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Abstract We consider the problem

min ) fi(x),
i=1

s.t. x€es,

where x; are multidimensional subvectors of x, f; are convex functions, and S is
a subspace. Monotropic programming, extensively studied by Rockafellar, is the spe-
cial case where the subvectors x; are the scalar components of x. We show a strong
duality result that parallels Rockafellar’s result for monotropic programming, and
contains other known and new results as special cases. The proof is based on the use
of e-subdifferentials and the e-descent method, which is used here as an analytical
vehicle.

Keywords Monotropic - Duality - e-subdifferential - e-descent

1 Introduction

In this paper, we analyze a class of convex optimization problems, using the tools and
terminology of convex analysis, e.g., [1, 2]. In particular, we study the problem

min Y fi(x), )
i=1

st. xes, 2)
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where x = (x1,...,Xxy) With x; e W, i =1,...,m, fi : N > (—00,00], i =
1,...,m, is a proper convex function, and S is a subspace of R T We refer
to this as an extended monotropic programming problem. The special case of prob-
lem (2) where each component x; is one-dimensional (i.e., n; = 1) is the monotropic
programming problem, introduced and extensively analyzed by Rockafellar in his
book [3].

Note that problems involving general linear constraints and an additive convex
cost function can be converted to extended monotropic programming problems. In
particular, the problem

min Y fi(xi). 3)
i=1
st Ax=b, “

where A is a given matrix and b is a given vector, is equivalent to

min ) fi(x),

i=1
st. Ax—z=0, z=b,

where z is a vector of artificial variables. This is an extended monotropic program-
ming problem, where the constraint subspace is

S={(x,2)| Ax —z=0}

and the indicator function of the set {(x, z) | z = b} is added to the cost function.
When the functions f; have the form

fi(xi) =x]Qixi + cixi + 8x, (xi),

where Q; is a positive semidefinite symmetric matrix, ¢; is a vector, and 8y, (-) is
the indicator function of the nonnegative orthant, problem (4) reduces to a convex
quadratic programming problem. In the special case where Q; = 0, it reduces to
a linear programming problem.

Note also that, while the subvectors xi, ..., x;;, appear independently in the cost
function

D fitx),
i=1

they may be coupled through the subspace constraint. For example, consider a cost
function of the form

FO)=hGxr, . xm) + Y filx), )

i=1
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where & is a proper convex function of all the components x;. Then, by introducing
an auxiliary vector z € "1/ the problem of minimizing f(x) subjectto x € S
can be transformed to the problem

min h(z)+ Y fi(xi),

i=1
s.t.  (x,2) € S,
where S is the subspace of 201+ +7m)
S={(x,x)|xeSs}
This problem is of the form (2).

Another problem that can be converted to the extended monotropic programming
format (2) is

min Z fi (x), (6)
i=1
st. xeS, @)

where f; : " > (—o00, 00] are proper convex functions, and S is a subspace of N".
This can be done by introducing m copies of x, i.e., auxiliary vectors z; € )" that are
constrained to be equal, and write the problem as

min Y fi(z),
i=1

S.t. (Z11~~'1Zn‘l)€§’

where S is the subspace
S= {(x,...,x) | x GS}.

The special case of problem (7) where m = 1 is the generic convex cost problem
with linear constraints,

min  f(x),

st. xes,

where f : R — (—o00, o0] is a proper convex function, and § is a subspace of R
(cf. the earlier discussion regarding problem (4)).

It can thus be seen that the extended monotropic programming problem contains
as special cases broad classes of important optimization problems. These problems
share a powerful and symmetric duality theory that we will develop in this paper.
In Sect. 2, we formulate the dual problem, and prepare for the proof of our strong
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duality result. This result shows that, for a feasible problem, strong duality holds if
the functions f; are lower semicontinuous in their domain and the set

(@42 zm+A) [ @1aezm) € ST A €0 fi(xi) }

is closed for all feasible x = (x1,...,x,) and € > 0, where 9. f;(x;) is the e-
subdifferential of f; at x;. While this is an unusual constraint qualification, it can
be translated into readily verifiable conditions by using standard results that address
the preservation of closedness of the vector sum of closed convex sets.

