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Abstract Scalarization of fuzzy multiobjective programming problems using the
embedding theorem and the concept of convex cone (ordering cone) is proposed in
this paper. Since the set of all fuzzy numbers can be embedded into a normed space,
this motivation naturally inspires us to invoke the scalarization techniques in vector
optimization problems to evaluate the a multiobjective programming problem. Two
solution concepts are proposed in this paper by considering different convex cones.
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1 Introduction

Ever since Bellman and Zadeh [1] inspired the development of decision making un-
der the fuzzy environment by providing the aggregation operators to combine the
fuzzy goals and fuzzy decision space, the topic of fuzzy optimization has been widely
investigated. The fuzzy optimization problems deal with fuzziness in optimization
problems. In such cases, some useful tools in fuzzy sets theory are invoked to solve
the optimization problems under the fuzzy environment. The collection of papers
on fuzzy optimization edited by Slowinski [2] and Delgado et al. [3] give the main
stream of this topic. The books by Zimmermann [4] and Lai and Hwang [5, 6] also
give an insightful survey. Moreover, for the other variants of fuzzy multiobjective
programming problems, we may refer to the literature review in Wu [7]. On the other
hand, for the vector optimization problems with respect to cones, we may refer to
Benson [8-10], Borwein [11] and Yu [12].
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The technique for solving fuzzy optimization problems using embedding theorem
was proposed by Wu [13]. The solution concept of fuzzy multiobjective programming
problem based on convex cones was also proposed by Wu [7]. The purpose of this
paper is to consider another viewpoint, i.e., the scalarization of fuzzy multiobjective
programming problem based on the concept of convex cones and the embedding the-
orem simultaneously. However the embedding theorem used in this paper is different
from that of Wu [7].

The set of all fuzzy numbers is not a vector space in general. However, Puri and
Ralescu [14] and Kaleva [15] proved that the set of all fuzzy numbers can be embed-
ded into a normed space. Under this motivation, the scalarization technique in vector
optimization turns into a useful tool in solving the corresponding vector optimization
problem that can be transformed from the original fuzzy multiobjective programming
problem using the embedding theorem and a suitable linear defuzzification function.

In Sect. 2, we present the embedding theorem and prove the order preserving prop-
erty under the embedding function (that is, the order does not change the direction
under the embedding function). In Sect. 3, we formulate the fuzzy multiobjective
programming problems using the concept of convex cones and introduce different
notions of optimality. In Sect. 4, the scalarization methodology for fuzzy multiob-
jective programming problem is developed by following the essence of scalarization
technique in vector optimization problems. Use of the methodology developed in this
paper is illustrated by applying it to some practical problems in Sect. 5. Conclusions
of the present study are finally drawn in Sect. 6.

2 Embedding and Order Preserving

Let A be a subset of R. Then, the corresponding indicator function of A is given
by xa(x) =1if x € A and x4 (x) =0 if x € A. The fuzzy subset a of R is defined
by a function &; : R — [0, 1], which is an extension of indicator function and is
called a membership function of a. The «-level set of a, denoted by ay, is defined by
ag ={x € R:&;(x) > a} forall @ € (0, 1]. The O-level set ay is defined as the closure
of the set {x e R:&;(x) > 0},i.e.,a0 =cl({x e R: &;(x) > 0}).

Definition 2.1 The fuzzy subset a of R is said to be a fuzzy number if the following
conditions are satisfied:

(i) a is normal, i.e., there exists an x € R such that &;(x) = 1;
(ii) &; is quasiconcave, i.e., £;(tx + (1 —¢)y) > min{&; (x), &;(y)} for t € [0, 1];
(iii) &; is upper semicontinuous, i.e., {x € R: &;(x) > o} is a closed subset of R for
eacha € (0, 1];
(iv) the O-level set ag is a closed and bounded subset of R.

Since a, C ag for each a € (0, 1], we see that the a-level sets a, are bounded
subsets of R for all @ € (0, 1]. We denote by F(R) the set of all fuzzy numbers. It is
well known that if a € F(R), then the «-level set of a is a closed, bounded and convex
subset of R, i.e., a closed interval in R. Therefore, we denote by a, = [Zzé, Zlg ]. For
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convenience, the membership function of 0 is defined by

1, ifr=0,
%'()(r) - {O, otherwise.

It is easy to see that (){; =0= f)g for all @ € [0, 1].
Let @ and b be two fuzzy numbers. Using the extension principle in Zadeh [16—18]

and referring to Puri and Ralescu [14], the membership function of the addition a & b
is defined by

§i0p(@ = sup  min{&;(x),§;(y)} (1)
{(x,y):x+y=z}

and the membership function of the scalar multiplication Aa, A € R, is defined by

&a(z/2), ifA#0,
£a(@) =10, ifA=0and z #0, )
1, ifA=0=z.

It also means that Ad = 0 if A = 0.

Proposition 2.1 Lera, b € F(R). Then a ® b € F(R) and Aa € F(R) for » € R and
A #£ 0. Moreover, we also have the following useful results:

(i) @®bL=al +bL and (@@ b)V =al +bY fora l0,1],
(i) (kd)OLt =A-ay and ()»Zz)g =A- Zzgfork >0and o €0, 1],
(i) (Aa)L =x-aYl and 0a)Y =xr-al for » <0and a €10, 1].

