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Abstract In this paper, by using the scalarization approach of Konnov, several kinds
of strong and weak scalar variational inequalities (SVI and WVI) are introduced for
studying strong and weak vector variational inequalities (SVVI and WVVI) with
set-valued mappings, and their gap functions are suggested. The equivalence among
SVVI, WV VI, SVI, WVI is then established under suitable conditions and the rela-
tions among their gap functions are analyzed. These results are finally applied to the
error bounds for gap functions. Some existence theorems of global error bounds for
gap functions are obtained under strong monotonicity and several characterizations
of global (respectively local) error bounds for the gap functions are derived.
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1 Introduction

The notion of vector variational inequality (VVI) was introduced first by Giannessi
[1] in finite-dimensional spaces. Since then, VVI have been studied extensively by
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many authors in finite or infinite-dimensional spaces under generalized monotonic-
ity and convexity assumptions (see for example [2-11] and the references therein).
Among the approaches in the analysis of a VVI, the traditional scalarization approach
consists in replacing the VVI with an equivalent scalar variational inequality (V).

The concept of gap function was first introduced for the study of convex opti-
mization problems and subsequently applied to variational inequalities. Since gap
functions transform a variational inequality into an equivalent optimization prob-
lem, powerful optimization solution methods and algorithms can be applied for find-
ing solutions of variational inequalities. Recently, gap functions have been extended
to vector variational inequalities [3, 7, 9, 11, 12] and vector equilibrium problems
[13—17]. On the other hand, the study of error bounds is closely related to the sensi-
tivity analysis of optimization problems and the convergence analysis of some algo-
rithms [18-21]. It is therefore of interest to investigate error bounds for gap functions
associated with VVIL.

Let Y be a real Banach space. A nonempty subset P of Y is said to be a cone if
AP C P forall A > 0. P is said to be a convex cone if P isacone and P + P = P.
P is called a pointed cone if P is a cone and P N {— P} = {0}. An ordered Banach
space (Y, P) is a real Banach space Y with an ordering defined by a closed, convex
and pointed cone P C Y with apex at the origin, in the form

x>y & x—yeP, Vx,yeY,

and
Xty <& x—y¢g€P, Vx,yel.

If the interior of P, say int P, is nonempty, then a weak ordering in X is also defined
by

y<x <& x-—ye€intP, Vx,yeYy,
and

y£x <& x—y&intP, Vx,yeY.
We remark that, for any x, y € Y,

x>y < Y= xXZFy & y£x;
y<x & x>y yEAX & xFy.

In this paper, without other specifications, let X be a real Banach space and let X*
be its dual space. Let K be a nonempty, closed and convex subset of X and let (Y, P)
be an ordered Banach space induced by a closed convex pointed cone P. Denote by
L(X,Y) the space of all the continuous linear mappings from X to Y and by (/, x)
the value of / € L(X,Y) at x € X. Let T : K — 2L(%Y) be a set-valued mapping. In
this paper, we consider two kinds of vector variational inequalities with set-valued
mappings as follows.

Strong Vector Variational Inequality (SVVI): Find x* € K such that

I eTE™):(t*, y—x*)£0, forallyecK.
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This has been investigated by Giannessi [5], Hadjisavvas and Schaible [6], Kon-
nov [7], Konnov and Yao [8] with a moving cone, Yang and Yao [11].
Weak Vector Variational Inequality (WVVI): Find x* € K such that

Vye K,It* e T(x*): (t*,y —x*) £0.

This has been studied by Konnov [7], Yang and Yao [11].

We denote by Ssyyr and Swyvi the solution sets of SVVI and WV VI, respectively.
It is easy to see that Ssyvyi € Swvvi.

In [11], Yang and Yao presented gap functions for SVVI and WVVI. By using
a scalarization approach, Konnov [7] converted SVVI and WVVI into equivalent
strong and weak scalar variational inequalities (SVI and WVI respectively) and sug-
gested a gap function for SVVI, WV VI, SVI, WVL. Since the solutions sets of SVVI,
WVVI, SVI, WVI coincide under suitable conditions, it is interesting to investigate
the relations between their gap functions.

The purpose of this paper is to continue the study of SVVI and WV VI by using the
scalarization approach of Konnov [7]. To this end, we consider several kinds of SVI
and WVI and their gap functions. Under certain conditions, we show the equivalence
of SVVI, WVVI, SVI, WVI and analyze the relations among their gap functions.
Finally, we apply the results to error bounds for gap functions. We obtain some ex-
istence theorems of global error bounds for gap functions under strong monotonicity
and derive some characterizations of global (respectively, local) error bounds for the
gap functions.