To prepare the ground for the proof of our duality result, we discuss in Sect. 3 the
e-descent method, introduced by Bertsekas and Mitter [4, 5] as a general algorithm
for convex nondifferentiable optimization. We use a variant of the method (also given
in [4]), which involves projection on an outer approximation of the e-subdifferential.
In Sect. 4, we use the e-descent method to prove our strong duality result. This line of
proof is unusual, but a closely related line of proof was used by Rockafellar [3, 6] to
prove strong duality in the special case of monotropic programming. Rockafellar used
a variant of the e-descent method that involves descent along elementary vectors of
the subspace S. We modified his argument in order to apply it to extended monotropic
programming, both because elementary vectors are not useful in our context, and also
because of the need for a constraint qualification that takes the form of closedness of
a vector sum of e-subdifferentials. In Sect. 4, we also discuss various special cases
where our result may be applied. As an example, we show that strong duality holds
for broad classes of multicommodity network flow problems, and for cost functions
of the form (5), where % is a real-valued function. It seems hard to extend our re-
sults to problems with nonlinear constraints. In particular, a notable result, due to
Tseng [7], which asserts the absence of a duality gap in separable convex problems
with nonlinear constraints, does not seem to be easily extendable to nonseparable
problems using our methodology.

In this paper, all vectors are finite dimensional, and are viewed as column vectors.
A prime denotes transposition, so x’y is the inner product of two vectors x and y.
We adopt throughout the standard norm, |x|| = +/x’x. We use standard terminology,
facts, and notation from convex analysis; see e.g., [1, 2]. In summary, for a function
[N > (—o0, o], the effective domain {x | f(x) < oo} is denoted by dom( f),
the epigraph {(x, w) | f(x) < w} is denoted by epi(f), and the closure of f (the
function whose epigraph is the closure of epi(f)) is denoted by cl f. We say that
f is proper if its epigraph is nonempty and does not contain a vertical line. The
conjugate function of a proper convex function f is the closed proper convex function
g : N (—o0, o0] given by

g =sup {M'x — f(x)}, reN.

xehn

A basic fact for our purposes is that the conjugate of g is the closure of f. Further-
more, from the definition of the conjugate, we have Fenchel’s inequality

f) +gh)=Nx, V(x,1)eR",

which holds as an equality if and only if A belongs to the subdifferential af (x) of f
at x.
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2 Dual Problem
Throughout the paper we make the following standing assumption.

Assumption 2.1 Each function f; in the extended monotropic programming prob-
lem (2) is lower semicontinuous within its domain, i.e., for all i,

fix) =(cl f)(x), Vxedom(f;).

This assumption is slightly weaker than the assumption that the functions f; are
closed, usually made in connection with monotropic programming [3], but is suffi-
cient for our purposes.

To derive the appropriate dual problem, we introduce auxiliary vectors z; € Q"
and we convert the extended monotropic programming problem (2) to the equivalent
form

min Zfi(zi),
i—1

st. zi=x;, i=1,...,m, x€S.

We then assign a multiplier vector A; € )i’ to the equality constraint z; = x;, thereby
obtaining the Lagrangian function

m
L(x,2,0) =Y filzi) + A (xi —2), ®)
i=1
where A = (A1, ..., Ay). The dual function is
qgA)= inf L(x,z,})
X€ES, z; el
m
= inf \/ inf { fi(z;) — Mz
xes x—i—} 1z,-ler.\1)t"i{ﬁ(zl) i<}
1=

S i), ifaest,
—00, otherwise,

where
qi() = inf {fiz) —riz} i=1..om, ©

and S+ is the orthogonal subspace of S.
Note that, since g; can be written as

qi (i) = — sup {rjzi — fi(z)},

Z;ieN

@ Springer



214 J Optim Theory Appl (2008) 139: 209-225

it follows that —g; is the conjugate of f;, so —g; is a closed proper convex function.
The dual problem is

max Y gi(k), (10)
i=1
st.  rest. (11)

Thus, with a change of sign to convert maximization to minimization, the dual prob-
lem has the same form as the primal. In fact, assuming that the functions f; are
closed, when the dual problem is dualized, it yields the primal problem, and the du-
ality is fully symmetric.

