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Abstract In this paper, we establish existence theorems of quasivariational inclusion
problems; from them, we establish existence theorems of mathematical programs
with quasivariational inclusion constraint, bilevel problems, mathematical programs
with equilibrium constraint and semi-infinite problems.

Keywords Quasivariational inclusions problems - Bilevel problems - Mathematical
programs with equilibrium constraints - Quasiequilibrium problem

1 Introduction

Let X and Y be nonempty closed convex subsets of locally convex Hausdorff topo-
logical vector spaces (in short t.v.s.) E1 and E», respectively; let §: X — X and
T : X — Y be multivalued maps. Let F : X x Y xY - R, f: X x Y — R and
g: X x Y — R be functions. The bilevel problem is the following problem:

(BVI) min f(x,y),
(x,y)

st. (x,y)eX xY, xeSx), yeT(x), g(x,y) >0,

y is a solution of the problem min F(x,y, u).
ueT (x)
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Lin and Still [1] showed that, if we assume that F(x,y,y) =0 for all (x,y) €
X x Y, then (BVI) is equivalent to the following mathematical program with equilib-
rium constraint:

(MPI) min f(x, y),
(x,y)

st. (x,y)eX xY, xeSkx), yeT(x), glx,y) >0,
F(x,y,u)>0, forallueT(x).

If F: X xY — R, then (BVI) reduces to the following bilevel problem:

(BVID)  min f(x, y),
(x,y)

st. (x,y)eXxY, xeSkx), yeT(x), glx,y) >0,

y is a solution of the problem  min F(x, u).
ueT (x)

If we assume that F(x,y) =0 for all x € S(x),y € T(x) and g(x, y) > 0 in (BVII),
as shown in Lin and Still [1], problem (BVII) is equivalent to the following semi-
infinite problem:

(SIPI) min f(x,y),
(x,y)

st. (x,y)eXxY, xeSkx), yeT(x), gx,y) >0,
F(x,u)>0, forallueT(x).

These programs represent three important classes of optimization problems which
have been investigated in a large number of papers and books when S(x) = X for
all x € X (see e.g. [1-5] and references therein. Lin and Hsu [6] and Lin [7] studied
mathematical programs with equilibrium constraints.

Let Z be a t.v.s. with a cone C. We denote [(C) = C N (—=C). If [(C) = {0}, we
say that C is a pointed cone. We recall the following definitions [8].

Let A be a nonempty subset of a real t.v.s. Z with a cone C. We say that x € A
is an ideal efficient (or ideal minimal) point of A w.r.t. C if y — x € C for every
y € A. The set of ideal efficient points of A is denoted by IMin(A/C). A point
x € A is an efficient (or Pareto-minimal, or nondominated) point of A w.r.t. C if there
isno y € A with x —y € C \ I(C). The set of efficient points of A is denoted by
Min(A/C). A point x € A is a (global) properly efficient point of A w.r.t. C if there
exists a convex cone C which is not the whole space and contains C\€(C) in its
interior so that x € Min(A/ C). The set of properly efficient points of A is denoted by
PrMin(A/C). Suppose that int C is nonempty; x € A is a weakly efficient point of A
w.r.t. C if x € Min(A/{0} Uint C). The set of weakly efficient points of A is denoted
by WMin(A/C). The following inclusions are obvious:

IMin(A/C) € PrMin(A/C) S Min(A/C) S WMin(A/C).

Furthermore, if IMin(A/C) # @, then IMin(A/C) = Min(A/C) and it is a singleton
whenever C is pointed (see Proposition 2.2, Chap. 2 in [8]).
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Let E1, E;> bet.v.s, let Zbeareal t.v.s.,let X C E1,Y C E; be nonempty subsets.
LetS: X o X, T: X oY, F:XxYxY—oZ,C:X xY —o Z such that for each
(x,y) e X xY,C(x,y)is a convex cone and int C (x, y) # .

In this paper, we are interested in the following problems: Find x € X, y € Y,
X € S(x), y € T(x) such that one of the following relations holds:

(i) F(X,5,u) CF(X, 5,5 +C(,7) forall u e T(%).

(i) F(X,5,u)N[F(X,5, %) +C, )]0 forall u e T(¥).
(iii) F(Z,7,u) ¢ [F(%,5,5) —intC(x, y)] forall u € T(%).
(iv) F(%,7,5) C F(%, y,u)—C(&, y) forall u € T (¥).