Definition 2.2 Let a be a fuzzy number. We call a a canonical fuzzy number if Ezol;
and &g are continuous with respect to « on [0, 1], i.e., the functions f(«) = Zz(]; and

g(a) = aY are continuous on [0, 1].

We denote by F.(R) the set of all canonical fuzzy numbers. In general, F.(R) is
not a vector space according to the addition and scalar multiplication described in (1)
and (2), respectively. However, Puri and Ralescu [14] and Kaleva [15] proved that
F+(R) can be embedded into a normed space (N, | - ||) isometrically and isomorphi-
cally. In other words, if 7 is the embedding function 7 : F.(R) — N, then

(i) 7@ ®b) =n(a) +n(b),
(i) n(kd) = Am(a) for A > 0,
(ili) d(@,b) = |n(@) — 7B,

where the metric d(-, -) on F.(R) is defined by

d(a,b)y= sup dp(ay,bs)

0<a<l1

and the Hausdorff distance dy is given by

dy(A, B) = max{sup inf |a — b, sup inf |a — b|}.
aeAbEB beB acA
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More precisely, the normed space (N, | - ||) consists of the equivalence classes
[a, b]] induced by the equivalence relation (a, b) ~ (c, d) if and only if a ®od=bde,
where (@, b), (¢, d) € F(R) x F.(R). The vector addition and scalar multiplication
in (W, || - ||) is defined by

@, b1+ ¢, dl =la & ¢, b & d] ()
and
.z [ra, Ab]l, if A >0,
Ala, bl = - - i
fla. b1 {[[(—,\)b, (—nall, ifr<o0.
The norm in A is defined by
i, b1l = d (@, b).
We see that [[0, 0] is the zero element of the normed space (N, || - ), since
from (3),

[, b1 + [0, 01 = [[&, &1 = [[0, 0T + [[a, b 1.
The embedding function 7 : F.(R) — N is then defined by
(@) = [[a. O1. &
Now suppose that [[a, ()]] = [[l;, (3]]. Then (a, ()) ~ (l;, 6), ie., c:z =b. It says that the

embedding function 7 is injective (one-to-one). We see that 7 (0) = [[(~), 6]] is the zero
element of the normed space (N, || - |).

Definition 2.3 The function  : F(R) — R is called a defuzzification function. We

say that the defuzzification function 7 is linear if the following conditions are satis-
fied:

n@®b)=n@+nb) and n(a) =xr-n@, ©)
for A e R.

A fuzzy number a € F(R) is defuzzified into a real number n(a). Therefore we
call n as the defuzzication function.

Example 2.1 Let a € F(R). We define

n(a) = / @t +al)da.
From Proposition 2.1, it is not hard to prove that 1 is a linear defuzzification function.
By referring to Puri and Ralescu [14], we give the following definition.
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Definition 2.4 Let a, b € F(R). If there exists a fuzzy number ¢ € F(R) such that
b =a & c (this is well-defined since the addition “@®” is commutative), then ¢ is
unique, and ¢ is called the Hukuhara difference between b and a. We also write
c=bogya.

Proposition 2.2 Let a, I;N € F(R). If the Hukuhara difference ¢ = b©y a exists, then
ck=bL —al and el =bY —al foralla €10, 1]. If a, b € F.(R) and the Hukuhara
difference ¢ = b Oy a exists, then ¢ € F.(R).

Proof The results follow immediately from Proposition 2.1. d

Proposition 2.3 The following statements hold true.

() Leta,b e FR). Suppose that 1) is a linear defuzzification function on F(R). If
the Hukuhara difference b Op a exists, then n(b Oya) = n(b) —n(a).

(ii) Let a,b € F.(R). Suppose that 7 is the embedding function given in (4). If the
Hukuhara difference b oy a exists and belongs to F.(R), then 7(boya) =
7(b) — 7(a).

Proof Let ¢ =b ©py a, ie., b=a & ¢. Then, we have n(b) = 1(a) + 1(¢). On the
other hand, we also have 7 (b) = m(a) + 7 (¢). This completes the proof. O

Definition 2.5 Each binary relation < on the real vector space V is called a partial
ordering on V if the following axioms are satisfied:

(A1) x <x forall x € V (reflexive);

(A2) if x <yand y <zthenx <zforall x,y,z €V (transitive);

(A3) ifx <yanda<bthenx+a<y+bforalx,y,a beV;

(A4) if x <y and A is a positive real number then Ax <Ay forall x, y € V.

Remark 2.1

(i) Let < be a partial ordering on the real vector space V. It is well known that the
set Cy = {x € V:0 < x} is a convex cone. In this case, we say that Cy is induced
by <. Conversely, if Cy is a convex cone in V), then the binary relation < defined
by x <y if and only if y — x € Cy is a partial ordering on V. In this case, we say
that < is induced by Cy .