Since the extended monotropic programming problem can be viewed as a special
case of a convex programming problem with linear equality constraints, it is possi-
ble to obtain optimality conditions as a special case of classical conditions, which
state that (x, 1) is a pair of primal and dual optimal solutions if and only if x is pri-
mal feasible, A is dual feasible, and x minimizes the Lagrangian function; see e.g.,
[2, Proposition 6.2.5]. The Lagrangian minimization condition is in turn true if and
only if x; attains the infimum in the equation

qi (%) =Ziiertlnfni{ﬁ(z,-) —Nzi}, i=1,...,m,
or equivalently, by Fenchel’s inequality,
redfilx), i=1,...,m.
We thus obtain the following proposition.

Proposition 2.1 Let f* be the optimal value of problem (2) and assume that —oo <
f* < 00. The vectors x* and \* are optimal primal and dual solutions, respectively,
and the optimal primal and dual costs are equal if and only if

x*es, Aest, Aredfixf), i=1,....m.

3 The e-descent Method

Given a proper convex function f : 0" > (—oo, oo] and a scalar € > 0, we say that
a vector A is an e-subgradient of f at a point x € dom( f) if

f@Q=>fx)+@E@—x)'r—€, VzeR" (12)

The e-subdifferential, denoted 9, f (x), is the set of all e-subgradients of f at x, and
by convention, 9 f (x) = ¥ for x ¢ dom(f).

The properties of the e-subdifferential have been discussed extensively; see e.g.,
Hiriart-Urruty and Lemarechal [8, 9], and Hiriart-Urruty et al. [10]. Let us provide
a brief discussion of some of the properties that are useful for our purposes.
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(i) For any x € dom(f) and € > 0, consider the x-translation of f, i.e., the function
fx given by

L) =fx+y) - fx), VyeR",

and its conjugate given by

gx(@) = sup {y'h = fOx+ ) + f0} =) + () — M,
yern

where g is the conjugate of f. Then, from the definition (12), we have

O f(x) = {A ] gx:(M) <€} 13)

(ii) It can be seen that the conjugate of g, is (cl f)(x + y) — f(x) (viewed as a func-
tion of y), so from the definition of conjugacy, for y =0, we obtain

(el f)(x) = f(x) = sup {—g« (W)}

reRn
It follows that

Xir}{ﬂ gx(AM) =0 ifandonlyif (clf)(x)= f(x).

Thus, in view of (13),

d¢ f (x) is nonempty and closed for all e > 0 if and only if (cl f)(x) = f(x).
(14)
Also it can be shown that d f (x) is compact if x is in the interior of dom( f).
(iii) The support function of d f (x) is given by the formula [1, p. 220]

o fxtay)— fx)te
sup y'i=inf ,
A€, f (x) >0 o

e N, (15)

(iv) We say that a direction y is an e-descent direction at x € dom( f) if
inf f(x +ay) < f(x) —e.
a>0
By (15), it follows that

y is an e-descent direction if and only if sup y'A<O.
A€ f (x)

In particular, if O ¢ d¢ f (x) and A is the projection of the origin on 3, f(x), the
vector —A is an e-descent direction.

The e-descent method is based on observation (iv) above. It starts at some xg €
dom( f) and generates a sequence {xx} C dom(f). The kth iteration is

X1 = Xk + Ok Yk, (16)

@ Springer



216 J Optim Theory Appl (2008) 139: 209-225

Yk is an e-descent direction (if one can be found) and oy is a positive stepsize that
reduces the cost function by more than €, i.e.,

SOk +oakye) < f(xx) —e.
The iteration can be implemented by finding the projection of the origin on d¢ f (x),

Ay =arg min [|A].
A€0e f (xk)
If Ar # 0, then by observation (iv) above, —Aj is an e-descent direction, and can be
used as the direction y in the iteration (16).
We will use a variant of this implementation where 9. f (xx) is approximated by
a closed set A(xg) such that

Oc f (xx) C A(xg) C 8y5f(xk)»

where y is a scalar with y > 1. In this variant, the direction used in iteration (16) is
Yk = —Ak, where
A= arg, min Al
is the projection of the origin on A(xg). If Ax = 0 (equivalently 0 € A(xy)), the
method stops, and it follows that x; is within ye of being optimal. If Ay # 0, it
follows that by suitable choice of the stepsize o, we can move along the direction
Yk = —Ak to decrease the cost function by more than €. Thus, for a fixed € > 0 and
assuming that f is bounded below, the method is guaranteed to terminate in a finite
number of iterations with a y e-optimal solution.
We now focus on the case where f is the sum of functions,

f@)=fik)+- 4 fn(x).

