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1 Introduction and Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm || - ||, respectively. Let
C be a nonempty closed convex subset of H and let ® : C x C — R be a bifunction,
where R is the set of real numbers. The equilibrium problem for ® : C x C — R is
to find x € C such that

d(x,y)>0, foralyeC. (1)

The set of solutions of (1) is denoted by E P(®). Given a mapping T : C — H,
let ®(x,y) =(Tx,y —x)forall x,y € C. Then, z € EP(®) if and only if (Tz,y —
z) >0forall y € C, i.e., z is a solution of a variational inequality. A large number
of problems arising from physics, optimization, and economics reduce to finding a
solution of an equilibrium problem (1). Some methods have been proposed to solve
the equilibrium problem; see, for instance, [3-7].

A mapping T with domain D(7T) and range R(T) in H is called nonexpansive if

ITx —Tyll <llx—yll, forallx,ye D(T).

We denote by F(T) the set of fixed points of T, i.e., F(T) ={x € D(T) : Tx = x}.
If C C H is nonempty, bounded, closed and convex and T is a nonexpansive self-
mapping of C, then F(T) is nonempty; see Ref. 8 for instance.

Very recently, motivated by Combettes and Hirstoaga [4], Moudafi [9], and Tada
and Takahashi [3], Takahashi and Takahashi [6] first introduced an iterative scheme
by the viscosity approximation method for finding a common element of the set of
solutions of equilibrium problem (1) and the set of fixed points of a nonexpansive
mapping in a Hilbert space, and then proved a strong convergence theorem which is
connected with Combettes and Hirstoaga’s result [4] and Wittmann’s result [10].

Theorem 1.1 [6, Theorem 3.2] Let C be a nonempty closed convex subset of H. Let
@ : C x C — R be a bifunction satisfying the following assumptions:

(Al) ®(x,x)=0forallx € C.
(A2) @ is monotone, i.e., ®(x,y)+ P(y,x) <0forallx,yeC.
(A3) Foreachx,y,z€C,

liﬁ)@(tz + (1 =1x,y) <P(x,y).
t

(A4) Foreachx € C, y+— ®(x,y) is convex and lower semicontinuous.

Let S : C — H be a nonexpansive mapping such that F(S) N EP(®) # @, let f :
H — H be a contraction and let {x,} and {u,} be sequences generated by x; € H
and

1
D(up, y) + r—(y—un,u” —xp) >0, VyeC(C,
n

Xp1 =0 f (xp) + (1 — oty) Suy, Vn>1,
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where {a,} C [0, 1] and {r,} C (0, 00) satisfy

o0 o
lim o, =0, E oy = 00, E |1 — an| < 00,
n—oo

n=1 n=1

o0

liminfr, > 0, E [Fpe1 — rul < 00.
n—oo

n=1

Then, {x,} and {u,} converge strongly to z € F(S) N EP(®), where z =
Prsnep@) f(2).

Let C be a nonempty closed convex subset of H and let {T,'}ZN= | be a finite family
of nonexpansive self-mappings of C. In [1], Xu and Ori introduced the following
implicit iteration process. For xo € C and {a,};2, C (0, 1), the sequence {x,}° | is

generated as follows:

x1 =oa1xo + (1 —ap)Tixy,

x2 =aox) + (1 —az)Thxs,

xy =anxy—1 + (I —an)Tyxy,

ANyl =ant1xy (I —ans ) Tixy -

The scheme is expressed in a compact form as
Xp =pxp—1 + (1 —a,)Tyx,, foralln=>1, 2)

where T, = T}, mod N -
Using the iteration process (2), they proved the following convergence theorem
for nonexpansive mappings in a Hilbert space H.