2 Gap Functions for SVVI and WVVI

We first recall some basic definitions and lemmas which play an important role in our
main results.

Definition 2.1 Let K be the domain of SVVI (respectively WVVI). A function
p: K — RU {400} is said to be a gap function for SVVI (respectively WV VI) if
it satisfies the following properties:

i) px)=0, VxeKk.
(i) p(x*) =0, if and only if x* solves SVVI (respectively WV VI).
Lemma 2.1 Let A;, j=1,2,...,n, be nonempty subsets of a Banach space. Then:

@) IfAj, j=1,2,...,n,is compact, then ]_[?:1 Aj, U;f:l Aj, conv{A;j}i=12, .n
and COI’IV{U’;=1 A} are compact;
(i1) The following assertion is true:

n n
UAf Cconv{A;}i—1,.., n=C°nV{UAj}’
j=1 =

where conv{A}j=1,2,...n denotes the convex hull of {A;};j=1,.. n.
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Proof 1t is obvious that statement (i) holds. It suffices to show that statement (ii) is
true. Since foreach j =1,2,...,n, Aj Cconv{A,};=12,. n, we have

n

U Aj Cconv{Aj}j=12, .n-
j=1

We now prove that conv{A;}j—12. .., = conv{U']’-=1 Aj}. Since U?:l Aj
Cconv{A;}j—12, . and conv{A;}j—12, . is convex, we have conv{U;%:l Aj}.g
conv{A;}j=1.2,..n. Conversely, let x € conv{A;}j=12, . . Then, there exist
xj€Aj,j=12,...,n,andA; >0,j=1,2,...,n, with Z'}zl Aj =1, such that

n
)CZZ)\,]‘X]'.
j=1
Since
n
el Ja; vi=1.2...n
j=1

we have x € conv{U'}=1 Aj}, implying that conv{A;}j—12, ., C conV{U?=l Al
The proof is complete.

In the rest of the paper, let Y = R”,

R ={y=01y2,....0m) €R":1y; >0, j=1,2,...,n},

intR} ={y =01, y2.....0) €R":y; >0,j=1,2,...,n},

n
Tx)= 1_[ Ti(x), whereT;:K — 2X7,
j=1

We define set-valued mappings Ty, Go : K — X by
n
To(x) = conv{T; ()} j=1.2.m:  Gox) =[] Tj(x),
j=1

respectively.

In [11], Yang and Yao suggested gap functions for SVVI and WV VI. Following
similar ideas, we next introduce gap functions for SVVI and WV VI with T'(x) =
[1j=i Tj(x) for any x € K.

Let x,y € K and let t = (t1,12,...,%,) € T(x). Then, t; € T;j(x) for each
j=1,2,...,n. Denote

(ty—x)=(tr,y =x),....{tn, y — X)),

i.e., {tj,y — x) is the jth component of (t,y —x), j =1,2,...,n. Now, we define
or - K - RU {400},
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or(x) =— sup inf max {fj,y —x)
teT (x) yeK 1<j<n

= inf sup min {t;,x —y), VxeKk. 1
teT(x)yGIglgjsn(] y) ( )

For x € K, denote B = {t|t : K — T(x)}, i.e., BI is the set of all operators ¢
from K to T(x). Letx € K and ¢ € B!'. Then,

t(y) =), 2(B),....t.(y) €T(x), VyeKk,

where ¢;(y) € Tj(x) foreach j =1,2,...,n. We also define ¢7 : K — RU {+00} as
follows:

¢r(x) =— sup inf max (¢;(y),y —x)

teBT yeK 1<j<n

= inf sup min (¢;(3),x —y), VxeKk. 2)
teBl yex 1<j=n °

Theorem 2.1 Suppose that, for each x € K, T;(x) is nonempty, convex and weakly*
compact for j = 1,2, ...,n. Then, the following statements are true:

(i) The function @t defined by (1) is a gap function for SVVI.

(ii) The function ¢t defined by (2) is a gap function for WVVI.