The following proposition shows that we may use as approximation the closure of
the vector sum of the e-subdifferentials:

A(x) =cl(0e f1(x) + -+ + e fu(x)).

This case, and a corresponding e-descent algorithm, were discussed in [4] under the
assumption that the functions f; are real-valued, in which case the sets 9. f; (x) are
compact and the closure operation is unnecessary in the preceding equation. Other
versions of the following result are also known; see Hiriart-Urruty et al. [10, Theo-
rem 3.2].

Proposition 3.1 Let f be the sum of m proper convex functions f; : W' — (—o0, 00],
i=1,....,m,

F)=fik)+-+ fu(x),

and let € be a positive scalar. Consider a vector x € dom( f) such that

fix)y=C(l fix), i=1,...,m, a7
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Then,
e f(x) Ccl(3e f1(x) + -+ 4 0 fin(x)) C e f(X). (18)

Proof We first note that in view of the assumption (17) and the property (14), the e-
subdifferentials o, f; (x) are nonempty and closed. Let A; € 0 fi (x) fori =1,...,m.
Then, we have

fiD=> i) +A(z—x)—€, VzeR, i=1,....m,
and by adding over all i, we obtain
f@=f@)+ G+ +in)(z—x) —me, VzeR".
Hence, A1 + - - - + Ay € Ome f (x), and it follows that
0 f1(X) + -+ 4 Oe fin (x) C Ome [ (x).

Since dy¢ f (x) is closed, this proves the right-hand side of (18).
To prove the left-hand side of (18), to arrive at a contradiction, assume that there
exists a A € 9 f (x) such that

g Cl(De LX) + -+ O fu (X))

Then, there exists a hyperplane strictly separating A from the set cl(d¢ f1(x) + --- +
0c fm(x)), i.e., there exist a vector y and a scalar b such that

Y4 dn) <b<yA, VYA €0 f1(X), ..., lm € e fin(X).
From this, we obtain

sup YA 44+ sup YA, < YA,
A1 €0 f1(x) Am €0¢ fim ()

so that, by (15),

. ile+ay) — filx) e Sm(x +ay) — fm(x) +€
inf f

4+ ...+ 1in <y

a>0 o a>0 o

It follows that there exist positive scalars «1, . .., &, such that
X+« - X)+e€ X+« - X)+¢€
fl( 1)’) fl( ) 4t fm( my) fm( ) <y/k. (19)
o1 Um
Let
o =min{ag, ..., ).

By the convexity of f;, the ratio (f;(x + @y) — fi(x))/« is monotonically nonde-
creasing in «. Thus, since o; > @, we have

fiktaiy) = fit) _ filx +@y) — fitx)

o o

i=1,...,m,
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and from (19) and the definition of & we obtain

YA > Silx +a1y) — filx) +¢€ +“_+fm(x+amy)_fm(x)+€

ol U

> fl(x+5y)_— fi(x) +e€ +_”+fm(x+ay)__ Sm(x) +¢€
a o

_f+ay) - fx) +e

N a

> inf f(x—}—ay)—f(x)—}—e.

a>0 o

Since A € 0, f (x), this contradicts (15), and proves the left-hand side of (18). O

The potential lack of closure of the set d¢ f1(x) + - - - + 0¢ fin (x) indicates a prac-
tical difficulty in implementing the method. In particular, in order to find an e-
descent direction one will ordinarily minimize ||A1 + --- + Ay || Over A; € ¢ f; (x),
i=1,...,m,but an optimal solution to this problem may not exist. Thus, it may be
difficult to check algorithmically whether

0 € cl(de f1(X) + -+ + de fn (X)),

which is the test for me-optimality of x. We will see in the next section that the lack
of closure of the set d¢ f1(x) + - - - 4 9¢ fim (x) may be the cause of a duality gap in the
extended monotropic programming context.