Theorem 1.2 [1, pp. 770] Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let {T,-}lN: | be N nonexpansive self-mappings of C such that
Q= ﬂ,lN:l F(T;) # 9, where F(T;) = {x € C : Tix = x}. Let xo € C and let {a,}° |
be a sequence in (0, 1) such that lim,_ o o, = 0. Then, the sequence {x,} defined
implicitly by (2) converges weakly to a common fixed point of the mappings {T; }lN: 1

Let T : H — H be a nonexpansive mapping and F' : H — H be a mapping such
that for some constants «, n > 0, F is k-Lipschitzian and n-strongly monotone; i.e.,

F satisfies the following conditions:

|Fx —Fyll <«llx—yl, forallx,ye€H,
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and
(Fx —Fy,x —y)>nllx — y|?>, forallx,yeH,
respectively. For any given numbers A € [0, 1) and p € (0,2n/k?), we define the
mapping T* : H — H by
T’x:=Tx —AuF(Tx), forallxe H.
Proposition 1.1 [111If0 <A < 1 and 0 < . < 2n/k?, then we have for T* : H —
Hs
IT*x = T*y|l < (1 —At)|lx — y|, forallx,yeH,

1=1—4/1—uR2n—pux?) c(,1).

Observe that, by Proposition 1.1, for every u € H and ¢ € (0, 1), the mapping
S; : H — H defined by S;x :=tu + (1 — t)T*x satisfies

where

ISix = Syl = (1 =T x = T*y| < (1 =1 = A0)lx — y[ < (1 = D)]lx = y],

for all x, y € H, where

0<i<l, 0<,u<217//c2, T=1—/1—u@n—puk?) c,1).

By Banach’s contraction principle, there exists a unique x; € H satisfying the equa-
tion

xe=tu+ (1 —0)T"x,. 3)

Furthermore, let {T,~}ZN= | be a finite family of nonexpansive self-maps of H and
F : H — H be a mapping such that for some constants x, n > 0, F is k-Lipschitzian
and n-strongly monotone. Let {a,}2 | C (0, 1), {A,};2, C [0, 1) and take a fixed
number 1 € (0, 2n/k?). Applying (3), Zeng and Yao [2] introduced and studied the
following implicit iteration process with perturbed mapping F for an approximation
of common fixed points of {7; }1N= |- For an arbitrary initial point xo € H, the sequence
{xn},2, is generated as follows:

x1 =a1xo + (1 —a)[T1x1 — MquF(Tix))],

x2 =azx1 + (1 —a2)[Tox2 — Ao F (Trx2)],

xy =anxy—1+ A —ay)[Tyxy —AvuF (Tyxy)],

ANyl =oanp1xy (I —aniD[Tixns1 — AvpapnF(Tixy 1)1,
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The scheme is expressed in a compact form as
Xp=0opxp_ 1+ (1 —a)[Txy — Ay F(Thxp)], Vn>1. @

It is clear that if A, =0, Vn > 1, then the implicit iteration scheme (4) reduces to
the implicit iteration process (2). Utilizing this iteration process (4), they proved the
following convergence theorem for nonexpansive self-maps of H.

Theorem 1.3 [2, Theorem 2.1] Let H be a real Hilbert space and let F : H — H
be a mapping such that, for some constants k,n > 0, F is k-Lipschitzian and n-
strongly monotone. Let {T,-}tN: | be N nonexpansive self-maps of H such that Q =
ﬂlN:l F(T;)) # 0. Let € (0,2n/k?), let xo € H, A2, €10, 1) and {a, )72, C
(0, 1) satisfying the conditions Zflozl A <ooand a <a, < B, Yn > 1, for some
o, B € (0, 1). Then, the sequence {x,}° | defined by

Xp = OyXxp—1+(1 _an)TnAnxn =dpXp—1+ (1 —o)[Toxn — At F (Tpxn)]l, Vn =1,
converges weakly to a common fixed point of the mappings {T; }1N= I

