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Abstract In this paper, we study the relationship among the generalized Minty vec-
tor variational-like inequality problem, generalized Stampacchia vector variational-
like inequality problem and vector optimization problem for nondifferentiable and
nonconvex functions. We also consider the weak formulations of the generalized
Minty vector variational-like inequality problem and generalized Stampacchia vector
variational-like inequality problem and give some relationships between the solutions
of these problems and a weak efficient solution of the vector optimization problem.
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1 Introduction and Formulations

In 1980, Giannessi [1] extended the classical (Stampacchia) variational inequality for
vector-valued functions, called vector (Stampacchia) variational inequality, with fur-
ther applications to alternative theorems. Since then, (Stampacchia) vector variational
inequalities (SVVI) and their generalizations have been used as tools to solve vector
optimization problems (VOP); See, for example, [2-13] and references therein. For
the details on vector variational inequalities (VVI) and their generalizations, we refer
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to [5, 6] and references therein. In most of the papers appeared in the literature on
different aspects, namely existence of solutions, applications, etc, of SVVI, the Minty
vector variational inequalities are used as via media. Several authors studied VOP by
using Stampacchia vector variational-like inequalities. Recently, Ruiz-Garzén et al.
[11] established some relationships between Stampacchia vector variational-like in-
equality and VOP. They studied the weak efficient solution of VOP for differentiable
but pseudoinvex functions by using Stampacchia vector variational-like inequality
problem. Mishra and Wang [14] established relationships between Stampacchia vec-
tor variational-like inequality problems and nonsmooth vector optimization problems
under nonsmooth invexity. In 1998, Giannessi [4] first gave a direct application of
Minty V VI to establish the necessary and sufficient conditions for a point to be a solu-
tion of VOP for differentiable and convex functions are that the point to be a solution
of Minty VVI. Later, Yang et al. [12] extended the results of Giannessi [4] for differ-
entiable but pseudoconvex functions. Very recently, Yang and Yang [15] gave some
relationships between Minty (VVLIP) and (VOP) for differentiable but pseudoinvex
vector-valued functions. In particular, they extended the results of Giannessi [4] and
Yang et al. [12] for differentiable but pseudoinvex vector-valued functions. They pro-
vided the necessary and sufficient conditions for a point to be a solution of VOP for
differentiable but pseudoinvex functions, is that, the point be a solution of a Minty
vector variational-like inequality problem. They also considered Stampacchia VVI
and proved its equivalence with Minty VVI under continuity assumption.

In this paper, we consider generalized Minty vector variational-like inequality
problems, generalized Stampacchia vector variational-like inequality problem and
nonsmooth vector optimization problem under nonsmooth invexity. We study the re-
lationship among these problems under nonsmooth invexity. We also consider the
weak formulations of generalized Minty vector variational-like inequality problem
and generalized Stampacchia vector variational-like inequality problem and give
some relationships between the solutions of these problems and a weak efficient so-
lution of vector optimization problem.

2 Preliminaries

In this section, we recall some known definitions and results which will be used in
the sequel.

Throughout the paper, unless otherwise specified, we assume that K is a nonempty
subset of R” and n : K x K — R" is a given map. The interior of K is denoted by
int K.

Let f = (f1,..., fr) : R" — R’ be a vector-valued function. We consider the
following vector optimization problem:

(VOP) Minimize f(x) = (f1(x),..., fe(x)) subjectto x € K.

A point x € K is said to be an efficient (or Pareto) solution (respectively, weak
efficient solution) of (VOP) if

FO) =@ =(fi0) = AiD),.... fe(¥) = fe(X))
¢ —RL\ {0}, forallyek
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(respectively, £(y) = f(¥) = (f1(y) = fi(®), ..., fe(») = fe(¥)) ¢ —int RY, for all
y € K), where Rﬁ is the nonnegative orthant of R¢ and 0 is the origin of the nonneg-
ative orthant, namely Rﬁ.

It is clear that every efficient solution is a weak efficient solution.

Let g : K — R be a function and let  : K x K — R” be a given map. The follow-
ing concepts are taken from [16].

