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Abstract This paper deals with a parametric family of convex semi-infinite opti-
mization problems for which linear perturbations of the objective function and con-
tinuous perturbations of the right-hand side of the constraint system are allowed. In
this context, Canovas et al. (SIAM J. Optim. 18:717-732, 2007) introduced a suffi-
cient condition (called ENC in the present paper) for the strong Lipschitz stability of
the optimal set mapping. Now, we show that ENC also entails high stability for the
minimal subsets of indices involved in the KKT conditions, yielding a nice behav-
ior not only for the optimal set mapping, but also for its inverse. Roughly speaking,
points near optimal solutions are optimal for proximal parameters. In particular, this
fact leads us to a remarkable simplification of a certain expression for the (metric) reg-
ularity modulus given in Canovas et al. (J. Glob. Optim. 41:1-13, 2008) (and based
on loffe (Usp. Mat. Nauk 55(3):103-162, 2000; Control Cybern. 32:543-554, 2003)),
which provides a key step in further research oriented to find more computable ex-
pressions of this regularity modulus.
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1 Introduction

This paper is focused on the modulus of metric regularity of a multifunction asso-
ciated with a parametrized family of convex semi-infinite optimization problems.
Metric regularity constitutes a key concept in variational analysis (see, e.g., [5, 6],
and [7]). The reader is also addressed to [8] and [3] for details about the regularity
modulus of generic multifunctions.

The present work deals with the optimal set mapping (also called argmin map-
ping) and its inverse. The main goal of the paper consists of deriving formulae of the
regularity modulus of this inverse mapping (see Theorem 5.1), which in our context
coincides with the Lipschitz modulus of the argmin mapping. Along this paper, we
call ENC—extended Niirnberger condition—to the property introduced originally in
[1, Condition (10)] and whose first implications are gathered in Sect. 2.2.

We consider the canonically perturbed convex programming problem, in R”,

P(c,b) Inf f(x)+ (c,x) (1a)
S.t. g;(x) < bt, teT, (lb)

where x € R" is the vector of variables, c € R”, (., .) represents the usual inner prod-
uct in R”, the index set T is a compact metric space, f : R” — R and g; : R" — R,
t € T, are convex functions, (¢, x) — g,(x) is assumed to be continuous on 7 x R"
(according to [9, Theorem 10.7], it is enough to require the continuity of each
t— g/(x)),and b € C(T,R) (i.e., t — by is also continuous). In this setting, the pair
(c,b) e R" x C(T,R) is regarded as the parameter to be perturbed. The topology in
the parameter space R" x C (7T, R) is described by the norm

ll(c, B)|I := max{[[cl, [blloo}, (@)

where || - || is any given norm in R” and ||b|| oo := max,c7 |b;|. The dual norm || - || is

given by |lu || := max{(u, x) | |x|| < 1}, and d, denotes the corresponding distance.
The optimal set mapping F* : R" x C(T,R) = R" assigns to each parameter

(c,b) e R" x C(T,R) the optimal set—set of optimal solutions—of P(c, b); i.e.,

F*(c,b) :=argmin{ f(x) + (c,x) | g:(x) < b, t € T}.

We set G* := (F*) "L ie, (¢, b) € (F*)"L(x) & x € F*(c, b).

Here, we recall some Lipschitz/regularity concepts and related results: F* is
pseudo-Lipschitz (satisfies the Aubin property) at ((c, b),X) € gph(F*) (the graph
of F*), or equivalently, G* is metrically regular at (X, (¢, b)) € gph(G*) (see for in-
stance [5]), if there exist a constant x > 0 and some associated neighborhood U of x
and V of (Z, b) such that

d(x, F*(c,b)) <kd((c,b),G"(x)), 3

for all x € U and all (c, b) € V, with the convention d (x, &) = +00. Obierve that we
might have considered without loss of generality (w.l.o.g.) ¢ =0, and b = 07 (zero
function) just by replacing f(-) by f(-) + (c, -) and each g;(-) by g:(-) — b;.
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In our context of problems (1) (even in more general contexts, see for instance [5]),
the pseudo-Lipschitz property of F* at ((¢, b), X) is equivalent to the strong Lipschitz
stability of F* at this point (see Lemma 5 in [1]), which can be read as single-
valuedness and Lipschitz continuity of F* near (c, b) (since F*(c,b) is convex).
Under this property, the so-called modulus of metric regularity (regularity modulus,
for short) of G* at (%, (¢, b)), denoted by reg G*(x | (¢, b)), coincides with the Lip-
schitz modulus of F* at (¢, b); i.e.,

| F*(c!, bYy — F*(c2,b?) ||
l(c!, b1y — (2, b))

regG*(x | (¢, b)) = lim sup
(c',bY),(c2,b*)—(C.b)
(c!.bH#(?.b%)

“

where we are using the same notation for the set *(c, b) and its unique element, for
(¢, b) near (¢, b).