Motivated and inspired by the above research work of Takahashi and Taka-
hashi [6], Xu and Ori [1] and Zeng and Yao [2], in this paper we will propose a new
implicit iteration scheme with a perturbed mapping for finding a common element
of the set of solutions of (1) and the set of common fixed points of a finite family of
nonexpansive self-maps of H. Also, we will establish some convergence theorems for
this implicit iteration scheme which are connected with Xu and Ori’s result [1], Zeng
and Yao’s result [2] and Takahashi and Takahashi’s result [6]. In particular, necessary
and sufficient conditions for strong convergence of this implicit iteration scheme are
obtained. Since our iteration scheme is implicit, our method of proof is very different
from the one of Takahashi and Takahashi’s in [6]. Moreover, our requirements on
the iterative parameters are much weaker than the ones of Takahashi and Takahashi’s
in [6]. For example, in our results we remove the following conditions:

oo o
nli)n;oanz()’ Z|an+l—an|<00, Z|rn+l—rn|<oo-
n=1 n=1
Next, we further give some preliminaries and results which will be used in the
rest of this paper. A Banach space E is said to satisfy Opial’s property: if {x,} is a
sequence in £ which converges weakly to x, then

liminf||x, — x| <liminf||x, — y||, forallye E, y#x.
n—0o0 n—od

It is well known that every Hilbert space satisfies Opial’s property (see for in-
stance [12]).
Throughout the rest of the paper, we use the following notation:

(i) when {x,} is a sequence in H, then x, — x (resp. x,, — x) denotes strong (resp.
weak) convergence of the sequence {x,} to x;
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(i1) for a given sequence {x,} C H, wy (x,) denotes the weak w-limit set of {x,}; that
s,

wy(xp) :={x € H : x,; — x, for some subsequence {n;} of {n}}.
Definition 1.1 [8] Let K be a closed subset of a Banach space E. A mapping T :
K — K is said to be semicompact if, for any bounded sequence {x,} in K such

that ||x, — Tx,|| — 0 (n — 00), there exists a subsequence {x,,} C {x,} such that
Xy, > x* € K (i > 00).

Lemma 1.1 [8] Assume that T is a nonexpansive self-mappings of a nonempty closed
convex subset C of a Hilbert space H. If T has a fixed point, then I — T is demiclosed,
that is, whenever {x,} is a sequence in C weakly converging to some x € C and the
sequence {(I — T)x,} strongly converges to some y, it follows that (I — T)x = y.
Here, I is the identity operator of H.

Lemma 1.2 [13, pp. 80] Let {a,};> |, {bu}oo | and {6,},2 | be sequences of nonneg-

n=1’
ative real numbers satisfying the inequality

ane1 < (1 +68)ay + by, VYn=>1.

If Y52 18y <00 and Y ooy by < 00, then lim,_, o ay exists. If in addition {a,}52
has a subsequence which converges to zero, then lim,_, o a, = 0.

Corollary 1.1 [14, pp. 303] Let {a,}2 | and {b,},° | be two sequences of nonnega-

tive real numbers satisfying the inequality
any1 < ay +by, Yn=>1.
If 220:1 by, converges, then limy,_, o ay, exists.
Recall that the well-known identity
lex + (L= DyI1> = llx ]+ A = DllylI*> = (1 = Dllx = yII? ®)
holds for all x,y € H and ¢ € [0, 1]. Let C be a nonempty closed convex subset of

H. Then, for any x € H, there exists a unique nearest point in C, denoted by Pc (x),
such that

¥ = Pc)ll < llx = yll, forallyeC.

