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Abstract In this paper, an existence theorem for solutions to the generalized Ky Fan
Inequality problem is obtained by means of the Kakutani-Fan-Glicksberg fixed-point
theorem without imposing the condition that the dual of the ordering cone has a
weak* compact base. In addition, the stability of the solution set is shown.
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1 Introduction

Throughout this paper, let X, Y and Z be real locally convex Hausdorff topological
vector space and let C C Z be a closed convex cone. The cone C induces a partially
ordering on Z defined by z1 < zp if and only if z, — z; € C.

Let D be a nonempty subset of ¥ and let £ be a nonempty subset of X. Let
S:E—2F and T : E — 2P be set-valued maps. Let f: E x D x E — Z be a
trifunction.
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The generalized Ky Fan inequality problem consists in finding a pair (x,y) €
E x D suchthat x € S(x), y € T(x) and

S, y,x)>0, VxeSx). (1)

This inequality had been introduced in a simpler format by Ky Fan (see [1, 2]).

So far there are only a few papers dealing with the generalized inequality prob-
lem (1) in the strong sense. Fu [3] studied a similar problem under the condition that
C* has a weak™ compact base, where C* is the topological dual cone of the ordering
cone C. Tan [4] gave an existence theorem of solutions for quasivariational inclusion
problem with trivalent mapping under the same condition.

In fact, Fu made use of the following lemma in Jeyakumar, Oettle and Nativi-
dad [5] to show that, if x is a solution of a related scalar equilibrium problem, then x
is a solution to the inequality problem (1).

Lemma 1.1 Let B be a weak™ compact base of C*. Then:

i) z=0<% (z",z2)=0,Vz*eC*
(i) z=>0 <% (z%z)>0,Yz* € B.

As we know, in a normed space the condition that C* has a weak™ compact base is
equivalent to int C # @ (see [6]). However, in many cases the ordering cone C has an
empty interior. For example, in the normed spaces £” and L? (£2), where 1 < p < oo,
the standard ordering cone has an empty interior.

In this paper, we do not impose the condition that C* has a weak™ compact base.
We employ a new alternative approach to establish the existence theorem of solutions
for the inequality problem (1). It will be shown that our results generalize those of Fu
[3].

The rest of the paper is organized as follows. In Sect. 2, we recall some defini-
tions, properties and results of set-valued maps which will be used in the sequel. By
using the Kakutani-Fan-Glicksberg fixed-point theorem, an existence result for (1) is
established in Sect. 3. Some applications of this existence result are given in Sect. 4.
We conclude with some stability result for the solution set of (1) in Sect. 5.

2 Preliminaries

Let us now begin with some definitions and properties of set-valued maps (see [7-9]).
Let F be a set-valued map from a Hausdorff topological space W to a topological
space Q.
We say that F is upper semicontinuous at xo € W iff, for any neighborhood V of
F (xp), there exists a neighborhood U (x¢) of x¢ such that

Fx)ycV, VxeU~ (xp).

F is said to be upper semicontinuous on W iff it is upper semicontinuous at every
point of W.
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We say that F is lower semicontinuous at xq iff, for any yg € F(xo) and any
neighborhood V of yy, there exists a neighborhood U (xg) of xg such that

Fx)NV #@, VxeU(xg).

F is said to be lower semicontinuous on W iff it is lower semicontinuous at every
pointx € W.

Moreover, F is lower semicontinuous at xg € W if and only if, for any yg € F(x¢)
and any net {xq} with x, — xq, there exists a subnet of indexes {&)}ieca and y, €
F(xg, ) for each A € A such that y), — yo (see [10]).

F is said to be continuous on W iff it is both upper semicontinuous and lower
semicontinuous on W.

We say that F is closed or has a closed graph iff

Graph(F) ={(w,y):we W, ye F(w)}

is aclosed setin W x Q.

Definition 2.1 ([9]) Let W be a topological vector space and let G be a nonempty
subset of W. A mapping g : G — Z is said to be C-continuous at wy € G iff, for any
neighborhood V of 0 in Z, there is a neighborhood U (wg) of wo in W such that

gw)egwy)+V+C, YweU(wy)NG.