The structure of the paper is as follows: Sect. 2 collects the preliminary concepts
and results needed later. Section 3 shows that, for our purposes, under ENC, ¢ may
remain unperturbed. In Sect. 4, we formalize the idea that ENC entails a nice behavior
of the minimal subsets of indices in the KKT conditions, which constitutes a key
result in the sequel. Section 5 is devoted to simplify the expression for reg G*(x |
(c, E)) provided in [2, Theorem 3].

2 Preliminaries
In this section, we provide further notation and some preliminary results.
2.1 Notations and Basic Concepts

Given @ # X C R¥, k € N, we denote by co(X) and cone(X) the convex hull and the
conical convex hull of X, respectively. From the topological side, int(X) and bd(X)
represent the interior and the boundary of X, respectively. If y is a point in any metric
space, Bs(y) and B;(y) denote, respectively, the open and the closed ball centered at
y with radius §.

For all b € C(T, R), we consider the associated constraint system

ob):={g(x)<b;, teT}

and let F(b) be the corresponding set of feasible solutions. We consider also the set
of active indices at x € F(b),

Tp(x):={r €T |gx)=bi}.

Our system o (b) satisfies the Slater constraint qualification (SCQ) if Tj, x% is empty
for some x° € F(b), in which case x? is referred to as a Slater point of o (b).

Next, we recall the well-known Karush-Kuhn-Tucker optimality conditions. For a
convex function & : R" — R, dh(x) denotes its ordinary subdifferential at x.
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Lemma 2.1 [10, Chap. 7] Let (¢, b) e R" x C(T,R) and x € F(b). If

@f (x)+o)N Cone< U (—3gt(X))> #2, (&)

teTy(x)

then x € F*(c, b). The converse holds when o (b) satisfies SCQ.

In this paper, we are concerned with those minimal subsets D C T, (x) such that
(5) holds by replacing the whole Tj(x) by D. According to the Carathéodory theo-
rem, these minimal subsets have at most n elements. Along the paper, we appeal to
the set of §-active indices (§ > 0) at x € F(b),

TP (x):={t € T | gi(x) = b; — 8}.
2.2 Extended Niirnberger Condition and First Consequences

In [1], a sufficient condition for the metric regularity of G* is introduced (see condi-
tion (10) therein). That paper points out that this sufficient condition is rather strong,
but it has the virtue of being formulated exclusively in terms of the nominal prob-
lem’s data, not involving problems in a neighborhood. When confined to the linear
case (f and g;’s being linear functions), this condition turns out to be equivalent to
the one introduced by Niirnberger in [11] (see, also, [12]) for characterizing the strong
uniqueness of optimal solutions in a neighborhood of the nominal parameter. From
now on, this condition, specified below, is referred to as the extended Niirnberger con-
dition (extended in the sense that it is now stated for the convex case, and coincides
with Niirnberger’s condition for linear programs). Here, | - | means cardinality.

Definition 2.1 The Extended Niirnberger Condition (ENC) is said to be satisfied at
(%, (¢, b)) € gph(G*) when

o (b) satisfies SCQ and there is no D C T7(X)

with | D| < n such that (3f (X) +¢) N cone(U(—agt(Y))) + .
teD

Note that ENC constitutes a specification of the KKT optimality conditions, since
it additionally requires the presence of at least n active indices (i.e., exactly n active
indices, taking the Carathéodory theorem into account).

Theorem 2.1 For the convex program (1), let (X, (c, b)) € gph(G*). If ENC is satis-
fied at (X, (c, b)), then the following conditions hold:

() [1, Proposition 9(i)] There exists a neighborhood U of (X, (¢, b)) such that ENC
is satisfied at any (x, (¢, b)) € U N gph(G™*).

(ii) [1, Proposition 9(ii)] There exist u € 9f (X), u; € —0g;, (x), t; € T(X), and A; >
Oforie{l,...,n}, suchthat {uy,...,u,} is a basis of R" and

n
u+E=ZA,~ui.
i=1
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(iii) [1, Lemma 5 and Theorem 10] G* is metrically regular at (x, (c, b)); or, equilia—
lently, F* is single-valued and Lipschitz continuous in a neighborhood of (c, b).

Remark 2.1 [1, Theorem 16] In the linear case, ENC at (x, (c, b)) € gph(G*) turns
out to be equivalent to the metric regularity of G* at (x, (c, b)).