Such a Pc is called the metric projection of H onto C. We know that Pc¢ is nonex-
pansive. Further, forx € H and z € C,

z=Pcx <& (x—2z,z—y)>0, forallyeC.
The following lemma appears implicitly in [15].
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Lemma 1.3 [15] Let C be a nonempty closed convex subset of H and let ® : C x
C — R be a bifunction satisfying (A1)—(A4). Let r > 0 and x € H. Then, there exists
z € C such that

1
D(z,y) + ;(y —z,2—x)>0, forallyeC.
The following lemma was also given in [4].

Lemma 1.4 [4] Assume that ® : C x C — R satisfies (A1)—(A4). For r > 0 and
x € H, define a mapping S, : H — C as follows:

1
Sr(x)z{zeC:d)(z,y)+;(y—z,z—x>z 0, VyeC},

for all x € H. Then, the following statements hold.:

(1) Sy is single-valued.
(i) Sy is firmly nonexpansive, i.e., forall x,y € H,

I1Srx — SeylI* < (Spx — Spy, x — y).

(iii) F(S,) = EP(®).
@iv) EP (D) is closed and convex.

2 Convergence Theorem

In this section, we deal with an implicit iteration process with a perturbed mapping
for finding a common element of the set of solutions of (1) and the set of common
fixed points of a finite family of nonexpansive self-maps of a real Hilbert space H.

Theorem 2.1 Let C be a nonempty closed convex subset of H. Let ® : C x C - R
be a bifunction satisfying (A1)—(A4) and let { T,~}lN= | be N nonexpansive self-maps
of H such that Q N EP(P) # B, where Q2 is the set of common fixed points of
the mappings {Ti}z]'v=1’ ie., Q= ﬂlNzl F(T;). Let F : H— H be a mapping such
that, for some constants k,n > 0, F is k-Lipschitzian and n-strongly monotone. Let
un e 0, 277//(2) and let {A,} C [0, 1), {ay} C (0, 1) and {r,} C (0, 00) satisfying the
conditions: Z;’le Ap < 00, liminf, 007, > 0 and o < oy < B, Vn > 1, for some
o, B €(0,1). Then, the sequences {x,} and {u,} generated by xo € H and

1
D(up—1, Y)+r_<y_un—lv Up—1 —Xp—1) >0, VyeC,

n

Xp =aptty—1 + (1 — o) [Thxy — Ay F (Tpxy)], VYn>1,

converge weakly to the same element of Q2N E P (®) provided lim,,_, oo || X, — Xp—1]| =
0.
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Proof Let g be an arbitrary element of 2N E P(®). Then, from u,_1 = Sy, x,—1, we
have

ltn—1 = qll = 1Sr, Xn—1 — Sr,qll < X1 —qll, Vn>1.
Observe that
It — g 1> = lletmttn—1 + (1 — ) T2 xy — qI*
= ayllun—1 —ql* + (1L — a) I T} x, — qI*
— an(1 = o) un—1 = T, x|
< dpllxa—1 —qlI* + A —a) I T} xn — ql?
—ap (1 —an)lun—1 — T} xq 1%, (6)
where

Thx, = Tpxy — At F (Tpxy,).
Utilizing Proposition 1.1, we have
1T} %0 = qll = 1T} x0 — T, q + T}"q — q||
<IT"x0 = T gl + 1T, g — gl
= (I =2aD)lxn — gl + 2apl F (@)l
which implies that

2 2
12 F ()
170730 = 117 < (U= R0l = g1+ Ay - ==

This together with (6) yields

0 — 1> < anllxn—1 —qll* 4+ (1 — an)[a — dn D)Xy — g

CIF@IP
T

+ An } — oy (1 — a)lun—1 — T x|

< anllxn—1 —ql* + (1 — o) llx, — gl

2 2
12 IF (@)l
+ (1 =)k, - f —ay(1 =) |lup—1 — Tn)wxn”2
and so

M BEIF @I

122 = qlI* < lxn—t — ql* + (1 — o) =" - ———
oy T

— (1 —ap)llug—1 — T} x|
2 2
H2IF (@)l
< xn—1 —qlI* + h - — I%. @)
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Since Y o2, Ay - (U2 || F(q)||?/tar) converges, from Corollary 1.1 we deduce that
lim,_  ||x, — ¢q|| exists. As a consequence, the sequence {x,} is bounded. Hence,
we have