Definition 2.1 Let g be locally Lipschitz at a given point x € K. The Clarke’s gener-
alized directional derivative of g at x € K in the direction of a vector v € K, denoted
by g°(x; v), is defined by

op. . gy +1tv) —g(y)
g°(x;v) = lim suyp ——F———.
y—>x 10 t

Definition 2.2 Let g be locally Lipschitz at a given point x € K. The Clarke’s gen-
eralized subdifferential of g at x € K, denoted by 9¢g(x), is defined by

g(x) ={ eR": g°(x;v) = (£,v), forallveR"},
where (-, -) denotes the scalar product in R”.

Definition 2.3 See [14] and [17]. Let g be locally Lipschitz at a given point x € K.
Then, g is said to be invex wrt n on K if

E,n(,x))<gly)—gk), forallx,ye K andall& €3 (x).

Definition 2.4 Let x be any arbitrary point of K. The set K is said to be invex at x
wrt n if, for all y € K,

x+Ain(y,x)e K, forall xe€l0,1].

K is said to be an invex set wrt n if K is invex at every point x € K wrt 1.

Definition 2.5 See [18]. Let K C R” be an invex set wrt  and let x, y € K be any
arbitrary points in K. A set Py, is said to be a closed (respectively, open) n-path
joining the points x and z = x + n(y, x) (contained in K) if

Pi;={u=x+xn(y,x):A€[0,1]}
(respectively, P)?Z ={u=x+x(y,x): A€ (0, D).

Definition 2.6 See [19]. Let K € R” be an invex set wrt 1. A function g : K — R is
said to be preinvex wrt n if

gx+xin(y,x)) <rg(y)+ (1 —xr)g(x), forallx,ye K and for all A € [0, 1].
We say that the map n is skew if, forall x, y € K,

n(y,x)+nx,y)=0.
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Condition A See [20]. Let K € R” be an invex set wrt  and let g : K — R be
a function. Then,

gy +n(x,y) <gk), forallx,yek.

Condition C Let K C R” be an invex set wrt  : K x K — R". Then, for all x, y €
K’ A’l! )\’21 A’ e [03 1]7

(@ n(x,x +An(y,x)) =—An(y,x),
) n(y,x+An(y,x)) =0 —-1)n(y,x),
© n(x+Arn(y,x), x +i2n(y, x)) = (A&1 — 22)n(y, x).

Obviously, the map 1 (y, x) = y — x satisfies Condition C. Examples of the map 7
that satisfies Condition C (a) and C (b) are given in [20] and [21]. Now, we give an
example of a map n which satisfies Condition C (c).

Example 2.1 Letn:R x R — R be a map defined as

X=Yy, XEO, )’ZO,
X =Y, .XSO, YSO,
y—X, XZO, )’50,
y—x, x=<0,y>0.

n(x,y)=

Then, n satisfies Condition C (c). Not only this, 7 also satisfies Condition C (a).

Lemma 2.1 See [17]. Let K C R" be an invex set wrt n: K x K — R" and
let g : K — R be locally Lipschitz on K. If g is invex wrt n, then 9°g is n-monotone,
that is, forall x,y € K,

En(y,x))+ (. n(x,y) <0, forall§ €d°g(x)and{ € 3°g(y).

Lemma 2.2 See [17]. Let K C R" be an invex set wrt n: K x K — R" and
let g : K — R be locally Lipschitz on K such that g and n satisfy Condition A and
Condition C (a) and C (b), respectively. If g is invex wrt n on K, then it is preinvex
wrt the same n on K .

We shall use the following mean-value theorem for invex functions to prove one
of the main results of this paper.

Theorem 2.1 See [18] and [22]. Let K C R" be an invex set wrtn : K x K — R”", let
X,z € K be any arbitrary points in K and let Py, be an arbitrary n-path contained in
int K. Let g : K — R be locally Lipschitz on K. Then, for any y =x +n(z,x) € K,
there exist w € va and & € 9°g(w) such that

(&,n(z,x)) =gy — gx).

In other words, for any y = x +n(z, x) € K, there exist re O, D, w:=x+ in(z, x)
and & € 9°g(w) such that

€. n(z,x)) =g(y) —gkx),
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that is,

.1z, %) =gx +n(z,x)) — gx).

3 Generalized Minty Vector Variational-Like Inequalities

Let K be a nonempty subset of R” and let n: K x K — R” be a given map. Let
f=1,..., fo):R"—> R be a vector-valued function. We consider the following
generalized Minty vector variational-like inequality problem:

(GMVVLIP) Find X € K such that, for all y € K and all & € 0°f;(y), i € & =
{17 R 6}7

(€0, D)o = (ELn, D), ..., B0y, D) ¢ —RE\ {0}

When n(y, x) =y — x, then (GMVVLIP) reduces to the generalized Minty vector
variational inequality problem considered and studied in [8].