Proof Since for each x € K, T;(x) is nonempty, convex and weakly* compact for
j=12,...,n, from Lemma 2.1(i), we have that T (x) is weakly* compact. Then,
the function ¢ given by (1) is well defined and

@r(x)= min sup min (t;,x —y), VxeK.
1€T(x) yek 1<j=n

It is immediate that

sup min (t;,x —y) >0, VxeK, VteT(x),

yek 1=j=n

so that 7 (x) > 0,Vx € K. Let x* € K. We observe that g7 (x*) = 0 iff there exists
t* € T (x*) such that

sup min (t;-‘,x* —y)=0,
yeK]San
or
min (rf,x*—y) <0, VyeKk,

1<j<n 7

which is equivalent to
(t*,y —x*) ¢ —intR’}, VyeKk,

that is, x* € Sgyvy.
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(i) Since for any given x € K and ¢ € BXT,

sup min (¢;(y),x —y) > min (r;(x),x —x) =0,
yEK1</<" 1<j<n

we obtain

¢r(x)= inf sup min (t;(y),x —y) >0, VxeKk.
teBl yeg 1=j=n

Assume that x* solves WVVI. Then, for any y € K, there is a t*(y) € T (x*) such
that

(t*(y),y — x*) ¢ —intR’,
which implies that

max (t7(y), y — x*) > 0,
1<j<n -

or equivalently,

min (17 (y),x* —y) <0.

1<j<n

Thus, an operator t* from K to 7' (x*) has been defined. It follows that t* € BXT* and

1mln (t (y),x*—y) <0, VyeKk.
<j=<

Therefore,

sup min (t (), x*—y)<0
y€K1<j<n

and so

or(x*) = 1nf sup min (¢;(y),x* —y) <0.

IEB yek 1=j=n

Since ¢7(x) > 0 for all x € K, it follows that ¢7(x*) = 0. Conversely, suppose that
o7 (x*) =0. Let

sup min (t;(y),x* —y), Vte BxT*

yek 1<j<n
Since ¢r(x*) =0, for €y > €2 > -+ > ¢ > --- > 0 with ¢ = %, there exist
e BL,1=1,2,..., such that
sup min (t OMx*=y) <€
vek 1=j=n "’
or equivalently,
min (t ", x*—y)<¢, VyeK,VieN. 3)

1<j<n
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Note that {t/(y)} C T(x*) for all y € K. Since T (x*) is weakly* compact, for any
given y € K, {t'(y)} has a weakly* convergent subnet with limit *(y) € T (x*). With-
out loss of generality, we may assume that {r/ (y)} converges weakly* to *(y). Con-
sequently, an operator * : K — T (x™*) has been defined, i.e., t* € BXT* and

(). x* —y) = (") x* —y), VyeKk,
which implies

min (£5(y), x* —y) > min (t¥(y),x* —y), VyeKk.
1=j=n

1<j<n
Taking the limit for / — oo in (3), we obtain

min (t;(y),x* —y)<0, VyeKk.

I<j<n

Then, for any y € K, there exists t;.‘(y) € T;(x*) such that

{t7 (), x* —y) <0,
or equivalently,

{t7 (), y —x*) =0,
which implies that, for any y € K, there is t*(y) € T (x*) such that

(t*(y),y —x*) € —intR"},
that is, x* € Swyvi. This completes the proof. O

Remark 2.1 The gap functions defined by (1) and (2) are slightly different from those
introduced by Yang and Yao [11], since no compactness assumptions on the set K are
required. Consequently, the proof of Theorem 2.1(ii) is based on different arguments
than those of Theorem 2.2 in [11].

3 Characterizations of SVVI and WVVI via Scalarization Approach

In this section, we investigate SVVI and WVVI via the scalarization approach of
Konnov [7]. We introduce several kinds of SVI and WVI for SVVI and WV VI re-
spectively and establish their equivalence under certain conditions. By means of the
scalarization approach, we suggest gap functions for SVVI, WVVI, SVI, WVI re-
spectively and show the relations among these gap functions.

We consider scalar variational inequalities associated with SVVI and WV VI as
follows.

Strong Variational Inequalities (SVI): Find x* € K such that

Af*c EGE™): (f*,y—x*)>0, forallyecK.
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Weak Variational Inequalities (WVIZ): Find x* € K such that
Vye K, 3f" e EG™): (f*, y—x") =0,

where E : K — 2X".
We denote by SSEVI and S\f\,VI, the solution sets of SVIZ and WVIE, respectively.
Obviously, S&,; € S&vi-

Remark 3.1 In [7], Konnov introduced SVI?® and WVI’0 as scalar variational in-
equalities for SVVI and WV VL.