4 Strong Duality Theorem

We are now ready to prove the main result of the paper. Let f* and ¢* be the optimal
values of the primal and dual problems (2) and (11), respectively, and note that by
weak duality, we have ¢* < f*. Let us introduce the functions f; : "1+ +mm
(—o00, 00] of the vector x = (xq, ..., x;), defined by

fi)=fita), i=1,....m.
Note that the e-subdifferentials of f; and f; are related by
dfi()={0,...,0,4,0,...,0) | & € ¥ fi(x)}, i=1,....m, (20)

where the nonzero element in (0, ...,0,4;,0,...,0) is in the ith position. The fol-
lowing proposition gives conditions for strong duality.

Proposition 4.1 Assume that the extended monotropic programming problem (2) is
feasible and that, for all feasible solutions x, the set

T(x,€) =S8t 40 f1(x) 440 [ (x)

is closed for all € > 0. Then, g* = f*.
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Proof If f* = —o0, then ¢* = f* by weak duality, so we may assume that
[* > —o0. Let F denote the feasible region of the primal problem,

F=5nN (ﬂdorn(?,-)).
i=1

We apply the e-descent method based on an outer approximation of the subdifferen-
tial (cf. Sect. 3) to the minimization of the function

f) =85+ Y Fi(x) =850+ Y fix),

i=1 i=1

where § is the indicator function of S. In this method, we start with a vector NVeF
and we generate a sequence {x*} C F. At the kth iteration, given the current iter-
ate x¥, we find the vector of minimum norm w* on the set 7'(x*, €) (which is closed

by assumption). If w* = 0, the method stops, verifying that 0 € 3, f (x*) (cf. Propo-

sition 3.1). If w* # 0, we generate a vector x**! € F of the form x**! = x* — ok wk,

such that
fEY < foh -«

such a vector is guaranteed to exist, since 0 ¢ T'(x¥, €) and hence 0 ¢ 3, f (x¥) by
Proposition 3.1. Since f(x*) > f* and we have assumed that f* > —oo, the method
must stop at some iteration with a vector x = (xy, ..., X;;) such that 0 € T (x, €).
Thus, some vector in 8671(x) + -4 85?," (x) must belong to S*. In view of (20),
it follows that there must exist vectors

Ai €0 fi(xi), i=1,...,m,

such that
A=(A1,..., Am) € ST.

From the definition of an e-subgradient, we have (cf. (9) and (12))
fitxi) <qi) +Mxi+e, i=1,....m,

and by adding over i and using the fact x € S and A € S+, we obtain

m m
D L) €D qi04) +me.
i=1 i=1
Since x is primal feasible and A is dual feasible, it follows that
f*<q*+me.

Taking the limit as € — 0, we obtain f* = g*. O
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4.1 Some Special Cases

We now delineate some special cases where the assumptions of the preceding propo-
sition are satisfied. We first note that in view of (20), the set 85?1» (x) is compact if
0 fi (x;) is compact, and it is polyhedral if o, f;(x;) is polyhedral. Since the vector
sum of a compact set and a polyhedral set is closed [1, Theorem 20.3], [2, p. 68], it
follows that if each of the sets Oc fi (x;) is either compact or polyhedral, then T (x, €)
is closed, and by Proposition 4.1, we have g* = f*. Furthermore, the set 9. f; (x;) is
compact if x; € int(dom(f;)) (as in the case where f; is real-valued), and it is poly-
hedral if f; is polyhedral. (In our use of the term, a polyhedral set is a nonempty set
that is specified by a finite number of affine inequalities. A polyhedral function is
an extended real-valued function whose epigraph is a polyhedral set.) There are some
other interesting special cases where 9, f; (x;) is polyhedral, as we now describe.

One such special case is when f; depends on a single scalar component of x, as in
the case of a monotropic programming problem. The following definition introduces
a more general case.