(ii) The convex cone Cy is called pointed if and only if Cyy N (—Cy) = 0. We see that
if the ordering cone Cy is pointed then the partial ordering < induced by Cy is
antisymmetric. Conversely, if the partial ordering < is antisymmetric, then the
convex cone Cy induced by < is pointed.

Definition 2.6 Let a € F(R). We say that @ is nonnegative if and only if . > 0 for
all @ € [0, 1]. We say that a is positive if and only if &OL( > 0 for all @ € [0, 1].

Remark 2.2 Letae F (R) Since a a U for all « € [0, 1], we see that a is non-

negative if and only if a aa >0and a % z 0 for all @ € [0, 1], and a is positive if and
only if aZ > 0 and @Y > 0 for all « € [0, 1].
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We write F/!(R) = Fe(R) x -+ - x Fe(R) (n times). For u € FI'(R), we also write
U= @!,...,a", where i/ € F.(R) for all j =1,...,n. The addition and scalar
multiplication in F)! (R) can be defined componentwise; that is, for &, v € F/' (R), we
have

idi=@'®d',....a"®0") and Aid=il,..., 2"

for . € R. We also say that the Hukuhara difference v &y u exists if 7 oy i/ exist
forall j =1,...,n. In this case, v &y i means

topi=@'oyal,... 0" oni").

Let 1 be a linear defuzzification function. In this paper, we are going to consider
two solution concepts. Therefore, we consider the following two sets:

Cl=fa=@",...,a" :n@')>0forall j=1,...,nand i € F'(R)}
and
C*>={i=(a',...,a") : i/ are nonnegative forall j=1,...,nand i € Fr(R)}.
Two binary relations <! and <> on FI(R) are defined below.

Definition 2.7 Let i, v € F!(R). We write & <! ¢ (resp. & <? ©) if the Hukuhara
difference § O ii exists and T Sy it € C' (resp. 1 Oy it € C?).

Proposition 2.4 Let ii,v € F!(R) and n be a linear defuzzification function on
FR) Cc FMR).

() If it <" then n(@)) < n(@/) forall j=1,...,n, and if it <> then (/)L <
@HE ana @)Y < @HY forall j=1,...,n and all a € [0, 1].

(i1) The binary relations <! and <? defined on F!(R) satisfy axioms (1)—(4) of De-
finition 2.5.

Proof The results follow immediately from Propositions 2.1, 2.2 and 2.3. g

Remark 2.3 Although the binary relations <! and <2 satisfy axioms (1)—(4) of Defi-
nition 2.5, we cannot say that <! and <2 are partial orderings on /' (R), since ' (R)
is not a real vector space in general. However, if we regard F' (R) as a set, then <!
and <2 are partial orderings on F'(R). On the other hand, if the real vector space
V in Definition 2.5 is relaxed (replaced) as just saying that V is a set instead of a
real vector space with some defined addition and scalar multiplication, then we can
conclude that <! and <? are partial orderings on F'(R) under this new definition
for partial ordering. Sometimes, if V) is a set, then we say that < is a partial ordering
on V if conditions (1) and (2) in Definition 2.5 are satisfied. We don’t have to check
conditions (3) and (4), since V is not a vector space.

Proposition 2.5 Let ii, U € C!. Then, we have the following results:
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() L eCl for x> 0;
(i) A ® (1 —1)d eC! for x € (0, 1).

Proof Tt is easy to see Au/, it/ @ (1 — 1)v/ € F.(R) forall j =1,...,n. Since
is a linear defuzzification function, we have n(Ait/) = A - n(@/) > 0 and n(Ai/ &
(1 =1y =ar-n@@)+ (1 =1)-n@/)>0forall j=1,...,n. This completes the
proof. O

Proposition 2.6 Let ii, U € C2. Then, we have the following results:

() i eC?forx>0;
(i) A ® (1 —1)D € C? for x € (0, 1).

Proof The results follow immediately from Proposition 2.1 and Remark 2.2. g

Remark 2.4 Propositions 2.5 and 2.6 show that C' and C? have the structure of convex
cone in some sense. However, we cannot say that ¢! and C? are convex cones, since
F"(R) is not a vector space. Of course, we may say that C! and C? are convex cones
in F(R) if the definition of convex cone is taken in a set instead of a real vector
space.

Now we consider the product vector space N = N x --- x N (n times). Then,
from Kreyszig [19], we see that N is a normed space with norm given by

1
sl =max{lls"Il..... lIs"[I},

where s = (s',...,s") € N". Let 7 be the embedding function given in (4). We
define a function IT : 7 (R) — N by

M@ = (@), ..., 7 @")) (6)
for u € F'(R).
Proposition 2.7 The sets T1(C') and T1(C?) are convex cones in N".

Proof Lets,t € II(C"). Then, there exist it, ¥ € C! such that 7 (i) = s/ and 7 (¥/) =
t/ forall j=1,...,n. Wehave As/ + (1 =)t/ =1 -7w@) + 1 =1) - 7(®/) =
m(Ai/ & (1 — 1)9/). From Proposition 2.5, we see that As 4+ (1 — A)t € [T(CY). It
shows that TT(C') is a convex subset of V. We also see that As € IT(C!) for A > 0.
Therefore, IT(C') is a convex cone in N". Similarly, from Proposition 2.6, we see
that I1(C?) is a convex cone in N, O

Using Proposition 2.7 and Remark 2.1, we can induce two partial orderings <!
and <? on A" from IT1(C') and I1(C?), respectively. Now we are going to present an

order preserving property under the function IT.

