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Abstract In this paper, a gap function for a system of vector equilibrium problems
is introduced and studied. Some necessary and sufficient conditions for the system
of vector equilibrium problems are established. Characterizations of the solutions
set for the system of vector equilibrium problems are also derived. Furthermore,
some existence results of solutions for the system of vector equilibrium problems
are proved.
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1 Introduction

In 1994, Blum and Oettli [1] introduced and studied the following scalar equilibrium
problem (in short, EP): given a nonempty set E and a scalar bifunction f : E X E —
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R = (—00, 0), with f(x,x) >0 forall x € E, find x* € E such that
(EP) f(x*,y)=0, VyekE.

It is well known that EP contains as special cases, for instance, Nash equilibria prob-
lems, fixed-point problems, variational inequality and complementarity problems, as
well as optimization and control problems. See e.g. [2-7].

On the other hand, the vector variational inequality in a finite-dimensional Euclid-
ean space was introduced first by Giannessi [8] in 1980. This is a generalization of a
scalar variational inequality to the vector case by virtue of multicriteria consideration.
Since then, many authors have studied vector variational inequalities, vector comple-
mentarity problems, and vector equilibrium problems with fixed or moving cones in
finite-dimensional Euclidean spaces and infinite-dimensional abstract spaces. See for
example [9-21] and the references therein.

Throughout this paper, without other specifications, let I be an index set and for
each i € I, let X; and Y; be locally convex Hausdorff topological vector spaces.
Consider a family of nonempty closed convex subsets {K;};c; with K; in X;. We
denote X =[];c; Xi, Y =[[,; Yi and K =[[;.; K;. Foreachi €I, let C; : K —
2Yi be a point-to-set mapping such that for any x € K, C;(x) is a pointed, closed and
convex cone in ¥; with nonempty interior int C;(x). Foreachi € I, lete; : K — Y;
be a vector-valued mapping and for any x € K, ¢;(x) € intC;(x). For each i € I,
let f; : K x K; — Y; be a bifunction. We consider the following system of vector
equilibrium problems (in short, SVEP): find x* € K such that, for eachi € I,

(SVEP) f;(x*,y;) ¢ —intC;(x™), Vy; € K;.

We denote by ES the solutions set of SVEP.
If the index set [ is a singleton, then SVEP reduces to the following vector equi-
librium problems (in short, VEP): find x* € K such that

(VEP) f(x*,y)&d—intC(x*), forally € K.

We denote by E° the solutions set of VEP.

For a suitable choice of the mappings f, C and the spaces X and Y, a number
of known classes of vector (scalar) equilibrium problems, vector (scalar) variational
inequalities and vector (scalar) complementarity problems can be obtained as special
cases of VEP. See e.g. [8, 22-28] and the references therein.

It is well known that gap functions play a crucial role in transforming a varia-
tional inequality problem into an optimization problem. Thus powerful optimization
solution methods and algorithms can be applied for finding solutions of variational
inequalities. In 2002, Yang and Yao [29] introduced the gap functions and established
necessary and sufficient conditions for the existence of solutions for vector variational
inequalities (in short, VVI) with set-valued mappings. They also investigated the ex-
istence of solutions for the generalized VVI with a set-valued mapping by virtue of
the existence of a solution of VVI with a single-valued function and a continuous
selection theorem. In 2003, the gap function approach was extended to the study for
EP by Mastroeni [30]. For some other related works, we refer to [31, 32].
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Inspired and motivated by above research works, in this paper, by virtue of the
nonlinear scalarization function introduced by Chen, Yang and Yu [33] a gap func-
tion for SVEP is introduced and some necessary and sufficient conditions for SVEP
are established. Characterizations of the solutions set for SVEP are also derived. Fur-
thermore, some existence results for SVEP are proved by using the theorem due to
Deguire, Tan and Yuan [34].

2 Preliminaries

Let X and Y be two Hausdorff topological vector spaces and let G : X — Y be a
point-to-set mapping. The inverse G~ of G is the point-to-set mapping from the
range of G to X defined by

xeGl) e yeGh).

A nonempty subset P of Y is said to be a cone if AP C P for all A > 0. The cone P
is called pointed if P N {—P} = {0}.
We recall first some definitions which will be needed in the rest of this paper.