Definition 4.1 We say that a proper convex function 4 : i” > (—00, 00] is essen-
tially one-dimensional if it has the form
h(x) =h(a'x),

where a is a vector in %" and /1 : it — (—00, 00] is a scalar proper convex function.

The following proposition establishes the main associated property for our pur-
poses. A proof may be obtained by using general results on the e-subdifferential of
the composition of a convex function and a linear function (see Hiriart-Urruty et al.
[10, Theorem 7.1]). We give here a simpler specialized proof.

Proposition 4.2 Let h : " — (—00,00] be a proper convex essentially one-
dimensional function that is lower semicontinuous within its domain. Then, for all
x € dom(h) and € > 0, the e-subdifferential d.h(x) is nonempty and polyhedral.

Proof We note that d.h(x) is nonempty and closed, since 4 is lower semicontinuous
within its domain (cf. (14)). Let h(x) = h(a’x), where a is a vector in W” and % is
a scalar proper convex function. If a = 0, then & is a constant function, and 9/ (x)
is equal to {0}, a polyhedral set. Thus, we may assume that a # 0. We note that
A € dch(x) if and only if

h(a'z) > h(@'x)+(z—x)r—e€, Vzel"
Writing A in the form A =£&a + v with £ € it and v L a, we have
h(a'z) > h(@'x)+(z—x)(Ea+v)—e, VzeR",

and by taking z = ya + dv with y,§ € i and y chosen so that y||a||2 e dom(h),
we obtain

h(yllall?) = h(@'x) + (ya+8v —x)'A —¢
=h(a'x)+ (ya—x)r—e+8VA, VSeh.
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Since v'A = ||v||? and & can be arbitrarily large, this relation implies that v = 0, so
it follows that every A € d.h(x) must be a scalar multiple of a. Since dch(x) is also
a closed convex set, it must be a nonempty closed interval in )", and hence is poly-
hedral. |

Another interesting special case is described in the following definition.

Definition 4.2 We say that a proper convex function £ : i" — (—o0, 00] is domain
one-dimensional if the affine hull of dom(h) is either a single point or a line, i.e.,

aff(dom(h)) ={ya +b|y ei},
where a and b are some vectors in ",
The following proposition parallels Proposition 4.2.

Proposition 4.3 Let h : R — (—00, 0] be a proper convex domain one-dimen-
sional function that is lower semicontinuous within its domain. Then, for all x €
dom(h) and € > 0, the e-subdifferential d.h(x) is nonempty and polyhedral.

Proof Denote by a and b the vectors associated with the domain of / as per Defin-
ition 4.2. We note that, for ya + b € dom(h), we have A € d.h(ya + b) if and only
if

h(ya+b)>h(ya+b)+ (y —y)a'A—e¢, Vye®,

or equivalently, if and only if a’A € 3.k (), where h is the one-dimensional convex
function

h(y)=h(ya+b), yeh.
Thus,
deh(Ya+b)={r|a'redh¥)}.

Since 9.4 (¥) is a nonempty closed interval (% is lower semicontinuous within its do-
main because £ is), it follows that 0.2 (ya + b) is nonempty and polyhedral (if a =0,
itis equal to ", and if a # 0, it is the vector sum of two polyhedral sets: the interval
{yal|y ||a||2 € 865(7)} and the subspace that is orthogonal to a). O

By combining the preceding two propositions with Proposition 4.1, we obtain the
following.

Proposition 4.4 Assume that the extended monotropic programming problem (2) is
feasible and that each function f; is real-valued, or is polyhedral, or is essentially

one-dimensional, or is domain one-dimensional. Then, qg* = f*.