Proposition 2.8 (Order Preserving) Let u,v € F]'(R). Then, u <! ¥ if and only if
M(@) <' 11(D), and i <> ¥ if and only if T(i) <* T1().
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Proof By Proposition 2.3, we see that 7 (/) — w(ii/) = 7(3/ &y it/) for all j =
1,...,n. Itsays that [1(v) — [I(&) =T(v ©F u) € 1y, ie., @) <' 1(d). Con-
versely, if TI(i1) <' T1(D), i.e., TI(¥) — I1(it) € [1(C'), then there exists a W € C!
such that IT(9) — IT(&) = I1(w). It says that 7(3/) = 7 (/) + n (/) = w (@t ® /)

forall j =1,...,n. Since 7 is one-to-one, we have v/ = i1/ @& w’. This shows that
w/ =1/ g u’/ existsforall j=1,...,n,ie,00gu=we€ C!. It also means that
u <1 v. Similarly for the case of “<2” this completes the proof. O

In order to interpret the ordering concept for fuzzy constraint function values, we
consider the following two sets:

Cl ={a:n@) =0anda e F.(R)}
and

Cﬁ = {a : a is nonnegative and a € F.(R)}.

Remark 2.5 Let s € N". We see that s € _l'I(Cl) if and only if s/ € 7(CL) for all
j=1,...,n, andgel’[(Cz) if and only if s/ en(Cfr) forall j=1,...,n.

Using the similar arguments as in Proposition 2.7, we can show that 71(071,) and
n(Cj%) are convex cones in A/, where 7 is the embedding function given in (4). There-
fore, we can induce two partial orderings “5}1” and “5%” on N from n(C)T) and
71(0721), respectively. According to Definition 2.7, for a, b € F.(R), we can define
a <} b (resp. @ <2 b) if the Hukuhara difference b ©y a exists and b ©p @ € C}
(resp. bopyace CJ% ). We also have the order preserving property under the function 7.

Proposition 2.9 (Order Preserving) Let a, b € F.(R). Then, a ﬁ}z b if and only if
m(@) <L w(b), and @ <2 b if and only if (@) <2 7 (b).

Proof The results follow from the similar arguments as in Proposition 2.8. d

3 Fuzzy Multiobjective Programming Problems

Let X be a real vector space. The function f : X — F.(R) is called a canonical
fuzzy-valued function defined on X. Now, we consider the following two fuzzy mul-
tiobjective programming problems:

(FMOPI) min (fi(x)..... fa(x)),
st &) =<L0, i=1,2,...,m,
xeX,

and

(FMOP2) min  (fi(x), ..., fa(x)),
st. &) =<20, i=1,2,...,m,
xeX,
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where f] and g; are canonical fuzzy-valued functions defined on X for all j =
I,...,nand all i =1,..., m. Each problem will be solved with respect to its cor-
responding solution concept. The partial orderings <! and <? in Definition 2.7 will
be used to tackle the fuzzy multiobjective function values ( fi (x), ..., f(x)) in prob-
lems (FMOP1) and (FMOP2), respectively.

Let us write f(x) = (f1(x), ..., fu(x)). Then, we have

Mo fY(x) =TI(f(x)) = (T (fi(x)). ... w(fu (X)) = ((T 0 f)(X), ... (T 0 fi) (X)).

Applying the embedding function 7 to problems (FMOP1) and (FMOP2) and using
Propositions 2.8 and 2.9, it is reasonable to consider the following two corresponding
multiobjective programming problems (MOP1) and (MOP2):

(MOP1) min (Mo f)(x) = (( o fH)(X)..... (T o fu) (X)),
st. (ogN)<Lw(0), i=12,....,m,
x e X,

and

(MOP2) min (Mo f)(x) = (( o f)(x)..... (T 0 fu) (),
st. (mog))<2n0), i=12,...,m,
xeX,

where 7 (0) = [0, 0] is the zero element in the normed space A Since (ITo f)(x) €
N" for x € X, the partial orderings <! and <? induced from the convex cones I1 (Cl)
and T1(C?), respectively, will be used to tackle the multiobjective function values in
problems (MOP1) and (MOP2).

Although the minimization problems for fuzzy multiobjective programming prob-
lems are considered only in this paper, the maximization problems for fuzzy multi-
objective programming problems can also be similarly treated including the solution
concepts that will be described below.

Let us recall some solution concepts. A convex cone Cy, defining a partial ordering
as described before in the real vector space V is also called an ordering cone. Let S be
any subset of V endowed with a partial ordering <. Referring to Jahn [20], an element
x* € S is called a minimal element of S if x < x* for x € S then x* < x. If the partial
ordering < is regarded as an ordering cone Cy), then an element x* € S is a minimal
element of the set S if ({x*}+ (—Cy)) NS C {x*} +Cy. Similarly, an element x* € S
is called a maximal element of S if x* < x for x € S then x < x™*. Equivalently, an
element x* € S is a maximal element of the set S if ({x*} +Cy) NS C {x*} + (—Cy).