(v) F(%,5.5) € [F(%, 5, u) +intC (%, y)] forall u € T (¥).

Our problems contains the following problems as special cases.

If F(x,y,y) € C(x,y)foreach (x,y) € X x Y, then problems (i) and (ii) reduced
to:

(i) Findx e X,yeY st. X € S(X), y € T(x),
F(x,y,u)cC(x,y), forallueT(x).
(i) Findxe X,yeY st.xeSx),yeT(X),
Fx,y,u)NC(x,y) #9, forallueT(x).
If F(x,y,y)={0} for each (x, y) € X x Y, then problem (iii) reduced to:
(i) Findx e X,yeY s.t. x € S(x), y € T(x),
F(x,y,u) ¢ —intC(x,y), forallu e T(x).

If F is a single-valued map, problems (i), (ii), (iv) reduce to the following problem:

FindxeX,yeYstxeSkx),yeT(x)and F(x,y,u) € F(x,y,y)+C(x,y)
forall u € T'(x), thatis, F(x,y,y) € IMin(F(x,y, T (x))/C(x, y)).

If F is a single-valued map, problems (iii) and (v) reduce to the following problem:

Find x € S(x), y e T(x) s.t. F(x,y,u) ¢ F(x,y,y) —intC(x,y), for all u €
T (x), thatis, F(x,y,y) €e WMin(F(x, y, T(x))/C(x,y)) # 0.

Recently, Tan [9] used the scalarization method to study the following problems:

(UQVIP) Find (%,7)e X x ¥, xeS(), ye T,
st. F(x, 7,x)CF(, 5,%+C, forallxeS®).

(LQVIP) Find (%,7)e X x ¥, ieS®E), yeT (),
st. F(%,79,%) CF& y,x)—C, forallxe S().

As applications, he studied ideal, Pareto, proper and weak quasioptimization prob-
lems. In [9], S and T are assumed to satisfy the upper semicontinuous property, and
additional conditions as imposed on the polar cone of C. Luc and Tan [10] studied
also the variational inclusion problem with the scalarization method, but the form of
their problems is different from ours. Lin and Tan [11] studied the following problem:
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Find (x,y) e X xY,st. x € S(x,y), yeT(x,y),
F(x,y,u)SF(x,y,y)+C, forallueT(x,y).

In that paper, the existence theorems of this problems were studied and some applica-
tions to the study of the vector quasiequilibrium problem and vector quasioptimiza-
tion problem were given. Note also that S and 7 were assumed to be u.s.c. functions
there.

In this paper, we study existence theorems of variational inclusion problems, but
we do not imposed on T any continuity assumptions. The readers should to note the
differences between our results and the methods with [9-11].

As application of our result, we study the existence theorem of the following math-
ematical programs with variational inclusion constraint:

(VMPIC) Min(f(M)/Co) #0, where
M={(x,y) e X xY|xeSkx), yeT(x), gx,y) CC(x,y),
F(x,y,u) C[F(x,y,y)+C(x,y)] forallu e T (x)}.

From the mathematical programs with variational inclusion constraint, we study the
existence theorem for the following bilevel problem:

(VBVID) Min(f(M)/Co) #@, where
M={(x,y)eXxY|xeSkx), yeT(x), gx,y) S C(x,y),
F(x,y,y)NIMin F (x, y, T (x)) # 0}.

We study also the following mathematical program with variational inclusion con-
straint:

(VMPI) Min(f(M)/Co) #@, where
M={x,y)eXxY|xeSk), yeTx), g, y) £ —intC(x,y),
F(x,y,u) £ [F(x,y,y) —intC(x, y)] for all u € T (x)}.
If Z=R, C(x,y) =1[0,00), and if F, f, g are real-valued maps, then problems
(VMPIC), (VBVI), and (VMPI) reduce to (BVI).
Our results on existence theorems of quasivariational inclusion problems, math-
ematical programs with variational inclusion constraints, and bilevel problems are

different from any existence result in the literature; see [1-7, 9—11] and references
therein.