2.3 Variational Tools

Consider a function ¢ : R” — R U {+o00} and a point z € R"” with ¢(z) finite. The
strong slope [13] of ¢ at z is given by

(p(2) —p(yN™

[V|(z) :=lim sup
Y=z lz =yl

Y#z

where o := max{a, 0}. A vector v € R" is called a regular subgradient (also called

the Fréchet subgradient) of ¢ at z, written v € /8\<p (2), if

() =9+ v,y —2z2)+o(ly —zl),

where limq\ o @ = 0 [7, Definition 8.3(a)]. The set /a\cp(z) is closed and convex
[7, Theorem 8.6] and coincides with the ordinary subdifferential set in convex analy-
sis if ¢ is convex [7, Proposition 8.12].

The next result comes from [4, Theorem 2.2] and [3, Proposition 3 in p. 546].

Theorem 2.2 Let Y be a Banach space and let F : R" =2 Y be a set-valued mapping
with a nonempty closed graph. Let (X,y) € gph(F) and assume that the functions

Yy =d(y, F())

are lower semicontinuous for all y in a neighborhood of y. Then,

i . -~ —1
reg F(x |y) = lim sup (d*(O,,, Bwy(x)))
(x,y)=>(x,y)
YEF (x)

= limsup (|Vyy|(x)~".
x,y)—>(x,y)
YEF (x)

We shall ipply this result for writing regG*(x | (¢, b)) in terms of the minimal
norm d(0,, d f»(2)), for (z, b) near (x, b), where

fo(@) :=d(b,G(2) (6)
and grepresents the inverse of F := F* (c,):C(T,R)=R"i.e.,

beG(x) & x e F(b):=F*@,b).
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3 Negligibility of Perturbations of the Objective Function

This section is devoted to clarify the role played by the vector ¢ in (1) in the cal-
culus of regG*(x | (¢, b)), provided that ENC (see Definition 2.1) is fulfilled at
x, (b)) € gph(G*). We actually show that the parameter ¢ can be considered fixed
in our analysis. The following lemma extends [14, Lemma 2] from the linear case to
the convex setting.

Lemma 3.1 Assume that ENC is satisfied at (X, (c, b)) € gph(G*). If a sequence
{(x", (", ")) }ren C gph(G*) converges to (X, (¢, D)), then (x", (¢, b")) € gph(G*),
for r large enough.

Proof Let {(x", (c",b"))},en C gph(G*) converge to (X, (¢, b)). Since o (b) satis-
fies SCQ, we may assume w.l.o.g. that o (b") also does for all r. So, according to
Lemma 2.1 and taking the Carathéodory theorem into account, we write, for each
reN,

n

u’—l—cr=Z)\{uf, @)

i=1

where, forallr e Nand alli € {1, ..., n},

u €df(x"), uje —0gr (x"), forsomet € Tpr(x")and A7 > 0.

Next, we apply a filtering procedure. Since T is a compact metric space, {{} has
a subsequence converging to a certain #; € T5(x), taking the continuity of (z, x) —
g:(x) into account. For simplicity, we denote the associated subsequence of r’s as the
whole sequence. In the same way, we obtain (after filtering n — 1 times) ¢/ — t;, for
certain t; € T5(x), i =2, ..., n. Then, [9, Theorem 24.5] ensures the boundedness of
the sequences of subgradients {u{ }ren, foralli =1, ..., n. The same theorem yields
the boundedness of {u"}. Thus, we may assume w.l.o.g. that u” — u, u} — u;, for
certain

uedf(x), wuje—ag;,(x), i=1,...,n,
where we have applied [9, Theorem 24.4]. Moreover, the SCQ entails the bound-

edness of the sequence {)_/_, A7 }ren (Gauvin-type property). Otherwise, we would

have, for a suitable subsequence, {_;_, )»;k }en — —+00; after dividing both sides of

(7) by Y7, A* and letting k — +00, we obtain

0, econv{uy,...,u,} € conv( U 8g,(f)>,

te Ty(f)

which represents a contradiction with the SCQ (see [1, Lemma 3]). Therefore,
w.Lo.g., ){ — A;j forsome A; >0,i=1,...,n,and so

n
u—+c= Zkiui.
i=1
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Now, ENC at (x, (¢, b)) entails that {ui,...,u,} is a basis of R" (otherwise, the
Carathéodory theorem would allow us to remove some term in » ;_; A;u;, which
would contradict ENC) and A; > O foralli =1, ..., n. Therefore,

u +c €int(cone({uy, ..., uy}))
(see for instance Theorem A.7 in [10]). Thus, for r large enough, we have

u" +¢econe({ufy,...,un})

(see, for instance, [10, Exercise 6.12]), and so, appealing again to Lemma 2.1 and
recalling that ¢/ € Tjr (x") for all i, we conclude that x” € F*(c, b"). O

By exploiting similar ideas to [14, Proposition 4] (for the linear case), we obtain
the following proposition, identifying F*(c, b) with its unique element for b near b.