2 2
12 F @l
120 — tn—11* < 1Xn—1 = qI* = l1xn — @ I* + An - — -0, an-oo,
and hence,
lim ||x, — tp—1] = 0. ®)
n—oo
Now, observe that
(I=B)lltp—1 =T} xp | < (A=) lttn—1 — T} x5 | = X0 —tty—1]l = 0, asn— oo,
and hence,
m [up—1 — T, x, || = 0. ©)
n—oo

Also note that the boundedness of {x,} implies that {T,,x,} and {F(T,x,)} are both
bounded. Thus, we have

ln—1 — Tuxpll < llup—1 — Tn)”"an + ”Tn)Lan — x|l
< Nlun—1 = T}"xp | + At F (Tuxa)ll > 0, asn — oo,
which implies that
lxn — Toxnll = llotg (Un—1 — Tuxn) — (1 — ) Ao F (T ) ||
< Mup—1 = Toxpll + Ap | F(Tyxp)|| > 0, asn—oo. (10)

Since
lim |lx, —x,-1] =0,
n— o0
it is easy to see that
lim ||x;, — x,4il|=0, foreachi=1,2,...,N. (11
n—oo

Consequently, from (10) and (11), it follows that, foreachi =1,2,..., N,

lxn — Tngixnll < X0 — Xpgill + N1xn4i — TogiXntill + 1 TogixXnti — Taixaull

<2|x, — Xn+i I+ ”xn+i — Ip4iXn+i |—0, asn— oo,
and so
lim ||x;, — Th+ixn|| =0, foreachi=1,2,...,N.
n—oo
This implies that
lim ||x, — Tjx,|| =0, foreachl=1,2,...,N. (12)
n—oo
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Further, since {x,} is bounded, it has a subsequence {x,;} which converges weakly
to some x € H and hence we have

ln;o ”xnj - Tlxl’lj ” =0.
j—

Note that, from Lemma 1.1, it follows that I — 7; is demiclosed at zero. Thus x €
F(Ty). Since [ is an arbitrary element in the finite set {1,2,..., N}, we get x € Q =

Niei F(T).
Now, let us show x € E P(®). Indeed, by u, = S, xn, we have

@ (un, y) +

(y —up,up —x,)>0, VyeC.
'n+1

From (A2), we also have

1
(Y —un,up —x5) > —=P(up, y) > O(y, un),
n+1
and hence,
Uy, — Xp,
<y—u,,j,u>zd>(y,unj). (13)
Tnj+1
Since
Xp =pttn—1 + (1 —ap)[Thxp — A F (T xy,)]
=apup—1+ 1 - an)Tn)\”xna
so we have
Xp—Xp—1=Up_1 —Xp—1 + (1 — an)(Tn)Lnxn —Up_1).
Note that
lim ||x; — x;—1]l = 0.
n—oo
So, from (9) we get
ltn—1 = X1l = X0 = xa—1 — (1 — ) (T, X — 1) |

A
< xn —xp1ll + 1T, %y — tty—1ll = 0, asn— oo,

and hence
lim |ju, —x,|| =0.
n— o0
Up . —Xp . - = :
This implies that —-— — 0. Since u,; — x (due to x,; — X), from (A4) we obtain

rVLj+l

0> d(y,x), forallyeC.
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Fort withO<¢t<landyeC,lety,=ty+ (1 —¢)x.Since y € C and x € C (due to
Un; = x), we have y; € C and hence ®(y;, x) <0. So, from (A1) and (A4), we have

0=®(y, )
<t®(y,y)+ A=) (s, X)
<t®(y,y)

and hence 0 < ®(y;, y). From (A3), we have
0<d(x,y), forallyeC,

and hence x € E P(®). Therefore, in terms of the above argument, we conclude that
xXeQNEP(D).