2 Preliminaries

Let X and Y be nonempty sets. A multivalued map T : X — Y is a function from
X into the power set of 7. Let x € X and y € Y, we denote x € T~ (y) if and only
if y e T(x). Let X and Y be topological spaces and 7 : X — Y. One may consult
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lower semicontinuity (I.s.c.) [12] for the definitions of upper semicontinuouity (in
short u.s.c.), continuity, graph and closeness of T'.
The following definitions and theorems are needed in this paper.

Theorem 2.1 [12] Let X and Y be Hausdorff topological spaces, let T : X — Y be
a multivalued map.

@) If f is an u.s.c. multivalued map with closed values, then T is closed.
(1) If X is compact and T is an u.s.c. multivalued map with nonempty compact val-
ues, then T (X) is compact.

Theorem 2.2 [13] Let X be a nonempty compact convex subset of a t.v.s. and let
F : X —o Y be a multivalued map. Suppose that:

(i) Foreachx € X,x ¢ F(x) and F(x) is convex.
(i1) Foreachy e X, F~(y) isopenin X.

Then, there exists x € X such that F(x) = (.

Definition 2.1 Let X and Y be convex subsets of a t.v.s. and let Z be a t.v.s. Let
C: X x Y —o Z be a multivalued map such that, for each (x,y) € X x Y, C(x, y) is
a closed convex cone. F : X x ¥ x Y —o Z is a multivalued map.

(1) For each (x,y) € X x Y, u — F(x,y,u) is called C(x, y)-quasiconvex if, for
ui,ur €Y and A € [0, 1], we have

either F(x,y,u1) C F(x,y, Aup+ (1 —Muz) +C(x,y)
or F(x,y,u2) CF(x,y, Aup + (1 —Auz) +C(x,y).

(i1) For each (x,y) € X x Y, u —o F(x, y,u) is called C(x, y)-quasiconvex-like if,
forany (x,y) € X x Y, uy,ur € Y and A € [0, 1], we have

either F(x,y,Au;+ (1 —MNuz) C F(x,y,u;) —C(x,y)
or F(x’yv)hul+(1_)\)Mz)gF(x,%MZ)_C(X,)’)

Definition 2.2 Let X be a convex subsetofat.v.s.andlet Zbeatvs.,let F: X —Z
be a multivalued map. F is concave (resp. convex) if, for all x1,x3 € X, A € [0, 1],
AF(x)+(1—=A)F(x2) C FOx1+ (1 —A)x2); (resp. F(Ax1+(1—A)xp) CAF(x1)+
(I =2)F(x2)).

3 Main Results

In this section, we establish some existence results for quasivariational inclusion
problems. Let £ and E; be locally convex Hausdorff t.v.s., let Z be a real Hausdorff
t.v.s., let X and Y be nonempty closed convex subsets of E; and E» respectively, let
S: X=X, T:X—-oY,C:XxXY—oZ, F:XxY xY —oZ be multivalued maps.
Let W: X x Y —o Z be defined by W (x, y) = Z\(—intC(x, y)). Throughout the fol-
lowing sections, we use these notations unless specified otherwise. Throughout this
paper, all topological spaces are assumed to be Hausdorff.
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Theorem 3.1 Suppose that:

(1) S is a compact [12] u.s.c. multivalued map with nonempty closed convex values
and T is a multivalued map with nonempty compact convex values.
(ii) C is a closed multivalued map such that, for each (x,y)in X x Y, C(x,y) isa
nonempty convex cone.
(iii) F is a continuous multivalued map with nonempty compact values such that, for
each (x,y)e X xY,u —o F(x,y,u) is C(x, y)-quasiconvex.

Then, there exists (x,y) € X x Y s.t. x € S(x), y € T(x) and
HD)  F&,y,u) S[F(,y,y)+C(x,y)],  forallueT(x).
Proof For fixed x in X, define m, : T (x) — T'(x) by

me(V)={ueTx) | Fx,yu)L F(x,y,y)+Cx, )}

Then for each y € T (x), itis clear that y ¢ m, (y). We claim that m, (y) is convex. In-
deed, if uy,up e my(y)andr € [0, 1], thenuy, up € T(x), F(x, y, u;) Q F(x,y,y)+
C(x,y) fori =1,2. and u; = tu; + (1 — t)uy € T(x) for all ¢ € [0, 1]. Suppose
that there exists 7y € (0, 1) such that u,, ¢ my(y), then F(x,y,u,) € F(x,y,y) +
C(x,y). By (ii), either F(x,y,u;) € F(x,y,y) + C(x,y) or F(x,y,up) C
F(x,y,y)+ C(x, y) hold. This leads to a contradiction. Hence u; € m,(y) forall ¢ €
[0, 1]. Therefore m, (y) is convex foreach y € T (x). Fixedu € T (x), m;l (u) is open