Definition 2.1 Let X, Y be two topological vector spaces and let K be a nonempty
subset of X. Let W : K — 2¥ be a point-to-set mapping. The graph of W, denoted
by Gr(W), is

Gr(W)={(x,2) e K xY:xeK,ze Wkx)}.

Definition 2.2 Let X, Y be two topological vector spaces and let K be a nonempty
convex subset of X. Let C : K — 2% be a point-to-set mapping such that for any
x € K, C(x) is a pointed, closed and convex cone in Y with nonempty interior. Let
f K x K — Y be a bifunction. For any given x € K, the vector-valued function
y — f(x,y) is said to be C(x)-convex if, for any y;, y» € K and ¢t € [0, 1],

f(x$tyl +(1 —f))’Z) th(x, YI)+(1 _t)f(xv Y2) —C(.X)

Remark 2.1 1Tt is easy to see that for any given x € K, the vector-valued function
y — f(x,y) is said to be C(x)-convex if and only if, for any y; € K and #; € [0, 1]
(=1,....n)with }7_, 5, =1,

f(xv Zh‘)ﬁ') € Ztl'f(-xv yl) - C(-x)
i=1 i=1

Definition 2.3 (See [33]) Let X and Y be two locally convex Hausdorff topological
vector spaces, let C : X — 2¥ be a point-to-set mapping such that, for any x € X,
C(x) is a proper, pointed, closed and convex cone in ¥ with intC(x) # @. Let e :
X — Y be a vector-valued mapping such that, for any x € X, e(x) € intC(x). The
nonlinear scalarization function &, : X x ¥ — R is defined as follows:

E(x,y)=inffAe R:yele(x) —C(x)}, V(x,y)eXxY.
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If e(x) = k¥ for all x € X, then the nonlinear scalarization function &, reduces
to the nonlinear scalarization function &0 introduced by Chen and Yang [35]. We
observe that the original version of the nonlinear scalarization function was due to
Gerstewitz [36].

The following results are very important properties of the nonlinear scalarization
function &,.

Lemma 2.1 (See [33]) Let X and Y be two locally convex Hausdorf{f topological
vector spaces, C : X — 2¥ a point-to-set mapping such that, for any x € X, C(x) is
a proper, pointed, closed and convex cone in Y with intC(x) # @. Let e : X — X be
a vector-valued mapping such that, for any x € X, e(x) € intC(x). For each . € R
and (x,y) € X X Y, we have

(1) &(x,y) <A< yeire(x)—intC(x);
(ii) & (x,y) <A & yerelx) —Cx);
(ii)) & (x,y) =2 &y &re(x) —intC(x);
(iv) &E(x,y) > A&y &re(x) — C(x);
(V) &(x,y) =1 & ye€re(x) —aC(x),

where dC (x) is the topological boundary of C(x).
We also need the following lemma.

Lemma 2.2 (See [34]) Let I be any index set. For each i € I, let K; be a nonempty
convex subset of a Hausdorff topological vector space X;. Let G; : K =[];.; Ki —
2Ki be a point-to-set mapping. Assume that the following conditions hold:

(i) Foreachi eIl and any x € K, G;(x) is convex.
(i) Foreachi €l and any x € K, x; € G;(x), where x; is the ith component of x.
(iii) Foreachi € I and any y; € K;, Gi_l(y,-) isopenin K.
(iv) There exists a nonempty compact subset D C K and for each i € I, there exists
a nonempty compact and convex subset E; C K; such that,Vx € K\D, Ji € I
such that G;(x) N E; # @.

Then, there exists x* € K such that, for eachi € I, G;(x™) =0.

3 Gap Functions for the System of Vector Equilibrium Problems

In this section, we will consider a gap function for SVEP by using the nonlinear
scalarization function introduced by Chen, Yang and Yu [33].