Here is an example of a class of problems where strong duality is implied by
Proposition 4.4.
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Example 4.1 Consider a directed graph consisting of a set A/ of nodes and a set
A of directed arcs. The flows on the arcs are of K different types (commodities).
We denote by x;;(k) the flow of kth type on arc (i, j) (k=1,..., K). These flows
must satisfy conservation of flow and supply/demand constraints of the form

Yo oxijlo— Y xjik)=sik), VieN k=1...K, Q21
Ul )ed) UlG.heA)

where s; (k) is the amount of flow of type k entering the network at node i (s; (k) > 0
indicates supply, and s; (k) < O indicates demand). The supplies/demands s; (k) are
given and, for the problem to be feasible, they must satisfy

Zs,»(k)zo, k=1,....K (22)
ieN

(total supply and total demand of each type should be equal).
The problem is to minimize

Z Sij(xij)

@i,j))eA

subject to the constraints (21), where f;; : % > (=00, o0] are closed proper convex
functions of the total flow on arc (i, j), i.e., the sum

xij =xij (1) + -+ +x;;(K). (23)

In typical applications in communication and transportation contexts (see e.g.,
[11, 12]), the function f;; is monotonically increasing, thus representing a penalty
for a large amount of total flow x;; on arc (7, j). Furthermore, f;; may embody a ca-
pacity constraint, whereby x;; should lie within certain bounds.

We can formulate the problem into the extended monotropic programming format
(2) by introducing an additional variable z; (k) foreachi e N andk =1, ..., K, and
by converting the conservation of flow constraint (21) to the subspace constraint

Yo oxjo— > xjik)—zi(k)=0, VieN, k=1,....K,
(6. )eA) {lG.DeA)

while changing the cost function to
K
S FiGi) + 30D di(zi k), (24)
(i,j)eA k=1lieN

where d;y, is the function

0, if z =s;(k),

dix(z) = .
00, otherwise.
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It can be seen, using the definition (23) of x;;, that the cost function (24) is the
sum of closed proper convex functions that are essentially one-dimensional. It fol-
lows from Proposition 4.4 that if the optimal value of the problem is finite, there is no
duality gap. This conclusion holds also for some more general versions of the prob-
lem. For example, the cost function may contain an additional real-valued convex
function and/or a polyhedral function that depends on all the arc flows x;; (k). Fur-
thermore, instead of being fixed, the supply/demand amounts may be variable and
subject to optimization under the constraint

Y k=0, k=1,....K,
ieN

(cf. (22)), while the functions d;; in the cost (24) may be replaced by arbitrary closed
convex functions of z; (k).

It turns out that there is a conjugacy relation between essentially one-dimensional
functions and domain one-dimensional functions such that the affine hull of their
domain is a subspace. This is shown in the following proposition, which establishes
a somewhat more general connection, needed for our purposes.

Proposition 4.5

(a) The conjugate of an essentially one-dimensional function is a domain one-
dimensional function such that the affine hull of its domain is a subspace.

(b) The conjugate of a domain one-dimensional function is the sum of an essentially
one-dimensional function and a linear function.

Proof (a) Let h: " > (—o00, 00] be essentially one-dimensional, so that
h(x) = h(a'x),

where a is a vector in %" and /1 : % > (—o0, 0o] is a scalar proper convex function.
If a =0, then 4 is a constant function, so its conjugate is domain one-dimensional,
since its domain is {0}. We may thus assume that a # 0. We claim that the conjugate

g(A) = sup {A'x —h(a'x)}, (25)

xenn

takes infinite values if X is outside the one-dimensional subspace spanned by a, im-
plying that g is domain one-dimensional with the desired property. Indeed, let A be
of the form A = £a + v, where £ is a scalar, and v is a nonzero vector with v | a.
If we take x = ya + 8v in (25), where y is such that y||a||? € dom(%), we obtain

g(A) = sup {M'x —h(a'x)}

xefn

= sup{(§a +v)/(ya+8v) - h(yllall?)}

=¢yllal® = h(yllall?) + sup{sllv]?},
sen
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so it follows that g(A) =
(b) Let h : R > (—00, 0] be domain one-dimensional, so that

aff(dom(h)) ={ya +b|y €N},

for some vectors a and b. If a = b = 0, the domain of 4 is {0}, so its conjugate is the
function taking the constant value —%(0) and is essentially one-dimensional. If b =0
and a # 0, then the conjugate is

g) = sup {Mx —h(x)} = sup{ya’'r — h(ya)},
xehn yen

so g(A) = g(a’L) where g is the conjugate of the scalar function E(y) = h(ya).
Since % is convex and proper, the same is true for g, and it follows that g is essen-
tially one-dimensional. Finally, consider the case where b 7 0. Then we use a trans-
lation argument and write h(x) = h(x —b), where h is a function such that the affine
hull of its domain is the subspace spanned by a. The conjugate of his essentially
one-dimensional (by the preceding argument), and the conjugate of 4 is obtained by
adding b’ to it. O

We now turn to the dual problem, and derive a duality result that is analogous
to the one of Proposition 4.4. We say that a function is co-finite if its conjugate is
real-valued (see [1, p. 116]). If we apply Proposition 4.4 to the dual problem (11),
we obtain the following.

