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Abstract This paper is concerned with partially-observed optimal control prob-
lems for fully-coupled forward-backward stochastic systems. The maximum prin-
ciple is obtained on the assumption that the forward diffusion coefficient does not
contain the control variable and the control domain is not necessarily convex. By
a classical spike variational method and a filtering technique, the related adjoint
processes are characterized as solutions to forward-backward stochastic differen-
tial equations in finite-dimensional spaces. Then, our theoretical result is applied
to study a partially-observed linear-quadratic optimal control problem for a fully-
coupled forward-backward stochastic system and an explicit observable control vari-
able is given.
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1 Introduction and Problem Formulation

Throughout this paper, Rn denotes the n-dimensional Euclidean space. 〈·, ·〉 and | · |
denote the scalar product and norm in the Euclidean space, respectively. � appearing
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in the superscripts denotes the transpose of a matrix. C always denotes some positive
constant.

Let (�, F , (Ft ),P) be a complete filtered probability space equipped with a nat-
ural filtration

Ft := σ
{
W(s),Y (s);0 ≤ s ≤ t

}
,

where W(·) and Y(·) are two independent standard Brownian motions valued in Rd

and Rr , respectively. Let T > 0 be a fixed time horizon and let F := FT . E denotes
the expectation on (�, F , {Ft },P). Define

F W
t := σ

{
W(s);0 ≤ s ≤ t

}
, F Y

t := σ
{
Y(s);0 ≤ s ≤ t

}
.

L2(�, F W
T ;Rn) denotes the space of all Rn-valued F W

T -measurable random vari-
ables ξ such that E[|ξ |2] < ∞, L2

F W ([0, T ];Rn) denotes the space of all Rn-valued

F W
t -adapted processes ψt such that E[∫ T

0 |ψt |2dt] < ∞.

Let U be a nonempty subset of Rk . A control variable v : [0, T ]×� → U is called
admissible, if it is F Y

t -adapted and satisfies sup0≤t≤T E|v(t)|i < ∞, i = 1,2, · · · .

The set of the admissible control variables is denoted by Uad .
For given v(·) ∈ Uad , consider the following fully-coupled forward-backward sto-

chastic control system:

dxv(t) = b(t, xv(t), yv(t), zv(t), v(t))dt + σ(t, xv(t), yv(t), zv(t))dW(t),

−dyv(t) = f (t, xv(t), yv(t), zv(t), v(t))dt − zv(t)dW(t),

xv(0) = x0, yv(T ) = g(xv(T )), (1)

here the state processes (xv(t), yv(t), zv(t)) ≡ (xv(t,ω), yv(t,ω), zv(t,ω)) ∈ Rn ×
Rm × Rm×d,0 ≤ t ≤ T ,ω ∈ �. x0 ∈ Rn is deterministic and

b : [0, T ] × R
n × R

m × R
m×d × U → R

n,

σ : [0, T ] × R
n × R

m × R
m×d → R

n×d ,

f : [0, T ] × R
n × R

m × R
m×d × U → R

m, g : Rn → R
m.

We assume that the state processes (xv(·), yv(·), zv(·)) cannot be observed di-
rectly, but the controllers can observe a related noisy process Y(·) of the state
processes which is described by

dY (t) = h(t, xv(t), yv(t), v(t))dt + dW̃(t), Y (0) = 0, (2)

here W̃ (·) is a stochastic process depending on the control variable v(·) and

h : [0, T ] × R
n × R

m × U → R
r .

We are given an m×n full-rank matrix G. For any v(·) ∈ Uad , we use the notations

�v :=
⎛

⎝
xv

yv

zv

⎞

⎠ , A(t,�v, v) :=
⎛

⎝
−G�f

Gb

Gσ

⎞

⎠ (t,�v, v),
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here Gσ ≡ (Gσ1,Gσ2, . . . ,Gσd). We assume that the following hypothesis holds.

(H1)

(i) ∀�v, v(·) ∈ Uad , A(·,�v, v) ∈ L2
F W ([0, T ];Rn × Rm × Rm×d);

(ii) b,f are continuously differentiable in �v , and their partial derivatives are
uniformly bounded; they are uniformly Lipschitz in v and are bounded by
C(1 + |x| + |y| + |z| + |v|);

(iii) h is continuously differentiable in (x, y) and continuous in v, its derivatives and
h are all uniformly bounded;

(iv) σ is continuously differentiable in �v , its partial derivatives are uniformly
bounded, and σ is bounded by C(1 + |x| + |y| + |z|);

(v) g is continuously differentiable in x,gx is uniformly bounded and g is bounded
by C(1 + |x|);

(vi) For each x ∈ Rn, g(x) ∈ L2(�, F W
T ;Rm).

For any v(·) ∈ Uad , in order to ensure the existence and uniqueness of the solu-
tion of the above fully-coupled FBSDE (1), we introduce the following G-monotonic
conditions which were used by Peng and Wu [1]:

(H2) 〈A(t,�v, v) − A(t, �̄v, v),�v − �̄v〉 ≤ −β1|Gx̂v|2

− β2(|G�ŷv|2 + |G�ẑv|2),
〈g(xv) − g(x̄v),G(xv − x̄v)〉 ≥ μ1|Gx̂v|2,

or

(H2)′ 〈A(t,�v, v) − A(t, �̄v, v),�v − �̄v〉 ≥ β1|Gx̂v|2 + β2(|G�ŷv|2 + |G�ẑ|2),
〈g(xv) − g(x̄v),G(xv − x̄v)〉 ≤ −μ1|Gx̂v|2,

∀�v = (xv, yv, zv), �̄v = (x̄v, ȳv, z̄v), x̂v = xv − x̄v,

ŷv = yv − ȳv, ẑv = zv − z̄v,

where β1, β2 and μ1 are given nonnegative constants with β1 + β2 > 0, β2 + μ1 > 0.
Moreover we have β1 > 0,μ1 > 0 (resp., β2 > 0), when m > n (resp., m < n).

For any v(·) ∈ Uad , we suppose that (H1) and (H2) hold. Then we know FBSDE
(1) has a unique solution �v(·) ≡ (xv(·), yv(·), zv(·)) by Theorem 2.6 of Peng and
Wu [1], which is called the corresponding trajectory. Define dP

v := Zv(t)dP, where

Zv(t) := exp

{∫ t

0
〈h(s, xv(s), yv(s), v(s)), dY (s)〉

− 1

2

∫ t

0
|h(s, xv(s), yv(s), v(s))|2ds

}
.

Obviously, Zv(·) is the unique F Y
t -adapted solution of

dZv(t) = Zv(t)〈h(s, xv(s), yv(s), v(s)), dY (t)〉, Zv(0) = 1. (3)
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By virtue of Itô’s formula, we can prove that sup0≤t≤T E|Zv(t)|i < ∞, i = 1,2, · · · .

Hence by Girsanov’s theorem and (H1), P
v is a new probability measure and

(W(·), W̃ (·)) is an Rd+r -valued standard Brownian motion defined on the new fil-
tered probability space (�, F , {Ft },P

v).
We introduce the following cost functional:

J (v(·)) := E
v

[∫ T

0
l(t, xv(t), yv(t), v(t))dt + 	(xv(T )) + γ (yv(0))

]
, (4)

here E
v denotes expectation on (�, F , {Ft },P

v) and

l : [0, T ] × R
n × R

m × U → R, 	 : Rn → R, γ : Rn → R.

We need the following hypothesis.

(H3)

(i) l is continuous in v, continuously differentiable in (x, y), its partial derivatives
are continuous in (x, y, v) and bounded by C(1 + |x| + |y| + |v|);

(ii) 	 is continuously differentiable and 	x is bounded by C(1 + |x|);
(iii) γ is continuously differentiable and γy is bounded by C(1 + |y|).

Our partially-observed optimal control problem is to minimize the cost functional
(4) over v(·) ∈ Uad subject to (1) and (2), i.e., to find u(·) ∈ Uad satisfying

J (u(·)) = inf
v(·)∈Uad

J (v(·)). (5)

Obviously, cost functional (4) can be rewritten as the following

J (v(·)) = E

[∫ T

0
Zv(t)l(t, xv(t), yv(t), v(t))dt + Zv(T )	(xv(T )) + γ (yv(0))

]
.

(6)

Then the original problem (5) is equivalent to minimize (6) over v(·) ∈ Uad subject to
(1) and (3). Our main target is to find the necessary condition of the partially-observed
optimal control u(·) in the form of Pontryagin stochastic maximum principle.

The subject of stochastic maximum principles for partially-observed forward and
forward-backward stochastic optimal control problems has been discussed by many
authors, such as Bensoussan [2], Haussmann [3], Baras et al. [4], Li and Tang [5],
Tang [6], Wu [7], Wang and Wu [8], etc. Li and Tang [5] obtained the maximum prin-
ciple for the partially-observed forward stochastic optimal control problem in which
the control variable is allowed to enter the diffusion and the observation coefficients.
Moreover, the control domain is not necessarily convex. Tang [6] extended this result
to the case with correlated noises between the system and the observation. A general
maximum principle is proved for the partially-observed optimal control and the rela-
tions among the adjoint processes are established. Adjoint vector fields are introduced
as the solutions to some backward stochastic partial differential equations (BSPDEs
for short) and their relations are established. Under suitable conditions, the adjoint
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processes are characterized in terms of the adjoint vector fields, their differentials
and Hessians, along the optimal state process. Wu [7] studied the optimal control
problem for partially-observed forward-backward stochastic system when the con-
trol domain is convex. He obtained the maximum principle by the convex variational
method. Wang and Wu [8] also researched this problem, on the assumption that the
control domain is not necessarily convex while the forward diffusion coefficient does
not contain the control variable. The maximum principle was obtained by means of
the spike variational technique.