Proposition 3.1 Assume that ENC is satisfied at (x, (c, b)) € gph(G*). Then,

I F*@, b) — F*&,b)|

regG*(x | (¢, b)) = lim sup = —regG(x | D).
b.b—b 16— blloo
b#b

Proof The second equality comes from the fact that F (= F*(c,-)) is single valued
and Lipschitz continuous around b, as a consequence of the metric regularity of G*
at (%, (¢, b)). According to (4), it is clear that reg G(x | b) <regG*(x | (¢, b)). More-
over, in the nontr1v1al case when reg G*(x | (c, b)) is posmve we can write for certain
(c",b"), (c” br)—>(c b), such that (¢, b") # (" b’) r=1,2,.

IF*(c", b7y — F*@&", b

regG*(x | (¢, b)) = lim sup

oo bT) — (@b
F*@, b)) — F* —’Er -~
§limsup|| G )~ G )Hfregg(xlb).
roo 16" =B lloo

In the previous expression, we have made use of (2) and the previous lemma, which
yields F*(c¢", b") = F*(c,b") and F*(c", b’) =F* (c, b’) for r large enough. Note
that the assumption reg G*(X | (¢, b)) > 0 entails b" # b for r large enough (because,
otherwise, F*(c",b") = F*(c,b") = F*(c", b’) for r large enough). O

The following example shows that the first equality in Proposition 3.1 may fail if
ENC is not satisfied at (x, (c, b)).

Example 3.1 Consider the following problem in R?, endowed with the Euclidean
norm:

P(c,b): Inf{ xl +c1xp +cxxo | |x1| — x2 <b}
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where ¢ := (c1, ¢2). For (¢, b) close enough to (c, b) =((1, %), 0), we have
F*(c,b) ={(c2 —c1,c1 —c2 — b)}.

Hence, F* is strongly Lipschitz stable at ((1, %), 0) and, so, according to Lemma 5
in [1], G* is metrically regular at (X, (¢, b)) with X := (—%, %). Trivially, ENC is not
satisfied at (x, (c, E)), since there is only one constraint in the model. Moreover,

I(=3.3—b)— (3.5 =D _

reg g(f | b) = lim sup ~ 1,
b,EiO ”b - b”oo
b#b
whereas, considering the sequence ((1 + %, % — }), 0),forr=1,2,..., one has

_lly_(l_21_2
regG*(x | (¢, b)) > lim It 12’2) (=2 1”]2+1’)” =2.
= |((1, 5),0) = (1 + 5, 53 — ), 0)l

4 Stability of Minimal Subsets of Indices in the KKT Conditions

This section points out the repercussions of ENC in relation to the stability of the
indices involved in the KKT conditions and also to the stability of G. Roughly speak-
ing, ENC yields high stability for both F (which turns out to be strongly Lipschitz
stable) and its inverse G. As we show in the following example, the strong Lipschitz
stability of F itself does not guarantee such a high stability as ENC does; in particu-
lar, it does not ensure that close points are optimal for close parameters (formally, G
may fail to be lower semicontinuous).

Example 4.1 Consider the following problem in R?, endowed with the Euclidean
norm:

P(c,b) :Inf{cix1 +cpx2 | |x1] —x2 < b1, —x1 < b2}

Take (¢, b) = ((%, 1), (0,0)), x = (0, 0). One can easily check that f(b) ={((=b)T,
—b1 + (=bp) M)}, _and so Fis strongly Lipschitz stable at b, although ENC is not
satisfied at (x, (c, b)), since ¢ € cone(—0dg(x)) (here f = 0). Nevertheless, the point

*71; %), r € N, is not optimal for any b such that (%1, %) € F(b) (see the expression
of F(b) above). Just as a motivation for further results, we point out that

Egécone(U(—8g,~(—1/r,1/r))), FGN,
i=1,2

which, roughly speaking, can be seen as a certain instability of the KKT representa-
tion of ¢ with respect to perturbations of the point x.

ENC precludes the previous situation (see Theorem 4.3). Now, we introduce ad-
ditional tools in relation to KKT conditions for our model (1). Hereafter, the vector ¢
remains unchanged (¢ = ¢). So, the notation introduced below does not rely on c.
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The following definition is intended to isolate the part of KKT conditions which
depends only on the point x and the nonparametric elements of the model, i.e, the
functions f and g;’s.

Definition 4.1 The subset D C T is said to be a quasi-KKT set of indices at x € R"
if

@f(x)+e)n cone(U (—ag: (x))) # .

teD

Note that (under SCQ) x is a KKT point for P(c, b) if and only if x € F(b) and
T (x) is a quasi-KKT set of indices at x. For x € R”, we introduce the set

D(x):={D:|D|=n and D is a quasi-KKT set of indices at x}.

