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Abstract We study the Clarke generalized gradient of the D-gap functions for the
variational inequality problem (VIP) defined by a locally Lipschitz, but not necessar-
ily differentiable, function in an Euclidean space. Using these results, we study the
relationship between minimizing sequences and stationary sequences of the D-gap
function, regardless of the existence of solutions of (VIP).
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1 Introduction

Throughout this paper let P denote a nonempty closed convex set in an n-dimensional
Euclidean space �n and let F be a locally Lipschitz function from �n to itself. We
consider VIP(F,P ), the variational inequality problem associated with F and P , that
is, to find a vector x∗ ∈ P such that

F(x∗)T (x − x∗) ≥ 0, ∀x ∈ P. (1)

When P is the nonnegative orthant in �n, VIP(F,P ) reduces to the nonlinear com-
plementarity problem NCP(F ). We refer the reader to the book [1] by Facchinei and
Pang for the background information and motivations of the variational inequality
problems covering both smooth and nonsmooth functions. In fact nonsmooth varia-
tional problems are quite abundant, see [2–4] for recent developments. Below, let us
only mention explicitly one of the simplest examples. Consider a Cournot oligopoly
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problem with two firms with the payoff function θf : � × � → � (f = 1,2) being
given by

θf ((q1, q2)) ≡ p(Q)qf − cf (qf ),

where qf and cf (qf ) = wf qf (wf ∈ �) are respectively the production of firm f

and the production cost function, Q = q1 + q2 is the total production by the two
firms, and the market inverse demand function p is given by

p(Q) :=
{

(Q − a)2, if 0 ≤ Q ≤ c,

2(c − a)Q + (c − a)2 − 2(c − a)c, if Q ≥ c

with a > c > 0. Note that p is once but not twice continuously differentiable, and
thus ∇qf

θf ((q1, q2)) is piecewise smooth for any f . By [3, Proposition 1], a Nash
equilibrium (for the above problem) qN is a solution of a 2-dimensional VIP(F,P )
with nonsmooth function

F((q1, q2)) = −(∇q1θ1((q1, q2)),∇q2θ2((q1, q2)))

and a production set P in �2.
In the last few decades, many methods have been proposed for solving VIP; see

[5–25]; among them, one efficient method is based on a merit function see [7]. In this
paper, we focus on two special merit functions, namely the regularized gap function
fα [6, 23] and the D-gap function gαβ [20, 25] respectively defined by

fα(τ) := sup
x∈P

�α(x, τ ), τ ∈ �n, α > 0, (2)

gαβ(τ ) := fα(τ) − fβ(τ), τ ∈ �n, β > α > 0, (3)

where

�α(x, τ ) = F(τ)T (τ − x) − αφ(x, τ ) (4)

and φ : �n × �n → [0,+∞) is a generalized distance function, namely a continu-
ously differentiable function satisfying the following properties:

(C1) φ(x, τ ) = 0 if and only if x = τ ;
(C2) the family {φ(·, τ ); τ ∈ �n} is uniformly strongly convex with modulus ζ > 0:

φ(x′′, τ ) − φ(x′, τ ) ≥ ∇1φ(x′, τ )T (x′′ − x′) + ζ ‖ x′′ − x′ ‖2, ∀τ, x′, x′′ ∈ �n;
(5)

(C3) {∇1φ(·, τ )} is uniformly Lipschitz continuous on �n with modulus K > 0:

‖ ∇1φ(x′′, τ ) − ∇1φ(x′, τ ) ‖≤ K ‖ x′′ − x′ ‖, ∀τ, x′, x′′ ∈ �n; (6)

(C4) ∇1φ(x, τ ) = −∇2φ(x, τ ), ∀x, τ ∈ �n,

where ∇1φ and ∇2φ respectively denote the partial derivatives of φ with respect to
the first and the second variable of φ. For example, the functions φ and ψ respectively
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defined by

φ(x, τ ) = ‖x − τ‖2

2
(7)

and

ψ(x, τ) = ‖x − τ‖2

2
+ sin2(τ1 − x1)

4
, for each x, τ ∈ �n,

where τ1, x1 denote respectively the first coordinate of τ and x, satisfy (C1)–(C4)
with K = 1 and ζ = 1

2 (see [10]) for φ and K = 3
2 and ζ = 1

4 for ψ . By (C4), the
formulas (6) and (5) can be equivalently written as

‖∇2φ(x′, τ ) − ∇2φ(x′′, τ )‖ ≤ K‖x′ − x′′‖, ∀τ, x′, x′′ ∈ �n, (8)

and

φ(x′′, τ ) ≥ φ(x′, τ ) − ∇2φ(x′, τ )T (x′′ − x′) + ζ‖x′′ − x′‖2, ∀τ, x′, x′′ ∈ �n. (9)

It is known [23, 25] that x∗ solves VIP(F,P ) if and only if fα(x∗) = 0 and x∗ solves
the constrained minimization problem

minfα(τ), τ ∈ P

and this is the case if and only if gαβ(x∗) = 0 and x∗ solves the unconstrained mini-
mization problem

mingαβ(τ ), τ ∈ �n. (10)