We make particular reference to the mappings E := Tj and E := G and establish
some equivalence results between SVVI and WV VL

Theorem 3.1 The following statements are true:
. G

0 Ssvi=Uj= SSVI < Squrs Uj=i SWVI C Suvr S Sivr-

(i) If for each x € K, Gy(x) is convex, then SSGV"I = SST%I and S\(,f,({,l = S&?VI.

Proof (i) From Lemma 2.1(ii), we have Go(x) = U?:] Ti(x) € To(x) forany x € K

and so statement (i) is true except Sg; = Uj=i SST{,I and 3% 2 Uj=i S\QVI. Let

x*e SSGVOI. Then, x* € K and there is f* € Go(x*) = U:f:l T;(x*) such that
(f*,y—x*>0, forallyek,

which implies that there exists j* =1,2,...,n such that f* e T;«(x*) and hence

T , )
x* € Sqyp € U SST{,I Conversely, let x* € U}, SST{,I. Then, x* € K and there
exists j*=1,2,...,n such that x* € SS{,I, that is, there is f* € Tj=(x*) such that

(f*,y—x*>0, forallyeKk.

Since Tj(x*) € Go(x*), then, x* € S SVI Thus, SS\,l U" SVl holds. Similarly,

Uj=i S\QVI C Sy is true,
(ii) If for each x € K, Go(x) is convex, then we have Go(x) = Tp(x) for any
x € K, and thus statement (ii) follows. Il

Lemma 3.1 (Konnov [7]) Assume that, for each x € K, T;(x) is nonempty, convex
and weakly* compact for j =1, ...,n. Then, SSVI = SWVI Ssvvi = Swvvi.

Corollary 3.1 Assume that, for each x € K, T;(x) is nonempty, convex and

weakly* compact for j =1,...,n. If for each x € K, Go(x) is convex, then
G T; T
SS\(/)I =Uj j=1 SSVI SSVI SWVI U?:l Swvi = Swyi = Ssvvi = Swvvr.

Proof Using similar arguments of [7], one can prove that SST{,I = SQVI for
j=1,...,n and so the conclusion follows directly from Theorem 3.1(ii) and
Lemma 3.1. g
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Corollary 3.2 Assume that, for each x € K, E(x) is nonempty, convex and weakly*
compact. Then, SSEVI = S\',EVVI.

Now, we consider gap functions for strong and weak scalar variational inequalities.
Consider the function pg : K — R U {400} defined by

pe(x)= 1inf sup(f,x —y), VxeK. “4)

€E(X) yek

Theorem 3.2 Assume that, for each x € K, E(x) is nonempty, convex and weakly*
compact. Then, the function pg defined by (4) is a gap function for SVIE .

Proof Since (f, y—y) =0, then pg(x) >0, Vx € K. Assume that pg(x*) = 0, with
x* € K. Then,

inf sup(f,x*—y)=0. %)
feE(x*>y€,13<f y)

Since E(x*) is weakly* compact, then there exists f* € E(x*) such that

sup(f*, x* —y) =0 Q)
yek

and therefore x* is a solution of SVIZ.
Viceversa, suppose that x* is a solution of SVIE. Then, (6) holds for some f* €
E(x*) and, since pg(x*) > 0, we obtain (5) and, in turn, pg(x*) =0. O

As particular cases, define the functions pr, pg, : K — R U {400} by

pr(x) = inf sup(f,x—y), VxeKk, (7N
fET()()C) _)7€K

PGo(x)= inf sup(fix—y), Vxek, ®)
fEGo(X) ye[(

respectively.
Remark 3.2 The function pr; has been considered by Konnov in [7].

Corollary 3.3 Suppose that, for each x € K, T;(x) is nonempty, convex and weakly*
compact for j = 1,2, ...,n. Then, the following statements are true:

(1) The function pr, defined by (7) is a gap function for svito.
(ii) The function pg, defined by (8) is a gap function for SvIGo,

Remark 3.3 Observe that, from Lemma 2.1(ii), it follows that pz (x) < pg,(x) =
minj <<y PT; (x) for any x € K. Moreover, if for each x € K Go(x) is convex, then
To(x) = Go(x) and so pp,(x) = pg,(x) for any x € K.

We also define the function gg : K — R U {400} by

ge(x)= inf sup(t(y),x —y), VxeK, &)
teBE yek
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where

BE ={t|t: K — E(x)).