However, the forward-backward stochastic control systems in [7, 8] are “not fully-
coupled”, which means that the coefficients in the forward equations do not contain
the backward state processes. For example, Wang and Wu [8] considered the follow-
ing forward-backward stochastic control system

dxv(t) = b(t, xv(t), v(t))dt + σ(t, xv(t))dW(t),

−dyv(t) = f (t, xv(t), yv(t), zv(t), v(t))dt − zv(t)dW(t), t ∈ [0, T ],
xv(0) = x0, yv(T ) = g(xv(T )), (7)

with observation

dY (t) = h(t, xv(t), v(t))dt + dW̃(t), Y (0) = 0. (8)

Such kind of systems can be known as a special case of (1), (2). Recently, more re-
searching attention has been attracted by optimal control problems for fully-coupled
forward-backward stochastic systems. One reason is that the theory in itself is inter-
esting and challenging. Another is that these kinds of systems are usually encountered
when we study some financial optimization problems for some “large investors” (see
Cvitanic and Ma [9], Ma and Yong [10]). In this case, state processes are described
as fully-coupled forward-backward stochastic differential equations (FBSDEs for
short). There have been many results on the solvability of fully-coupled FBSDEs.
Making use of the fixed point theorem, Antonelli [11] obtained the first result of the
solvability of an FBSDE on a “small” time duration. Among others, as far as we
know, there are three main methods to investigate the solvability of an FBSDE on an
arbitrarily prescribed time duration. The first one is the “four step scheme” by Ma et
al. [12] which can be regarded as combination of methods of PDE and probability.
They provided the explicit relations among the forward and backward components of
the adapted solution via a quasilinear PDE, while they needed the forward equation
to be nondegenerate and required that the coefficients can not be randomly disturbed.
The second one is the “method of continuation” by Hu and Peng [13], Peng and Wu
[1], Yong [14] and Pardoux and Tang [15]. They relaxed the above conditions, but
required the “monotonicity” condition on the coefficients. The third one is motivated
by the study of numerical methods for some linear FBSDEs (see Delarue [16] and
Zhang [17]). Delarue [16] relied on PDE arguments, so its coefficients have to be
deterministic while Zhang [17] imposed some assumptions on the derivatives of the
coefficients instead of the monotonicity condition. For systemic theory of FBSDEs,
we refer to the book of Ma and Yong [10] and the references therein.

In this paper, we study the partially-observed optimal control problem for fully-
coupled forward-backward stochastic systems. We assume that the forward diffusion
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coefficient does not contain the control variable and the control domain is not nec-
essarily convex. As far as we know, the general maximum principle for forward-
backward stochastic control systems is still an open problem even if the system is
completely observed.

One difficulty we meet to get the maximum principle for our problem is the fully-
coupling. The core of our approach is that how to use the classical spike variational
method to get the estimations of the variational processes with high enough ε-order.
We use the FBSDE method of Peng and Wu [1] and the iteration technique of Xu [18]
to overcome the difficulty of fully-coupling. We also employ the technique of FBSDE
to obtain the estimations of the difference between the perturbed state processes and
the sum of the optimal state processes and the solution of the variational equations
with high enough ε-order. This approach derives from Shi and Wu [19].

Another difficulty we encounter is the partial observation. We use a pure proba-
bilistic approach of Li and Tang [5]. Firstly, by Girsanov’s theorem we reformulate
our original partially-observed optimal control problem (1), (2), (4) to (1), (3), (6),
which is quite similar to a completely observed one. The only difference lies in the
admissible control set. One advantage of this approach is that it needs neither the
Zakaï equation as adopted in Haussmann [3] nor the theory of stochastic flows as
adopted in Baras et al. [4]. So we get around the complicated stochastic calculus in
infinite-dimensional spaces. Secondly, we obtain some estimations of the variational
observed process and the difference between the perturbed observed process and the
sum of the optimal and variational observed processes. Then we give the variational
inequality. Finally, by the classical duality technique we prove the maximum princi-
ple.

To illustrate our theoretical result, we give an example for a partially-observed
linear-quadratic (LQ for short) fully-coupled forward-backward stochastic optimal
control problem. Combining the classical linear filtering theory (see Liptser and
Shiryayev [20]) with the technique of solving linear FBSDEs (see Ma and Yong [10]),
we find an explicit observable control variable satisfying the necessary condition of
optimality. Moreover, we can prove that the observable control variable is really op-
timal. In addition, we obtain the filtering estimates of the optimal trajectories which
are given by the solution of some forward-backward ordinary differential equation
with double dimensions (DFBODE for short) and Riccati equations.

We emphasize that our problem should be distinguished from the optimal control
problems with partial information, where a subfiltration is given to represent the in-
formation available to the controller instead of an observation process. For problems
with partial information, there is a rich literature. See Baghery and Øksendal [21],
Meyer-Brandis et al. [22], Øksendal and Sulem [23], Meng [24], etc.

The rest of this paper is organized as follows. In Sect. 2, we obtain the partially-
observed stochastic maximum principle. In Sect. 3, we give an LQ example to show
the applications of our theoretical result.

2 Partially-Observed Stochastic Maximum Principle

In this section, combining the classical spike variational method with the filter-
ing technique we obtain the maximum principle for the aforementioned partially-
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observed optimal control problem. First of all, we give some prior estimations and
the variational inequality. Then adjoint equations and Hamiltonian function are intro-
duced and the maximum principle is obtained.

2.1 Spike Variation and Prior Estimations

Let u(·) ∈ Uad be optimal, �(·) ≡ (x(·), y(·), z(·)) be the corresponding optimal tra-
jectory of (1) and Z(·) be the solution of (3). We introduce the spike variation

uε(t) :=
{
v, if τ ≤ t ≤ τ + ε,

u(t), otherwise,

where 0 ≤ τ < T is fixed, ε > 0 is sufficiently small, and v ∈ U is an arbitrary F Y
τ -

measurable random variable such that supω∈� |v(ω)| < +∞. Obviously, uε(·) is ad-
missible. Let �ε(·) ≡ (xε(·), yε(·), zε(·)) be the perturbed trajectory of the control
system (1) and Zε(·) be the solution of (3) corresponding to uε(·).

For simplification, we introduce the notations

θ(uε(t)) := θ(t, x(t), y(t), z(t), uε(t)), θ(u(t)) := θ(t, x(t), y(t), z(t), u(t)),

where θ = b,σ,f,h, l as well as their partial derivatives in the optimal trajectory
(x, y, z).

Now we introduce the following variational equations which is a linear FBSDE:

dx1(t) = [bx(u(t))x1(t) + by(u(t))y1(t) + bz(u(t))z1(t) + b(uε(t)) − b(u(t))]dt

+ [σx(t)x
1(t) + σy(t)y

1(t) + σz(t)z
1(t)]dW(t),

−dy1(t) = [fx(u(t))x1(t) + fy(u(t))y1(t) + fz(u(t))z1(t) + f (uε(t))

− f (u(t))]dt − z1(t)dW(t),

x1(0) = 0, y1(T ) = gx(x(T ))x1(T ), (9)

and a linear SDE:

dZ1(t) = 〈Z1(t)h(u(t)) + Z(t)hx(u(t))x1(t) + Z(t)hy(u(t))y1(t)

+ Z(t)(h(uε(t)) − h(u(t))), dY (t)〉,
Z1(0) = 0. (10)

By (H1) and (H2), it is easy to know that (9) and (10) admit unique adapted solutions
(x1(·), y1(·), z1(·)) and Z1(·), respectively.

The following lemmas in this subsection are all preparations to derive the vari-
ational inequality in next subsection. At first, we have the following elementary
lemma.

Lemma 2.1 Given bounded Rn×n-valued F W
t -adapted processes a1(·), b11(·), · · · ,

b1d(·) and processes a0(·), b01(·), · · · , b0d(·) ∈ L2
F W ([0, T ];Rn). Then for the fol-
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lowing linear SDE

x̃(t) =
∫ t

0
[a1(s)x̃(s) + a0(s)]ds +

d∑

j=1

∫ t

0
[b1j (s)x̃(s) + b0j (s)]dWj (s), (11)

there exists a constant K1 > 0, such that the unique solution x̃(·) ∈ L2
F W ([0, T ];Rn)

satisfies

E

[
sup

0≤t≤T

|x̃(t)|2
]

≤ K1

{
E

∫ T

0
|a0(s)|2ds + E

∫ T

0
|b0(s)|2ds

}
, (12)

where b0(·) ≡ (b01(·), · · · , b0d(·)).
Given random variable ξ ∈ L2(�, F W

T ;Rm), bounded Rm×m-valued F W
t -

adapted processes α0(·), α11(·), · · · , α1d(·) and process α2(·) ∈ L2
F W ([0, T ];Rm).

Then for the following linear BSDE

ỹ(t) = ξ +
∫ T

t

[

α0(s)ỹ(s) +
d∑

j=1

α1j (s)z̃j (s) + α2(s)

]

ds −
∫ T

t

z̃(s)dW(s), (13)

there exists a constant K2 > 0, such that the unique solution (ỹ(·), z̃(·)) ∈
L2

F W ([0, T ];Rm) × L2
F W ([0, T ];Rm×d) satisfies

E

[
sup

0≤t≤T

|ỹ(t)|2
]

≤ K2

{
E

∫ T

0
|z̃(s)|2ds + E

∫ T

0
|α2(s)|2ds + E|ξ |2

}
, (14)

where z̃(·) ≡ (z̃1(·), · · · , z̃d (·)).

Proof By (11) we can get

sup
0≤t≤T

|x̃(t)|2 ≤ C

(∫ T

0
|x̃(s)|2ds +

∫ T

0
|a0(s)|2ds

)

+ C sup
0≤t≤T

{
d∑

j=1

∫ t

0
[b1j (s)x̃(s) + b0j (s)]dWj (s)

}2

.
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Taking expectation on both sides and by the Davis-Burkholder-Gundy inequality, we
have

E

[
sup

0≤t≤T

|x̃(t)|2
]

≤ C

{∫ T

0
E|x̃(s)|2ds + E

∫ T

0
|a0(s)|2ds

+
d∑

j=1

E

∫ T

0
|b1j (s)x̃(s) + b0j (s)|2ds

}

≤ C

∫ T

0
E

[
sup

0≤s≤t

|x̃(s)|2
]
dt

+ C

{
E

∫ T

0
|a0(s)|2ds +

d∑

j=1

E

∫ T

0
|b0j (s)|2ds

}
.