Definition 3.1 A function p : K — R is said to be a gap function for SVEP if it
satisfies the following properties:

(i) p(x)<Oforallx € K;
(ii) p(x*)=0if and only if x* € ES.
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Let us define two mappings ¢g : K x I — R and ¢ : K — R, respectively, as follows:

¢0(-x’ l) = Sup {—Sei (-xv ﬁ(-x’ yl))}

Yi€K;
and

¢ (x) = inf{—¢o(x, )} (1)
iel

Theorem 3.1 If for any x € K and each i € I, fi(x,x;) € —3C;(x), where x; is the
ith component of x, then the function ¢ (x) defined by (1) is a gap function for SVEP.

Proof (i) Since for any x € K and each i € I, fi(x,x;) € —9C;(x), from
Lemma 2.1(v) we obtain

Ee, (x, fi(x,x;)) =0.
It follows that
po(x,i) = sup {—&, (x, fi(x,yi)} =0,

yi€K;
and so

P(x)= inf{—tbo(x, i)} <0, VxeKk.
1A

>ii) If ¢ (x*) = 0, then we obtain

infl — sup (&, (", (%, v} =o0.

i€l yiek;
It follows that, for eachi € I,

- Sup {_%—e,-(x*’ ﬁ(X*v yl))} Z Oa
viekK;

or equivalently,

Sup {_gei (-X*’ ﬁ(X*v y!))} S O,
viekKi

which implies that, for any y; € K;,
—&e, (", fi(x™, ) <0,
or equivalently,

é:e[ ('X*v ﬁ(-x*v yl)) Z 0
From Lemma 2.1(iii), we have that f;(x*, y;) € —intC;(x*) for all y; € K; from
which it follows that x* € ES.
Conversely, if x* € E S then for each i € I,
fitx™, y)  —intC;(x™), Vy; € K;.
@ Springer



206 J Optim Theory Appl (2007) 133: 201-212

From Lemma 2.1(iii), we have
&e; (x*, fi(X*v vi)) >0,
or equivalently,

—&e, (67, fi(x™, y)) =0,

for any y; € K;. Then,

¢0(X*v l) = Sup {_'5;:2,' (X*v ﬁ(X*s yl))} S O

viek;
Thus, we have
—¢o(x*,i) >0

and therefore,

$(") = inf(—go(x*. )} 2 0. @)
Now, (i) and (2) imply

¢(x*)=0.

This completes the proof. O

Corollary 3.1 Ifforany x € K and eachi € 1, fi(x,x;) € —9C;(x), where x; is the
ith component of x, then {x* : ¢p(x*) =0} = ES, where the function ¢ (x) is defined
by (1).

If the index set [ is a singleton, then the mapping ¢ : K — R defined by (1)
reduces to the following:

¢ (x) = = sup{—=&.(x, f(x,y))}. 3

yek

Consequently, we have the following result from Theorem 3.1.

Corollary 3.2 [f for any x € K, f(x,x) € —9C(x), then the function ¢ (x) defined
by (3) is a gap function for VEP and {x* : ¢ (x*) = 0} = E°.

We observe that gap functions have been also discussed with a different point of
view in [5, Sect. 6].
4 Existence of Solutions for the System of Vector Equilibrium Problems

In order to derive existence theorems for SVEP, we show first the following results.
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Proposition 4.1 If for each i € I, we define F; : K; — 2K such that
Fi(yi) ={x" € K :&,(x", fi(x",yi)) =0}, Vy; € K;,

then

) Fio=E®.

iel yiekK;

Proof Let x* € (¢, myiei F;(y;). Then for each i € I, x* € my,—eK,— F; (y;). That
is, x* € K and for each i € I, &, (x*, fi(x*, y;)) = 0 for all y; € K;. Hence by
Lemma 2.1(iii), we have

filx®, yi) & —intC; (x™), Vy; € K;.

That is, x* € ES.
Conversely, suppose that x* € ES. Then, x* € K and for eachi € I,

filx®™, yi) € —int C; (x™),  Vy; € K.
Again by Lemma 2.1(iii), we obtain

ée,- (.X*, fi(-X*’ yl)) > Os

i.e., x* € F;(y;) for all y; € K;. Hence,
e () Foo-
iel y,~eK,~

This completes the proof. O
Remark 4.1 If the index set [ is a singleton in Proposition 4.1, then we can obtain
the characterization of the solutions set E° of VEP via the nonlinear scalarization
function.
Proposition 4.2 Let the following assumptions hold:

(i) For each i € I and any y; € K;, the vector-valued function, x — f;(x, y;) is
continuous.