Theorem 3.3 Suppose that, for each x € K, E(x) is nonempty, convex and weakly*
compact. Then, the function qg given by (9) is a gap function for WVIE .

Proof This is analogous to the proof of Theorem 2.1(ii). |

Corollary 3.4 Suppose that, for each x € K, T;(x) is nonempty, convex and weakly*
compact for j =1,2,...,n. Then, qr,(x) < qG,(x) < minj<;<, qr; (x) for any x €
K and if, furthermore, for each x € K Go(x) is convex, then qr,(x) = qG,(x) <
minj <<y qr; (x) forany x € K.

Proof Since for each x € K, T;(x) is nonempty, convex and weakly* compact for
j=1,2,...,n, from of Lemma 2.1(i), one has Tp(x), Go(x) are weakly* compact
foreachx € K. -

Since Ulsjsn B’ C Bfo < BI for any x € K, we have g7, (x) < gg,(x) for any
x € K. We conclude that g, (x) < mini<j<, qr; (x) for any x € K. In fact,

qGo(x) = inf sup(t(y),x —y)
1eBl0 yek

< inf sup{r(y),x —y)
er;!:l BXT/' yekK

= min inf sup(t(y),x —y)
I1=j=n, pli yek

= min qr; (x).
1<j<n
Furthermore, if for each x € K G(x) is convex, then from of Lemma 2.1(i), we have
that g7, (x) = g, (x), forany x € K. O

Corollary 3.5 Suppose that, for each x € K, T;(x) is nonempty, convex and weakly*
compact for j =1,2,...,n. Then, every function pr,, qt,, T, $1 IS a gap function
for SVVI, WVVI, SVITo, wvITo,

Proof The desired conclusion follows directly from Lemma 3.1 and Theo-
rems 3.1-3.3. U

Since every function of pr,, q7,, @7, ¢1 can be suggested as a gap function for
SVVI, WVVI, SVI%, WVI%0 under certain conditions, it is interesting to analyze
their relations.

Theorem 3.4 Suppose that, for each x € K, T;(x) is nonempty, convex and weakly*
compact for j =1,2,...,n. Then, the following conclusions hold:

(1) pr,(x) = @1 (x) forany x € K.
(i) g7,(x) > ¢7(x) forany x € K.
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Proof Since for each x € K T;(x) is nonempty, convex and weakly* compact for
j=1,2,...,n,from Lemma 2.1(i), T (x) and Ty(x) are weakly* compact.

(i) Let x € K and f € Tp(x). Then, there exist t; € Tj(x),j =1,2,...,n, or
equivalently, t = (t1,12,...,t,) € T(x) and 1; >0, j = 1,2, ...,n with Z?:l rj=
1 such that f =>7_; A;t;. Then, forany y € K,

I<j=n

n
min (t;,x —y) < Z)»j(tj,x—ﬁ
j=1

=<Z)\jtjv-x_y>:(f9x_y)a
j=1

and so
sup min (¢j,x —y) < sup(f,x —y).
yek 1=sj=n yeK

It follows that

X)= min sup min (¢t;, x —
or(x) teTu)y€£1§j§n<, y)

< min sup(f,x —y)=prx), VxeKk.
fETO(x)yEK

(i) Letx e K and r € Bl = {t|t : K — To(x)}. Then, for any y € K, there exist
ti(MeTjx), j=1,2,...,n,and X; >0, j =1,2,...,n with Z’}=1)\j =1 such
that £(y) = 3 At ().

Thus, an operator ¢; : K — T;(x), j=1,2,...,n, or equivalently (t1,1,...
1) € BxT ={t|t : K — T (x)} has been defined. Then, for any y € K,

)

1<j<n

min (t;(y),x —y) < ZM(U()’),X =)
j=1

= <Zx,-r,-(y>,x - y> =((y),x =),
j=1

which implies that

sup min (#;(y),x —y) < sup{t(y),x —y).
yek 1=j=n yek

It follows that

¢r(x) = inf sup min {¢;(y),x — )

teBl yek 1<j=n

< inf sup(t(y),x —y)=4qr1,(x), VxeK.
1eBl0 yek

The proof is complete. O
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4 Applications to Error Bounds for Gap Functions of SVVI and WVVI

In this section, we apply the results obtained in Sects. 2 and 3 to error bounds. We
obtain some existence theorems of global error bounds for gap functions under strong
monotonicity and derive some characterizations of global (respectively, local) error
bounds for gap functions.