The ENC assumption at (¥, (¢, b)) € gph(G*), together with the Carathéodory theo-
rem, entails that D(X) consists of the minimal quasi-KKT sets of indices at x.
For x € F(b), we set

T2 (x):={D eD(x): D C T (x)}, with§ > 0.

For simplicity, we write 75 (x) instead of 7;0 (x). Note that, as a consequence of ENC
at (x, (c, b)) € gph(G*), and according to Theorem 2.1(i), 7;(x) # @ for (x,b) €
gph(G) close enough to (x, b). The following theorem shows that, in Theorem 2.1(ii),
we can replace everywhere “there exist” by “for all”.

Theorem 4.1 Assume that ENC is satisfied at (x, (¢, b)) € gph(G*). Then, for all
D:={t,...,t,} € ’TE(Y) and every u; € =g, (x),i =1, ...,n, one has

df (x) + ¢ C int(cone({uy, ..., un})).

Proof Let us fix an arbitrary D := {t1,...,1,} € T;(x). Along the proof, we will
frequently appeal to the fact that cone(|J!_,(—dg; (¥X))) is a pointed closed convex
cone, since 0, ¢ co(U?:1 08, (X)), which is derived from the fact that o (b) satisfies
the Slater condition (see [1, Lemma 3(v)]). The proof is built in three steps.

Step I Let us prove the existence of u; € —dg; (x),i =1, ..., n, such that

df (x) + ¢ Cint(cone({uy, ..., un})). 8)
The fulfillment of ENC at (%, (¢, b)) yields, according to Theorem 2.1(ii), the exis-
tenceof u € 9f (x),u; € —0g, (X) and; > 0,i =1,...,n,suchthat {uy,...,u,}isa
basis of R" and u+¢ =Y _;_, m;u;, which leads us to w4 ¢ € int(cone({u1, ..., un}))

(see, for instance, [10, Theorem A.7]). Then, one can easily check that (8) holds since
otherwise, because of the convexity of df (X) + ¢, there would exist u € 3f (X) such
that & + ¢ € bd(cone({u1, ..., u})), leading us to a representation of & + ¢ which
contradicts ENC (applying again [10, Theorem A.7]).
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Step 2 Consider, according to the previous step, an arbitrarily fixed u € df (x)
and take the same vectors u; € —dg,(x), i = 1,...,n, as before, and certain
U1, ..., 1y > 0 (positive because of ENC) such that

n
D witti = (+7) =0y ©)
i=1
In this step, we prove that, for every u; € —dg;, (x), the following condition holds:
u—+cecone({uy,uz,...,u,}). (10)

Reasoning by contradiction, we assume that, for a certain #; € —9g;, (), (10) does
not hold. Then from the separation theorem, and since cone({u},uz, ..., u,}) is
pointed, closed and convex, there exists w € R" \ {0} with

(u+7c,w) <0, (wy,w)>0, and (u;,w)>0, fori=2,...,n.
(Obviously, u; # 0, because 0, ¢ co(U;-lzl 08y (x)).) For an appropriate choice of
positive scalars A;, i = 1,2,...,n (which are in fact determined by the equations
below), we can guarantee that

(u+c+nmup,wy=w+c+ru;,w)y=0, fori=2,...,n,

so that the set {u + ¢ + A1u1; u + ¢ + Ajui, i =2,...,n} is linearly dependent. Let

us then consider n scalars «q, ..., o, not all zero, satisfying
n n
arhifly + Y aikilii + Y j(u+2) =0, (11)
i=2 i=1

We can assume w.l.o.g. that o1 > 0 (otherwise, just multiply both sides of (11)
by —1). Moreover, at least one of the scalars «;, fori € {2, ..., n}, should be negative,
because otherwise we would have Y/, &; > 0, in which case (11) leads us to the
contradiction —(u + ¢) € cone(|J_, (—dg;, (X))) (recall that cone(|J;_, (—dg;, (X)))
is a closed convex pointed cone containing # + ¢).

Now, we consider

—Mi

y::min{ o <O} > 0.
QA

Note that y = —pu;,/(ajyAi,) for some ig € {2, ..., n}. Then, multiplying in (11) by
y and adding (9), we obtain

n n
yoluy + piy + Z (yairi + pu; + <)/ Zai - 1)(u +0)=0,, (12
iz =!

with ya;jA; +u; >0foralli =2,...,n.
Now we distinguish three cases:
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() Ify X', o; — 1 =0, we attain the contradiction

0,,600( U (—3gz,-(f)))~

ie{l,...,n}

(i) Ify Y7 ai —1>0,then

—(u+vc)e cone( U (—agy ()T))>,

ie{l,....n}\{io}

which again contradicts the pointedness of cone(U;’=1 (—0gs, (x))).
(iii) Finally, if one hasy >} o; —1 <0, then

u+rce cone( U (—0gs; (Y))>,

ie{l,...nN\{io}

contradicting ENC.