By the Gronwall inequality, we obtain (12). And, by (13), we can get

sup
0≤t≤T

|ỹ(t)|2 ≤ C|ξ |2 + C

{∫ T

0
(|ỹ(t)|2 +

d∑

j=1

|z̃j (t)|2 + |α2(t)|2)dt

}

+ C

(∫ T

0
z̃(s)dW(s)

)2

+ C sup
0≤t≤T

(∫ t

0
z̃(s)dW(s)

)2

.

Similarly, we have

E

[
sup

0≤t≤T

|ỹ(t)|2
]

≤ CE|ξ |2 + C

{∫ T

0
E|ỹ(t)|2dt +

d∑

j=1

E

∫ T

0

(|z̃j (t)|2 + |α2(t)|2
)
dt

}

≤ CE|ξ |2 + C

{∫ T

0
E

[
sup

0≤s≤t

|ỹ(s)|2
]
dt + E

∫ T

0
|z̃(s)|2ds

+ E

∫ T

0
|α2(s)|2ds

}
.

By the Gronwall inequality, we obtain (14). The proof is complete. �

We need the following lemma.

Lemma 2.2 Let (H1) and (H2) hold. Then, we have the following estimations:

sup
0≤t≤T

E|x1(t)|2 ≤ Cε, (15)

sup
0≤t≤T

E|y1(t)|2 ≤ Cε, (16)

E

∫ T

0
|z1(t)|2dt ≤ Cε. (17)
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Proof Applying Itô’s Formula to 〈Gx1(·), y1(·)〉, we can get

E〈gx(x(T ))x1(T ),Gx1(T )〉

= E

∫ T

0

[− 〈fx(u(t))x1(t) + fy(u(t))y1(t) + fz(u(t))z1(t),Gx1(t)〉

+ 〈bx(u(t))x1(t) + by(u(t))y1(t) + bz(u(t))z1(t),G�y1(t)〉
+ 〈σx(t)x

1(t) + σy(t)y
1(t) + σz(t)z

1(t),G�z1(t)〉]dt

− E

∫ T

0
〈f (uε(t)) − f (u(t)),Gx1(t)〉dt

+ E

∫ T

0
〈b(uε(t)) − b(u(t)),G�y1(t)〉dt.

Then by the G-monotonic condition (H2), we can obtain

μ1E|Gx1(T )|2 + β1E

∫ T

0
|Gx1(t)|2dt + β2E

∫ T

0
(|G�y1(t)|2 + |G�z1(t)|2)dt

≤ E

∫ T

0
〈b(uε(t)) − b(u(t)),G�y1(t)〉dt

− E

∫ T

0
〈f (uε(t)) − f (u(t)),Gx1(t)〉dt. (18)

Case 1. When m > n, we assume β1 > 0, β2 ≥ 0,μ1 > 0. From (18) we have

μ1E|Gx1(T )|2 + β1E

∫ T

0
|Gx1(t)|2dt

≤ E

∫ T

0
〈b(uε(t)) − b(u(t)),G�y1(t)〉dt

− E

∫ T

0
〈f (uε(t)) − f (u(t)),Gx1(t)〉dt

≤ E

∫ T

0
|G�y1(t)|2dt + 1

4
E

∫ T

0
|b(uε(t) − b(u(t))|2dt

+ β1

2
E

∫ T

0
|Gx1(t)|2dt + 1

2β1
E

∫ T

0
|f (uε(t)) − f (u(t)|2dt,

i.e.,

μ1E|Gx1(T )|2 + β1

2
E

∫ T

0
|Gx1(t)|2dt ≤ E

∫ T

0
|G�y1(t)|2dt + Cε, (19)
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where C is a constant depending on Lipschitz constants. From the second equation
of variational equation (9), we get

E|y1(t)|2 + E

∫ T

t

|z1(s)|2ds

= E

{
hx(x(T ))x1(T ) +

∫ T

t

[fx(u(s))x1(s) + fy(u(s))y1(s)

+ fz(u(s))z1(s) + f (uε(s)) − f (u(s))]ds

}2

≤ 5C1

(
E|x1(T )|2 + T E

∫ T

t

|x1(s)|2ds + T E

∫ T

t

|y1(s)|2ds

+ (T − t)E

∫ T

t

|z1(s)|2ds

)
+ 5E

(∫ T

t

(f (uε(s)) − f (u(s))ds

)2

,

where C1 is a constant. So for t ∈ [T − δ, T ], δ = 1
10C1

, we have

E|y1(t)|2 + 1

2
E

∫ T

t

|z1(s)|2ds

≤ 5C1

(
E|x1(T )|2 + T E

∫ T

t

|x1(s)|2ds + T E

∫ T

t

|y1(s)|2ds

)

+ 5E

(∫ T

t

(f (uε(s)) − f (u(s))ds

)2

.

From (19), we get

E|y1(t)|2 + 1

2
E

∫ T

t

|z1(s)|2ds ≤ C2

∫ T

t

E|y1(s)|2ds + Cε,

where C2 is a constant depending on C1,μ1, β1 and T . By the Gronwall inequality,
we have

E|y1(t)|2 ≤ Cε, E

∫ T

t

|z1(s)|2ds ≤ Cε, t ∈ [T − δ, T ].

Repeating this process, the above estimates hold for t ∈ [T − 2δ, T − δ]. Obviously,
after a finite number of iterations, we obtain

E|y1(t)|2 ≤ Cε, E

∫ T

t

|z1(s)|2ds ≤ Cε, ∀t ∈ [0, T ].
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Then estimations (16) and (17) are obtained. By (9), (16), and (17), we get

E|x1(t)|2 = E

{∫ t

0
[bx(u(s))x1(s) + by(u(s))y1(s)

+ bz(u(s))z1(s) + b(uε(s)) − b(u(s))]ds

+
∫ t

0
[σx(s)x

1(s) + σy(s)y
1(s) + σz(s)z

1(s)]dW(s)

}2

≤ 7C3

(∫ t

0
E|x1(s)|2ds + sup

0≤t≤T

E|y1(t)|2 + E

∫ t

0
|z1(s)|2ds

)

+ 7E

(∫ t

0
(b(uε(s)) − b(u(s))ds

)2

≤ 7C3

∫ t

0
E|x1(s)|2ds + Cε + Cε2,

where C3 is a constant. By the Gronwall inequality, we obtain (15).
Case 2. When m < n, we assume β1 ≥ 0, β2 > 0,μ1 ≥ 0. From (18) we have

β2E

∫ T

0
(|G�y1(t)|2 + |G�z1(t)|2)dt

≤ E

∫ T

0
〈b(uε) − b(u),G�y1(t)〉dt − E

∫ T

0
〈f (uε) − f (u),Gx1(t)〉dt

≤ β2

2
E

∫ T

0
|G�y1(t)|2dt + 1

2β2
E

∫ T

0
|b(uε(t) − b(u(t))|2dtr

+ E

∫ T

0
|Gx1(t)|2dt + 1

4
E

∫ T

0
|f (uε(t)) − f (u(t)|2dt,

i.e.,

β2

2
E

∫ T

0
|G�y1(t)|2dt + β2E

∫ T

0
|G�z1(t)|2dt ≤ E

∫ T

0
|Gx1(t)|2dt + Cε, (20)

where C is a constant depending on Lipschitz constants, β2. By (9) and (20), we get

E|x1(t)|2 ≤ 7C3

(
E

∫ t

0
|x1(s)|2ds + E

∫ t

0
|y1(s)|2ds + E

∫ t

0
|z1(s)|2ds

)

+ 7E

(∫ t

0
(b(uε(s)) − b(u(s))ds

)2

≤ C4

∫ t

0
E|x1(s)|2ds + Cε + Cε2,
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where C4 is a constant depending on C3, β2. By the Gronwall inequality, estimations
(15) are obtained. By (9) and (15), we get

E|y1(t)|2 + E

∫ T

t

|z1(s)|2ds

≤ C5

(
T

∫ T

t

E|y1(s)|2ds + (T − t)E

∫ T

t

|z1(s)|2ds

)
+ Cε + Cε2,

where C5 is a constant. Using the above iteration process, (16) and (17) are obtained.
Case 3. When m = n, similarly to the above two cases, the result can be obtained
easily. �

However, the ε-order estimations of the variational state processes (x1(·), y1(·),
z1(·)) in Lemma 2.2 is too low to get the variational inequality for our desired max-
imum principle. We need to give some more elaborate estimations making use of
Lemma 2.2 and the FBSDE technique again. Thus we have the following lemma.

Lemma 2.3 Let (H1) and (H2) hold. Then we have

sup
0≤t≤T

E|x1(t)|2 ≤ Cε
3
2 , (21)

sup
0≤t≤T

E|y1(t)|2 ≤ Cε
3
2 , E

∫ T

0
|z1(t)|2dt ≤ Cε

3
2 . (22)

Proof By Lemma 2.1 and 2.2, we can easily get

E

[
sup

0≤t≤T

|x1(t)|2
]

≤ Cε, E

[
sup

0≤t≤T

|y1(t)|2
]

≤ Cε. (23)

By (18), the Hölder inequality and (23), we have

μ1E|Gx1(T )|2 + β1E

∫ T

0
|Gx1(t)|2dt + β2E

∫ T

0
(|G�y1(t)|2 + |G�z1(t)|2)dt

≤ E

∫ T

0
〈b(uε(t)) − b(u(t)),G�y1(t)〉dt

− E

∫ T

0
〈f (uε(t)) − f (u(t)),Gx1(t)〉dt

≤
√√√√

E

[
sup

0≤t≤T

|y1(t)|2
]
E

(∫ T

0
|G(b(uε(t)) − b(u(t)))|dt

)2

+
√√
√√

E

[
sup

0≤t≤T

|x1(t)|2
]
E

(∫ T

0
|G�(f (uε(t)) − f (u(t)))|dt

)2

≤ Cε
3
2 .
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Case 1. When m > n, we have β1 > 0, β2 ≥ 0,μ1 > 0. Then we obtain

μ1E|Gx1(T )|2 + β1E

∫ T

0
|Gx1(t)|2dt ≤ Cε

3
2 . (24)

Using the same method of Lemma 2.2, we can get estimation (22). Then (21) holds.
Case 2. When m < n, we have β1 ≥ 0, β2 > 0,μ1 ≥ 0. Then we have

β2E

∫ T

0
(|G�y1(t)|2 + |G�z1(t)|2)dt ≤ Cε

3
2 . (25)

Using the method of Lemma 2.2 once more, we can get estimations (21). Then (22)
holds.
Case 3. When m = n, the result can be obtained similarly. �

Different from the complete observation case (see Shi and Wu [19]), we need
the following two lemmas. They give the higher ε-order estimations of variational
processes (x1(·), y1(·), z1(·)) to deal with the related observation process.