Definition 4.1 Let 4 : K — R U {400} be a proper function (that is, domh = {x €
K : h(x) < +o0} is nonempty). Suppose that S = {x € K : h(x) < 0} is nonempty.
Let iy (x) = max{h(x),0} and d(x, S) = infyesd(x, s). We say that:

(i) A has a global error bound if there exists i > 0 such that:
dx,S) <wpuhy(x), VxeKk.

(i) & has a local error bound if, for some 0 < € < 400, there exists u(e) > 0 such
that

dx,S) <u(e)hy(x), VxeK withh(x) <e.
It is clear that, if /# has a global error bound, then it has a local error bound.

Definition 4.2 A set-mapping E : K — 2X” is said to be strongly monotone with
modulus & > 0 on K if, forany x,y € K,

(ex —ey, x —y) Zallx =yl Ve, € E(x), ey € E(y).

E is said to be monotone if the above inequality holds with « = 0. E is said to
be strictly monotone if it is monotone and the strict relation in the above inequality
holds when x # y.

Remark 4.1 Let Ey, E>: K — 2X7 be two set-valued mappings with E1(x) € E»(x)
for any x € K. We observe that, by the definition of strong monotonicity (re-
spectively, monotonicity and strict monotonicity), if E5 is strongly monotone with
modulus o > O (respectively, monotone and strictly monotone) on K, then, Ej is
also strongly monotone with modulus o > 0 (respectively, monotone and strictly
monotone) on K.

Remark 4.2 Tt is easy to see that strong monotonicity implies strict monotonicity and
that strict monotonicity implies monotonicity, but the converse is not true.

Proposition 4.1 If Ty is strongly monotone with modulus o > 0 (respectively,
monotone and strictly monotone) on K, then Go and T;, j = 1,2,...,n, are
all strongly monotone with modulus o > 0 (respectively monotone and strictly
monotone) on K .

Proof From Lemma 2.1(ii), we obtain Go(x) = U’}zl T;(x) € To(x), forany x € K.
Thus, Remark 4.1 yields the desired conclusion. O
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: . Go oTj Ty Go T;
TThroughout this section, we always suppose that Sqyy, Sy Sgvi Swvr Swvr
Swyis Ssvvi. Swyvr are nonempty.

Remark 4.3 Under only monotonicity assumption, the existence of solutions of a
VI cannot be assured. In order to derive the nonemptiness of the solutions set of a
VI, we should assume either monotonicity and some generalized continuity (see for
example [22]) or some coercivity conditions (see for example [23]). But here, we
study the existence of global (local) error bounds. As is well known, a global (local)
error bound is always investigated in the case of nonemptiness of solutions set.

We prove some existence results of global error bounds for gap functions under
strong monotonicity.

Theorem 4.1 Suppose that for each x € K, T;(x) is nonempty, convex and weakly*
compact for j =1,2,...,n. Then, the following assertions are true:

(i) If Gg is strongly monotone with modulus o, > 0 on K, then the function ./oT
has a global error bound.

(i) If To is strongly monotone with modulus o, > 0 on K, then the function /pt,
has a global error bound.

(iii) If Go is strongly monotone with modulus a, > 0 on K, then the function ./pG,
has a global error bound.

@v) If T; is strongly monotone with modulus at; > 0 on K, then the function ,/pr;
has a global error bound.

Proof Tt suffices to show that assertions (i) and (ii) hold. Proofs of (iii) and (iv) follow
that of (ii). Since for each x € K T (x) is nonempty, convex and weakly* compact for
j=1,2,...,n,Lemma 2.1(i) implies that, for each x € K, T'(x) and Tp(x) are non-
empty, convex and weakly* compact. From the definition of gap function and Theo-

rem 2.1(i), we have Ssyvi = {x € K : /or(x) =0} and S¢o; = (x € K : /pr,(x) =
0}. We first show that assertion (i) holds. Let x* € Ssyvyr. Then, x* € K and

I eTE*): (t*,y—x*) £0, forallyeK,

which implies that, for any y € K, there exists j, € {1,2,...,n} such that t;‘y €
Tj, (x*) € Go(x*) and

(t7,y—x*)=0. (10)

From the definition of @7 and recalling that, by Lemma 2.1, 7 (x) is weakly* com-
pact, we have

or(x)= min sup min (t;,x —y), VxeK.
1€T(x) yek 1<j<n

Then, for any x € K, there exists t* € T (x) such that

pr(x)=sup min (1}, x—y) = min (f,x—y), Vyek. (D

yek 1=j=n T lsj=n
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We remark that t}‘ € Tj(x) € Go(x), for each j =1,2,...,n. If Gy is strongly
monotone with modulus o, > 0 on K, then by combining (10) and (11), we have

@r(x) = min (7, x —x)
1<j<n/

_ : X __ gk X * X
_11<nj12n(tj 15, X x)+(tjx,x x™)

> agyllx — x*[1* + (15, x —x¥)
2
> ag,llx — x|l
2
> agyd”(x, Ssvvi).