Step 3 From the previous step, (10) holds for arbitrarily chosen u € 3f (X) and u; €
—0dg1(x). Moreover, ENC and the Carathéodory theorem ensure that {u1, us, ..., U}
is a basis of R” and the associated coefficients generating u + ¢ are positive. Then,
we can apply Step 2 to replace up by an arbitrary up € —dg2(x). By repeating this
procedure, we finish the proof. U

Along the paper, we claim that ENC provides high stability for the minimal sub-
sets of indices involved in the KKT conditions. This is formalized in the following
theorem. In particular, condition (i) below yields 75 (¥) C D(x) for all x in a neigh-
borhood of X (since T5(x) C Tb—‘s(f) for all § > 0). In other words, those minimal

subsets of indices in the KKT conditions at X (for P(c, b)) are also quasi-KKT sets
of indices at every x in a neighborhood of x. This fact is crucial for establishing that
points near X are optimal for some (c, b) with b near b (see Theorem 4.3).

Theorem 4.2 Assume that ENC is satisfied at (X, (¢, b)) € gph(G*). Then, the fol-
lowing conditions hold:

(i) There exist 5o > 0 and a neighborhood Uy of X such that
T;O(x) C D), forallxeU.

(ii) For every 8 > 0, there exist neighborhoods Us of X and Vs of b such that

T,(x) CT2(X), forallxeUs andall beVs.
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Proof

(1) We proceed by contradiction, supposing that there are sequences 8, \ 0, x" — X,
and D" :={t],....1}) € T;"(f)\D(x’), r=1,2,..., and so

(af(xr)+E)ﬂcone(U(—8g,ir(x’))):@, forr=1,2,.... (13)

i=1

From D" € 7;—6" (¥) C D(x), we conclude the existence of u € —8g,’_r (x), Al =0,
withi =1,...,n, and u” € 3f (x) such that

n
ur—i—E:Z)\fuf. (14)
i=1

We may assume w.l.o.g. that t/ — 1; € T;(¥) (recall that Zzl.’ —8 <gr@®@ < Eir for
allr),fori =1,...,n,sothat[9, Theorem 24.5] entails, for a suitable subsequence of
r’s, up — uj € —0gy;(X), u” — u € 3f (x). Moreover, SCQ allows us to assume (for
a new subsequence, in the line of the proof of Lemma 3.1) that )\lf —> A, i=1,...,n.
Hence, setting D :={t, ..., t,} and letting r — oo in (14), we have

n
u—+c= Zkiui.
i=1

Thus, D € T;(x).

Now, let us consider, for each r, arbitrarily chosen v} € —Bg,ir x",i=1,...,n,
and v" € 9f (x"). Applying again [9, Theorem 24.5], we may assume (for suitable
subsequences) v" — v € df (X), v — v; € —0g,(¥), i =1,...,n. Applying Theo-
rem 4.1, we obtain v+ ¢ € int(cone({vy, ..., v,})). Then, for r large enough, we have
v" +¢ €int(cone({v], ..., v;})) (see [10, Exercise 6.12]). This contradicts (13).

(i1)) Reasoning by contradiction, assume the existence of o > 0 and sequences x” —
¥ and b" — b such that Tj (x") ¢ T.° (%) for all 7. Let

D i={t],....t'} e ’Z},r(x’)\’T;O(f), r=1,2,.... (15)
We may assume w.l.o.g. that f — 1; € T, for i = 1,...,n. So, the fact that D" C
Ty (x") for all r, implies #; € T;(X), forall i = 1, ..., n, appealing once more to the

continuity of (¢, x) — g;(x). So, we have D" C T;O (x) for r large enough (assume
for all r). Thus, (15) necessarily implies

@f () +70)N cone(U(—ag,{ (@)) =2, forallr. (16)

i=1

Take any u € 3f (x) and, for each r and each i, consider any u; € —Bg,ir (x). From
(16), we have

u+cg¢cone({ul,....ud), r=1,2,....
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Moreover, [9, Theorem 24.5] entails, for a suitable subsequence of r’s, u! — u; €
—0g;, (x). Note that, again from [10, Exercise 6.12], one has

u +c ¢ int(cone({uy, ..., u,})).