in T (x). Indeed, if y € T (x)\m, (u), then there exists a net {yy}oeca € T (x)\m} (1)
such that y, —> y. Then y, € T (x) and F (x, yo, ) C F(X, Yo, Vo) + C(x, yo). Let
z € F(x,y,u), then by (iii), there exists a net {z4}qyea such that zo, € F(x, yy, 1)
and zo, —> z. There exist vy € F(x, Yo, Vo) and cq € C(x, y4) such that z, =
Vg + co. Let A ={yy : @ € A} U {y}, then A is compact. By (iii) and Theo-
rem 2.1, F({x} x A x A) is compact. There exists a subnet {vg,} of {vy} such
that vo, — v € F({x} x A x A). By (iii) and Theorem 2.1, F is closed, hence
ve F(x,y,y). Then ¢y, = 24, — Vo — 2 — v =c. By (ii), ¢ € C(x, y), then
z=v+ceF(x,y,y)+ C(x,y). Therefore F(x,y,u) € F(x,y,y)+ C(x, y), that
is, y ¢ m;l(u). Since T'(x) is closed, y € T'(x). Therefore y € (T (x)\my (1)) and
T (x)\m (u) is closed. Hence m;l (u) isopenin T'(x) for all u € T'(x). By (i), T (x)
is compact and convex. Then by Theorem 2.2 that there exists y € T (x) such that
my(y) = @. That is there exists § € T (x) such that F(x, y,u) C F(x,y,y)+ C(x, y)
for all u € T(x), so y € M(x) # #. By (i) and Himmelberg’s fixed point theorem
[14], there exists X € X such that x € S(x) and Theorem 3.1 follows. O

Corollary 3.1 In Theorem 3.1, if we assume further that T is a compact continuous
multivalued map, then the set of solutions is compact.

Proof Let M = {(x,y) € X x Y|x € S(x), y € T(x), F(x,y,u) € F(x,y,y) +
C(x,y) for all u € T(x)}. Then M is a closed set. Indeed, if (x,y) € M, there
exists a net {(xy, Yo)}acr, (Xas Vo) € M such that (x4, yo) —> (x,y). One has
Xa €X, Y0 €Y, y4 € T(xy) and F(xg, Yo, w) € F(xg, Yo, Ya) + C(xq, yo) for all
w € T(xy). Then x € X and y € Y. By assumption on 7 and Theorem 2.1, T is
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closed and y € T (x). Fixed u € T(x), and z € F(x, y,u). Since T and F are l.s.c.,
there exist uy € T (xy) zo € F(Xq, Yo, Uy) such that uy —> u and z, —> z. There-
fore, F (xq, Yo, Wa) € F(Xq, Yo, Vo) + C (Xq, Vo). It is easy to see that there exist v, €
F(Xq, Yo, Vo) and ¢y € C(xq, o) suchthat 7o = vy +c. Let A = {xq : ¢ € A}U{x},
B ={y,:a € A}U{y}, then A, B are compact. We see F(A x B x B) is compact.
There exists a subnet {vy, }o,ea Of {Vg}aea such that vy, — v € F(A x B x B).
Wesee v e F(x,y,y). Then cy, =2¢; — Vo, —> 2—v,and z —v € C(x, y). Hence
z=v+c€F(x,y,y)+ C(x,y). Therefore F(x,y,u) € F(x,y,y)+ C(x,y) for
allu € T(x),and (x,y) € M. Thatis M is a closed set. Since M C §(X) x T(X) and
S(X) x T(X) is compact, then M is compact. O

Remark 3.1

(i) Lin and Tan [11] study the problem: (i) Find x € S(x,y), y € T(x) such that
F(x,y,u) € F(x,y,y) + C(x) for all u € T(x), where S: X xY — X. In
[11], T is assumed to be a compact continuous multivalued map with nonempty
closed convex values, but in Theorem 3.1, T is assumed to be a multivalued map
with nonempty compact convex values. The proof of Theorem 3.1 is different
from [11].