Now we say that x* € S is a strongly minimal element of S if x* < x forallx € S,
and x* is a strongly maximal element of S if x < x* for all x € S. Equivalently, an
element x* € S is a strongly minimal element of S if S € {x*} 4+ Cy, and an element
x* € § is a strongly maximal element of S if S C {x*} + (—Cy).

Let S be a nonempty subset of the real vector space V. The set

int(S) = {x € S: for each y € V there exists some ¢ > 0

with x + Ay e Sforall A € [0, ¢]}
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is called an algebraic interior of S. By referring to Jahn [20], an element x* € S is
called a weakly minimal element of S if int(Cy)) # ¢ and there does not existan x € S
such that x* — x € int(Cy)) or, equivalently, ({x*} + (—int(Cy))) NS = @. Similarly, an
element x* € S is called a weakly maximal element of S if ({x*} +int(Cy)) NS = 4.

Definition 3.1 Let 1 be a linear defuzzification function on F.(R) C F(R). We
say that 1 is a canonﬂical linear defuzzification function on F.(R) if a € F.(R) and
n(a) =0imply a =0.

Proposition 3.1 Ler I1 be the function given in (6).

() If n is a canonical linear defuzzification function on F.(R), then the set TI(C")
is a pointed convex cone in N™.
(ii) The set TI(C?) is a pointed convex cone in N™.

Proof From Proposition 2.7, it suffices to show that
nehHnneh) = @@O),...,70) = C*H N (-11(C?)),

where (n(f)), e, n(f))) is the zero element in the normed space N™.

() Let s € TI(C") N (—I1(CY)). Then s, —s € TI(C"). Therefore, there exist i, D €
C! such that T1(7) = s and T1(D) = —s, i.e., w(@/) = s/ and 7(3/) = —s/ for all
j=1,...,n. By adding them together, we have 7 (ii/ @ v/) = 7 (it/) + n (3/) = 7(0)
(note that n(()) is the zero element of the normed space A). Since 7 is one-to-one,
we see that i/ @ 9/ = 0. Then we have 0 = n(0) = n@’ ® 3/) = n@’/) + n(vJ)
We also have n(ii/) > 0 and n(v/) > 0, since @i, D € C!. Therefore we obtain n (/) =

= n(9/). It shows that i/ = 0 = 3/ for all j=1,...,n,since n is a canonical linear
defu221ﬁcat10n function on F.(R). We conclude that s = (n(ﬁ), cee, n(f))).

(ii) For the case of IT(C?), from the proof of (i), we can also obtain it/ @ v/ = 0 for
all j =1,...,n. By Proposition 2.1, we have 0 = (#/)L + (3/)L = @HY + @)Y
Since i, ¥ € C%, we also have (ii/)L > 0, (3/)L >0, @)Y >0 and (3/)Y > 0 by
Remark 2.2. Therefore we obtain 0 = (/)L = (/)L = (u/)U @)Y for all o €
[0,1]and all j =1, ..., n. This completes the proof. O

Let IT be the function given in (6). In the sequel, we are going to show that
int(IT(C")) # @ and int(I1(C?)) # @ in order to obtain some interesting results. First
of all, we need some useful lemmas given below.

Let a be a fuzzy subset of R with membership function &; and a, be the «-level
sets of a for o € [0, 1]. Zadeh [16-18] proved that the membership function &; can
be expressed as

§a(r)= sup a-1g,(r),
ael0,1]
where 15, is the indicator function of set a,. Conversely, we also have the following
result.

Lemma 3.1 (Negoita and Ralescu [21]) Let A be a set and let {A, : o € [0, 1]} be a
Sfamily of subsets of A such that the following conditions are satisfied:
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(@ Ao=A4;
(b) Ag C Aq fora < B;
(©) Aq =(hey Aa, for an 1 a.

Then, the function & : A — [0, 1] defined by

E(r)= sup o-1a,()
ael0,1]

has the property Ay ={r € A: £(r) > a}.

Let @ be a fuzzy number. Then, we see that, for a < g8, al <a¥, al < Ezé and

Zzg > &g. Now, we propose the following definition.

Definition 3.2 Let a be a canonical fuzzy number. Then, a is called a standard fuzzy

iexL _~U L _ L ~U _ U
number if a4, < ag ,a, <ag and a, <ag fora < B.

We denote by F;(R) the set of all standard fuzzy numbers.

Lemma 3.2 Leta € F4(R) and let ¢, d € F.(R). There exist a ¢ > 0 and a standard
fuzzy-valued function b : [0, {1 — F(R) defined on [0, ] such that a ® A¢ = b(A) &
Ad forall » €10, ¢].

Proof We can use Lemma 3.1 to construct the standard fuzzy-valued function b. O

Lemma 3.3 Let m be the embedding function given in (4) and let n be a linear
defuzzification function on F,(R). If a € Fs(R) with n(a) > 0, then, for each s € N,
there exists some ¢ > 0 such that w(a) + As € JT(C}T)for all » € [0, ¢].