We say that g is C-continuous on G iff it is C-continuous at every point of G.

Let D C Y be a convex set. Recall that a vector-valued function g : D — Z is said
to be C-quasiconvex on D iff, for any z € Z, the set {u € D : g(u) < z} is convex
(see [9)).

Ferro [11] introduced the following concept on quasiconvexity:

Definition 2.2 Let D C Y be a convex subset and let g : D — Z be a vector-valued
function. The function g is said to be properly C-quasiconvex on D iff, for every
ui,uy € D andr € [0, 1], we have that either

gtuy + (1 —tHuz) <g(uy) or g(tuy+ (1 —1uz) <guz).

It is easy to see that g is C-quasiconvex on D whenever it is properly C-
quasiconvex on D.

The concept of properly C-quasiconvex vector-valued function is important in
the study of the minimax theorem for vector-valued functions, the generalized vec-
tor quasiequilibrium problems, and vector quasivariational inclusion problems (see
[3,4, 11]).

Lemma 2.1 Let D be a nonempty convex subset of Y. Assume that g : D — Z is C-
continuous and properly C-quasiconvex on D. Then, for any uy,us € D, there exists

to € [0, 1] such that

gtour + (1 —t9)uz) < g(uy), g(tour + (1 —1p)uz) < g(uz).
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Proof Since g is properly C-quasiconvex, for any u1, u» € D we have
[0,1]1=T1UTy, 2)
where I'; :={tr € [0, 1]: g(u(?)) < g(u;)},i =1,2,and u(t) :=tu; + (1 — t)uy,t €
[0, 1]. It is clear that I'; and I'; are nonempty. We now show that the set I'; is closed.
Lett, €eI'yand t,, — ¢ € [0, 1]. We have

gltauy + (1 —ty)uz) < g(uy), Vn. 3)

We claim that
g(tuy + (1 — Huz) < g(uy).

Suppose to the contrary that

gur) — g(tur + (1 —Huz) ¢ C.
Since C is closed, there exists some neighborhood U of 0 in Z such that
[g(ur) — (g(tur + (1 — Nu2) + U)INC = .
As C is a convex cone, we have
[g(u1) — (gGtur + (1 —Du2) + U+ O)INC =4. “)

The fact that g is C-continuous on D and t,u1 + (1 — t,)ur — tuy + (1 — Huo
implies that there exists ng such that

gtaur + (1 —tuz) egtur + (1 —Hu)) + U+ C, Vn > ny.
Together with (4), this gives
g(uy) — g(tyuy + (1 —ty)uz) ¢ C,  Vn > ny,

a contradiction to (3). Thus, the set I'j is closed. Similarly, the set ', is also closed.
'y UT, =0, 1] being connected, we conclude that I'y N "> # (. Hence, there exists
to € [0, 1] such that

gltour + (1 —19)uz) < g(uy), g(touy + (1 —1p)uz) < g(uz). O

3 Existence of Solutions
In this section, we prove an existence theorem of solutions for the generalized Ky Fan
inequality problem (1) by means of the Kakutani-Fan-Glicksberg fixed-point theo-

rem.

Definition 3.1 ([12]) A topological vector space Y is called quasicomplete iff every
bounded closed subset of Y is complete.
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Theorem 3.1 Let X, Y, Z be real locally convex Hausdorff topological vector spaces
with Y quasicomplete. Let E C X be a compact convex set, D C Y a closed convex
set,and C C Z a closed convex cone. Let S : E — 2E be a continuous set-valued map
such that, for each x € E, S(x) is a nonempty closed convex set. Let T : E — 2P be
a upper semicontinuous map such that, for each x € E, T (x) is a nonempty compact
convex set of D. Let f : E X D x E — Z be a trifunction that is C-continuous and
(=C)-continuous on E x D x E. Suppose that:

(i) Foranyxe€ Eandy €T (x), f(x,y,x)>0.
(i) Forany (x,y) € E x D, f(x,y,u) is properly C-quasiconvex in u.

