ε/m,
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which is nothing else than 0 ∈ ∂ε/m(δS + g)(x). Take an arbitrary η > 0. We further
apply Theorem 3.1 and obtain

∂ε/m(δS + g)(x) ⊆ cl

(
⋃

ε1,ε2≥0
ε1+ε2=(ε+η)/m

(
∂ε1δS(x) + ∂ε2g(x)

))
.

Since for ε1 ≥ 0 we have ∂ε1δS(x) = S⊥, we get

∂ε/m(δS + g)(x) ⊆ cl

(
⋃

ε2≥0
ε2≤(ε+η)/m

(
S⊥ + ∂ε2g(x)

)
)

= cl
(
S⊥ + ∂(ε+η)/mg(x)

)
.

If we consider x = (x1, . . . , xm), where xi ∈ Xi , i = 1, . . . ,m, by (16) we have

cl
(
S⊥ + ∂(ε+η)/mg(x)

) ⊆ cl

(
S⊥ +

m∏

i=1

∂(ε+η)/mfi(xi)

)

= S⊥ +
m∏

i=1

∂(ε+η)/mfi(xi) ⊆ S⊥ + ∂ε+ηg(x),

where we used the fact that the set S⊥ + ∏m
i=1 ∂(ε+η)/mfi(xi) is closed. All to-

gether it follows that 0 ∈ S⊥ + ∂ε+ηg(x). Hence there exists y∗
0 ∈ ∂ε+ηg(x) such that

−y∗
0 ∈ S⊥. Thus −y∗

0 ∈ ∂δS(x) and y∗
0 ∈ ∂ε+ηg(x) and from here we deduce that x ∈

∂(δ∗
S)(−y∗

0 )∩ ∂ε+ηg
∗(y∗

0 ). Hence 0 = −y∗
0 +y∗

0 ∈ dom δ∗
S + domg∗ = dom(δ∗

S �g∗)
and (since η > 0 is arbitrary)

x ∈
⋂

η>0

⋃

y∗,ε1,ε2≥0
ε1+ε2=ε+η

(
∂ε1δ

∗
S(−y∗) ∩ ∂ε2g

∗(y∗)
)
.

As dom clg ∩ S �= ∅, the condition (13) (applied for f1 = δ∗
S and f2 = g∗) is fulfilled

(see also Remark 3.2). The situation (δ∗
S �g∗)(0) = −∞, which would imply that

(δ∗
S �g∗)∗ = δS +clg is identically +∞, is not possible. Therefore, (δ∗

S �g∗)(0) ∈ R

and by Proposition 3.1 we get x ∈ ∂ε(δ
∗
S �g∗)(0).

Hence ∂ε(δ
∗
S �g∗)(0) �= ∅ for all ε > 0. As δ∗

S �g∗ is a proper and convex function
and 0 ∈ dom(δ∗

S �g∗), this implies that δ∗
S �g∗ is lower semicontinuous at 0. As in

(8) (relation (15) holds) it follows that (δS + g)∗(0) = (δ∗
S �g∗)(0) or, equivalently,

v(P ) = v(D) and the proof is complete. �

Remark 3.3

(i) Let us notice that in case the functions clfi , i = 1, . . . ,m, are proper, the condi-
tion g(x) = clg(x) for all x ∈ dom clg ∩ S is satisfied if we assume that for all
i = 1, . . . ,m, fi(xi) = clfi(xi) for all xi ∈ dom clfi ∩ prXi

S.
(ii) If the functions fi are lower semicontinuous on Xi , i = 1, . . . ,m, then the

topological assumptions in Theorem 3.2, namely that clfi are proper for i =
1, . . . ,m, and g(x) = clg(x) for all x ∈ dom clg ∩ S are obviously fulfilled.
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(iii) We refer to [1, Section 4.1] for conditions which guarantee that for all
(x1, . . . , xm) ∈ ∏m

i=1 domfi ∩S and all ε > 0 the set S⊥ + ∏m
i=1 ∂εfi(xi) is

closed.
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9. Hantoute, A., López, M.A., Zălinescu, C.: Subdifferential calculus rules in convex analysis: a unifying

approach via pointwise supremum functions. SIAM J. Optim. 19, 863–882 (2008)
10. Dinh, N., López, M.A., Volle, M.: Functional inequalities in the absence of convexity and lower

semicontinuity with applications to optimization. Preprint available at http://www.eio.ua.es/busqueda/
publicacion.asp?p=1&c=10 (2009)

11. López, M.A., Volle, M.: On the subdifferential of the supremum of an arbitrary family of
extended real-valued functions. Preprint available at http://www.eio.ua.es/busqueda/publicacion.
asp?sp=1&c=10 (2009)

12. Fang, D.H., Li, C., Ng, K.F.: Constraint qualifications for extended Farkas’s lemmas and Lagrangian
dualities in convex infinite programming. SIAM J. Optim. 20, 1311–1332 (2009)

13. Li, C., Fang, D., López, G., López, M.A.: Stable and total Fenchel duality for convex optimization
problems in locally convex spaces. SIAM J. Optim. 20, 1032–1051 (2009)

http://www.eio.ua.es/busqueda/publicacion.asp?p=1&c=10
http://www.eio.ua.es/busqueda/publicacion.asp?p=1&c=10
http://www.eio.ua.es/busqueda/publicacion.asp?sp=1&c=10
http://www.eio.ua.es/busqueda/publicacion.asp?sp=1&c=10

	On a Zero Duality Gap Result in Extended Monotropic Programming
	Abstract
	Introduction and Preliminaries
	Examples
	Zero Duality Gap in Extended Monotropic Programming
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