(i1) In [11], Lin and Tan show that, if IMin(F (x, y, y)/C(x, y)) # @, then (x, y) is
a solution of the problem in Theorem 3.1 if and only if (X, y) is a solution of
the following problem: Find (x,y) € X x Y such that x € S(x), y € T(y) and
F(x,y,y) NIMin(F (x, y, T (x))/C(x, y)) # @.

Following the same arguments as in [11], we have the following corollary.

Corollary 3.2 In Theorem 3.1, if we assume further that there exists a multival-
ued map C:X xY —oZ such that, for each (x,y) € X x Y, C'(x,y) is a con-
vex cone which is not the whole space and contain C(x,y)\{0} in its interior.
Then, there exists (x,y) € X x Y such that x € S(x), y € T(x) and F(x,y,y) N
PrMin(F (x,y, T(x))/C(x,y)) #@.

Following the similar arguments as in Theorem 3.1 and Corollary 3.1, we have the
following theorem and corollary.

Theorem 3.2 In Theorem 3.1, let condition (iv) be replaced by

(iv) F:X xY xY —o Z is an u.s.c. multivalued map with nonempty compact values
such that, for each (x,y) € X x Y, u — F(x, y,u) is C(x, y)-quasiconvexlike.

Then, there exists (x,y) € X x Y s.t. x € S(x), y € T(x) and
FG,y,u)N[F(x,y,y)+Cx,y)1#0, forallueT(x).

Corollary 3.3 In Theorem 3.2, if we assume further that T is a compact continuous
multivalued map, then the set of solutions is compact.

Theorem 3.3 In Theorem 3.1, let conditions (iii) and (iv) be replaced respectively
by:
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(iii)’ C is a multivalued map such that, for each (x,y) in X x Y, C(x, y) is a proper
closed convex cone with int C(x, y) # @, and W is an u.s.c. multivalued map.

(iv)' F is a continuous multivalued map with nonempty compact values such that,
foreach (x,y) € X x Y, u— F(x,y,u) is C(x, y)-quasiconvex-like.

Then, there exists (x,y) € X x Y s.t. x € S(x),y € T(x) and

F(x,y,u) L [F(x,y,y) —intC(x,y)], forallueT(X).
Proof For fixed x in X, define m, : T (x) — T'(x) by

my(y) ={ueT(x)|F(x,y,u) S F(x,y,y) —intC(x, y)}.

Since F(x,y,y) is a compact set, w Max(F(x,y,y)/C(x,y)) # @ [8], then there
exists b € F(x,y,y) suchthata —b ¢ intC(x, y) foralla € F(x,y,y), thatis b ¢
a—intC(x,y) forall a € F(x,y,y). Hence F(x,y,y) SZ F(x,y,y) —intC(x,y),
therefore y ¢ m,(y). We claim that m,(y) is convex. Indeed, if uy,us € m(y)
and t € [0, 1], then uj,uy € T(x), F(x,y,uy1) € [F(x,y,y) —intC(x,y)] and
F(x,y,uz) C[F(x,y,y)—intC(x, y)]. Since T (x) is convex, u; = tu1+ (1 —t)us €
T (x) forall r € [0, 1]. Suppose that there exists 7y € (0, 1) such that u,, ¢ m,(y), then
F(x,y,us) € [F(x,y,y) —intC(x, y)]. By (iv)’,

either F(x,y,u,) C[F(x,y,u1) — C(x,y)] ()
or F(xs ysuto) g[F(xv ys“Z)_C(x»)’)l (2)

