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Abstract In this paper, we introduce some iterative algorithms for finding a common
element of the set of solutions of a mixed equilibrium problem, the set of fixed points
of a strict pseudocontraction and the set of solutions of a variational inequality for a
monotone, Lipschitz continuous mapping. We obtain both weak and strong conver-
gence theorems for the sequences generated by these processes in Hilbert spaces.
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1 Introduction

Let H be a real Hilbert space with inner product (., .) and induced norm ||.|| and let
C be a nonempty closed convex subset of H.Let ¢ : C — R be a function and F be a
bifunction from C x C to R, where R is the set of real numbers. Ceng and Yao [1] and
Bigi, Castellani and Kassay [2] considered the following mixed equilibrium problem:

Find xeC suchthat F(x,y)+¢(y) —e(x)>0, VyeC. @))

The set of solutions of (1) is denoted by MEP(F, ¢).
If ¢ =0, then the mixed equilibrium problem (1) becomes the following equilib-
rium problem:

Find xeC suchthat F(x,y)>0, VyeC. 2)
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If p=0and F(x,y) =(Ax,y —x) forall x, y € C, where A is a mapping from
C into H, then problem (1) becomes the following variational inequality:

Find xeC suchthat (Ax,y—x)>0, VyeC. 3)

The set of solutions of problem (3) is denoted by VI(C, A).

The problem (1) is very general in the sense that it includes, as special cases,
optimization problems, variational inequalities, minimax problems, Nash equilibrium
problem in noncooperative games and others; see for instance, [1-4].

Recall that a mapping T : C — C is said to be a k-strict pseudocontraction [5] if
there exists 0 < x < 1 such that

ITx = Tyll* < llx = yII* +« (I = T)x — (I = D)y||*>, V¥x,yeC,

where I denotes the identity operator on C. Clearly, T is nonexpansive if and only
if T is a O-strict pseudocontraction. Note that the class of strict pseudocontraction
mappings strictly includes the class of nonexpansive mappings. We denote the set of
fixed points of T by Fix(T).

Ceng and Yao [1] introduced an iterative scheme for finding a common element of
the set of solutions of problem (1) and the set of common fixed points of a family of
finitely nonexpansive mappings in a Hilbert space and obtained a strong convergence
theorem. Some methods have been proposed to solve the problem (2); see, for in-
stance, [3, 4, 6—11] and the references therein. Recently, Combettes and Hirstoaga [6]
introduced an iterative scheme of finding the best approximation to the initial data
when E P (F) is nonempty and proved a strong convergence theorem. Takahashi and
Takahashi [7] introduced an iterative scheme by the viscosity approximation method
for finding a common element of the set of solutions of problem (2) and the set
of fixed points of a nonexpansive mapping in a Hilbert space and proved a strong
convergence theorem. Su, Shang and Qin [8] introduced an iterative scheme by the
viscosity approximation method for finding a common element of the set of solutions
of problem (2) and the set of fixed points of a nonexpansive mapping and the set
of solutions of the variational inequality problem for an «-inverse strongly monotone
mapping in a Hilbert space and proved a strong convergence theorem. Tada and Taka-
hashi [9] introduced two iterative schemes for finding a common element of the set
of solutions of problem (2) and the set of fixed points of a nonexpansive mapping in a
Hilbert space and obtained both strong convergence theorem and weak convergence
theorem. Plubtieng and Punpaeng [10] introduced an iterative process based on the
extragradient method for finding the common element of the set of fixed points of
nonexpansive mappings, the set of an equilibrium problem and the set of solutions
of variational inequality problem for «-inverse strongly monotone mappings. Ceng,
Al-Homidan, Ansari and Yao [11] introduced an iterative algorithm for finding a
common element of the set of solutions of problem (2) and the set of fixed points of
a strict pseudocontraction mapping and obtained a weak convergence theorem.