Proof The result can be obtained by Lemma 3.2. O

Lemma 3.4 Let w be the embedding function given in (4). If a € F;(R) and a is
positive, then, for each s € N, there exists some { > 0 such that 7w (a) + As € n(Cjo)
forall . €10,¢].

Proof The result can be obtained by Lemma 3.2. O

In order to discuss the nonemptiness of int(IT(C 1Y) and int(I1(C?)), we introduce
the triangular fuzzy numbers. The membership function of a triangular fuzzy number
a=(a", a,a¥) is defined by

(r—ab)/(a—ab), ifat<r<a,
) =1 @ —-r)/@¥ —a), ifa<r<aY,
0, otherwise.

The graph of @ is a triangle with base [a”, aV] and peak a. The a-level set of a is
then

dy =[(1 —a)al +aa, (1 —a)a¥ + aal;
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that is,
it = -a)a +aa and @V =1 -a)a¥ +aa. (7

We also see that —a = (—a¥, —a, —a’). Furthermore, the triangular fuzzy number
a is also a standard fuzzy number, and if at >0, then d is positive.

Proposition 3.2 Let I1 be the function given in (6). If n is a linear defuzzification
function on F,.(R) such that n(ii) > 0 for some ii € F;(R), then int(TI(C')) # @.

Proof Let it/ € Fy(R) with n(ii/) > 0, where it/, j =1, ..., n, are not necessarily
all distinct, which is possible from the hypothesis, since we can take i/ = i for all
j=1,...,n. Let s = (s1,...,5;) € N". From Lemma 3.3, there exists a ;f >0
such that 7 (u/) + As/ € w(CL) for all A € [0, ¢/]. We define ¢ = min{¢!, ..., ¢"}.
Then n(uj) +asi e n(C}T) forall A €[0,¢]and all j =1, ..., n. From Remark 2.5,
we see that TT1(#) + As € TI(CY) for all A € [0, ¢], i.e., [1(it) € int(T1(C')), where
u= @', ..., u"™). This completes the proof. O

Proposition 3.3 Let I1 be the function given in (6). Then int(I1(C2)) # @.

Proof We shall apply Lemma 3.4 and the similar arguments as in the proof of Propo-
sition 3.2. Since the triangular fuzzy numbers are also standard fuzzy numbers, it
suffices to just consider the triangular fuzzy numbers in the proof. It will always
be possible to take the positive triangular fuzzy numbers it/ = (u/t, u/, u/?), ie.,

u/l >0, j=1,...,n. Lets = (s1,...,5,) € N"*. Then the result follows immedi-
ately from Lemma 3.4 and the arguments of Proposition 3.2. g
Now, we let
X'=xeX:(mog)) <L 7(0),i=1,...,m)}, (8a)
S'={Io fHx):x e X'}, (8b)
and
X’={xeX:(mog)x) <2 n0),i=1,...,m}, (9a)
S*={(Mo fH(x):x e X*}. (9b)

Proposition 2.9 says that problems (FMOP1) and (MOP1) have the identical feasible
sets. Similarly, problems (FMOP2) and (MOP2) also have the identical feasible sets.
Since 7 is one-to-one, we propose the following definition.

Definition 3.3 Let us consider the convex cone IT(C').
@) We say that x* is a complete C 1—optimal solution of problem (FMOP1) if (IT o
S/ )(x*) is a strongly minimal element of the set S! defined in (8b) under the

convex cone I1(Ch).
(i) We say that x* is a Pareto C 1-optimal solution of problem (FMOP1) if (IT o
5 (x*) is a minimal element of the set S! under the convex cone IT(C).
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(iii) We say that x* is a weak Pareto C 1—optimal solution of problem (FMOP1) if
(ITo f) (x*) is a weakly minimal element of the set S' under the convex cone

nechH.

We can similarly define the solution concepts based on the convex cone IT(C?) and
problem (FMOP2) by referring to S2 and (9b).

Let X ]CO, X ]]3, and X Y"P denote the set of complete C 1-optimal solutions, Pareto
C'-optimal solutions and weak Pareto C!-optimal solutions of problem (FMOP1),
respectively. We can similarly define the sets X ZCO, X 2P and X ;V P based on the convex
cone I1(C?) and problem (FMOP2). Then we have the following interesting results.

Proposition 3.4 Let the problems (FMOP1) and (FMOP2) be feasible.

@) If n is a linear defuzzification function on F.(R) such that n(a) > 0 for some
€ Fy(R), then X£O  XP < x P
(ii) We have X5 C X5 < X3P,

Proof (i) Since problem (FMOP1) is feasible, the set S I defined in (8b) is nonempty.
From Jahn [20, p. 104, Lemma 4.10], each strongly minimal element of S 1'is also
a minimal element of S!. Therefore X 1CO cX }1). On the other hand, from Jahn [20,
p. 106, Lemma 4.14], if I1(C') % A and int(IT1(C')) # @, then each minimal element
of S! is also a weakly minimal element of S!. Since IT(C!) # N is obvious by
definition, the result follows immediately from Proposition 3.2.