Without loss of generality, we assume (1) holds, then F(x, y, u;) € F(x,y,y) —
intC(x, y), this leads to a contradiction. Hence u; € my(y) for all ¢ € [0, 1], that
is my(y) is convex for all y € T'(x). Fixed u € T(x), let y € T(x)\m} (u), then
there exists a net {yy}oeca € T(x)\my (1) such that y, —> y. Then y, € T (x)
and F(x, yo, u) §Z F(x,yq, yo) —intC(x, yo). Hence there exists zo € F(x, yo, 1)
such that z4 ¢ F(x, Vg, Vo) — INtC(x, yy). Let A = {yq : @ € A} U {y}, then A
and F({x} x A x {u}) are compact. There exists a subnet {zq,} of {z4} such that
Za, —> z2€ F({x} x Ax{u}). By (iv),z € F(x,y,u). Letv € F(x, y, y), then exists
anet vy such that vy € F(x, Yo, Vo), Vo —> v and z, — vy ¢ —int C(x, yy), therefore
Za — Vo € W(x, yg) = Z\(—=int C(x, y¢)). By (iii)’ W is closed, and z —v € W (x, y).
This shows that z — v ¢ —intC(x, y) for all v € F(x,y,y). Hence F(x,y,u) §Z
F(x,y,y)—intC(x,y) and y ¢ m;l(u). Since T (x) is closed, y € T (x). Therefore
y €T (x)\my (u)and T (x)\m (u) is closed, that is m;l(u) is open in 7T (x).

By (ii), T (x) is compact and convex. Then by Theorem 2.2, there exists y € T (x)
such that m,(y) = @. That is for each x € X, there exists y, € T(x) such that
F(x,yc, u) Q F(x,yy,yx) —intC(x, yy) for all u € T'(x). By (i) and Himmelberg
fixed point theorem, there exists x € X such that x € S(x). Theorem 3.3 follows. [

Remark 3.2 If W(x,y) = Z\(—intC) for all (x,y) € X x Y, then W is an u.s.c.
multivalued map, where C is a constant cone in Z.

Corollary 3.4 In Theorem 3.3, if we assume further that T is a compact continuous
multivalued map, then the set of solutions is compact.

@ Springer



J Optim Theory Appl (2008) 138: 445-457 453

Proof Let

M={x,y)eXxY|xeSkx),yeTx), F(x,y,u) §Z F(x,y,y)—intC(x,y),
forall u € T (x)}.

Then M is a closed set. Indeed, if (x,y) € ‘M, there exists (Xg» Yo) € M such
that (xg, Vo) —> (x,y). One has x4, € X, yo €7, x4 € S(x¢)), Yo € T(xy) and
F(xq, Yo, w) € F(Xa, Yas Yo) — it C(xg, yo) forall w € T(xy). Thenx € X, y €Y,
xeSx),andy e T(x).Fixedu € T(x) and v € F(x, y,y). There exists uy € T (xy)
such that u, — u and vy € F(xy, Yo, Vo) such that v, —> v. Since u, € T (xy),
F(xq, Yo, Ug) SZ F(Xgs Ya, Vo) — int C(xy, Vo), there exists z4 € F(Xy, Yo, Ug) sSuch
that z4 ¢ F(Xg, Yo, Vo) — iNtC(Xy, Yo), therefore zo — vy ¢ —intC(xy, yo), that
iS Zg — Vo € W(xg, Vo). Let A ={xq:ax € A} U {x}, B={yy,:y € A} U {y},
D ={uy, o € A} U{u}. Then A x B x C is compact and F(A x B x C) is com-
pact.

Without loss of generality, we say that z, —> z for some z € F(x, y, u). Since
W is closed, zg — vy —> z—v € W(x,y), thatis z — v ¢ —intC(x, y) for all v €
F(x,y,y). Hence F(x,y,u) g Fx,y,y)—intC(x,y) (x,y) € M. Thatis M is a
closed set. Following the same argument as in Corollary 3.1, we can show that M is
a compact set. U

Following the same arguments as in Theorem 3.1 and Corollary 3.1, we have the
following theorem and corollary.
Theorem 3.4 In Theorem 3.1, let condition (iv) is replaced by:

(iv)’ F is a continuous multivalued map with nonempty compact values such that,
foreach (x,y) e X xY,u—o F(x,y,u) is C(x, y)-quasiconvex-like.

Then, there exist x € X,y € Y such that x € S(x),y € T (x) and
F(x,9,9) CFG,y,u) —C(x,y), forallueT(x).

Corollary 3.5 In Theorem 3.4, let us assume further that T is a compact continuous
multivalued map. Then, the set of solutions is compact.

Remark 3.3 In Theorem 3.4, let us assume further that F(x, y, y) N C(x, y) # @ for
all (x,y) € X x Y. Then, there exists (x,y) € X x Y such that x € S(x), y € T(x)
and F(x,y,u)NC(x,y) #@forall u € T(x).