Lemma 2.4 Let (H1) and (H2) hold. Then we have

sup
0≤t≤T

E|x1(t)|4 ≤ Cε3, (26)

sup
0≤t≤T

E|y1(t)|4 ≤ Cε3, E

(∫ T

0
|z1(t)|2dt

)2

≤ Cε3. (27)

Proof Applying Itô’s formula to 〈Gx1(·)x1(·)�G�Gx1(·), y1(·)〉, we get

E〈gx(x(T ))x1(T ),Gx1(T )x1(T )�G�Gx1(T )〉

= E

∫ T

0

{[− 〈fx(u(t))x1(t) + fy(u(t))y1(t) + fz(u(t))z1(t),Gx1(t)〉

+ 3〈bx(u(t))x1(t) + by(u(t))y1(t) + bz(u(t))z1(t),G�y1(t)〉
+ 3〈σx(t)x

1(t) + σy(t)y
1(t) + σz(t)z

1(t),G�z1(t)〉]x1(t)�G�Gx1(t)

− 〈f (uε(t)) − f (u(t)),Gx1(t)〉x1(t)�G�Gx1(t)

+ 3〈b(uε(t)) − b(u(t)),G�y1(t)〉x1(t)�G�Gx1(t)
}
dt.

Case 1. When m > n, we have β1 > 0, β2 ≥ 0,μ1 > 0. By the G-monotonic condi-
tion (H2), the Hölder inequality, Lemma 2.1 and 2.3, we have

μ1E|Gx1(T )|4 + β1E

∫ T

0
|Gx1(t)|4dt

≤ E

∫ T

0

{[
2〈bx(u(t))x1(t) + by(u(t))y1(t) + bz(u(t))z1(t),G�y1(t)〉



J Optim Theory Appl (2010) 145: 543–578 557

+ 2〈σx(t)x
1(t) + σy(t)y

1(t) + σz(t)z
1(t),G�z1(t)〉]x1(t)�G�Gx1(t)

− 〈f (uε(t)) − f (u(t)),Gx1(t)〉x1(t)�G�Gx1(t)

+ 3〈b(uε(t)) − b(u(t)),G�y1(t)〉x1(t)�G�Gx1(t)
}
dt

≤ C
(

sup
0≤t≤T

E|x1(t)|2
)(

E

∫ T

0
〈x1(t),G�y1(t)〉dt + E

∫ T

0
〈x1(t),G�z1(t)〉dt

+ E

∫ T

0
y1(t)�z1(t)dt + E

∫ T

0
|y1(t)|2dt + E

∫ T

0
|z1(t)|2dt

)

+ C
(

sup
0≤t≤T

E|x1(t)|2
)
√√√√
(
E sup

0≤t≤T

|y1(t)|2
)
E

(∫ T

0
|G(b(uε(t)) − b(u(t)))|dt

)2

+ C
(

sup
0≤t≤T

E|y1(t)|2
)
√√
√√
(
E sup

0≤t≤T

|x1(t)|2
)
E

(∫ T

0
|G�(f (uε(t)) − f (u(t)))|dt

)2

≤ Cε3. (28)

By variational equation (9) and the Davis-Burkholder-Gundy inequality, we obtain

E|y1(t)|4 + E

(∫ T

t

|z1(s)|2ds

)2

≤ E

{
hx(x(T ))x1(T ) +

∫ T

t

[fx(u(s))x1(s) + fy(u(s))y1(s)

+ fz(u(s))z1(s) + f (uε(s)) − f (u(s))]ds

}4

≤ C

{
E|x1(T )|4 + T E

∫ T

t

|x1(s)|4ds + T E

∫ T

t

|y1(s)|4ds

+ (T − t)E

(∫ T

t

|z1(s)|2ds

)2}
+ CE

(∫ T

t

(f (uε(s)) − f (u(s))ds

)4

.

Making use of the iteration process again, (28) and the Gronwall inequality, (27)
holds. Then by (9) and (27), we have

E|x1(t)|4 = E

{∫ t

0
[bx(u(s))x1(s) + by(u(s))y1(s) + bz(u(s))z1(s) + b(uε(s))

− b(u(s))]ds +
∫ t

0
[σx(s)x

1(s) + σy(s)y
1(s) + σz(s)z

1(s)]dW(s)

}4
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≤ C

(∫ t

0
E|x1(s)|4ds + sup

0≤t≤T

E|y1(t)|4 + E

(∫ t

0
|z1(s)|2ds

)2)

+ CE

(∫ t

0
(b(uε(s)) − b(u(s))ds

)4

≤ C

∫ t

0
E|x1(s)|4ds + Cε3 + Cε4.

By the Gronwall inequality again, (26) holds.
Case 2. When m < n, we have β1 ≥ 0, β2 > 0,μ1 ≥ 0. By the G-monotonic condi-
tion (H2), the Hölder inequality, Lemma 2.1, 2.3 and (28), we have

3β2E

∫ T

0
(|G�y1(t)|4 + |G�z1(t)|4)dt

≤ E

∫ T

0

{[〈fx(u(t))x1(t)+fy(u(t))y1(t)+fz(u(t))z1(t),Gx1(t)〉x1(t)�G�Gx1(t)

− 〈f (uε(t)) − f (u(t)),Gx1(t)〉x1(t)�G�Gx1(t)

+ 3〈b(uε(t)) − b(u(t)),G�y1(t)〉x1(t)�G�Gx1(t)
}
dt

≤ C
(

sup
0≤t≤T

E|x1(t)|2
)(

E

∫ T

0
〈x1(t),G�y1(t)〉dt + E

∫ T

0
〈x1(t),G�z1(t)〉dt

+ E

∫ T

0
y1(t)�z1(t)dt + E

∫ T

0
|x1(t)|2dt + E

∫ T

0
|y1(t)|2dt + E

∫ T

0
|z1(t)|2dt

)

+ C
(

sup
0≤t≤T

E|x1(t)|2
)
√√√√
(
E sup

0≤t≤T

|y1(t)|2
)
E

(∫ T

0
|G(b(uε(t)) − b(u(t)))|dt

)2

+ C
(

sup
0≤t≤T

E|y1(t)|2
)
√√√
√
(
E sup

0≤t≤T

|x1(t)|2
)
E

(∫ T

0
|G�(f (uε(t)) − f (u(t)))|dt

)2

≤ Cε3. (29)

Then by (9), we get

E|x1(t)|4 ≤ C

(∫ t

0
E|x1(s)|4ds + E

∫ T

0
|y1(t)|4dt + E

∫ t

0
|z1(s)|4ds

)

+ CE

(∫ t

0
(b(uε(s)) − b(u(s))ds

)4

≤ C

∫ t

0
E|x1(s)|4ds + Cε3 + Cε4.
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By the Gronwall inequality, estimation (26) are obtained. Then by (9), we have

E|y1(t)|4 + E

(∫ T

t

|z1(s)|2ds

)2

≤ C

(
T

∫ T

t

E|y1(s)|4ds + (T − t)E

(∫ T

t

|z1(s)|2ds

)2)
+ Cε3 + Cε4.

Using the iteration process again, (27) are obtained.
Case 3. When m = n, similarly to the above two cases, the result can be obtained
easily. �

Lemma 2.5 Let (H1) and (H2) hold. Then we have

sup
0≤t≤T

E|x1(t)|8 ≤ Cε6, (30)

sup
0≤t≤T

E|y1(t)|8 ≤ Cε6, E

(∫ T

0
|z1(t)|2dt

)4

≤ Cε6. (31)

Proof Applying Itô’s formula to 〈Gx1(·)x1(·)�G�Gx1(·)x1(·)�G�Gx1(·)x1(·)�
G�Gx1(·), y1(·)〉, using the same method as the proof of (26) and (27), by the G-
monotonic condition (H2), the Hölder inequality, Lemma 2.1, 2.3 and 2.4, we can get
estimates (30) and (31). We omit the detail. �

The following lemma plays an important role in deriving the variational in-
equality. It gives the ε-order estimations of the differences between the perturbed
state processes (xε(·), yε(·), zε(·)) and the sum of the optimal state processes
(x(·), y(·), z(·)) and the variational processes (x1(·), y1(·), z1(·)).