Then, there exists x € E and y € T (x) such that x € S(x) and
f(x,5,x) =0, VxeSE).

Proof We divide the proof into five steps. First let us define the set-valued map A :
E x D —2E by

Ax,y):={veSX): f(x,y,v) < f(x,y,u), Vue Sx)}, (x,y)eE xD.

(I) For any (x,y) € E x D, the set A(x, y) is nonempty. Indeed, for every u €
S(x), let us set

H@u):={veS): f(x,y,v) < flx,y u)}.

Then u € H(u) and so H (u) # @.

Now, we show by induction that the family {H (#) : u € S(x)} has the finite inter-
section property. Let u1, up € S(x). By the assumptions on f and Lemma 2.1, there
exists some ¢ € [0, 1] such that

fGey tur + (A =Huz) < fx,y,u1),
f(x’ y,tug + (1 —f)Mz) < f(x, y’u2)-

Since S(x) is convex, we have v :=tu; + (1 — t)up € S(x). Hence, v € H(u1) N
H (uy); therefore, H(u1) N H(uz) # 9.

Let uy,...,u, € S(x) and assume (/_; H(u;) # @. Then, there exists v € S(x)
such that

f,y,v) < f(x,y,u;), i=1,...,n. ®))

Let u,+1 € S(x). By the assumptions on f and Lemma 2.1, there exists some ¢ €
[0, 1] such that

Jy, v+ =Dupy1) < f(X,y, ung1), (6)
fe,y, tv+ (1 —=Dupg)) < fx,y,0). (N

Thus, by (5), (6), (7), we get

f,y,tv+ (1 —=Dupyr) < flx,y,u3), i=1,...,n+1
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Since S(x) is convex, we have tv+ (1 — t)u, 41 € S(x). Therefore tv+ (1 —t)u,41 €

;’:11 H (u;). This completes the induction step and the finite intersection property of

the family {H (1) : u € S(x)} is established.
Next, we show that each H (u) is closed. Let {v, : @ € I} C H(u) be a net with
vqe — v. Then, {vy} C S(x) and

f&x,y,v0) < f(x,y,u), Vael ®)

Since S(x) is closed, v € S(x). We claim that f(x,y,v) < f(x,y,u). Suppose to the
contrary that

f(x,y,u)—f(x,y,v)gZC.

Since C is a closed convex cone, there exists some neighborhood U of 0 in Z such
that

(fGx,y,u) = (f(x,y,v)+U)NC =4,
whence

The fact that f is C-continuous at (x, y, v) and v, — v implies that there exists ag € 1
such that

fx,y,v)e f(x,y,v)+U+C, VYa=>ay.
Thus by (9), we get
.f(x’y’u)_f(x7y5va)¢c5 VO‘Z“O

This contradicts (8). Hence, f(x,y,v) < f(x,y,u) and so v € H(u). Therefore
H (u) is closed for every u € S(x).

The facts that S(x) is a closed subset of E and E is compact imply that S(x) is a
compact subset of E. Thus, we have

() Hw #0.
ueS(x)

Letv e ﬂues(x) H(u). Then v € S(x) and

fx,y,v) < f(x,y,u), VYueSkx),

so that v € A(x, y). Hence A(x, y) # 0.

(II) For any (x,y) € E x D, A(x,y) is a closed subset of E. In fact, let
{vg @ €I} C A(x,y) with vy — v € E. Then, {vy : ¢ € I} C S(x) and, for any
u € S(x), we have

f(x,yvva)ff(X,y,M), Ya el.
Since S(x) is a closed set, v € S(x). It follows from the C-continuity of f that

flx,y,v) < flx,y,u), VYueSkx).

Hence, v € A(x, y).
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(IIT) For any fixed (x,y) € E x D, the set A(x,y) is a convex subset of E.
Indeed, let vy, v3 € A(x, ). Then, vy, v2 € S(x) and, for every u € S(x), we have

fe,y,v) < flx,y,u), i=12.