Following the same arguments as in Theorem 3.3 and Corollary 3.4, we have the
following theorem and corollary.

Theorem 3.5 In Theorem 3.1, let condition (iii) be replaced by

(iii) C is a multivalued map such that, for each (x,y) in X x Y, C(x, y) is a proper
closed convex cone with intC(x,y) # 0, and W is u.s.c.
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Then, there exist x € X,ye Y s.it. x € S(x), y € T(x) and

F(X,5,9) € [F(X, 5, u)+intC(, )], forallueT ).

4 Applications
4.1 Mathematical Programs with Variational Inclusions Constraints

Applying Theorem 3.1, we establish the existence theorem of mathematical programs
with variational inclusion constraints.

Theorem 4.1 Let S, T, F be the same as in Corollary 3.1, let C : X x Y — Z be
a closed concave multivalued map such that, for each (x,y) in X x Y, C(x,y) is
a nonempty convex cone, and let Zo be a real t.v.s., let Co be a closed convex cone
in Zg, let f: X XY —o Zy be an u.s.c. multivalued map with nonempty compact
values. Assume that g : X X Y —o Z is a convex l.s.c. multivalued map with nonempty
values and

F={x,y)eXxY|gkx,y) CCx,y)}#0.

Let A be the projection of F on X, let B be the projection of F on Y. Suppose that
Tla:A—oB, S|la:A— Aand Gr(T|4s) C F. Then, there exists a solution of the
following problem: Min( f (M)/Co) # 0, where

H2) M={(x,y)eXxY|xeSk), yeTx), glx,y) CC(x,y)and
F(x,y,u) C[F(x,y,y)+C(x,y)], forallu e T (x)}.

Proof Let (x,y) € F, then there exists a net (xq, yo) € F such that (xg, yo) —>
(x,y). One has x, € X, yo € Y and g(xy, Vo) € C(xy, Vo). Fixed u € g(x,y),
there exists uy, € g(xq, Yo) such that u, —> u. Since C is closed, u € C(x,y)
and g(x,y) € C(x,y). We see that x € X and y € Y. Hence (x,y) € F and F
is closed. Let (x1, y1), (x2,y2) € F, t € [0,1]. Then fori = 1,2 (x;,y;) € X X Y,
g(xi, yi) © C(xi, yi). We see that (x¢, yr) =1(x1, y1) + (1 —1)(x2, y2) € X x Y for
each ¢ € [0, 1]. Fixed ¢ € [0, 1], since g is convex and C is concave, g(x;, y;) €
tg(x1, y1) + (I — 1)g(x2, y2) € tC(x1, y1) + (1 — 1)C(x2,y2) € C(xy, y;). Hence
(x¢,y:) € F for all ¢ € [0, 1]. F is a nonempty closed convex subset of X x Y.
Therefore A and B are nonempty closed convex subsets of X and Y respectively.
By Theorem 3.1 that there exist x € A, y € B such that x € S(x), y € T(x) and
F(x,y,u) CF(x,y,y)+C(x,y) forallu e T|4(x).Let M ={(x,y) e AXx B |x €
Sx),yeTx), F(x,y,u) S F(x,y,y)+C(x,y)forallu € T (x). By Corollary 3.1,
M is compact. Since f is u.s.c. with compact values and M is a compact set, (M)
is a compact set, there exists (x, y) € M such that f(x,y) N Min(f(M)/Co) # @.
Sincex € A, yeT(x), (x,y)€Gr(T|a) S F, g(x,y) CC(x,y). O

Remark 4.1 f T(x) ={y €Y : g(x,y) € C(x)} for x € A and S(x) = {x} for all
xeX,thenS|a:A—oA,T|ga:A—oBand Gr(T|s) CF.

@ Springer



J Optim Theory Appl (2008) 138: 445-457 455

4.2 Applications to Vector Bilevel Problem

If we assume further condition on Theorem 4.1, we have the following existence
theorem of solution for the vector bilevel problem.

Theorem 4.2 In Theorem 4.1, let us assume further that
IMin(F(x,y,y)/C(x,y)) #0, forall (x,y)e X xY.