On the other hand, Browder and Petryshyn [5] showed that, if a k-strict pseudo-
contraction T has a fixed point in C, then starting with an initial xg € C, the sequence
{x,} generated by the recursive formula

Xpp1 =ax, + (1 —o)Tx,,
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where « is a constant such that k < o < 1, converges weakly to a fixed point of 7.
Marino and Xu [12] and Zhou [13] have extended Browder and Petryshyn’s above-
mentioned result by proving that the sequence {x,} generated by Mann’s algorithm,

Xp1 =0pXxp + (1 —ap)Txp,

converges weakly to a fixed point of T, provided the control sequence {«,,} satisfies
some conditions.

In the present paper, inspired and motivated by the above ideas, we introduce some
iterative algorithms based on the extragradient method for finding a common element
of the set of solutions of a mixed equilibrium problem, the set of fixed points of a
strict pseudocontraction and the set of the solution sets of a variational inequality for a
monotone, Lipschitz continuous mapping. We obtain both weak convergence theorem
and strong convergence theorem for the sequences generated by these processes. The
results in this paper generalize and improve some well-known results in the literature.

2 Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm || - ||. Let C be a
nonempty closed convex subset of H. Let symbols — and — denote strong and
weak convergence, respectively. In a real Hilbert space H, it is well known that

x4+ (1 =)y I2 = Alx ) + (L= D lyI> =20 =) x — I,

forall x,y € H and A € [0, 1].

For any x € H, there exists a unique nearest point in C, denoted by Pc(x), such
that ||x — Pc(x)|| < |lx — y|| for all y € C. The mapping Pc is called the metric
projection of H onto C. We know that P¢ is a nonexpansive mapping from H onto C.
It is also known that Pc(x) € C and

{(x = Pc(x), Pc(x) —y) =0, “

forallx e Hand y e C.
It is easy to see that (4) is equivalent to

x — ylI> > lx — Pc)|I*> + Iy — Pc(x)]%, )

forallxe Hand y € C.
A mapping A of C into H is called monotone if

(Ax — Ay, x —y) >0,

for all x,y € C. A mapping A : C — H is called k-Lipschitz continuous if there
exists a positive real number k such that

[Ax — Ayl < kllx =yl
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for all x,y € C. Let A be a monotone mapping of C into H. In the context of the
variational inequality problem, the characterization of projection (4) implies the fol-
lowing:

ueVI(C,A) = u=Pc(u—»xrAu), A>0,
and
u=Pc(u—ArAu), forsome A>0 = ueVIC,A).

It is also known that H satisfies the Opial condition, i.e., for any sequence
{xn} C H with x,, — x, the inequality

liminf||x,, — x| < liminf|x, — y||
n—oo n—oo

holds for every y € H with x # y.
For solving the mixed equilibrium problem, let us give the following assumptions
for the bifunction F, ¢ and the set C:

(Al) F(x,x)=0forallx € C.

(A2) F is monotone, i.e. F(x,y)+ F(y,x) <0forany x,y e C.

(A3) Foreach y € C, x — F(x,y) is weakly upper semicontinuous.

(A4) Foreach x € C,y+ F(x,y) is convex.

(AS5) Foreach x € C,y+— F(x,y) is lower semicontinuous.

(B1) For each x € H and r > 0, there exist a bounded subset D, € C and y, € C
such that, for any z € C \ Dy

1
F(z, yx) +¢(yx) —9(2) + ;(yx —z,z—x) <0.
(B2) C is abounded set.

Lemma 2.1 [14] Let C be a nonempty closed convex subset of H. Let F be a bifunc-
tion from C x C to R satisfying (A1)-(A4) and let ¢ : C — R be a lower semicon-
tinuous and convex function. For r > 0 and x € H, define a mapping T, : H — C as
follows:

Tr(X)={ZECiF(Z,y)+<ﬂ(y)—€0(Z)+%<y—z,z—X)ZO»VyGC},

forall x € H. Assume that either (B1) or (B2) holds. Then, the following conclusions
hold:

(i) Foreachx e H, T, (x) # 0.
(i) T, is single-valued.
(iii) T} is firmly nonexpansive, i.e., for any x,y € H,

17 (6) = TP < (Tr (x) = T (), x — ).