(ii) Using Proposition 3.3, we can similarly prove this result. This completes the
proof. U

4 Scalarization
We define (M)’ to be the set of all linear functionals from N to R. Then the set
Clamny =& € N : 6(s) = 0 forall s € 1CH))
is also a convex cone and is called a dual cone for IT(C'). The set defined by
CHopmy ={p € W™ :¢(s) > Oforall s € TI(CH \(TT(D, ..., 0)}}

is called the quasi-interior of the dual cone for IT(C 1), where TI (6, et 6) is the zero
element in the normed space A" Similarly, we have

Clhyny =1{p € N") :¢(s) = 0 forall s € 1(C?))
and
Cnmy =1 € W™ :(s) > O forall s € TI(C*) \{TT(D, ..., 0)}}.

Then, we have the following interesting results.
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Theorem 4.1 Let the problems (MOP1) and (MOP2) be feasible.

(1) Suppose that n is a linear defuzzification function on F.(R) such that n(a) > 0
for some a € Fg(R). If there exists a linear functional ¢ € C(IN”), \ {0y ),

where Oy is the zero element of (N™')', and an element x* € X! such that

¢((ITo /H(x*) <¢((To fH(x)), forallxeX'

then x* is a weak Pareto C'-optimal solution.
(ii) If there exists a linear functional ¢ € C(ZN,,), \ {O\ny} and an element x* € X2
such that

oMo H(x*) < ¢((Mo fH(x)), forallx e X>,

then x* is a weak Pareto C?-optimal solution.

Proof From Jahn [20, p. 136, Theorem 5.28], if int(TT(C 1)) # @ and there exists
a linear functional ¢ € C(an), \ {Ony} and an element y* € S! with ¢(y*) <

¢(y) forall y € S, then y* is a weakly minimal element of S!. The results follow
immediately from Propositions 3.2 and 3.3. g

Theorem 4.2 Suppose that problem (MOP1) is feasible and n is a canonical linear
defuzzification function on F.(R).

(i) If there exists a linear functional ¢ € C(IN,,), and an element x* € X' such that

¢((Mo HH(x*) < (o fH(x)), forallx e X"\ {x*},

then x* is a Pareto C'-optimal solution.
(ii) Ifthere exists a linear functional ¢ € (C 1 )?N”)/ and an element x* € X1 such that

$((Mo Hx*) <¢((Mo (), forallxeX",
then x* is a Pareto C 1-optimal solution.

Proof From Jahn [20, p. 128, Theorem 5.18], if TT1(C 1) is a pointed convex cone, then
we have:
(i) if there exists a linear functional ¢ € C(IN,,), and an element y* € S! with

d(y*) < ¢(y) forall y € S'\ {y*}, then y* is a minimal element of S!;
(ii) if there exists a linear functional ¢ € (C 1)?/\[”), and an element y* € S ! with

d(y*) < ¢(y) forall y € S!, then y* is a minimal element of S'.
The results follow immediately from Proposition 3.1 (i). g

Theorem 4.3 Suppose that problem (MOP2) is feasible.

(i) If there exists a linear functional ¢ € 6(2/\/")/ and an element x* € X? such that
o((Mo HH(x*) < (o fH(x)), forallx € X*\ {x*},
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then x* is a Pareto C*-optimal solution.
(ii) Ifthere exists a linear functional ¢ € (Cz)‘z Ay and an element x* € X? such that

¢((Mo fH(x*) < (Mo fH(x)), forallx € X*,
then x* is a Pareto C*-optimal solution.

Proof The results follow from Proposition 3.1 (ii) and the similar arguments in the
proof of Theorem 4.2. g

Remark 4.1 Theorems 4.2 and 4.3 still hold true even when the objective functions
fj, j=1,...,n, and the constraint functions g;, i = 1,...,m, assume values on
F(R) instead of F.(R), since the nonemptiness of int(I1(C')) and int(T1(C?)) are
not needed in those two theorems.

5 Practical Problems

In order to interpret the constraints of problem (FMOP2), we consider the ordering
w(a) 5% 7(0). Since 7(0) is the zero element of the normed space (N, | - |1), by
definition, we have —7(d) = 7 (0) — 7 (a) € JT(C%). Although —n(a) #n((—1)a) in
general, we see that n(Zz) = 7(b) for some nonnegative bin C2 By adding 7 (a) on
both sides, we have n(O) =n@)+n(b) =n(adb). Smce 7 is one-to- one we obtain
a®b=0.From Proposition 2.1, we conclude that a a —bL <0Oanda a —bU <0
for all « € [0, 1]. Therefore, the feasible set X2 of problem (FMOP2) shown in (9b)
can be rewritten as

X’={xeX:@GNE<0and G @x)HY <0, fora €[0,1]andi =1,...,m}.
(10)
Similarly, for problem (FMOP1), we can also obtain a & b = 0, where b € C}T, ie.,
n(b) > 0, which implies 7(a) + n(b) = n(a & b) = n(0) = 0. Therefore, we have
n(a) < 0. It says that the feasible set X U of problem (FMOP1) shown in (8b) can be
rewritten as