Lemma 2.6 Let (H1) and (H2) hold. Then we have

sup
0≤t≤T

E|xε(t) − x(t) − x1(t)|2 ≤ Cεε
2, (32)

sup
0≤t≤T

E|yε(t) − y(t) − y1(t)|2 ≤ Cεε
2,

E

∫ T

0
|zε(t) − z(t) − z1(t)|2dt ≤ Cεε

2, (33)

sup
0≤t≤T

E|xε(t) − x(t) − x1(t)|4 ≤ Cεε
4, (34)

sup
0≤t≤T

E|yε(t) − y(t) − y1(t)|4 ≤ Cεε
4,

E

(∫ T

0
|zε(t) − z(t) − z1(t)|2dt

)2

≤ Cεε
4. (35)

Hereafter Cε denotes some nonnegative constant such that Cε → 0 as ε → 0.
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Proof Because (34) and (35) imply (32) and (33), we only prove (34) and (35). It is
easy to see that

∫ t

0
b(s,�(s) + �1(s), uε(s))ds +

∫ t

0
σ(s,�(s) + �1(s))dW(s)

=
∫ t

0

[
b(uε(s)) +

∫ 1

0
bx(s,�(s) + λ�1(s), uε(s))dλx1(s)

+
∫ 1

0
by(s,�(s) + λ�1(s), uε(s))dλy1(s)

+
∫ 1

0
bz(s,�(s) + λ�1(s), uε(s))dλz1(s)

]
ds

+
∫ t

0

[
σ(s) +

∫ 1

0
σx(s,�(s) + λ�1(s))dλx1(s)

+
∫ 1

0
σy(s,�(s) + λ�1(s))dλy1(s)

+
∫ 1

0
σz(s,�(s) + λ�1(s))dλz1(s)

]
dW(s)

=
∫ t

0
b(u(s))ds +

∫ t

0
σ(s)dW(s) +

∫ t

0

[
bx(u(s))x1(s) + by(u(s))y1(s)

+ bz(u(s))z1(s) + b(uε(s)) − b(u(s))
]
ds +

∫ t

0

[
σx(s)x

1(s) + σy(s)y
1(s)

+ σz(s)z
1(s)

]
dW(s) +

∫ t

0
Aε(s)ds +

∫ t

0
Bε(s)dW(s)

= x(t) − x0 + x1(t) +
∫ t

0
Aε

1(s)ds +
∫ t

0
Bε

1(s)dW(s), (36)

where (for simplification we omit the time subscript s)

Aε
1 :=

∫ 1

0
[bx(� + λ�1, uε) − bx(u)]dλx1 +

∫ 1

0
[by(� + λ�1, uε) − by(u)]dλy1

+
∫ 1

0
[bz(� + λ�1, uε) − bz(u)]dλz1,

Bε
1 :=

∫ 1

0
[σx(� + λ�1) − σx]dλx1 +

∫ 1

0
[σy(� + λ�1) − σy]dλy1

+
∫ 1

0
[σz(� + λ�1) − σz]dλz1,
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and � + λ�1 ≡ (x + λx1, y + λy1, z + λz1). By (26) and (27), we can easily get

sup
0≤t≤T

E

{(∫ t

0
Aε

1(s)ds

)4

+
(∫ t

0
Bε

1(s)dW(s)

)4
}

≤ Cεε
4. (37)

Then by

xε(t) = x0 +
∫ t

0
b(s,�ε(s), uε(s))ds +

∫ t

0
σ(s,�ε(s))dW(s),

we have

xε(t) − x(t) − x1(t)

=
∫ t

0

[
b(s,�ε(s), uε(s)) − b(s,�(s) + �1(s), uε(s))

]
ds +

∫ t

0
Aε

1(s)ds

+
∫ t

0

[
σ(s,�ε(s)) − σ(s,�(s) + �1(s))

]
dW(s) +

∫ t

0
Bε

1(s)dW(s)

=
∫ t

0

[
I ε

1 (s)(xε(s) − x(s) − x1(s)) + I ε
2 (s)(yε(s) − y(s) − y1(s))

+ I ε
3 (s)(zε(s) − z(s) − z1(s))

]
ds +

∫ t

0

[
Dε

1(s)(x
ε(s) − x(s) − x1(s))

+ Dε
2(s)(y

ε(s) − y(s) − y1(s)) + Dε
3(s)(z

ε(s) − z(s) − z1(s))
]
dW(s)

+
∫ t

0
Aε

1(s)ds +
∫ t

0
Bε

1(s)dW(s),

where

I ε
1 :=

∫ 1

0
bx(� + �1 + λ(�ε − � − �1), uε)dλ,

I ε
2 :=

∫ 1

0
by(� + �1 + λ(�ε − � − �1), uε)dλ,

I ε
3 :=

∫ 1

0
bz(� + �1 + λ(�ε − � − �1), uε)]dλ,

Dε
1 :=

∫ 1

0
[σx(� + �1 + λ(�ε − � − �1))dλ,

Dε
2 :=

∫ 1

0
[σy(� + �1 + λ(�ε − � − �1))dλ,

Dε
3 :=

∫ 1

0
[σz(� + �1 + λ(�ε − � − �1))dλ
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and

� + �1 + λ(�ε − � − �1)

≡ (x + x1 + λ(xε − x − x1), y + y1 + λ(yε − y − y1), z + z1 + λ(zε − z − z1)).

Then by (37), we get

E|xε(t) − x(t) − x1(t)|4

= E

{∫ t

0

[
I ε

1 (s)(xε(s) − x(s) − x1(s)) + I ε
2 (s)(yε(s) − y(s) − y1(s))

+ I ε
3 (s)(zε(s) − z(s) − z1(s))

]
ds +

∫ t

0
Aε

1(s)ds

+
∫ t

0

[
Dε

1(s)(x
ε(s) − x(s) − x1(s)) + Dε

2(s)(y
ε(s) − y(s) − y1(s))

+ Dε
3(s)(z

ε(s) − z(s) − z1(s))
]
dW(s) +

∫ t

0
Bε

1(s)dW(s)

}4

≤ CE

∫ t

0

(
|xε(s) − x(s) − x1(s)|4 + |yε(s) − y(s) − y1(s)|4

)
ds

+ CE

(∫ t

0
|zε(s) − z(s) − z1(s)|2ds

)2

+ Cεε
4. (38)

Similarly, we have

−
∫ T

t

f (s,�(s) + �1(s), uε(s))ds +
∫ T

t

(z(s) + z1(s))dW(s)

= g(x(T )) + gx(x(T ))x1(T ) − y(t) − y1(t) −
∫ T

t

I ε
4 (s)ds,

where

I ε
4 :=

∫ 1

0
[fx(� + λ�1, uε) − fx(u)]dλx1 +

∫ 1

0
[fy(� + λ�1, uε) − fy(u)]dλy1

+
∫ 1

0
[fz(� + λ�1, uε) − fz(u)]dλz1.

By (26) and (27), we can easily find

sup
0≤t≤T

E

(∫ T

t

I ε
4 (s)ds

)4

≤ Cεε
4. (39)

From

yε(t) = g(xε(T )) +
∫ T

t

f (s,�ε(s), uε(s))ds −
∫ T

t

zε(s)dW(s),
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we have

[
yε(t) − y(t) − y1(t)

]+
∫ T

t

[
zε(s) − z(s) − z1(s)

]
dW(s)

=
∫ T

t

[
f (s,�ε(s), uε(s)) − f (s,�(s) + �1(s), uε(s))

]
ds

+
∫ T

t

I ε
4 (s)ds + g(xε(T )) − g(x(T )) − gx(x(T ))x1(T )

=
∫ T

t

[
Hε

1 (s)(xε(s) − x(s) − x1(s)) + Hε
2 (s)(yε(s) − y(s) − y1(s))

+ Hε
3 (s)(zε(s) − z(s) − z1(s))

]
ds +

∫ T

t

I ε
4 (s)ds + g(xε(T ))

− g(x(T ) + x1(T )) +
∫ 1

0

[
gx(x(T ) + λx1(T )) − gx(x(T ))

]
dλx1(T ),

where

Hε
1 :=

∫ 1

0
fx(� + �1 + λ(�ε − � − �1), uε)dλ,

Hε
2 :=

∫ 1

0
fy(� + �1 + λ(�ε − � − �1), uε)dλ,

Hε
3 :=

∫ 1

0
fz(� + �1 + λ(�ε − � − �1), uε)]dλ.

By (39), (26), (27) and the same iteration method of Lemma 2.1, we have

E|yε(t) − y(t) − y1(t)|4 + E

(∫ T

t

|zε(s) − z(s) − z1(s)|2ds

)2

≤ CE

{∫ T

t

[
Hε

1 (s)
(
xε(s) − x(s) − x1(s)

)+ Hε
2 (s)

(
yε(s) − y(s) − y1(s)

)

+ Hε
3 (s)

(
zε(s) − z(s) − z1(s)

)]
ds +

∫ T

t

I ε
4 (s)ds + h(xε(T ))

− h(x(T ) + x1(T )) +
∫ 1

0

[
hx(x(T ) + λx1(T )) − hx(x(T ))

]
dλx1(T )

}4

≤ CE

∫ T

t

(|xε(s) − x(s) − x1(s)|4 + |yε(s) − y(s) − y1(s)|4)ds

+ E|h(xε(T )) − h(x(T ) + x1(T ))|4 + Cεε
4. (40)
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From (38) and (40), using the method once more as the proof of (26) and (27) with
(x1(·), y1(·), z1(·)) replaced by (xε(·) − x(·) − x1(·), yε(·) − y(·) − y1(·), zε(·) −
z(·) − z1(·)), we can get (34) and (35). We omit the detail. �

2.2 Variational Inequality

In this subsection, firstly we obtain some ε-order estimations of the variational ob-
served process Z1(·) and the difference between the perturbed observed process Zε(·)
with the sum of the optimal observed process Z(·) and the variational observed
process Z1(·). Then we give the variational inequality which has two equivalent
forms and is important to obtain the maximum principle.