We also consider the following generalized Stampacchia vector variational-like
inequality problem:

(GSVVLIP) Find x € K such that, for all y € K, there exists {; € 9° fi (X), i € . =
{1, ..., 4} such that

(€0, e = (&1, 0@, ), -, (G, 0y, 5)) ¢ —RE\ {0}

We present necessary and sufficient conditions for an efficient solution of (VOP).

Theorem 3.1 Let K CR" be invexwrtn: K x K — R" such that any n-path is con-
tained in int K and n is skew and satisfies Condition C. For eachi € % ={1,...,4},
let fi : K — R be locally Lipschitz, invex wrt n on K and satisfy Condition A. Then,
X € K is an efficient solution of (VOP) if and only if it is a solution of (GMVVLIP).

Proof Let x € K be a solution of (GMVVLIP) but not an efficient solution of (VOP).
Then, there exists z € K such that

(i@ = i@, ..., fe@) — fu(®)) € =R \ {0}. ey

Set z(A) := x + An(z,x), for all A € [0, 1]. Since K is invex, z(A) € K, for all
A €0, 1]. By Lemma 2.2, each f; is preinvex wrt n and, therefore,

fizA) = filx +An(z,x)) <Afi(z) + (1 = A) fi(x), foreachi=1,2,...,¢,
that is,

Ji(x +an(z, %) — fi(¥) = A[fi(2) — fi(O)],

for all A € [0, 1] and for eachi =1, ..., £. In particular, for A = 1, we have
fix+n(z,x)— fix) < fi(z) — fi(x), foreachi=1,...,¢. 2)
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By the mean-value Theorem 2.1, there exist A; € (0, 1) and &; € 9¢ f; (z();)), where
z(Ai) := X 4+ A;n(z, X), such that

(§i.n(z, X)) = fix +n(z,X)) — fi(x), foreachi=1,.... ¢ 3)

By combining (2)-(3), we obtain

(§i,n(z, X)) < fi(x) — fi(x), foreachi=1,... ¢ 4)
Suppose that A, ..., Ay are all equal. Then, by Condition C (a), for all i =
1,...,4, we have

(i, n(x,z(0i)) = —Ai (i, n(z, X))
> —Ailfi(z) — fi(¥)] by (4)
=Ailfi(x) — fi(2)].
Since 7 is skew, we have

(&, n(z(A), %)) <Al fi(z) — fi(x)], forall A; € (0,1) and foreachi € .#. (5)

By combining (1) and (5), it follows that X is not a solution of (GMVVLIP). This
contradicts the fact the x is a solution of (GMVVLIP).

Consider the case when A, A2, ..., A¢ are not all equal. Let A1 # A2. Then, from
(4), we have

(61,1(z, %)) = f1(2) — fi(X) (6)

and

(62, 1(z, X)) < f2(2) = f2(%). (N

Since f; and f> are invex wrt 1, by Lemma 2.1 9¢ f] and 9¢ f, are n-monotone, that
is,

(61 — &, n(@(r1),2(A2))) = 0, forall & €9 fi(z(22)) ®)

and
(&1 — &2, n(z(A1),2(12))) =0, forall &1 € 3° f2(z(11)). )
If &1 > A7, then by using Condition C (c) and (8), we obtain
0< (&1 — £, (0), 202))) = (i — 1) (61 — £, 1(z, 5)

and so

1 -8z, %) 20 & (51,n(z, D)) = (65, n(z, ).

From (6), we have
(5, 1(z, %)) < fi(z) — fi(¥), forany &) €3 f1(z(12)).
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If A1 < Ay, then by using Condition C (c) and (9), we have

0 < (& — &, n(z(r1), 2(A2))) = (A1 — A2)(&] — &2, (2, X))
and so

(& —&,n(z,%)) <0 & (&1, n(z, %)) < (52, n(z, X)).

From (7), we obtain

(1 1z, %)) < fo(2) — fo(¥), forany & €9 fo(z(A1)).

Therefore, for the case Aj # Az, let X = min{A1, A»}. Then, we can find & €
3¢ f; (z(1)) such that

(.02, %) < fi(x) — fi(x), foranyi=1,2.