Then, (x, y) satisfies (H2) if and only if (X, y) is a solution of the following problem:
Min( f (M)/Cy) # @, where
M={x,y)eXxY|xeSkx),yeT(x),gx,y)CC(x,y) and
F(x,y, y) NIMin(F(x, y, T(x))/C(x, y)) # 0}

Proof Theorem 4.2 follows from Theorem 4.1 and Remark 3.1. (I

In Theorem 4.1, if F, f and g are single real-valued functions, we have the fol-
lowing theorem.

Theorem 4.3 Let S and T be the same as in Corollary 3.1. Let f : X x Y — R
be an l.s.c. real-valued function, let F : X x Y x Y — R be a continuous real-
valued function such that, for each (x,y) € X x Y, u — F(x,y,u) is quasicon-
vex. Assume that g : X x Y — R is a quasiconcave u.s.c. real-valued function, and
let F ={(x,y) e X xY | g(x,y) >0} #0@. Let A be the projection of F on X,
let B be the projection of F on Y. Suppose that T|p: A — B, S|a: A — A and
Gr(T|a) € F. Then, there exists a solution to the following problem:

(BVD) min f(x,y)
(x,y)

st x€8(x), yeT(x), g(x,y) =0,
F(x,y,u)> F(x,y,y), forallueT(x).
Proof Take Z =2y =R, C: X x Y — Z by C(x,y) = [0, 00) for each (x, y) €
X x Y and Cp = [0, 00). Applying Corollary 3.1 and following the same arguments

as in Theorem 4.1, we can prove Theorem 4.3. ]

4.3 Mathematical Programs with Equilibrium Constraints

For the special case of the bilevel problem, we have the following existence theorem
of solution for a mathematical program with equilibrium constraint.
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Remark 4.2 (i) In Theorem 4.3, let us assume further that F(x,y,y) = 0 for all
(x,y) € X x Y. Then, there exists a solution to the problem:

(MPI) Min f(x,y)
(x,y)

st. xeSx), yeT(x), glx,y) >0,
F(x,y,v)>0, forallveT().

Proof Since F(x,y,y) =0 for all (x,y) € X x Y, we note from [1] that problems
(MPI) and (BVI) are equivalent; then Remark 4.2 follows from Theorem 4.3.

(i) In Theorem 4.3, let us suppose that X is a compact set and S(x) = X for all
x € X, and F(x,y,y) =0 for all (x,y) € X x Y. Then, Theorem 4.3 reduces to
Theorem 3.2 in [7].

(iii) [1] and [6] studied (MPI) by using a coincidence theorem or maximal element
theorem, in [1, 6], we show that x € X, but in this paper, we want x € S(x), so a
stronger conditions on § is needed. The results and methods of this paper are different
from [6].

Applying Corollary 3.4 and following the same arguments as in Theorem 4.1, we
have the following theorem. ]

Theorem 4.4 Let C, S, T, F be the same as in Corollary 3.4,let W : X XY — Z
be defined by W(x,y) = Z\(—intC(x, y)), a concave u.s.c. multivalued map with
nonempty values; let Zy be a real t.v.s., let Cqy be a closed convex cone in Zy, let f :
X XY —o Zy be a u.s.c. multivalued map with nonempty compact values. Assume that
g: X xY —o Z is a concave l.s.c. multivalued map with nonempty compact values
and F ={(x,y) € X x Y | g(x,y) € —intC(x, y)} # 0. Let A be the projection
of F on X, let B be the projection of F on Y. Suppose that T|py: A — B, S|4 :
A —o A and Gr(T|a) C F. Then, there exists a solution for the following problem:
Min(f(M)/Cy) # @, where

M={x,y)eXxY|xeSkx), yeT(x), glx,y) ,Q_ —intC(x, y) and
F(x,y,u) ,¢_ [F(x,y,y) —intC(x,y)], forallu e T (x)}.

Corollary 4.1 In Theorem 4.4, let us assume that F : X x Y XY — Z is a continuous
vector-valued map. Then, there exists (x,y) € X X Y such that (x, y) is a solution of
the following problem: Min f (M /Cy) # @, where

M={x,y)eXxY|xeSkx), yeT(x), glx,y) ,(Z —intC(x, y) and
F(x,y,y) e WMin F(x,y, T (x))}.

Proof Corollary 4.1 follows from Corollary 3.5 and Theorem 4.4. (]
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