Lemma 2.7 Let (H1) and (H2) hold. Then we have

sup
0≤t≤T

E|Z1(t)|2 ≤ Cε, sup
0≤t≤T

E|Z1(t)|4 ≤ Cε2, (41)

sup
0≤t≤T

E|Zε(t) − Z(t) − Z1(t)|2 ≤ Cεε
2. (42)

Proof Because the second estimate in (41) implies the first one, we only prove the
second one. From (10), by the Hölder and Davis-Burkholder-Gundy inequalities, we
can get

E|Z1(t)|4

≤ C

(
E

∣∣∣∣

∫ t

0
Z1(s)〈h(u(s)), dY (s)〉

∣∣∣∣

4

+ E

∣∣∣∣

∫ t

0
Z(s)〈hx(u(s))x1(s), dY (s)〉

∣∣∣∣

4

+ E

∣
∣∣∣

∫ t

0
Z(s)〈hy(u(s))y1(s), dY (s)〉

∣
∣∣∣

4

+ E

∣∣∣
∣

∫ t

0
Z(s)〈h(uε(s)) − h(u(s)), dY (s)〉

∣∣∣
∣

4 )

≤ C

(∫ t

0
E|Z1(s)|4ds + E

(∫ t

0
|Z(s)x1(s)|2ds

)2

+ E

(∫ t

0
|Z(s)y1(s)|2ds

)2

+ ε

∫ τ+ε

τ

E|Z(s)(h(uε(s)) − h(u(s)))|4ds

)

≤ C

(∫ t

0
E|Z1(s)|4ds + E

(∫ t

0
|Z(s)|4ds ·

∫ t

0
|x1(s)|4ds

)

+ E

(∫ t

0
|Z(s)|4ds ·

∫ t

0
|y1(s)|4ds

))

+ Cε2 sup
0≤t≤T

E|Z(s)|4

≤ C

(∫ t

0
E|Z1(s)|4ds +

√

E

∫ t

0
|Z(s)|8ds · E

∫ t

0
|x1(s)|8ds
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+
√

E

∫ t

0
|Z(s)|8ds · E

∫ t

0
|y1(s)|8ds

)

+ Cε2

≤ C

(∫ t

0
E|Z1(s)|4ds +

√
T sup

0≤t≤T

E|Z(s)|8
√

E

∫ t

0
|x1(s)|8ds

+
√

T sup
0≤t≤T

E|Z(s)|8
√

E

∫ t

0
|y1(s)|8ds

)

+ Cε2

≤ C

(∫ t

0
E|Z1(s)|4ds +

√
T sup

0≤t≤T

E|x1(s)|8 +
√

T sup
0≤t≤T

E|y1(s)|8
)

+ Cε2.

By (30), (31) and the Gronwall inequality we get (41). We now prove (42). At first,
we have

∫ t

0
Z1(s)〈h(u(s)), dY (s)〉 +

∫ t

0
Z(s)〈h(s, x(s) + x1(s), y(s) + y1(s), uε(s)), dY (s)〉

=
∫ t

0
Z1(s)〈h(u(s)), dY (s)〉 +

∫ t

0
Z(s)〈h(uε(s)), dY (s)〉

+
∫ t

0
Z(s)

〈∫ 1

0
hx(s, x(s) + λx1(s), y(s) + λy1(s), uε(s))x1(s)dλ, dY (s)

〉

+
∫ t

0
Z(s)

〈∫ 1

0
hy(s, x(s) + λx1(s), y(s) + λy1(s), uε(s))y1(s)dλ, dY (s)

〉

=
∫ t

0

〈
Z1(s)h(u(s)) + Z(s)hx(u(s))x1(s) + Z(s)hy(u(s))y1(s)

+ Z(s)(h(uε(s)) − h(u(s))), dY (s)
〉+

∫ t

0
Z(s)〈h(u(s)), dY (s)〉

+
∫ t

0
Z(s)〈Aε

2(s), dY (s)〉,

= Z(t) − 1 + Z1(t) +
∫ t

0
Z(s)〈Aε

2(s), dY (s)〉,

where

Aε
2(s) :=

∫ 1

0
(hx(s, x(s) + λx1(s), y(s) + λy1(s), uε(s)) − hx(u(s)))dλx1(s)

+
∫ 1

0
(hy(s, x(s) + λx1(s), y(s) + λy1(s), uε(s)) − hy(u(s))dλy1(s).
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By (30) and (31), it is easy to know that

sup
0≤t≤T

E

(∫ t

0
Z(s)Aε

2(s)dY (s)

)2

≤ Cεε
2. (43)

Then by

Zε(t) = 1 +
∫ t

0
Zε(s)〈h(s, xε(s), yε(s), uε(s)), dY (s)〉,

we can get

Zε(t) − Z(t) − Z1(t)

=
∫ t

0
Zε(s)〈h(s, xε(s), yε(s), uε(s)), dY (s)〉 −

∫ t

0
Z1(s)〈h(u(s)), dY (s)〉

−
∫ t

0
Z(s)〈h(s, x(s) + x1(s), y(s) + y1(s), uε(s)), dY (s)〉

+
∫ t

0
Z(s)〈Aε(s), dY (s)〉

=
∫ t

0
(Zε(s) − Z(s) − Z1(s))〈h(s, xε(s), yε(s), uε(s)), dY (s)〉

+
∫ t

0
(Z(s) + Z1(s))〈h(s, xε(s), yε(s), uε(s))

− h(s, x(s) + x1(s), y(s) + y1(s), uε(s)), dY (s)〉

+
∫ t

0
Z1(s)〈h(s, x(s) + x1(s), y(s) + y1(s), uε(s)) − h(uε(s)), dY (s)〉

+
∫ t

0
Z1(s)〈h(uε(s)) − h(u(s)), dY (s)〉 +

∫ t

0
Z(s)〈Aε(s), dY (s)〉

=
∫ t

0
(Zε(s) − Z(s) − Z1(s))〈h(s, xε(s), yε(s), uε(s)), dY (s)〉

+
∫ t

0
(Z(s) + Z1(s))〈Bε

2(s), dY (s)〉 +
∫ t

0
Z1(s)〈Bε

3(s), dY (s)〉

+
∫ t

0
Z1(s)〈h(uε(s)) − h(u(s)), dY (s)〉 +

∫ t

0
Z(s)〈Aε

2(s), dY (s)〉,

where

Bε
2 :=

∫ 1

0
hx(x + x1 + λ(xε − x − x1), y + y1

+ λ(yε − y − y1), uε)dλ(xε − x − x1)
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+
∫ 1

0
hy(x + x1 + λ(xε − x − x1), y + y1

+ λ(yε − y − y1), uε)dλ(yε − y − y1),

Bε
3 :=

∫ 1

0
hx(x + λx1, y + λy1, uε)dλx1 +

∫ 1

0
hy(x + λx1, y + λy1, uε)dλy1.

By (30) and (31), it is easy to see that

sup
0≤t≤T

E

(∫ t

0
Z(s)Bε

2(s)dY (s)

)2

≤ Cεε
2. (44)

By (41), (43) and (44), we have

E|Zε(t) − Z(t) − Z1(t)|2

≤ C

{∫ t

0
E|Zε(s) − Z(s) − Z1(s)|2ds + E

∫ t

0
|Z1(s)B − 2ε(s)|2ds

+ E

∫ t

0
|Z1(s)Bε

3(s)|2ds + E

∫ t

0
|Z1(s)(h(uε(s)) − h(u(s)))|2ds

+ sup
0≤t≤T

E

(∫ t

0
Z(s)Aε

2(s)dY (s)
)2 + sup

0≤t≤T

E

(∫ t

0
Z(s)Bε

2(s)dY (s)

)2
}

≤ C

∫ t

0
E|Zε(s) − Z(s) − Z1(s)|2ds + Cεε

2.

By the Gronwall inequality, (42) holds. The proof is complete. �

Now we can present the following variational inequality.

Lemma 2.8 Let (H1)∼(H3) hold. Then we have

E
u

[∫ T

0
[ζ(t)l(u(t)) + l�x (u(t))x1(t) + l�y (u(t))y1(t) + l(uε(t)) − l(u(t))]dt

+ ζ(T )	(x(T )) + 	�
x (x(T ))x1(T ) + γ �

y (y(0))y1(0)

]
≥ o(ε), (45)

where ζ(·) is the solution of the SDE:

dζ(t) = 〈hx(u(t))x1(t) + hy(u(t))y1(t) + h(uε(t)) − h(u(t)), dW̃ (t)〉,
ζ(0) = 0. (46)
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Proof Since u(·) is optimal, we have

0 ≤ J (uε(·)) − J (u(·))

= E

∫ T

0
[Zε(t)l(t, xε(t), yε(t), uε(t)) − Z(t)l(u(t))]dt

+ E[Zε(T )	(xε(T )) − Z(T )	(x(T ))] + E[γ (yε(0)) − γ (y(0))].
By (33), it is clear that E[γ (yε(0)) − γ (y(0) + y1(0))] = o(ε). Hence

E[γ (yε(0)) − γ (y(0))] = E[γ (y(0) + y1(0)) − γ (y(0))] + o(ε)

= E[γ �
y (y(0))y1(0)] + o(ε).

Noting (32) and (42), we get

E[Zε(T )	(xε(T )) − Z(T )	(x(T ))]
= E[Z1(T )	(x(T ))] + E[Z(T )(	(x(T ) + x1(T )) − 	(x(T )))]

+ E[(Z(T ) + Z1(T ))(	(xε(T )) − 	(x(T ) + x1(T )))]
+ E[Z1(T )(	(x(T ) + x1(T )) − 	(x(T )))]
+ E[(Zε(T ) − Z(T ) − Z1(T ))	(xε(T ))]

= E[Z1(T )	(x(T ))] + E[Z(T )	�
x (x(T ))x1(T )]

+ E[(Z(T ) + Z1(T ))	�
x (x(T ) + x1(T ))(xε(T ) − x(T ) − x1(T ))]r

+ E[Z1(T )	�
x (x(T ))x1(T )] + E[(Zε(T ) − Z(T ) − Z1(T ))	(xε(T ))] + o(ε)

= E[Z1(T )	(x(T ))] + E[Z(T )	�
x (x(T ))x1(T )] + o(ε).