Proposition 4.6 Assume that the dual extended monotropic programming problem
(11) is feasible and that each function f; is closed. Assume further that each f;
is cofinite, or is polyhedral, or is essentially one-dimensional, or is domain one-
dimensional. Then, g* = f*.

In the special case of a monotropic programming problem, where the functions
fi are essentially one-dimensional (they depend on the single scalar component x;),
Propositions 4.4 and 4.6 yield the following.

Proposition 4.7 Consider the monotropic programming problem, where n; = 1 for
all i. Assume that either the problem is feasible, or else its dual problem is feasible
and the functions f; are closed. Then g* = f™*.

Proof This is a consequence of Propositions 4.4 and 4.6, and the fact that when
n; = 1, the functions f; and ¢; are essentially one-dimensional. Applying Propo-
sition 4.4 to the primal problem, shows that ¢* = f™* under the hypothesis that the
primal problem is feasible. Applying Proposition 4.6 to the dual problem, shows that
q* = f* under the hypothesis that the dual problem is feasible and each function f;
is closed. O

Acknowledgement Many thanks are due to Paul Tseng and Janey Yu for helpful comments.

@ Springer



J Optim Theory Appl (2008) 139: 209-225 225

References

10.

11.
12.

Rockafellar, R.T.: Convex Analysis. Princeton University Press, Princeton (1970)

Bertsekas, D.P., Nedi¢, A., Ozdaglar, A.E.: Convex Analysis and Optimization. Athena Scientific,
Belmont (2003)

Rockafellar, R.T.: Network Flows and Monotropic Optimization. Wiley, New York (1984). Repub-
lished by Athena Scientific, Belmont (1998)

Bertsekas, D.P., Mitter, S.K.: Steepest descent for optimization problems with nondifferentiable cost
functionals. In: Proc. 5th Annual Princeton Confer. Inform. Sci. Systems, Princeton, NJ, pp. 347-351
(1971)

Bertsekas, D.P., Mitter, S.K.: A descent numerical method for optimization problems with nondiffer-
entiable cost functionals. SIAM J. Control 11, 637-652 (1973)

Rockafellar, R.T.: Monotropic programming: descent algorithms and duality. In: Mangasarian, O.L.,
Meyer, R.R., Robinson, S.M. (eds.) Nonlinear Programming, vol. 4, pp. 327-366. Academic Press,
San Diego (1981)

Tseng, P.: Some convex programs without a duality gap. Report, Mathematics Department, University
of Washington, Seattle. Revised February 2006. Math. Program. (to appear)

. Hiriart-Urruty, J.-B., Lemarechal, C.: Convex Analysis and Minimization Algorithms, vol. I. Springer,

Berlin (1993)

Hiriart-Urruty, J.-B., Lemarechal, C.: Convex Analysis and Minimization Algorithms, vol. II.
Springer, Berlin (1993)

Hiriart-Urruty, J.-B., Moussaoui, M., Seeger, A., Volle, M.: Subdifferential calculus without qualifica-
tion conditions, using approximate subdifferentials: a survey. Nonlinear Anal. 24, 1727-1754 (1995)
Bertsekas, D.P., Gallager, R.G.: Data Networks, 2nd edn. Prentice-Hall, Englewood Cliffs (1992)
Bertsekas, D.P.: Network Optimization: Continuous and Discrete Models. Athena Scientific, Belmont
(1998)

@ Springer



	Extended Monotropic Programming and Duality
	Abstract
	Introduction
	Dual Problem
	The epsilon-descent Method
	Strong Duality Theorem
	Some Special Cases

	Acknowledgement
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