On the other hand, let x* be an arbitrary element of wy,(x,). Then, there exists
another subsequence {x,,} of {x,} which converges weakly to x* € H. Clearly, re-
peating the same argument, we must have x* € Q N E P(P). Next, we claim that
x* = x. Indeed, if x* # X, then according to the Opial’s property of H, we conclude
that

lim [x, — x*|| = liminf ||x,, —x™||
n— 00 k— 00
< liminf||x,, — x| = lim |lx, — X|| =liminf ||x,, — X||
k— 00 n—00 j—oo J
< liminf ||x,, —x*|| = lim ||x, —x™].
j—o0 J n—00

This leads to a contradiction and so we get x* = x. Therefore, w,,(x,) is a single-
point set. Hence, {x,} converges weakly to an element of 2 N E P(®). According to
u, —x, — 0, we know that both {x,} and {u,} converge weakly to the same element
of QN E P(®). This completes the proof. g

Theorem 2.2 Let C be a nonempty closed convex subset of H. Let ® : C x C — R be
a bifunction satisfying (A1)—(A4) and let {T,-}lN: | be N nonexpansive self-maps of H
such that QN E P (D) # @ where Q2 is the set of common fixed points of the mappings
{Ti}lN:l, ie., Q= ﬂlNzl F(T;). Suppose there exists one map T € {T1,T>,...,Tn}
to be semicompact and F : H — H is a mapping such that, for some constants
k,n >0, F is k-Lipschitzian and n-strongly monotone. Let p € (0,2n/«?) and let
{An} C 10, 1), {,} C (0, 1) and {r,} C (0, 00) satisfying the conditions: Y | p <
oo, liminf, ooy, > 0 and @ < o, < B, Yn > 1, for some «, B € (0,1). Then the
sequences {x,} and {u,} generated by xo € H and

1
Dup_1,y)+—y —up—1,Up—1 —x,-1) 20, VyeC,

n

Xp=apup_1 + (1 — o) [Tyxy — AguF (Tyx,)], VYn>1,

converge strongly to the same element of Q2 N EP(P) provided lim,_ ||x, —
Xp—1ll =0.
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Proof Recalling the proof of Theorem 2.1, we know that
lim ||x, — q] exists, VqeQNEP(P),
n—od

lim [lx, — Tixa || =0, Vie{l,2,...,N}
n—>oo

Thus, {x,} is bounded. Then, by the hypothesis that there exists one map T €
{T1,T», ..., Ty} to be semicompact, we may assume that 77 is semicompact with-
out loss of generality. Therefore,

lim |lx, — Tix,[| =0
n— 00

and by the definition of semicompactness there exists a subsequence {x;;} of {x,}
such that

Xp; —> pE€H, asi— oo.

Hence, x,; — p. Clearly, repeating the same argument as in the proof of Theorem 2.1,
we must have p € QN E P (®P). So this implies that lim,—,  ||x, — p|| exists. Conse-
quently, we have

lim [lx, — pll = lim [lx,; — pll =0.
n—00 i—00

According to u, — x, — 0, we deduce that both {x,} and {u,} converge strongly to
the same point p € Q N E P(®P). This completes the proof. g

Theorem 2.3 Let C be a nonempty closed convex subset of H. Let ® : C x C - R
be a bifunction satisfying (A1)—(A4) and let {T,-}lN: | be N nonexpansive self-maps
of H such that Q N EP(P) # ) where Q is the set of common fixed points of
the mappings {Y}}fvzl, ie., Q= ﬂlN=1 F(T;). Let F : H— H be a mapping such
that, for some constants k,n > 0, F is k-Lipschitzian and n-strongly monotone. Let
w e (0,2n/k?) and let {x,} C [0, 1), {a,} C (0, 1) and {r,} C (0, 00) satisfying the
conditions: ZZo:l Ay < 00, liminf, oo, > 0 and o < oy < B, Vn > 1, for some
o, B €(0,1). Then the sequences {x,} and {u,} generated by xo € H and

1
®(up-1,y) + r—(y —Up_1,Up—1 —Xp—1) >0, VyeC,

n

Xp =apttp_1 + (1 — o) [Tyxy — Ay F(Tpxy)], VYn>1,

converge strongly to the same element of QN E P (®) if and only iflim,_, oo d (x,, 2N
EP(®))=0.