(iv) Fix(T,) = MEP(F, ¢).
(v) MEP(F, @) is closed and convex.
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Remark 2.1 We remark that Lemma 2.1 is not a consequence of Lemma 3.1 in [1],
because the condition of the sequential continuity from the weak topology to the
strong topology for the derivative K’ of the function K : C — R does not cover the

case K(x) = %

3 Main Results

In this section, we show strong and weak convergence theorems of some iterative al-
gorithms based on extragradient method (and hybrid method) which solves the prob-
lem of finding a common element of the set of solutions of a mixed equilibrium
problem, the set of fixed points of a strict pseudocontraction and the solution set of
the variational inequality for a monotone, Lipschitz continuous mapping in a Hilbert
space.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from C x C to R satisfying (A1)—(AS) and let ¢ : C — R be
a lower semicontinuous and convex function. Let A be a monotone and k-Lipschitz
continuous mapping of C into H. Let T : C — C be an g-strict pseudocontraction
for some 0 < & < 1 such that Q = Fix(T) N VI(C, A) NMEP(F, ¢) # . Assume also
that either (B1) or (B2) holds. Let {x,}, {un}, {yn}, {ta}, {20} be sequences generated
by

X]=x€H,

1
Fun, y) +0(y) —@n) + —{y —un,un —x,) 20, VyeC,

n

Yu = Pc(uy — Ay Auy),

tn = Pc(un — AnAyn),

Zn=0outy + (1 —a,)Tt,,

Co={z€C:llzn—zl* < llxn — 2> — (I — @) @n — &) ita — Ttall*},
On={z€H:{xy—z,x —xn) 20},

xn+1 = PCannx’

foreveryn =1,2,.... Assume that {A,} C [a, b] for some a, b € (0, %), {a,} C e, d]
for some c,d € (g, 1) and let {r,} C (0, 00) satisfy liminf,,_, o 1, > 0. Then, {x,},
{un}, {vn}, {ta}, {zn} converge strongly to w = Pq(x).

Proof First observe that C, is closed and convex by Lemma 1.2 in [12] and Q,, is
closed and convex for every n = 1,2, .... By definition of Q,,, (x, —z,x —x,) >0
for all z € Q, and by (4), x, = Pg, (x). Now we show that Q2 C C, for any n. Let
u € Q and let {7,,} be a sequence of mappings defined as in Lemma 2.1. Then,
u=Pc(u—rAu) =T, (u). Fromu, =T, (x,) € C, we have

lun —ull =Ty, (cn) = T, @) < llxp — ull. (6)
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From (5), the monotonicity of A, and u € VI(C, A), we have
ltw — ull® < Ml — An Ay — ull* = lun — AnAyn — ta1?
= [lun — ull* = llttn = tall* + 220 (Ayn, u — 1)
= llun — ull® = llun — tall* + 200 ((Ayn — Au,u — yy)
+ (Au, u — yn) + (Ayn, Yu — tn))
< llun — ull* = ltn — tull* + 220 (Ayn, Yo — tn)
= [lun — wll* = Nl — yull* = 20un = Yu, Yn — tn)
—11yn = tall* + 2An (Ayn, Yn — tn)
= [lun — wll® = llttn = yall* = 30 = tall* + 2(ttn — Xy Ayn — Yno ta — Yn).
Further, Since y, = Pc(u,, — A Au,) and A is k-Lipschitz continuous, we have
(Un = AnAYn — Yu» tn — Yn)
= (un — AnAuty — Yn, tn — Yn) + (An Aty — Ay AYn, tn — Yn)
< (AnAup — A AYn, bn — Yn)
< Mnkllttn = yulllltn = yull.
So, we have
ltw — w1 < Netw = wll? = aw = yal* = 130 = 1a >

+ 2Xkllun — yallllts — yaull

< Nl = ull® = lln = Yl = 130 — tall* + 2>k tn — yull®
+ lltw = yall®
= llun — ull* + on®k* = Dy — yull*.
< Ny — ull?. ©)