Now, we shall prove that D :={t1,...,1,} € ’Tg(f), which represents a contradic-
tion with Theorem 4.1. From one side, D C T;(x). Moreover, since D" € Tpr (x"),
we can find, for each r, v" € 3f (x"), v € —agtir (x") for all i, and A7 > 0, such that
v+ = Z?: 1A vl.r . Again, from [9, Theorem 24.5], and taking SCQ into account,
we may assume v — v € 3f (X), vl.r — v; € —dg;, (X), )\f —-X1>0,i=1,...,n.
Hence, v+¢ =), A;v; and then D € T(X). O

Remark 4.1 Observe that Example 4.1 also shows that ENC cannot be removed as
an assumption in the previous theorem. Specifically, D(_Tl, %) =g forall r e NN,
whereas for every § > 0 one has T(?),O) 0,0) ={{1, 2}}.

~ Theor_ems 4.1 agd 4.2 allow us to establish the lower (or inner) semicontinuity of
G at (x, b) € gph(G) in the _following sense (see for instance [6, Definition 1.63(i)]):
For all neighborhood V of b, there exists a neighborhood U of X such that

Gx)NV £, forallxeU.

We need the following technical lemma, whose proof follows from standard argu-
ments of continuous functions defined on compact spaces.

Lemma 4.1 For each ¢ > 0, there exists § > 0 such that

max 1g:(x) —g/(X)| <&, forallx € Bs(x). a7
te

Theorem 4.3 Assume_that ENC is satisfied at (X, (c, b)) € gph(G*). Then, 5 is lower
semicontinuous at (X, b).

Proof Take any neighborhood V' of b. We show the existence of a neighborhood U
of X such that G(x) NV # & for all x € U. Fix D € T;(X), take & > 0 such that
B:(b) C V, and define U := Bs(x) where § is such that || x — X|| < & implies

DeD(x) and maTXIgt(x)—gt(f)|<8~
te

The existence of such a § comes from Theorem 4.2(i) and the previous lemma. In
particular, since D C T(x), we have max;cp |g:(x) — b;| < &.
Now, let us prove that, for each x € U, we can find a continuous function b €

~

G(x) NV and so this set is nonempty. Fix x € U and define
by :=(t)g;(x) + (1 — ()b, forteT,
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where ¢ : T — [0, 1] is defined by virtue of Urysohn’s lemma as a continuous func-
tion satisfying

1, iftreDorg(x)>b,

vi) = {O, if g/(x) < b, — .

(~Wh6n {teT :_gt(x) < b, — ¢} = @, then we take ¢ = 1.) Now, we check that b €
G(x) and ||b — b||sc < €. To start with, note that the definition of ¢ implies

g(x) —br = (1 = p(0) (g (x) —b;) <0,

which states the feasibility of x;i.e., x € F(b). Moreover, observe that b; = g;(x), for
t € D, as well as D € D(x), which provide the KKT optimality conditions, entailing
b € G(x) (see Lemma 2.1). Moreover, |b; — b;| = ¢(t)|g; (x) — b;| and, in the non-
trivial case ¢(¢) > 0, we have

—& < g(x) —b, < g (x) —g(x) <e,

yielding |b; — b;| < |g:(x) — b;| < €. Then, ||b — b|loo = max;er |b; — b;| <e. [

5 Regularity Modulus of G*

Theorem 4.3 allows us to sharpen some arguments in the methodology followed in [2]
in order to obtain in Theorem 5.1 a more simplified expression of reg G*(¥ | (C, b)).
For comparative purposes, after Theorem 5.1 we refer to the original expression of
[2, Theorem 3]. For the sake of completeness, we introduce all the necessary ingre-
dients related to the fulfillment of the hypotheses of Theorem 2.2, but adapted to the
current case in which ¢ remains unperturbed.

Assume the ENC at (X, (¢, b)) € gph(G*). In particular, o (b) satisfies SCQ, and
we consider x” € R” and p > 0 such that g,(x°) <b, —2p forallr € T. Let

W:={beC(T,R):b, > g;(x°) +p, forallt € T}. (18)

Note that W is a closed neighborhood of b containing B, (b).
Now, associated with W, we introduce Gy : R" = C(T, R) given by

Gw () :=G)NW, (19)
and consider, associated with each b € W, the distance function fj w defined by
fow () :=d (b, Gw (1)) (20)

Then, we have the following lemma, which constitutes the counterpart of [2, Theo-
rem 2] in our current situation (under ENC) where perturbations of ¢ are negligible.
In fact, condition (i) in the following lemma is a consequence of the referred Theo-
rem 2(i) in [2]. It is not the case of condition (ii) although its proof follows from a
very similar argument and so it is omitted here.
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Lemma 5.1 Assume the ENC at (x, (c, b)) € gph(G*), take W as in (18), and con-
sider Gw and fp w given by (19) and (20), respectively. Then:

1) gph(gw) is closed and nonempty;
(1) fo,w is lower semicontinuous on R" forallbe W.

_In our context, we can go a little bit further and ensure that, for b close enough to
b, fp,w is finite-valued in a neighborhood of X, and that W may be removed from the
definition of fj w.