Set ur = /ﬁ. Then, pur+/¢7(x) >d(x, Ssyvi), which shows that assertion (i) is
true.

We now prove assertion (ii). Letting x* € SSTQ,I yields that x* € K and there exists
S+ € To(x*) such that

(fys,y—x")>0, VyeKk. (12)

From (4), recalling that, by Lemma 2.1, Typ(x) is weakly* compact, we have

pr,(x) = min sup(f,x —y), VxeK.
€lo() yek

Thus, for any x € K, there exists fy € To(x) such that

PTO(X)=SUP<fx’x_y> z(f)mx_y>7 V)’EK (13)
yek

If Tp is strongly monotone with modulus o7, > 0 on K, then it follows from (12) and
(13) that

Pr(X) = (fr,x —x7)
= (fx — fero X = X*) + (frr, x — x%)
> ag llx — x*|1* + (fer, x — x*)
> agllx — x*||?
> agyd?(x, S&)).

Set jur, = /b= Tt follows that ury/pr, (¥) = d(x. S§hy). ¥ € K.
0
The proof is complete. g

Remark 4.4 Suppose that E : K — 2X" is strictly monotone, where E denotes
Tp, Go, T; and wa is nonempty. Then, SgVI consists of one point. In fact, let xT, x;‘
be two points in SSEVI' Then,

3fF € EG) (fif x5 —x1) =0
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and
3 € E(x3) {fy,x{ —x3)>0.

Suppose on the contrary that x| # x3. Since E is strictly monotone, one has
(fy = fif,x5 —x)>0.
It follows from the first and the third inequality above that
(f . x —x3) <0,

which contradicts the second one. Since strong monotonicity implies strict monoton-
icity, the strong monotonicity of G in Theorem 4.1(i) and (iii) implies that Sg\(,)l
and S;{,I (by Proposition 4.1) consist of one point; the strong monotonicity of Ty in
Theorem 4.1(ii) implies that St (= Sy = Ssyvi = Swyvi) (by Lemma 3.1), S50,
and SST{,I (by Proposition 4.1) consist of one point; the strong monotonicity of 7 in

Cn e T; . .
Theorem 4.1(iv), implies that Sgy,; consists of one point.

We now show several relations concerning global and local error bounds for gap
functions.

Theorem 4.2 Suppose that, for each x € K, T;(x) is nonempty, convex and weakly*
compact for j =1,2,...,n. Then, the following statements are true:

(1) If for each j =1,2,...,n, the function P has a global error bound, then the
function pg, has a global error bound.

(ii) Assume that SSG\()I = SST<,I, foreach j =1,2,...,n.If pg, has a global error
bound, then for each j = 1,2, ..., n, the function pr; has a global error bound.

(iii) Assume that SWVI = SQVI,for each j =1,2,...,n.If g, has a global error
bound, then for each j = 1,2, ..., n, the function qr; has a global error bound.

(iv) If the function @7 has a global error bound, then the function pr, has a global
error bound. Furthermore, suppose that, for each x € K, Go(x) is convex. If o1
has a global error bound, then pg, has a global error bound.

(v) If the function ¢ has a global error bound, then the function qg, has a global
error bound. Furthermore, suppose that, for each x € K, Go(x) is convex. If ¢t
has a global error bound, then g, has a global error bound.

Proof From the definition of gap function, Corollary 3.2 and Theorem 2.1, we have
that S§,; = {x € K : pp(x) =0}, Sk ={x € K : qp(x) =0}, Ssyvi={x € K :
o7 (x) =0} and Swyvi = {x € K : ¢7(x) =0}, where E denotes Gy, T}, Ty, respec-
tively.