It follows from (6), (7), z, = ant, + (1 — @) Tt, and u = Tu that
lzn = ull® = anlita — ull® + (1 — @) | Tty — ull* = an (1 — o) [ltn — Tt |1
< aplltn —ul* + (1 —a)llltn — ul* + &lltn — Tta|*]
—an(1 =)l — Tty |?
= lltn — ul* + (1 — a) (& — ) 11w — Tt||?
< lun — ul* + On®k* = Dllun — yull* + (1 — @) (e — &) |ta — Tta|*
< lxn —ull? + A2k = Dl — yull?
< o — ull?, ®)

foreveryn=1,2,....
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From (6)—(8), we obtain that
lzn — ull® < lxy — ull* + (1 — ap) (e — ) |ty — Tt |7, )

for every n =1,2, ..., and hence u € C,. So, 2 C C,, for every n =1, 2, .... Next,
let us show by mathematical induction that {x,} is well defined and Q2 C C,, N Q,, for
every n =1,2,.... Forn =1 we have x; = x € H and Q1 = H. Hence we obtain
€ C C1 N Q1. Suppose that x; is given and 2 C Cr N Qy for some positive integer k.
Since €2 is nonempty, Cx N Qy is a nonempty closed convex subset of H. So, there ex-
ists a unique element x| € C; N Oy such that xx41 = Pcyng, (x). It is also obvious
that there holds (xg4+1 — z, x — xx4+1) > 0 for every z € Cx N Q. Since Q2 C Cy N Ok,
we have (xx11 — 2, x — xk41) > 0 for every z € Q and hence 2 C Q1. Therefore,
we obtain 2 C Ciy1 N Qk+1-
Let lo = Pox. From x,, 11 = Pc,np,x and lp € 2 C C, N O, we have

Xn+1 — xII < lllo — x|l (10)
forevery n = 1,2, .... Therefore, {x,} is bounded. From (6)—(8), we also obtain that

{t.}, {zn} and {u,} are bounded. Since x,+1 € C, N @, C C, and x, = Py, (x), we
have

ln = %I < lxn1 — x|l

forevery n =1, 2, .... Therefore, lim,_, » ||x, — x| exists.
Since x;, = Pg, (x) and X, 11 € Oy, using (5) we have

2 2 2
lxn+1 = xn I < lXp41 — 217 = llxn — x11%,
for every n =1, 2, .... This implies that
lim ||x;41 — x| = 0.
n—>0oo
Since x,41 € C,,, we have
2 2 2 2
lzn = Xpt1I” < llxn — Xpg1 117 — A — o) (o — )t — Tt ll” < llxn — Xpt1ll
and hence
lxn — zull < xn — xpa1ll + X041 — zoll < 20%0 — Xp41ll,

foreveryn =1,2,.... From lim,_,  ||X,+1 — X, || =0, we have ||x,, — z,|| = O.
For u € Q, from (8) we obtain

lzn — ull® < llxn — ull® + 2k — Dy — yull*.
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Thus, we have
i = 1P < s (e = I s — )
1 — A,k

1
T pz2 n =l A+ llzn — ulDllxn = zal.

It follows from ||x,, — z, || = O, {x,} and {z,} bounded that ||lu;, — y,|| — 0. From the
definition of #, and y,, we have

ltn — yull = | Pc(un — AnAyn) — Pc(un — Ay Auy)||
< N n — ApAyn) — (Up — AgAuy)||
< Ankllyn — unll. (11)

This implies that lim;,_, o [|t; — yu || = 0. From [[u,, — 1, || < lup — yaull + lyn — 121l we
also have ||u, —t,|| — 0. As A is k-Lipschitz continuous, we have || Ay, — At,|| — 0.
Frome <c <a, <d <1 and (9), we have

(I —=d)(c—28)ltn — Ttn”2 < (I —=oap)oy — &)ty — Ttn”2
< llxn —ull® = llza — u)?
< (lxn —ull + llzn — wlDllxn — zall-
This implies that
lim ||t, — Tt,|| =0. (12)
n—oo
For u € 2, we have from Lemma 2.1,
lun — ull® = 1T, x0 — Ty, ul)?

< ATy, xn — Tr,u, xp — u)

= %{nun —ull? + oy — ul* = llx, — unll?).

Hence,

i — ull® < llxn — ull* =[x — unll*. (13)

It follows from (8) and (13) that
lzn — ull® < lluw — ull® < loxn — ull® = lxn — unll®
Hence,
20 — nll* < lxn — ull® = llza — ul?
< (o — ull + llzn — ul) lxn = znll.