Proof Recalling the proof of Theorem 2.1, we know that lim,,_,  ||x, — ¢q|| exists for

each g € QN E P(®). Hence, {x,} is bounded and so are {7, x,} and {F (T, x)}.
First, the necessity is apparent. Second we show the sufficiency. Suppose that

liminfd(x,, QN EP(P)) =0.
n—o00
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Since
Xp = Apttn—1 + (1 — ) [Tnxn — Anu F (Tpxn)],
we derive
X —qll < anllun—1 —qll + (1 = ) 1 Tnxn — g — Ag it F (T xn) |l
< anllun—1 —qll + (I — o)1 Twxn — Tugll + 2n | F(Trxn) I}
< apllxp—1 —qll + (A —ap)llxn — qll + Appl| F (Tnxn) ||,

and hence
M F (Toxn)||
lxp —qll < llxp—1 —qll + Ay - -
n
umM
< xn—1—qll +An - ot (14)

where ||F(T,x,)|| < M for some M > 0. Hence, it follows from (14) that, for all
qeQNEP(D),
u
xnrm — Pl < lIXptm—1 —qll + Ay - ——

uM uwM
< Ixntm—2 — qll + Aptm—1- 7 + Antm ——

uM uM uM
Sxn —qll+ 21—+ Ao —— + -+ A - ——
o o o
n+m
uM
=l —qll+=— >
i=n+1

and so,

1xn4+m — Xnll < NXntm — qll + llxn — ¢/l
n—+m
m (15)
<2lxy —qll + 7 Z A
i=n+1
Taking the infimum over all ¢ € Q2 N E P (P), from (15) we obtain

n—+m
ltm — Xnll <2d(xa, QOEP(@®) + 5 3" 450, asn — .
07
i=n+1

Thus, {x,} is a Cauchy sequence. Suppose that lim,_, o x, = X € H. Then,

d(x,QNEP(D)) = li)n;od(x,,, QNEP(®))=0.
n
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As each T; (1 <i < N) is a nonexpansive mapping, we know that F(T;) is closed.
Note that EP(®) is closed according to Lemma 1.4. Thus, 2 N EP(P) is closed.
Consequently, x € QN E P (D). In view of u, — x, — 0, we conclude that both {x,,}
and {u,} converge strongly to the same element X of 2N E P(®). This completes the
proof. g

As direct consequences of Theorems 2.1-2.3, we obtain the following corollaries.

Corollary 2.1 Let C be a nonempty closed convex subset of H. Let {T;} lN: | be N non-

expansive self-maps of H such that ﬂlNzl F(T;) #0. Let F: H— H be a mapping
such that, for some constants k,n > 0, F is k-Lipschitzian and n-strongly monotone.
Let u € (0, 217//(2) and let {A,} C [0, 1), and {o,} C (0, 1) satisfying the conditions:
ZZO:1 A <ooand o <o, < B, Yn>1, for some a, B € (0, 1). Then, the sequence
{x,,} generated by xo € H and

Xn =anPcxp—1 + (1 — o) [Thxy — A F (Tyxp)], Vrn>1,
converges weakly to an element of ﬂlNzl F (T;) provided lim,,_, oo || X, — x—1|| = 0.