={xeX:nEx)=<0,i=1,...,m}. (11)

In order to apply the previous theorems, we need to specify the linear functional
¢ : N — R. Here, we are going to define ¢ as

¢, bl ..., Man, bal) =D n@@) = (b,
i=1 i=1

where 7 is a linear defuzzification function. Of course, we need to show that it is
well-defined. Suppose that (cl , d ) € [a;, b QI fori =1, ..., n. By definition, we have
[[cl,d 1= [[a,,b 1 and a; €Bd = b @ ¢;, which also 1mphes n(a;) — n(b ) =n(c;) —
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n(Ji) foralli =1, ..., m. Therefore, we see that
¢(ar, bill. ... [Gn. bal) = ([E1. d1 1. ... [En. dn1))

=Y n@)— Y nb)=Yy n@ -y nd,
i=1 i=1 i=1 i=1

which says that ¢ is well-defined. The linearity of ¢ is also not difficult to prove. We
omit the details. Since 7 (a) = [[a, 0], we also see that

f)=¢ (Mo H(x) =Y n(fi(x). (12)
i=1

Therefore the previous theorems say that, in order to solve problem (FMOP2), we
need to minimize the objective function f given in (12) subject to the feasible set X2
shown in (10), which is a semi-infinite programming problem, since X consists of
infinite constraints. There are many semi-infinite programming algorithms available
for solving this problem by referring to Hettich and Kortanek [22].

Now we illustrate a numerical example to solve problem (FMOP1). Suppose that
we consider the triangular fuzzy number @ = (a — h,a,a + h) for some h € RT,
where a € R is the core value of a. If we adopt the linear defuzzification function n
in Example 2.1, then, according to (7), we obtain n(a) = a. We consider the following
biobjective problem:

min  (f1(x1,...,%s), o(x1,...,x5)),
st 2x1 @ 3x @ 3x3 @ 2xq4 @ 2x5 @ (=20) <L 0,

3x1 @ 5x) @ dx3 @ 2xq @ 4xs @ (=30) <L 0,
X1,X2,x3,Xx4,x5 >0,

where

fl(xl, e, X5) = Qxl &) Ixz &) (:2))63 &) im (&) (:9))65,
Hrxt,...oxs) = (CDx1 ® (59)x2 @ 9x3 B (Z6)x4 D 3uxs.

According to (11) and (12), its corresponding scalar optimization problem is given
by

min —5x; — 8xp — 7x3 — 4x4 — 6x5,

s.t.  2x1 +3xp2 4+ 3x3 + 2x4 4+ 2x5 < 20,
3x1 4+ S5xp + 4x3 + 2x4 + 4x5 < 30,
X1, X2, X3, X4, x5 > 0.

The optimal solution of this problem is (x1 , x2 , x3 , x4, x5) =(0,5,0,2.5,0). There-
fore, from Theorem 4.1, (x}, xJ, x3, x}, x3) = (0,5,0,2.5,0) is a weak Pareto cl-
optimal solution.
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6 Conclusions

Three sets of fuzzy numbers F(R), F.(R) and F;(R) with the relation F,(R) C
Fe(R) € F(R) are considered in this paper. The purpose of introducing the sets
Fo(R) and F;(R) is to guarantee the nonemptiness of int(IT(C')) and int(IT(C?)).
However, whether the nonemptiness of int(IT(C')) and int(IT(C?)) still holds true
based on the set F (R) instead of the set F.(R) remains open. Although Theorems 4.2
and 4.3 are created on the set F.(R), the arguments in the proofs are still valid when
these are created on the set F(R) instead of the set F.(R). The main reason is that
the nonemptiness of int(IT(C')) and int(I1(C?)) are not the conditions that guarantee
Theorems 4.2 and 4.3.

As mentioned in the section of introduction, there are many existing methods
available for solving the fuzzy multiobjective programming problem. These meth-
ods can be roughly classified into parametric programming approach, two-phase ap-
proach, interactive method, dynamic programming approach and differential equation
approach. Since the solution concepts adopted by the researchers are different, these
methods may be incomparable. For example, the solution obtained by applying the
parametric programming approach may not be comparable with the solution obtained
by the interactive method. The main reason is that the solution concepts adopted by
these two methods are different, which also means that the parametric programming
approach may not be used to obtain the solution that is based on the solution concept
adopted by the interactive method. The proposed methodology in this paper is based
on the solution concepts that are induced by the convex cones, which is also different
from the existing methods. In other words, the proposed method in this paper is also
incomparable with the existing methods.

The technique for solving fuzzy optimization problems using embedding theorem
was proposed by Wu [13]. However, the solution concept in Wu [13] is different
from the solution concept adopted in this paper. Therefore, these two methods are
incomparable. Although the solution concept in Wu [7] was also based on the convex
cone that is the same approach adopted in this paper, the difference is that the notions
of convex cones are different. The reason is that the vector space adopted in Wu [7]
consists of the equivalence classes obtained from the set of all fuzzy numbers, and the
vector space adopted in this paper is based on the embedding theorem. This implies
that these two methods are also incomparable.
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