Moreover, if F is assumed to be continuously differentiable, then fα and gαβ are also
continuously differentiable; in fact one has [25]

∇fα(τ) = −∇F(τ)(πα(τ ) − τ) + F(τ) − α∇2φ(πα(τ), τ ) (11)

and

∇gαβ(τ ) = ∇F(τ)(πβ(τ ) − πα(τ)) + β∇2φ(πβ(τ), τ ) − α∇2φ(πα(τ), τ ), (12)

where πα(τ) and πβ(τ) denote respectively the unique maximizer of �α(·, τ ) and
�β(·, τ ) over P (noting that �γ (·, τ ) (γ > 0, τ ∈ P ) is strongly concave, it has a
unique maximizer on P [23, 25]). In this smooth situation, Fukushima and Pang pro-
vided in [8] conditions under which minimizing sequences and stationary sequences
of the D-gap function gαβ (where φ is defined by (7)) can be related. In this paper
we provide further conditions to do the same (for a generalized distance function φ).
Examples are given to illustrate that, even when F is smooth, our results can be ap-
plied while the earlier results cannot. Explicitly we prove in Sect. 5 the following
results.

Theorem 1.1 Let F : �n → �n be locally Lipschitz and let β > α > 0. Let (τk) ⊂ �n

be a stationary sequence (see Definition 2.1(b)) of gαβ such that

+∞⋃
k=1

∂F (τk) and (gαβ(τk)) are bounded. (13)
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Suppose further that either

(i) limk→+∞(πβ(τk) − πα(τk)) = 0 or
(ii) For any μ > ginf := infτ∈�n gαβ(τ ), there exist a scalar r > 0 and a function

δ : (0,+∞) → (0,+∞) with the property

lim inft→t∗ δ(t) > 0 for all t∗ > 0

such that, for all k and all ηk ∈ ∂F (τk),

(πβ(τk)−πα(τk))
T ηk(πβ(τk)−πα(τk)) ≥ δ([gαβ(τk)−μ]+)‖πβ(τk)−πα(τk)‖r ,

where [gαβ(τk) − μ]+ := max{gαβ(τk) − μ,0}.
Then, (τk) is a minimizing sequence (see Definition 2.1(a)) of gαβ .

Theorem 1.2 Let F : �n → �n be locally Lipschitz and let (τk) be a minimizing
sequence of gαβ . Suppose that either

(i) ginf = 0 and there exists ηk ∈ ∂F (τk) for each k such that (ηk) is bounded
or

(ii) ∪+∞
k=1∂F (τk) is bounded and ∂F is uniformly upper semicontinuous near (τk)

(see Definition 2.2).

Then, (τk) is a stationary sequence of gαβ .

The paper is organized as follows. In Sect. 2 we give the notations used in this
paper and present some preliminary results. In Sect. 3, in order to deal with the un-
constrained minimization problem such as that in (10), we give an upper estimate of
the Clarke generalized gradient of a function of the form f − g where f,g are max-
functions. This general result is then applied in Sect. 4 to obtain a formula for the
Clarke generalized gradient of gαβ . Using the results obtained in the earlier sections,
Theorems 1.1 and 1.2 are proved in Sect. 5.

2 Notations and Preliminary Results

Let h : �n → � be a function and x ∈ �n. We suppose that h is Lipschitz near x.
Recall that the Clarke generalized gradient of h at x [26] is defined by

∂h(x) := {ξ ∈ �n : ξT v ≤ ho(x, v), for all v in �n},
where ho(x, v) denotes the generalized directional derivative of h at x along the di-
rection v and is defined by

ho(x, v) := lim sup
y→x,t↓0

h(y + tv) − h(y)

t
. (14)

It is well known (cf. [26, Proposition 2.12]) that ∂h(x) �= ∅ and

ho(x, v) = max{ξT v : ξ ∈ ∂h(x)} ∀v ∈ �n, (15)

that is, ho(x, ·) is the support function of ∂h(x) [26].
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Let G = (f1(τ ), f2(τ ), . . . , fm(τ)) : �n → �m, where each fi : �n → � is as-
sumed to be a locally Lipschitz function. Let �G denote the set of points at which G

fails to be differentiable and let τ ∈ �n. The generalized Jacobian of G at τ , denoted
by ∂G(τ), is the convex hull of the set consisting of those m × n matrices, each of
which is the limit of a sequence of the form ∇G(τi), where τi → τ and τi /∈ �G.
Symbolically, as in [26],

∂G(τ) := co{lim∇G(τi) : τi → τ, τi /∈ �G}. (16)

Definition 2.1 Let θ : �n → � with θinf = inf{θ(τ ) : τ ∈ �n} ≥ −∞. A sequence
(τk) ⊂ �n is said to be (a) minimizing if limk→∞ θ(τk) = θinf and (b) stationary if
there exists a sequence (ξk) convergent to 0 such that ξk ∈ ∂θ(τk) for each k.

In general, we use BX and BX to denote respectively the open and closed unit
balls in a normed space X. In the special case when X = �n, we denote BX and BX

by B and B respectively.