(1) Suppose that, for each j =1,2,...,n, the function pr; has a global error
bound. Then, foreach j =1,2,...,n, there exists u; > 0 such that

T:
d(x, Sgyp) < ujpr;(x), VxeK.
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Set u = max<j<, ;. By Theorem 3.1(i), one has SSGVOI = U’}Zl SST{',I. Observing
that

PGo(x) = min pr;(x), Vxe€K, (14)
I<j<n
it follows that
d(x, SGp,) = min d(x, Sgi)
=j=n
< p min pr;(x)
I<j=n
= upG,(x), VxeK,

which implies that the function pg, has a global error bound.

(ii) Suppose that Sg\(,)l = SST<,I, foreach j =1,2,...,n, and that pg, has a global
error bound. Then, there exists i > 0 such that

T,
d(x, Sgp) = d(x, S39)
< UpGy(x)

=p min pr;(x)
1<j<n

<upr;(x), ¥j=12,....n xek.

The above inequality yields that, for each j = 1,2, ..., n, the function pT; has a
global error bound.

(iii) The proof is similar to that of (ii) and so we omit it.

(iv) From the assumptions, Theorem 3.1 and Lemma 3.1 imply that SSG\‘,)I - SSTQ,I =
Ssvvi, and Theorem 3.4 allows us to prove that g7 (x) < pr,(x) < pg,(x), for any
x € K (if for each x € K, Go(x) is convex, then SSG\‘,)I = SST%I = Ssyv1, and @7 (x) <
D1, (X) = pG,(x)). If the function ¢7 has a global error bound, then there exists u > 0
such that

d(x, SsvvD) < uer(x), VxeK.

It follows that the desired conclusion holds.
(v) The proof is similar to that of (iv) and so we omit it. The proof is complete. []

Corollary 4.1 Suppose that, for each x € K, T;(x) is nonempty, convex and weakly*
compact, for j = 1,2,...,n. Suppose that G is strongly monotone with modulus
aG, > 0 on K. Then, the function pt, has a global error bound. Furthermore, if for
each x € K Go(x) is convex, then pg, has a global error bound.

Proof The desired conclusion follows directly from Theorem 4.1(i) and Theo-
rem 4.2(iv). O

Similarly, one has the following characterizations of local error bounds for gap
functions of SVVI and WVVL
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Theorem 4.3 Suppose that for each x € K, T;(x) is nonempty, convex and weakly*

compact, for j =1,2,...,n. Then, the following assertions are true:
(i) Assume that SSG\‘,)I = Sg,l,forj =1,...,n.If pG, has alocal error bound, then,
foreach j=1,2,...,n,the function pr; has a local error bound.
(ii) Assume that SVGV({,I = SVT&VI,forj =1,...,n.IfqG, has a local error bound, then
foreach j =1,2,...,n, the function qr; has a local error bound.

(iii) If the function @7 has a local error bound, then the function pr, has a local
error bound. Furthermore, suppose that, for each x € K, Go(x) is convex. If o1
has a local error bound, then pg, has a local error bound.

(iv) If the function ¢r has a local error bound, then the function qr, has a local
error bound. Furthermore, suppose that, for each x € K, Go(x) is convex. If ¢t
has a local error bound, then qg, has a local error bound.

Proof (i) Suppose that SSG\‘,)I = SST‘\j,I, foreach j =1,2,...,n and that pg, has a local
error bound. Then, for some 0 < € < 400, there exists @ (€) > 0 such that
d(x, SS9 < 1(€) PG (¥),  Vx € K with pg,(x) < e.
By Theorem 3.1(i), we have that SSG\‘}I = U'}zl SST(,I. Since (14) holds, it follows that
T.
d(x, Sy = d(x, 5G9
< u(€)pg,(x)

= p(e) min pr;(x)
I<j=n
< /,L(G)p]“j (x), Vx e K with PT; (x) <e,

foreach j =1,2,...,n, which yields the desired conclusion.
(i1) The proof is similar to that of (i) and so we omit it.
Gy To

(iii) Note that Sqy; € Sgy; = Ssvvi (by Theorem 3.1 and Lemma 3.1) and o7 (x) <

P, (X) < pG,(x), for any x € K; (if for each x € K, Go(x) is convex, then Sg\(,)l =

Sg%l = Ssvvi and @7 (x) < pr,(x) = pgG,(x)). If the function @7 has a local error
bound, then for some 0 < € < 400, there exists (€) > 0 such that

d(x, SsvvD) < u(€)er(x), Vx e K with or(x) <e.

It is clear that the desired conclusion holds.
(iv) The proof is similar to that of (iii) and so we omit it. This completes the
proof. O
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