Similarly, we have

E

∫ T

0

[
Zε(t)l(t, xε(t), yε(t), uε(t)) − Z(t)l(u(t))

]
dt

= E

∫ T

0
Z1(t)l(u(t))dt

+ E

∫ T

0
(Zε(t) − Z(t) − Z1(t))l(t, x(t) + x1(t), y(t) + y1(t), uε(t))dt

+ E

∫ T

0
(Zε(t) − Z(t) − Z1(t)) •
[
l(t, xε(t), yε(t), uε(t)) − l(t, x(t) + x1(t), y(t) + y1(t), uε(t))

]
dt

+ E

∫ T

0
(Z(t) + Z1(t)) •
[
l(t, xε(t), yε(t), uε(t)) − l(t, x(t) + x1(t), y(t) + y1(t), uε(t))

]
dt
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+ E

∫ T

0
(Z(t) + Z1(t))

[
l(t, x(t) + x1(t), y(t) + y1(t), uε(t)) − l(uε(t))

]
dt

− E

∫ T

0
(Z(t) + Z1(t))

[
l(t, x(t) + x1(t), y(t) + y1(t), u(t)) − l(u(t))

]
dt

+ E

∫ T

0
(Z(t) + Z1(t))

[
l(uε(t)) − l(u(t))

]
dt

+ E

∫ T

0
(Z(t) + Z1(t))

[
l(t, x(t) + x1(t), y(t) + y1(t), u(t)) − l(u(t))

]
dt

= E

∫ T

0
Z1(t)l(u(t))dt

+ E

∫ T

0
(Zε(t) − Z(t) − Z1(t))l(t, x(t) + x1(t), y(t) + y1(t), uε(t))dt

+ E

∫ T

0
(Zε(t) − Z(t) − Z1(t)) •

l�x (t, x(t) + x1(t), y(t) + y1(t), uε(t))(xε(t) − x(t) − x1(t))dt

+ E

∫ T

0
(Z(t) + Z1(t)) •
[
l�x (t, x(t) + x1(t), y(t) + y1(t), uε(t))(xε(t) − x(t) − x1(t))

+ l�y (t, x(t) + x1(t), y(t) + y1(t), uε(t))(yε(t) − y(t) − y1(t))
]
dt

+ E

∫ T

0
(Z(t) + Z1(t))

[
(l�x (uε(t) − l�x (u(t))x1(t)

+ (l�y (uε(t) − l�y (u(t))y1(t) + l(uε(t)) − l(u(t))
]
dt

+ E

∫ T

0
(Z(t) + Z1(t))

[
l�x (u(t))x1(t) + l�y (u(t))y1(t)

]
dt

= E

∫ T

0

[
Z1(t)l(u(t)) + Z(t)(l�x (u(t))x1(t) + l�y (u(t))y1(t)

+ l(uε(t)) − l(u(t)))
]
dt + o(ε).

So we obtain (in fact a variational inequality of another form)

E

[∫ T

0

[
Z1(t)l(u(t)) + Z(t)l�x (u(t))x1(t) + Z(t)l�y (u(t))y1(t) + Z(t)(l(uε(t))

− l(u(t)))
]
dt + Z1(T )	(x(T )) + Z(T )	�

x (x(T ))x1(T )

+ γ �
y (y(0))y1(0)

]
≥ o(ε). (47)
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Applying Itô’s formula, we can get (see Baras et al. [4])

Z1(t) = Z(t)

∫ t

0
〈hx(u(s))x1(s) + hy(u(s))y1(s) + h(uε(s)) − h(u(s)), dW̃ (s)〉.

While by (3), we can get

dZ−1(t) = −Z−1(t)〈h(u(t)), dY (t)〉 + Z−1(t)|h(u(t))|2dt.

Applying Itô’s formula to ζ(·) := Z−1(·)Z1(·), we can easily confirm (46) holds.
Then from (47), the variational inequality (45) holds. The proof is complete. �

2.3 Adjoint Equations and Partially-Observed Stochastic Maximum Principle

In order to obtain the partially-observed stochastic maximum principle, in this sub-
section we first eliminate the variational processes (x1(·), y1(·), z1(·)) and the auxil-
iary process ζ(·) from the variational inequality (45), then we employ Itô’s formula
to obtain the necessary condition of optimality.

To deal with the stochastic process ζ(·) ∈ R, we introduce the following auxiliary
BSDE:

−dP (t) = l(u(t))dt − 〈Q(t), dW̃ (t)〉,
P (T ) = 	(x(T )). (48)

By (H1) and (H3), we can easily verify that (48) admits a unique solution
(P (·),Q(·)).

We introduce the following adjoint equations:

dp(t) = [f �
y (u(t))p(t) − b�

y (u(t))q(t) − σ�
y (t)k(t)

− h�
y (u(t))Q(t) − ly(u(t))]dt

+ [f �
z (u(t))p(t) − b�

z (u(t))q(t) − σ�
z (t)k(t))Q(t)]dW(t),

−dq(t) = [−f �
x (u(t))p(t) + b�

x (u(t))q(t) + σ�
x (t)k(t)

+ h�
x (u(t))Q(t) + lx(u(t))]dt − k(t)dW(t),

p(0) = −γy(y(0)), q(T ) = −g�
x (x(T ))p(T ) + 	x(x(T )). (49)

Similarly, by (H1), (H2′), (H3), we can easily verify that (49) admits a unique solution
(p(·), q(·), k(·)).

We define the Hamiltonian function H : [0, T ] × Rn × Rm × Rm×d × U × Rm ×
Rn × Rn×d × Rr → R as

H(t, x, y, z, v,p, q, k,Q) := 〈q, b(t, x, y, z, v)〉 − 〈p,f (t, x, y, z, v)〉
+ tr

{
k�σ(t, x, y, z)

}+ 〈Q,h(t, x, y, v)〉
+ l(t, x, y, v). (50)



J Optim Theory Appl (2010) 145: 543–578 571

Then (49) can be written as the following stochastic Hamiltonian system’s type:

dp(t) = −Hy(u(t))dt − Hz(u(t))dW(t),

−dq(t) = Hx(u(t))dt − k(t)dW(t),

p(0) = −γy(y(0)), q(T ) = −g�
x (x(T ))p(T ) + 	x(x(T )), (51)

where Hx(u(t)) := Hx(t, x(t), y(t), z(t), u(t),p(t), q(t), k(t),Q(t)), etc.
The main result of this paper is the following theorem.

Theorem 2.1 (Partially-Observed Stochastic Maximum Principle) We suppose
(H1)∼(H3) hold. Let u(·) be an optimal control for our partially-observed optimal
control problem (5), (x(·), y(·), z(·)) be the optimal trajectory and Z(·) be the corre-
sponding solution of (3). Let (P (·),Q(·)) be the solution of (48) and (p(·), q(·), k(·))
be the solution of adjoint equation (49). Then we have

E
u
[
H(t, x(t), y(t), z(t), v,p(t), q(t), k(t),Q(t))

− H(t, x(t), y(t), z(t), u(t),p(t), q(t), k(t),Q(t))
∣∣F Y

t

]≥ 0,

∀v ∈ U, a.e.t ∈ [0, T ], a.s., (52)

where the Hamiltonian function H is defined by (50).

Proof Applying Itô’s formula to 〈x1(·), q(·)〉+〈y1(·),p(·)〉+ζ(·)P (·). By the varia-
tional equations (9), (10), variational inequality (45), auxiliary BSDE (48) and adjoint
equation (49), we get

E
u

[∫ T

0
ζ(t)l(u(t)) + l�x (u(t))x1(t) + l�y (u(t))y1(t) + l(uε(t)) − l(u(t))

+ ζ(T )	(x(T )) + 	�
x (x(T ))x1(T ) + γ �

y (y(0))y1(0)

]

= E
u

∫ T

0

[〈q(t), b(uε(t)) − b(u(t))〉 − 〈p(t), f (uε(t)) − f (u(t))〉

+ 〈Q(t),h(uε(t)) − h(u(t))〉 + l(uε(t)) − l(u(t))
]
dt

= E
u

∫ T

0

[
H(t, x(t), y(t), z(t), uε(t),p(t), q(t), k(t),Q(t))

− H(t, x(t), y(t), z(t), u(t),p(t), q(t), k(t),Q(t))
]
dt ≥ o(ε).

From the definition of uε(·), we have

E
u

∫ τ+ε

τ

[
H(t, x(t), y(t), z(t), v,p(t), q(t), k(t),Q(t))

− H(t, x(t), y(t), z(t), u(t),p(t), q(t), k(t),Q(t))
]
dt ≥ o(ε).
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Dividing by ε, we obtain

lim
ε→0

1

ε
E

u

∫ τ+ε

τ

[
H(t, x(t), y(t), z(t), v,p(t), q(t), k(t),Q(t))

− H(t, x(t), y(t), z(t), u(t),p(t), q(t), k(t),Q(t))
]
dt ≥ 0.

This implies that

E
u
[
H(τ, x(τ ), y(τ ), z(τ ), v,p(τ), q(τ ), k(τ ),Q(τ))

− H(τ, x(τ ), y(τ ), z(τ ), u(τ ),p(τ), q(τ ), k(τ ),Q(τ))
] ≥ 0, a.e.τ ∈ [0, T ].

Now, let a ∈ U be a deterministic element and F be an arbitrary element of the σ -
algebra F Y

t . And set

w(t) = a1F + u(t)1�−F .

It is obvious that w(·) is an admissible control.
Since 0 ≤ τ ≤ T , then for every bounded U -valued, F Y

t -measurable random vari-
able v such that supω∈� |v(ω)| < +∞, we get

E
u
[
H(t, x(t), y(t), z(t), v,p(t), q(t), k(t),Q(t))

− H(t, x(t), y(t), z(t), u(t),p(t), q(t), k(t),Q(t))
]≥ 0, a.e.t ∈ [0, T ].

Applying the above inequality to w(·), we obtain

E
u
[
1F

(
H(t, x(t), y(t), z(t), a,p(t), q(t), k(t),Q(t))

− H(t, x(t), y(t), z(t), u(t),p(t), q(t), k(t),Q(t))
)]≥ 0,

∀F ∈ F Y
t , a.e.t ∈ [0, T ],

which implies

E
u
[
H(t, x(t), y(t), z(t), v,p(t), q(t), k(t),Q(t))

− H(t, x(t), y(t), z(t), u(t),p(t), q(t), k(t),Q(t))
∣∣F Y

t

]≥ 0,

a.e.t ∈ [0, T ], a.s.

Then (52) holds. The proof is complete. �

3 Applications: Linear-Quadratic Case

In this section, we give an LQ example to illustrate our theoretical result in Sect. 2.
Let us consider the following stochastic control system (n = m = 1):

dxv(t) = [A(t)xv(t) − byv(t) + C(t)v(t)]dt + D(t)dW(t),

−dyv(t) = [axv(t) + A(t)yv(t) + E(t)v(t)]dt − zv(t)dW(t), t ∈ [0, T ],
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xv(0) = x0, yv(T ) = cxv(T ), (53)

and observation

dY (t) = F(t)dt + dW̃(t), t ∈ [0, T ], Y (0) = 0. (54)

The cost functional is

J (v(·)) = 1

2
E

v

[∫ T

0
L(t)v2(t)dt + MT (xv(T ))2 + N0(y

v(0))2
]
, (55)

where constants a > 0, b ≥ 0, c > 0,L(·) > 0,MT ≥ 0,N0 ≥ 0. Functions A(·),C(·),
E(·),F (·) are bounded and deterministic, L−1(·) is also bounded. (W(·), Y (·)) is a
two-dimensional standard Brownian motion on (�, F , {Ft },P). By (54), we know
(W(·), W̃ (·)) is also a two-dimensional standard Brownian motion defined on another
new probability space (�, F , {Ft },P

v), here P
v is a new probability measure just as

we have defined in Sect. 2.
For any given v(·), it is easy to show that the G-monotonic condition (H2) holds.