Since f(x,y,-) is C-quasiconvex on E, the set {v e E: f(x,y,v) < f(x,y,u)}is
therefore convex; thus,

f(x’yvtvl+(1_t)v2)§f(xvyvu)» V[G[O,]].

S(x) being convex, we have tv; + (1 — t)v, € S(x) for all r € [0, 1]. Hence, fv; +
(1 —t)vy € A(x,y) and A(x, y) is convex.

(IV) A(x,y) is upper semicontinuous on E x D. Since E is compact, we need
only to show that A is closed (see [7, 8]). Let a net {(xq, yo) :x € I} C E x D be
given such that

(Xg» Vo) = (x,Y) €EE x D

and let vy € A(xy, Yo) With vy — v. We will show that v € A(x, y). Since S is upper
semicontinuous and S(x) is closed for each x € E, it follows that S is closed (see
[7, 8]). Thus, (x4, vy) € Graph(S) and (xy, vy) — (x,v) imply (x, v) € Graph(S),
and whence v € S(x).

It remains to show that

f,y,v) = flx,y,u), YueSk). (10)
Suppose to the contrary that, for some ug € S(x),
G,y uo) = fx,y,0) ¢C.
Since C is closed, there exists some neighborhood U of 0 in Z such that
[f(x, y,u0) = f(x,y,v) +FUINC =4
Pick some balanced neighborhood U; of 0 in Z with U; 4+ U; C U. Then,
[(f(x, y,u0) + U — (f(x,y,v) +UDINC =4.

Therefore,

[(fCx,y,u0) + U1 —C) = (f(x,y,v) + U1 + O)]NC =4. 1D

Since S is lower semicontinuous at x, x, — x and ug € S(x). Thus, by passing to a
subnet if necessary, we can assume that there exists a net {uy} with uy € S(x,) for
each o and u, — ug. Thus, we have (x4, Yo, Ug) = (x, y,uo) and (Xy, Yo, Vo) —
(x,y,v). f being C-continuous and (—C)-continuous on E x D x E, there exists
oo € I such that

G, Yo ug) € f(x,y,u0) + U1 —C, Va>a,
fxa,Ya,ve) € fx,y,v) + U1 +C, VYa=>ap.
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Combining this with (11), we have

Sy Yo ua) — [ (Xas Yo, Vo) €C, VYo = ag. (12)
But this contradicts

S e, Yo, Vo) < f(Xa, Yar Ua),

as vy € A(xy, Vo) and uy € S(xy). We conclude that (10) must be true, so that v €
A(x,y) and A has closed graph. Hence, A is upper semicontinuous.

(V) Finally, we finish the proof of the theorem. Let T(E) := |J, .y T (x) and
L :=¢o(T(E)) C D. Since Y is quasicomplete and T (E) is compact (see [7]), it
follows that L is a compact convex subset of Y (see [12]). Then, the set-valued map
F:E x L — 2E*L_defined by

F(x,y):=(A(x,y).Tx), (x,y)eEXL,

is upper semicontinuous and, for each (x, y) € E x L, the set F(x, y) is a nonempty
closed convex subset of E x L. By the Kakutani-Fan-Glicksberg fixed-point theorem
(see [13]), there exists a point (x, y) € E x L such that (x, y) € F(x, y), that is,

xeA(x,y), yeT(x).
This means that x € S(x), y € T(x) and
f&y,u) = f(X,y,%),  VueSX). 13)
By condition (i), f(x, y,x) > 0. This and (13) imply
f&x,y,u)>0, VueSXx).
The theorem is proved. O

Remark 3.1 If D is a compact convex subset of Y, then we can drop the condition
that Y be quasicomplete.

Remark 3.2 Comparing with Theorem 1 of [3], here we do not require that C* have
a weak™ base and f be continuous. It is easy to see that a continuous function must
be C-continuous and (—C)-continuous, but the converse is not necessarily true as
demonstrated by the example below. Thus, our result generalizes the main result
of [3].

Example 3.1 Let Z = R?and C = {(x,y):x € R,y > 0}. Then, C is a closed convex
cone in Z. Define f :[—1, 1] x [—-1,1] = Z by

_1A/y.y), y#0,
=100 y=o.