By continuing this process, we can find A* € (0, 1) and & € 9¢ f;(z(1*)) such that
A* =min{Ay, A2, ..., A¢} and

(EX,n(z, %) < fiz) — fi(x), foreachi=1,2,...,¢. (10)
From (1) and (10), we have £ € 3¢ f; (z(A*)), i =1,2,..., ¢, and

(. 0@ ©)). ... (€] 0z, D)) € —RE\ {0}

By multiplying the above inclusion by —A* and using Condition C (a) and the skew-
ness of 1, we obtain

((EF 0z, 5)), ..., (& n(z(0), %)) € =R\ {0).

which contradicts our supposition that x is a solution of (GMVVLIP).
Conversely, suppose that x € K is an efficient solution of (VOP). Then, we have

(D) = A, ..., i) — fo(®) ¢ —REN{0), forallye K. (1)

Since each f; is invex wrt 1, we deduce that

(Eion(x, ) = fi(¥) — fi(y), forallye K, & €9 fi(y)andie s

Also, since 7 is skew, we obtain

(Ei,n(y. D) = fi(y) — fi(x), forallye K. & edfi(y)andie /. (12)

From (11) and (12), it follows that x is a solution of (GMVVLIP). Il

Remark 3.1 Theorem 3.1 extends Proposition 1 in [4], Theorem 2.1 in [8] and Theo-
rem 3.1 in [15].
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Theorem 3.2 Let K C R" be invex wrt n: K x K — R". For each i € % =
{1,...,¢€}, let fi : K — R be locally Lipschitz and invex wrt n on K. If x € K is
a solution (GSVVLIP), then it is an efficient solution of (VOP). Furthermore, if for
each i € ., f; satisfies Condition A and 0 is skew and satisfies Condition C, then
x € K a solution of (GMVVLIP).

Proof Since x € X is a solution of (GSVVLIP), for any y € K, there exist {; €
€ fi(x),i=1,...,¢, such that

(€1 n(, ), - (Ce,n(y, 8))) ¢ —RE\ {0}, (13)
Since each f; is invex wrt 17, we have
(¢1,n(y, %)) < fi(y) — fi(x), foranyye K and foralli € .. (14)

By combining (13) and (14), we obtain

(1) = i@, ..., fo(y) = fe@) ¢ —RE {0}, forall y € K.
Thus, x € K is an efficient solution of (VOP). O

Remark 3.2 Theorem 3.2 extends Theorem 2.2 in [8] to the nonconvex setting.

4 Generalized Week Vector Variational-like Inequalities

We consider the following weak forms of the generalized Minty vector variational-
like inequality problem and generalized Stampacchia vector variational-like inequal-
ity problem.

(WGMVVLIP) Find x € K such that, for all y € K and all §; € 3¢ f;(y), i € & =
{1,...,¢},

E 0, D)= (E1, 00, D), ..., (e, n(y, X)) ¢ —intRE.

(WGSVVLIP) Find x € K such that, for all y € K, there exists ¢; € ¢ fj(x), i €
& =1{1,..., £}, such that

(€)= ({61, 0L E), .oy (Lo, n(y, ) ¢ —int R

Of course, when n(y, x) =y = x, then (WGMVVLIP) and (WGSVVLIP) reduce
to weak forms of the generalized Minty vector variational inequality problem and
generalized Stampacchia vector variational inequality problem, respectively, consid-
ered and studied in [8].

Now, we present some results which show the relationship among the solutions of
(WGMVVLIP), (WGSVVLIP) and a weak efficient solution of (VOP).

Proposition 4.1 Let K C R" be invex wrt n: K x K — R" such that n is skew. For

eachi € F ={1,...,¢}, let f; : K — R be locally Lipschitz and invex wrt n on K. If
x € K is a solution (WGSVVLIP), then it is a solution of (GMVVLIP).

@ Springer
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Proof Let x € X be a solution of (WGSVVLIP). Then, for any y € K, there exist
i €0 fi(x),i=1,...,¢,such that

(&1, 0, 3)), ... (Ceon(y, %)) ¢ —intRY. (15)

Since each f; is invex wrt n, by Lemma 2.1, each 8¢ f; (i € .#) is n-monotone and
therefore we have

(& —¢i,n(y,x)) >0, forallye K,& €9°f;(y) and foreachi € 7. (16)
From (15) and (16), it follows that, for any y € K and any §&; € 3¢ f;(y), i € .7,

(B n(y, ), ..., (Ee. n(y. %)) ¢ —int R

Thus, x € K is a solution of (WGMVVLIP). O

Proposition 4.2 Let K C R" be invex wrt n: K x K — R". For each i € . =
{1,...,¢}, let f; : K — R be locally Lipschitz and invex wrt n on K. If x € K is
a solution (WGMVVLIP), then it is a solution of (GSVVLIP).