Then FBSDE (53) admits a unique solution (xv(·), yv(·), zv(·)). By (50), the Hamil-
tonian function is given by

H(t, x, y, z, v,p, k,Q) = q
(
A(t)x − by + C(t)v

)− p
(
ax + A(t)y + E(t)v

)

+ kD(t) + QF(t) + 1

2
L(t)v2. (56)

According to Theorem 2.1, if u(·) is optimal, then

u(t) = −L−1(t)
(
C(t)Eu

[
q(t)|F Y

t

]− E(t)Eu
[
p(t)|F Y

t

])
, 0 ≤ t ≤ T , (57)

where (p(·), q(·)) is the solution of the following FBSDE:

dp(t) = [A(t)p(t) + bq(t)]dt,

−dq(t) = [−ap(t) + A(t)q(t)]dt − k(t)dW(t), 0 ≤ t ≤ T ,

p(0) = −N0y
u(0), q(T ) = −cp(T ) + MT xu(T ). (58)

Similarly, it is easy to verify that the G-monotonic condition (H2)’ holds, then FB-
SDE (58) admits a unique solution (p(·), q(·), k(·)).

Moreover, we can prove that the admissible control (57) which satisfying the nec-
essary condition of optimality is really optimal. Noting (54), E

v and E
u are equiva-

lent. Then for any admissible control v(·), we have

J (v(·)) − J (u(·)) = 1

2
E

u

{∫ T

0

[
L(t)(v(t) − u(t))2 + 2L(t)u(t)(v(t) − u(t))

]
dt

+ MT (xv(T ) − xu(T ))2 + 2MT xu(T )(xv(T ) − xu(T ))

+ N0(y
v(0) − yu(0))2 + 2N0y

u(0)(yv(0) − yu(0))

}
.
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Applying Ito’s formula to (xv(t)−xu(t))q(t)+ (yv(t)−yu(t))p(t), noting that (53),
(58), we have

E
u[MT xu(T )(xv(T ) − xu(T )) + N0y

u(0)(yv(0) − yu(0))]

= E
u

∫ T

0

[
(C(t)q(t) − E(t)p(t))(v(t) − u(t))

]
dt.

As L(t) > 0,∀t ∈ [0, T ],MT ≥ 0,N0 ≥ 0, noting that (p(·), q(·)) are not observable,
we have

J (v(·)) − J (u(·))

≥ E
u

{∫ T

0
L(t)u(t)(v(t) − u(t))dt + MT xu(T )(xv(T ) − xu(T ))

+ N0y
u(0)(yv(0) − yu(0))

}

= E
u

∫ T

0

[(
L(t)u(t) + C(t)q(t) − E(t)p(t)

)
(v(t) − u(t))

]
dt

= E
u

∫ T

0

[(
C(t)q(t) − E(t)p(t)

)
(v(t) − u(t))

− L(t)L−1(t)(C(t)Eu
[
q(t)|F Y

t

]− E(t)Eu
[
p(t)|F Y

t

])
(v(t) − u(t))

]
dt

= 0.

So (57) is an optimal control.
We want to obtain an explicit observable optimal control from (57) and the filtering

estimates for corresponding optimal trajectories. For this purpose, noting the terminal
condition of (58), we can get

q(t) = �(t)p(t) − π(t), ∀t ∈ [0, T ], (59)

where �(·) satisfies the following Riccati type equation:

�̇(t) + 2A(t)�(t) + b�2(t) − a = 0, 0 ≤ t ≤ T ,

�(T ) = −c, (60)

which exists a unique solution from the classical Riccati equation theory and
(π(·), β(·)) is the solution of the following BSDE:

−dπ(t) = [b�(t) + A(t)]π(t)dt − β(t)dW(t), 0 ≤ t ≤ T ,

π(T ) = MT xu(T ). (61)

Next, we know that

dp(t) = [(A(t) + b�(t))p(t) − bπ(t)]dt, 0 ≤ t ≤ T ,
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p(0) = −N0y
u(0), (62)

and k(t) = −β(t), a.e.t ∈ [0, T ]. The remaining task is to compute the filtering esti-
mates of p(·) and π(·) under F Y

t :

p̂(t) := E
u[p(t)|F Y

t ], π̂(t) := E
u[π(t)|F Y

t ], 0 ≤ t ≤ T .

Then by (57) and (59), we have the observable optimal control

u(t) = −L−1(t)
{[C(t)�(t) − E(t)]p̂(t) − C(t)π̂(t)

}
, 0 ≤ t ≤ T . (63)

In fact, taking conditional expectation E[·|F Y
t ] on both sides of (62), we have

dp̂(t) = [(A(t) + b�(t))p̂(t) − bπ̂(t)]dt, 0 ≤ t ≤ T ,

p̂(0) = −N0ŷ
u(0). (64)

Similarly, noting W(·) and W̃ (·) are independent, from (61) we have

−dπ̂(t) = [b�(t) + A(t)]π̂ (t)dt, 0 ≤ t ≤ T ,

π̂(T ) = MT x̂u(T ), (65)

where we define the filtering estimates of optimal trajectories under F Y
t by

x̂u(t) := E
u[xu(t)|F Y

t ], ŷu(t) := E
u[yu(t)|F Y

t ], ẑu(t) := E
u[zu(t)|F Y

t ], ∀0≤ t ≤T.

Put (63) in (53) and taking E[·|F Y
t ] on both sides of it, we have

dx̂u(t) = [
A(t)x̂u(t) − bŷu(t) + 	1(t)p̂(t) + �1(t)π̂(t)

]
dt,

−dŷu(t) = [
ax̂u(t) + A(t)ŷu(t) + 	2(t)p̂(t) + �2(t)π̂(t)

]
dt, 0 ≤ t ≤ T ,

x̂u(0) = x0, ŷu(T ) = cx̂u(T ), (66)

where for t ∈ [0, T ], we denote

	1(t) ≡ −C(t)L−1(t)[C(t)�(t) − E(t)], �1(t) ≡ C(t)L−1(t)C(t),

	2(t) ≡ −E(t)L−1(t)[C(t)�(t) − E(t)], �2(t) ≡ E(t)L−1(t)C(t).

Combining (64), (65) with (66), we have the following

dp̂(t) = [(A(t) + b�(t))p̂(t) − bπ̂(t)]dt,

dx̂u(t) = [
A(t)x̂u(t) − bŷu(t) + 	1(t)p̂(t) + �1(t)π̂(t)

]
dt,

−dπ̂(t) = [b�(t) + A(t)]π̂ (t)dt,

−dŷu(t) = [
ax̂u(t) + A(t)ŷu(t) + 	2(t)p̂(t) + �2(t)π̂(t)

]
dt, 0 ≤ t ≤ T ,

p̂(0) = −N0ŷ
u(0), x̂u(0) = x0,

π̂(T ) = MT x̂u(T ), ŷu(T ) = cx̂u(T ), (67)
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or equivalently, the following forward-backward ordinary differential equation with
double dimensions (DFBODE for short)

d

(
p̂

x̂u

)
(t) =

[(
A(t) + b�(t) 0

	1(t) A(t)

)(
p̂

x̂u

)
(t)

+
( −b 0

�1(t) −b

)(
π̂

ŷu

)
(t)

]
dt,

−d

(
π̂

ŷu

)
(t) =

[(
0 0

	2(t) a

)(
p̂

x̂u

)
(t)

+
(

b�(t) + A(t) 0
�2(t) A(t)

)(
π̂

ŷu

)
(t)

]
dt,

(
p̂

x̂u

)
(0) =

(
0 −N0
0 0

)(
π̂

ŷu

)
(0) +

(
0
x0

)
,

(
π̂

ŷu

)
(T ) =

(
0 MT

0 c

)(
p̂

x̂u

)
(T ). (68)

We declare that if the DFBODE (68) admits a unique solution (p̂(·), x̂u(·), π̂(·),
ŷu(·)), then (63) is an observable optimal control.

In fact, the above DFBODE (68) is the deterministic counterpart for forward-
backward stochastic differential equation with double dimensions (DFBSDE for
short). We refer to Yu [25] for general theory of this kind equations.

Finally, we can also obtain the filtering estimate ẑu(·). In fact, from the terminal
condition of (53), we can get

yu(t) = �(t)xu(t) + �(t), a.e.t ∈ [0, T ], (69)

where �(·) is the solution of the following Riccati type equation

�̇(t) + 2A(t)�(t) − b�(t)2 + a = 0,

�(T ) = c, (70)

and �(·) satisfies

�̇(t) + (A(t) − b�(t))�(t) − (C(t)�(t) + E(t)

L−1(t))[(C(t)�(t) − E(t))p̂(t) − C(t)π̂(t)] = 0,

�(T ) = 0. (71)

From the classical BSDE theory, it is easy to get

ẑu(t) ≡ zu(t) = D(t)�(t), a.e.t ∈ [0, T ]. (72)

To summarize, we have the following result.
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Theorem 3.1 For our partially-observed fully-coupled forward-backward LQ sto-
chastic optimal control problem (53)–(55), an observable optimal control u(·) is
given by (63), where p̂(·), π̂(·) are solutions of DFBODE (68) and �(·) is the solu-
tion of Riccati equation (60). Moreover, the filtering estimates of optimal trajectories
(x̂u(·), ŷu(·), ẑu(·)) are given by DFBODE (68) and (72), respectively, where �(·) is
the solution of Riccati equation (70).
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