Lemma 5.2 Under the hypotheses of the previous lemma, there exist neighborhoods
UofxandV of b, VC W, such that

Jo.w(x)=d(, g(x)) <400, forallxeUandbeV.

Proof Take V := B,(b) such that B3.(b) C W, and let U be a neighborhood of x
such that G (x) NV # @ forall x € U, according to Theorem 4.3. In this is way, given
beV,xeUandbe g(x)ﬂV we have fp w(x) <d(b, b) <2¢and,ifb e G\W,
then

d(b,b)>dD,b) —d(b,b) > 3e —e > d(b,G(x) N W).
So, fp,w(x) =d (b, G(x)). O

Because of the two previous lemmas, fp w verifies the hypothesis of Theorem 2.2.
In fact, Lemma 5.2 enables us to express the thesis of Theorem 2.2 directly in terms of
the functions f}, (see (6)) for b close enough to b. Specifically we obtain the following
result, which is the counterpart of [2, Theorem 3] in our context.

Theorem 5.1 Assume that ENC is satisfied at (X, (c, b)) € gph(G*) and let fp, b €
C(T,R) be the functions defined in (6). Then we have

reg G*(¥ | (¢, b)) = limsup (dx(04,d f5(z))) ' = Limsup (|Vfpl(z)) .
(z,b)— (x,b) (z,b)—(x,b)
fr(2)>0 fp(2)>0

Remark 5.1 Theorem 3 in [2] provides a more involved expression for reg G*(X |
(c, b)), where the limsup is taken on (z, ¢, b) — (x, ¢, b) with f, p(z) > 0, the latter
being defined as f, »(z) :=d((c, b), G*(z) N V), where V :=R" x W.

References

1. Cénovas, M.J., Klatte, D., Lopez, M.A., Parra, J.: Metric regularity in convex semi-infinite optimiza-
tion under canonical perturbations. SIAM J. Optim. 18, 717-732 (2007)

2. Cénovas, M.J., Hantoute, A., Lopez, M.A., Parra, J.: Lipschitz behavior of convex semi-infinite opti-
mization problems: a variational approach. J. Glob. Optim. 41, 1-13 (2008)

3. Ioffe, A.D.: Metric regularity and subdifferential calculus. Usp. Mat. Nauk 55(3), 103-162 (2000).
English translation: Russ. Math. Surv. 55, 501-558 (2000)

4. Ioffe, A.D.: On robustness of the regularity property of maps. Control Cybern. 32, 543-554 (2003)

@ Springer



500 J Optim Theory Appl (2008) 139: 485-500

5. Klatte, D., Kummer, B.: Nonsmooth Equations in Optimization. Regularity, Calculus, Methods and
Applications. Kluwer Academic, Dordrecht (2002)
6. Mordukhovich, B.S.: Variational Analysis and Generalized Differentiation I. Springer, Berlin (2006)
7. Rockafellar, R.T., Wets, R.J.-B.: Variational Analysis. Springer, Berlin (1997)
8. Dontchev, A.L., Lewis, A.S., Rockafellar, R.T.: The radius of metric regularity. Trans. Am. Math.
Soc. 355, 493-517 (2002)
9. Rockafellar, R.T.: Convex Analysis. Princeton University Press, Princeton (1970)
10. Goberna, M.A., L6opez, M.A.: Linear Semi-Infinite Optimization. Wiley, Chichester (1998)
11. Niirnberger, G., Unicity in semi-infinite optimization. In: Brosowski, B., Deutsch, F. (eds.) Parametric
Optimization and Approximation, pp. 231-247. Birkhduser, Basel (1984)
12. Helbig, S., Todorov, M.1.: Unicity results for general linear semi-infinite optimization problems using
a new concept of active constraints. Appl. Math. Optim. 38, 21-43 (1998)
13. De Giorgi, E., Marino, A., Tosques, M.: Problemi di evoluzione in spazi metrici e curve di massima
pendenza. Atti Acad. Natl. Lincei Rend Cl. Sci. Fiz. Mat. Nat. 68, 180-187 (1980)
14. Canovas, M.J., Gémez-Senent, F.J, Parra, J.: On the Lipschitz modulus of the argmin mapping in
linear semi-infinite optimization. Set-Valued Anal. Published online 20 September 2007

@ Springer



	Stability of Indices in the KKT Conditions and Metric Regularity in Convex Semi-Infinite Optimization
	Abstract
	Introduction
	Preliminaries
	Notations and Basic Concepts
	Extended Nürnberger Condition and First Consequences
	Variational Tools

	Negligibility of Perturbations of the Objective Function
	Stability of Minimal Subsets of Indices in the KKT Conditions
	Step 1
	Step 2
	Step 3

	Regularity Modulus of G
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