Since ||x;, — zxll = 0, {x,} and {z,} are bounded, we obtain |x, — u,| — 0. From

ltn — xull < ltn — unll + llxn — uy ||, we also have ||z, — x, || — O.

@ Springer



J Optim Theory Appl (2010) 144: 107-119 115

As {x,} is bounded, there exists a subsequence {x,;} of {x,} such that x,,; — w.
From ||x, —u,|| — 0 and ||#, — x, || = O, we obtain that u,; — w and t,,; — w. Since
{un;} C C and C is closed and convex, we obtain w € C. It follows from (12) that

Ity — Tty || = O.

So by the demiclosedness principle (Proposition 2.1(ii) in [12]), it follows that w €
Fix(T'). In order to show that w € €2, we need show w € MEP(F, ¢). By u, =T, x,,
we know that

1
F(ulzay)+§0(y)_(p(un)"‘r_(y_“naun_xn>ZO’ VyeC.

n

It follows from (A2) that

1
w(y)_go(un)+r_(y_un7un_xn>ZF(ysun% VyeC.

n

Hence,

Un; — Xn;
<P()’)—<P(Mn,)+ y_un,'a V— ZF(y,unl.), VyEC
n;

Un;

It follows from (A4), (AS), and the weakly lower semicontinuity of ¢, M50

rni
and u,, — w that

F(y,w)+ew) —¢(y) <0, VyeC.

ForO<t<landyeC,lety; =ty + (1 —t)w. Since y € C and w € C, we obtain
y; € C and hence F(y;, w) + ¢(w) — ¢ (y:) < 0. So by (A4) and the convexity of ¢,
we have

0= F(y,y) + o) =)
StFQny) + (L= F(y, w) +19(y) + (1 = )e(w) — @ (y)
< tLFQny) + () — ()]
Dividing by ¢, we get
FQey) +9() —e(n) = 0.
Letting t — O, it follows from (A3) and the weakly lower semicontinuity of ¢ that
F(w,y)+¢() —¢w) =0,

for all y € C and hence w € MEP(F, ¢).

Exactly as in the proof of Theorem 3.1 in [14], we can prove that w € VI(C, A).
This implies w € .

From Iy = Pq(x), w € 2 and (10), we have

llo — x|l < llw — x|l <liminf||x,; — x| <limsup [x,, — x|l < [llo — xI|.
1—> 00 i—00
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So, we obtain
1im [x, — x| = [[w - x|.
1—> 00

From x,, —x — w — x, we have x,, — x — w — x and hence x,, — w. Since x,, =
Po,(x)andlp e QC C, N Q, C @y, we have

o — Xn; I1* = (Lo — Xny» Xn; — X) + (lo — X, , X — Lo} = (lo — X, , X — o).

As i — 00, we obtain —||lg — w||> > (lp — w, x —lp) = 0 by lp = Po(x) and w € Q.
Hence we have w = [y. This implies that x,, — [p. It is easy to see u,, — ly, y, — lo,
t, — lo, and z,, — lp. The proof is now complete. O

Remark 3.1 Since the nonexpansive mapping has been replaced by a strict pseudo-
contraction or the inverse strongly monotonicity of the mapping A has been weakened
by the monotonicity of A, Theorem 3.1 improves or extends the main results in [,
7-10].

Theorem 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H.
Let F be a bifunction from C x C to R satisfying (A1)—(AS) and let ¢ : C — R be
a lower semicontinuous and convex function. Let A be a monotone and k-Lipschitz
continuous mapping of C into H. Let T : C — C be an ¢-strict pseudocontraction
for some 0 < & < 1 such that Q = Fix(T) N VI(C, A) "MEP(F, ¢) # @. Assume that
either (B1) or (B2) holds. Let {x,}, {un}, {t.}, {yn} be sequences generated by

X1=x€H,

1
F(unvy)"’_@(y)_(ﬂ(un)+r_<y_unaun_xn>20’ VyeC,

n
Yu = Pc(uy — Ay Auy),
th = Pc(up — AnAyy),

Xpp1 =0pty + (1 — )Ty,

foreveryn =1,2,.... Assume that {A,} C [a, b] for some a, b € (0, %), {on} C [, d]
for some c,d € (g, 1) and {r,} C (0, 00) satisfy liminf,,_, oo 7, > 0. Then, {x,}, {un} ,
{ta}, {vn} converge weakly to w € Q2, where w = lim,_, o Pqx;,.