Proof Let x € K be a solution of (WGMVVLIP). Consider any y € K and any se-
quence {1, } \( 0 with o, € (0, 1]. Since K is invex,

Ym =X +aun(y,x) € K.

Since X € K is a solution of (WGMVVLIP), there exist £ € 3¢ f; (yn), i € &, such
that

(P 1 Oms B))s s ES 1 (i, ©))) ¢ —intRE.

Since each f; is locally Lipschitz, there exists k > 0 such that, for sufficiently large
m and for all i € ., ||€"|| < k. So, we can assume that the sequence {£"} converges
to ¢; for each i € .#. Since the multifunction y — 3¢ f; (y) is closed (see [16, p. 29]),
" € 0° fi(ym) and y, — X as m — 0o, we have that §; € 9¢ f;(x) for eachi € ..
Therefore, for any y € K, there exist ¢; € 3¢ f; (X), i € ., such that

(€10 8. (G n(p, D)) ¢ —intRE.
Hence, x € K is a solution of (WGSVVLIP). Il
From Propositions 4.1 and 4.2, we have the following result.

Theorem 4.1 Let K C R" be invex wrt n: K x K — R" such that n is skew. For
eachie€ I ={1,...,¢}, let fi : K — R be locally Lipschitz and invex wrt n on K.
Then, x € K is a solution (WGSVVLIP) if and only if it is a solution of (GMVVLIP).

Remark 4.1 Theorem 4.1 extends Theorem 3.1 in [8] to nonconvex settings. We also
remark that the result similar to Theorem 4.1 is established in [3] for subinvex func-

tions.
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Now, we present the equivalence between the solution of (WGSVVLIP) and
a weak efficient solution of (VOP).

Proposition 4.3 Let K C R" be invex wrt n: K x K — R" such that n is skew. For
eachi e I ={1,...,¢8},let fi : K — R be locally Lipschitz and invex wrt n on K. If
x € K is a solution of (WGSVVLIP), then it is a weak efficient solution of (VOP).

Proof Suppose that x is a solution of (WGSVVLIP), but not a weak efficient solution
of (VOP). Then, there exists y € K such that

() = fi@), ..., fo(y) = fe(®)) € —intRY,.. (17)
Since each f;, i € .7, is invex wrt 17, we have
(€, ) < fi(y) = fi(®), forall & € 0° f; (%). (18)
Combining (17) and (18), we obtain
((C1. 0y, ), ..., (L. n(y. %)) € —intRY,  forall §; € 9° f; (%)

which contradicts our supposition that x is a solution of (WGSVVLIP). This com-
pletes the proof. g

Proposition 4.4 Let K CR” be invex wrt y: K x K — R" such that n is skew. For
eachi e I ={1,...,¢8},let fi : K — R be locally Lipschitz and invex wrt n on K. If
x € K is a weak efficient solution of (VOP), then it is a solution of ( WGMVVLIP).

Proof Assume that x € K is a weak efficient solution of (VOP) but not a solution of
(WGMVVLIP). Then, there exist y € K and &; € 9 f; (y), i € .Z, such that

(€1 n(, %), ..., (€, n(y, 8))) € —intRE. (19)
By invexity of f;, i € ., wrt n, we have
(& n(y, D) < fi(y) = fi(®). (20)
From (19) and (20), we then have
(1) = fi®), ..., fo(y) = fe(®)) € —intRY,

which contradicts our assumption that x is a weak efficient solution of (VOP). Hence,
the result is proved. d

From Theorem 4.1 and Propositions 4.3 and 4.4, we have the following result.
Theorem 4.2 Let K C R” be invex wrt ) : K x K — R" such that n is skew. For
eachie€ ¥ ={1,...,¢}, let fi : K — R be locally Lipschitz and invex wrt n on K.

Then, x € K is a solution (WGSVVLIP) if and only if it is a weak efficient solution of
(VoP).
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