(ii) Foreachi € I the point-to-set mapping W; : K — 2Yi has closed graph in K x Y;
where W;(x) = Y;\(—intC; (x)), Vx € K.

Then, for each i € I and any given y; € K;, F;(y;) is either closed or empty, where
the mapping F; : K; — 2K is defined by

E(yi):{X*EK:EEi(X*v fl(-X*9yl))ZO}v V)’iGKi-

Proof For each i € I and any given y; € K; if F;(y;) # @, then let {u,} C F;(y;) be
a net such that u, — u™. Then, u, € K and

Ee; (ua, fi(ug,yi)) =0.
@ Springer
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Since K is closed, u™ € K. By Lemma 2.1(iii), it follows that

fi(ug, i) & —intCi (uq),
that is,

(uctv ﬁ(uav yl)) € Gr(Wl)
From assumption (i), we have (u,c, fi(uy, yi)) — (*, fi(u*, y;)). Since for each
iel, Wix) =Y;\(—intC;(x)) for all x € K and since W; has a closed graph in
K x Y;, we obtain

w*, fi(u*, yi)) € Gr(W;),
that is,

fiw®, yi) & —intC; (u™).

Again by Lemma 2.1(iii), we obtain

Ee,- (u*’ fl(u*v yl)) > 0.

Hence u* € F;(y;). Consequently, F;(y;) is closed. This completes the proof. U

Let the index set I be a singleton in Proposition 4.2. Then, we have the following
result.

Corollary 4.1 Let the following assumptions hold:

(i) Forany y € K, the vector-valued function x — f(x,y) is continuous.
(ii) The point-to-set mapping W : K — 2Y has closed graph in K x Y, where
W(x)=Y\(—intC(x)), Vx € K.

Then, for any given y € K, F(y) is either closed or empty, where the mapping F :
K — 2K is defined by

F(y)={x"e K:&x", f(x",y) =0}, Vyek.

We remark that taking into account Lemma 2.1 (in the single case), the closedness
of the set F'(y) in Corollary 4.1 already appeared in [15, 37, 38].
We state and prove now the main result of this section.

Theorem 4.1 Let the following assumptions hold:

(i) Foreachi el andany x € K, &, (x, fi(x,x;)) = 0 where x; is the ith compo-

nent of x.

(i) For each i € I and any x € K, the vector-valued function y; — fi(x,y;) is
C;(x)-convex.

(iii) For each i € I and any y; € K;, the vector-valued function x — fi(x,y;) is
continuous.

(iv) For each i € I, the point-to-set mapping W; : K — 2Yi has a closed graph in
K x Y; where W;(x) = Y;\(—intC;(x)), Vx € K.
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(v) There exists a nonempty compact subset D C K and, for each i € I, there exists
a nonempty compact and convex subset E; C K; such that, for each x € K\D,
there existi € I and y; € E; such that

&, (x, fi(x,y)) <O0.
Then,

() Fioo#9.

i€l y;iek;
that is, ES # ), where the mapping F; : K; — 2K is defined by
Fi(yi) ={x" € K : &, (x*, fi(x*,y1)) =0}, Vy €KkK,.
Furthermore, ES is compact.

Proof For each given i € I, we define a point-to-set mapping G; : K — 2%i by
Gi(x)={yi € Ki : &, (x, fi(x,y))) <0}, VxeK.

Then, for each i € I and any x € K, G;(x) is convex. To show this, for each given
i € I and any given x € K, let y;;, yi, € G;(x) and A € (0, 1). Then, we obtain

Eei(x7ﬁ(-x7yij))<07 ]:172

For each i € I and any x € K, since the vector-valued function y; — f;(x, y;) is
C;-convex,

fi(xv )"yil + (1 - )")ylz) € )‘.fl'(-xv yil) + (1 - )")ﬁ(xv yiz) - Ci(x)'