Proof Put ®(x,y) =0forallx,y e Candr, =1foralln > 1inTheorem 2.1. Then,
we have u,_1 = Pcx,—1. So, in terms of Theorem 2.1, whenever lim,,_, o || X, —
Xn—1|l = 0, then the sequence {x,} generated by xo € H and

Xn =0y Poxp—1 + (1 — o) [Tyxy — Anu F (Tyxp)], Vn>1,
converges weakly to an element of ﬂlNz | F(T). O

Corollary 2.2 Let C be a nonempty closed convex subset of H. Let ®: C x C - R
be a bifunction satisfying (A1)—(A4) such that EP(®) # 0. Let F : H — H be a
mapping such that, for some constants k,n > 0, F is k-Lipschitzian and n-strongly
monotone. Let € (0, 217//(2) and let {1} C [0, 1), {a,,} C (0, 1) and {r,} C (0, c0)
satisfying the conditions: ZZOII An <00, liminf, o1y, >0and o <, < B, Vn >
1, for some o, B € (0, 1). Then, the sequences {x,} and {u,} generated by xo € H
and

1
q)(un—17y)+r_<y_un—lvun—l_xn—l>ZOa VyedC,

n

Xn = apttp—1 + (1 —ap)lxp — At F (x5)], Vn>1,
converge weakly to the same element of E P(®) provided lim,_, || x;, — xp—1]| = 0.

Proof Put T; = I foreachi =1,2,..., N in Theorem 2.1, where I is the identity
operator of H. Then, in terms of Theorem 2.1 the sequences {x,} and {u,} gen-
erated in Corollary 2.2 converge weakly to the same element of EP(®P) provided
limy, — 00 [l — xp—1/ = 0. 0
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Corollary 2.3 Let C be a nonempty closed convex subset of H. Let {T,-}I.NI | be N

nonexpansive self-maps of H such that ﬂf\;l F(T;) # 0. Suppose that there exists
onemap T € {T1,T,,...,Tn} to be semicompact and F : H — H is a mapping
such that for some constants ik, n > 0, F is k-Lipschitzian and n-strongly monotone.
Let i € (0,2n/k?) and let {r,} C [0, 1) and {a,} C (0, 1) satisfying the conditions:
Z;il Ap <ooand o <oy < B, VYn > 1, for some o, B € (0, 1). Then, the sequence
{x,} generated by xo € H and

Xp=apPexp—1 + (1 — o) [Thxy — Ay F(Tyxy)], VYn>1,
converges strongly to an element of ﬂlNzl F(T;) provided lim,, 5o || X, — Xp—1|| = 0.

Corollary 2.4 Let C be a nonempty closed convex subset of H. Let {T; }f.V: | be N non-
expansive self-maps of H such that ﬂlNzl F(T;) #0. Let F : H— H be a mapping
such that for some constants k,n > 0, F is k-Lipschitzian and n-strongly monotone.
Let € (0,2n/k?%) and let {r,} C [0, 1) and {a,} C (0, 1) satisfying the conditions:
thil Ap <ocoand a <op < B, Vu > 1, for some a, B € (0,1). Then the sequence
{x,} generated by xog € H and

xXp=anPexp_1 + (1 — o) [Thxy — Ay F(Tpxy)], VYn>1,

converges strongly to an element of ﬂlN:l F(T;) if and only if liminf,_, o d(x,,
ML) F(T)) =0.

Corollary 2.5 Let C be a nonempty closed convex subset of H. Let ® : C x C —> R
be a bifunction satisfying (A1)—(A4) such that EP(®) # (. Let F : H — H be a
mapping such that, for some constants k,n > 0, F is k-Lipschitzian and n-strongly
monotone. Let 11 € (0,2n/k?) and let {»,} C [0, 1), {an} C (0, 1) and {r,} C (0, 0)
satisfying the conditions: Zflozl An <00, liminf, o1, >0and o <, < B, Vn >
1, for some a, B € (0, 1). Then the sequences {x,} and {u,} generated by xo € H and

1
q)(un—l’y)‘i‘r_(y_un—lvun—l_xn—l>ZOs VyeC,

n

Xp =apttp—1 + (1 — o)Xy — A F(x5)], Vn>1,

converge strongly to the same element of EP(®) if and only if liminf,_
d(xp, EP(®))=0.
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