It is clear that f is C-continuous and (—C)-continuous at (0, 0), but not continuous
there.
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4 Applications
In this section, we give some applications of Theorem 3.1.

Theorem 4.1 Let X, Y, Z, E, D, C, S, T be given as in Theorem 3.1. Let ¢ : E x
D — Z be C-continuous and (—C)-continuous on E x D. Let h : E x E — Z be
C-continuous and (—C)-continuous on E X E. Suppose that:

(i) Foranyxe Eandy € T (x), o(x,y) + h(x,x) > 0.
(i) For any x € E, h(x, u) is properly C-quasiconvex in u.

Then, there exist x € E and y € T (Xx) such that x € S(x) and
h(x,u) > —p(x,y), VueSx).
Proof Define f: E x D x E — Z by
f,y,u) =@, y)+h(x,u), (x,y,u)e ExDXE.

Then, f is C-continuous and (—C)-continuous on E x D x E. By assumption (i),
forany x € E and y € T'(x), we have f(x,y,x) > 0. By assumption (ii), A (x, u) is
properly C-quasiconvex in u for any x € E. It is easy to see that for any (x,y) €
E x D, f(x,y,u) is properly C-quasiconvex in u. We can now apply Theorem 3.1
to conclude that there exist x € E and y € T'(x) such that x € S(x) and

fG,y,u) >0, VYueSk),
or equivalently,
hE,u) > —p(E, 7), VueS@). -

Theorem 4.2 Let X, Y, Z, E, D, C, S, T be given as in Theorem 3.1. Let  :
E x D x E — Z be C-continuous and (—C)-continuous on E x D x E. Suppose
that:

(i) There exists c € Z such that forany x € E and y € T (x), ¥ (x,y,x) > c.
(ii) Forany (x,y) € E x D, ¥ (x, y,u) is properly C-quasiconvex in u.

Then, there exist x € E and y € T (Xx) such that x € S(x) and
Y(xX,y,u)>c, YueSx).
Proof This follows directly from Theorem 3.1 by setting f: E x D x E — Z by
fl,y,u):=v,y,u)—c, ((x,y,u)e ExDxE. O
The following corollary is a vector version of the Walras excess demand theorem.

Corollary 4.1 Let X, Y, Z, E, D, C, T be given as in Theorem 3.1. Let
¢ : E x D— Z be C-continuous and (—C)-continuous on E x D. Suppose that:
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(i) There exists c € Z such that for any x € E and y € T (x), p(x,y) > c.
(ii) Foranyy € D, ¢(u,y) is properly C-quasiconvex in u.

Then, there exist x € E and y € T (x) such that
o, y)>c, YuekE.

Proof This follows directly from Theorem 4.2 by setting S : E — 2F as S(x) :== E
forall x € E and setting ¥ : E x D X E — Z as

Yx,y,u):=¢w,y), (x,y,u)eExDXE. 0

5 Stability

In this section, we discuss the stability of the solutions for the generalized Ky Fan
inequality problem (1).

Throughout this section, let X, Y be Banach spaces and let Z be a real locally
convex Hausdorff topological vector space. Let E C X be a compact convex subset,
let D C Y be a closed convex set, and let C C Z be a closed convex cone. Let

M :={(T,S)| T : E — 2P is upper semicontinuous with nonempty

compact convex values, and S : £ — 2E is continuous with

nonempty closed convex values}.

Let B;, By be compact sets in a normed space. Recall that the Hausdorff metric is
defined by

h(By, Ba) := max{h’(B1, B2), h°(Ba, B1)},

where h%(By, B) := SUPpep, d(b, By) and d(b, By) :=infycp, [|b — b|.
For (T, S), (T', S") € M, define

p((T,$),(T',§) := sup hi (T (x), T'(x)) + sup ha(S(x), §'(x)),

xeE xeE

with Ay, hy being the appropriate Hausdorff metrics. Obviously, (M, p) is a metric
space.