For each i € I and any x € K, let the vector-valued function y; — &, (x, y;) be posi-
tively homogeneous, monotone and subadditive (see Propositions 2.4 and 2.5 in [33]).
It follows that

e, (x, fi(x, Ayip + (1= A)yiy)) < &g, (x, Afi(x, yiy) + (1 = 4) filx, yip))
=< Eei (-x’ )"ﬁ(x’ )’il)) +$€,‘ (xa (1 - )")fl(x’ yiz))
= e, (x, fi(x, yi))) + (1 = M)&, (x, fi(x, i)
<0,

that is, Ay;, + (1 — A)y;, € G;(x), and so G;(x) is convex. Considering conditions
(i), (iii) and (iv), from Proposition 4.2, we have that, for each i € I and any y; € K;,
the set

K\[G Gl = F:(»)
= {x €K :Sei(x’ fi(xv yl)) > 0}

is closed in K and so Gi_l(yi) is open in K. By condition (i), it follows that, for
each i € I and any x € K, x; € G;(x). From condition (v), we have that there
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exists a nonempty compact subset D C K and for each i € I, there exists a non-
empty compact and convex subset E; C K;, such that for each x € K\ D, there
exists i € I such that G;(x) N E; # @. Thus by Lemma 2.2, there exists x* € K
such that for each i € I, G;(x*) = @, that is, for each i € I, x* € ﬂyieKl, F;(y:).
Hence, x* € ﬂie I ﬂy,—e K; Fi(y)=E S Furthermore, from condition (v), we obtain
that every point outside D is not a solution of SVEP, i.e., E S C D and so ES is
compact. The proof is complete. (]

We note that condition (v) is related to condition () in [38]. It is worth noting
that, in Theorem 4.1, there is no generalized monotonicity assumption, which was
imposed in [15, 37, 38]. The reason is that, in [15, 37, 38], the KKM theory approach
was employed, which is not the case in this paper.

Remark 4.2 Theorem 4.1 extended Theorem 2.2 in [39] for a moving cone. But the
proof of Theorem 4.1 is different from the proof of Theorem 2.2 in [39].

Example 4.1 Let X1 =X, =Y =Y, =Randlet K| = K> =[0,2]. Then, X =Y =
R% and K =[0,2] x [0,2]. Let C;(x) = Ca(x) = [0, +00), e;(x) = x1x2 + | and
ex(x) =x1xp+2forall x = (x1,x2) € K. Thenforany x € K, ¢;(x) €intC;(x), i =
1,2.Fori=1,2,wedefine f; : K x K; — Y; by

filx,yD =x24+2y1 —2x1, VY(x,y1) €K xKj,
and

£, y) =x14+2y2 —2x2, VY(x,y) €K x K>,

where x = (x1,x2) € K. Then it is easy to verify that conditions (i)—(iv) of Theo-
rem 4.1 hold. Furthermore, if set D = [0, 1] x [0, 1], E1 = E; = [0, 2], then we can
prove that condition (v) of Theorem 4.1 holds. By Lemma 2.1(iii), we have

[ Fim) = {x=(x1.x2) € K :x2 4+ 2y1 — 2x; 2 0, Yy1 € K1)
yi€eki

= {(x1,x2):0§m§2,0§x1<x—2},

-2
and
ﬂ () ={x=(x1,x) €K :x1+2y —2x2 >0, Vy € K>}
nek,
X1
Z{(xl’x2):()§x] 52,0535257}’
and so

2
() ) Fivo) =E*={(0,0)}.

i=lyek;
If the index set [ is a singleton in Theorem 4.1, then we have the following result.
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Corollary 4.2 Let the following assumptions hold:

(i) Foranyx € K, &, (x, f(x,x)) > 0.
(ii) For any x € K, the vector-valued function y — f(x,y) is C(x)-convex.
(iii) For any y € K, the vector-valued function x — f(x,y) is continuous.
(iv) The point-to-set mapping W : K — 2¥ has a closed graph in K x Y, where
W(x)=Y\(—intC(x)), Vx € K.
(v) There exists a nonempty compact and convex subset D C K, such that Vx €
K\D, 3y € D such that

§e(x, f(x,¥)) <O0.
Then,

() FO) #9,

yek

that is, E® % (), where the mapping F : K — 2X is defined by
F(y)={x"eK:£&G" f(x",) >0}, Vyek.

Furthermore, E 0js compact.
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