Proof Let u € Q and let {7}, } be a sequence of mappings defined as in Lemma 2.1.
Then u = Pc(u — A, Au) =T, (u). As in the proof of Theorem 3.1, we know that (6),
(7), (11) and (13) still hold.

It follows from (6), (7), xp+1 = otnty, + (1 — ;) Tt, and u = Tu that

Ixn+1 — > = Nty + (1 — ) Tty — ul|?
<ty —ull® + (1 — @) (e — an)lity — Tty >

< it — ull* + Ok = Dlltt — yull* + (1 — 0t) (e — @) Ity — Tt ||*
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< llxn — ull® + k> = Dy — yall®
< llxn —ull%, (14)
for every n =1, 2, . ... Therefore, there exists 6, = lim,—  ||x, — u|| for any u € Q

and {x,} is bounded. From (6) and (7), we also obtain that {z,} and {u, } are bounded.
By (14), we have

2 2 2
it = 3all? < (e =l = a1 — ).

1
1 — A,2k2

Hence, ||u, — yu|| — 0. It follows from (11) that lim,—c |t — Yu|| = 0. From
ety — tnll < Nty — yull + lyn — tn || we also have ||u, —t,|| = 0. As A is k-Lipschitz
continuous, we have || Ay, — At,|| — 0.

From (14) and (6), we also have

21 — wll® < N0 — ull® + (1 — @) (e — an)llity — Tty %, (15)

foreveryn=1,2,....
Frome <c <a, <d <1 and (15), we have

(I =d)(c = &)ty — Ttyl* < (1 — ) (ot — &) |tn — Ttll>

< Mlxn = ull® = lxn g1 — ul®.
This implies that
lim |[t, — Tt,| = 0. (16)
n—oo
Then, by (14) and (13), we have

2 2
[xnt1 — ull” < llun —ull

2 2
< llxen = ull® = llxn — unll”

Hence,
2 2 2
lxn — unll” < llxn —ull” — llxp4+1 — ull”.

Thus, we obtain ||x, — u,|| = 0. From ||t, — x,|| < |1t, — unl| + || xn — un||, we also
have ||t,, — x,|| — O.

As {x,} is bounded, there exists a subsequence {x,;} of {x,} such that x,,; — w.
From ||x, — u,|l — 0 and ||z, — x,|| — O, we obtain that u,; — w and #;; — w.
Since {u,;} C C and C is closed and convex, we obtain w € C. Exactly as in the
proof of Theorem 3.1, we can obtain that w € €2. Indeed, for this we do not use the
definition of x, that here is different from that in Theorem 3.1. We use only the fact
that u, = T, (xn).

Let {x,,_/} be another subsequence of {x,} such that x, iz Then z € Q. Let us
show w = z. Assume that w # z. From the Opial condition, we have

lim |lx, —w| = liminf|x,, — w| < liminf|/x,, — z||
n— 00 i—o00 i—00
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= lim |lx, — z|| = liminf X, — z||
n—o0 j—>00 !

< liminf ||x,. — w| = lim ||x, —w].
j—o0o I n—00

This is a contradiction. Thus, we have w = z. This implies that x, — w € 2. Since
lxn — uyll — 0, we have u, — w € Q. Since ||y, — u,| — 0, we have also y, —
w e Q.

Now put w, = Pq(x,). We show that w = lim,—, oo Wy,

From w, = Po(x,) and w € 2, we have

(W — wp, wp — x,) > 0.

From (14) and Lemma 3.2 in [15], we know that {w,} converges strongly to some
wo € Q. Then, we have

(w —wo, wo —w) >0

and hence w = wy. The proof is now complete. g

Remark 3.2

(i) Theorem 3.2 extends and improves Theorem 4.1 in [9].
(i) Let A =0 and ¢ = 0, by Theorem 3.2, we recover Theorem 3.1 in [11] with
some modified conditions.
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