Assume that f satisfies the assumptions of Theorem 3.1. Then, for each (7, S) €
M, the corresponding inequality problem (1) has a solution x by Theorem 3.1, that
is, there exist x € E, y € T(x) satisfying x € S(x) and

f,y,x)=0, VxeS(). (14)
For (T, S) e M, let
(T, S):={x € E:x € §(x) and there exists y € T (x)
such that f(x,y,x) >0, Vx € S(x)}.

Then, ¥ (T, S) # ¥ and so ¥ defines a set-valued mapping from M into E.
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Lemma 5.1 ([14, 15]) Let W be a metric space and let A, A,(n =1,2,...) be com-
pact sets in W. Suppose that for any open set O D A, there exists ng such that A, C O
for all n > ng. Then, any sequence {x,} satisfying x, € A, has a convergent subse-
quence with limit in A.

Theorem 5.1  : M — 2F is upper semicontinuous with compact values.

Proof Since E is compact, we need only to show that ¥ has a closed graph. Let a
sequence {(Ty, Sy, x,,)} C Graph(yr) be given such that (7, S,, x,) — (T, S, x*) €
M x E. We show that (T, S, x*) € Graph(y).

Since x,, € ¥ (T, S,), we have that x,, € S, (x,,) and there exists y, € T,,(x,) such
that

S, yn, x) =0, VxeS,(xp). (15)

For any open set O D T (x*), since T (x*) is a compact set, there exists &g > 0 such
that

{yeY:d(y, T(x*) <&y} C O, (16)

where d(y, T (x*)) =infyrere Iy — ¥l
Since p((Ty, Sp), (T, S)) — 0, x, — x™*, and since T is upper semicontinuous at
x*, there exists ng such that

sup h1 (T, (x), T(x)) < ¢eo/2, (17
xeE
T(xy) C{yeY:d(y, T(x") <egy/2}, Vn=>nyg. (18)

From (16), (17), (18), we have

T, (xy) C {y €Y. d()” T (x,)) < 80/2}
ClyeY:d(y, T(x*) <e}CO, Vn=>nyg. (19)

Noting (19), T (x*) C O and y, € T, (x,), we can apply Lemma 5.1 to get a conver-
gent subsequence of {y,}, again denoted as {y,}, with limit y* € T (x*).

We now show that x* € S(x*). Since E is compact and S(x*), S, (x,) are
closed subsets of E. Therefore, S(x*) and S, (x,) are compact. As x, € S,(x,),
o (T, Sp), (T, S)) — 0, x, — x*, and S is continuous, it is easy to see by using
the same argument as above that there exists a subsequence {x,,} of {x,} such that
Xp, — X0 € S(x*). It follows that x* = xg € S(x™).

To finish the proof of the theorem, we need only to show that f(x*, y*, x) >0
for all x € S(x™). Since x,, — x* and § is lower semicontinuous at x*, thus for any
x € S(x*) we have, by passing to subsequence if necessary, a sequence {z, } satisfying
Zn € S(xy) and z,, — x. Since p((Ty, S,), (T, S)) — 0, we can choose a subsequence
{Sn, )} of {S,;} such that

sup ha (S, (x), S(x)) < 1/k. (20)

xeE
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Thus,
hZ(Snk(xnk), S(xnk)) <1/k.
This implies that there exist zl/qk € Sp (X)), k=1,2,..., such that
lzn, = 2nell < 1/ k.
As

/ /7
20, = Xl < zp, = Zmel + N1z — X1 < 1/k + NIz, — x| = 0O,

we have z;, — x. Since X, € Sy, (Xnp)s Yui € Ty (Xny)» 2y, € Suy (Xn,), applying (15)
yields

f(-xl’lk1 Ynk, Z;’lk) Z 0'
It follows from the C-continuity of f that

J&F Y% x) = 0.
x € S(x*) being arbitrary, we have
fG&*,y*,x) =0, VxeSk". @21)

Since x* € S(x*) and y* € T'(x*), (21) implies that (T, S, x*) € Graph(y), and so
Graph(y) is closed in M x E. Now E being compact, we assert that ¥ has compact
values. The theorem is proved. g
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