Definition 2.2 (See [8, 27, 28]) Let X and Y be normed spaces and let T : X ⇒ Y

be a multifunction. Let (τk) be a sequence in X. We say that T is uniformly upper
semicontinuous near (τk) if, for any ε > 0, there exists δ > 0 such that

T (y) ⊂ T (τk) + εBY ,

for all large enough k and for all y ∈ τk + δBX .
For single-valued functions, one has the terminology “uniformly continuous” in

place of “upper uniformly semicontinuous”; that is, G : X → Y is uniformly continu-
ous near a sequence (τk) if and only if, for any ε > 0, there exists δ > 0,m such that,
for all k ≥ m,y ∈ τk + δBX , one has

‖G(y) − G(τk)‖ ≤ ε.

Proposition 2.1 Let G : �n → �n be a locally Lipschitz function and let (τk) be a
sequence in �n. Suppose that ∂G is uniformly upper semicontinuous near (τk) and
∪+∞

k=1∂G(τk) is bounded. Then, G is uniformly continuous near the sequence (τk).

Proof By the given assumption, take M > 0 such that ‖ξ‖ ≤ M for any k and for any
ξ ∈ ∂G(τk). Let ε > 0. Since ∂G is uniformly upper semicontinuous near (τk), there
exist δ > 0 with δ < min{ ε

M
,1} and a natural number m such that

∂G(y) ⊂ ∂G(τk) + εB�n×n , ∀y ∈ τk + δB and k ≥ m.

Since ∂G(τk) is convex, it follows that

co{∂G(z) : z ∈ [τk, y]} ⊆ ∂G(τk) + εB�n×n , ∀y ∈ τk + δB and k ≥ m.

Consequently, by the mean-value theorem [11, 12] for locally Lipschitz functions,
we have that, for all k ≥ m and y ∈ τk + δB ,

G(y) − G(τk) ∈ co{ξT (y − τk) : ξ ∈ ∂G(z) for some z ∈ [τk, y]}
⊆ {ξT (y − τk) : ξ ∈ ∂G(τk) + εB�n×n}
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and so

‖G(y) − G(τk)‖ ≤ (M + ε)‖y − τk‖ < 2ε,

by the given property of M . This proves the proposition. �

For the remainder of this section, we assume that φ : �n ×�n → [0,+∞) is a con-
tinuously differentiable function satisfying the properties (C1)–(C4) with constants
K,ζ . For any α > 0, let �α be defined by (4). Below, we collect some elementary
results on VIP which will be useful for the discussion in subsequent sections. In par-
ticular, the first assertion in Lemma 2.1 is due to Yamashita, Taji and Fukushima [25],
while the other assertions follow immediately from the first assertion and the property
(C3). Lemma 2.2 is taken from [10]. Lemma 2.4(i) is known [23, 25] for the special
case when F is continuously differentiable. Similarly, Lemma 2.3, Propositions 2.2
and 2.3 extend the corresponding results in [8] (we allow a nonsmooth function F

and a generalized distance function φ(x, τ ) in place of ‖x−τ‖2

2 ).

Lemma 2.1 There exists a continuously differentiable function ψ : �n → [0,+∞)

such that

φ(x, τ ) = ψ(τ − x), ∀x, τ ∈ �n. (17)

Consequently,

∇1φ(−τ,−x) = −∇ψ(τ − x) = −∇2φ(x, τ ) (18)

and the family {∇2φ(x, ·)} is uniformly Lipschitz continuous on �n with modulus K ,

‖∇2φ(x, τ1) − ∇2φ(x, τ2)‖ ≤ K‖τ1 − τ2‖, ∀τ1, τ2, x ∈ �n. (19)

Lemma 2.2 The following statements hold for all x, τ ∈ �n:

(i) ‖∇1φ(x, τ )‖ ≤ K‖x − τ‖;
(ii) ζ‖x − τ‖2 ≤ φ(x, τ ) ≤ (K − ζ )‖x − τ‖2;

(iii) φ(x, τ ) − ∇1φ(x, τ )T (x − τ) ≥ −(K − ζ )‖x − τ‖2.

Recalling (2), (4) and (3), we have that, for β > α > 0,

fα(τ) = max{�α(x, τ ) : x ∈ P }
= �α(πα(τ), τ )

= F(τ)T (τ − πα(τ)) − αφ(πα(τ), τ ) (20)

and

gαβ(τ ) = fα(τ) − fβ(τ)

= �α(πα(τ), τ ) − �β(πβ(τ), τ )

= F(τ)T (πβ(τ ) − πα(τ)) − αφ(πα(τ), τ ) + βφ(πβ(τ), τ ). (21)
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Lemma 2.3 Let τ ∈ �n and β > α > 0. Then,

(β − α)φ(πβ(τ), τ ) ≤ gαβ(τ ) ≤ (β − α)φ(πα(τ), τ ) (22)

and

ζ(β − α)‖τ − πβ(τ)‖2 ≤ gαβ(τ ) ≤ (K − ζ )(β − α)‖τ − πα(τ)‖2. (23)

Proof Clearly (23) follows from (22) and Lemma 2.2(ii). To prove (22), we note by
the definitions that

gαβ(τ ) ≥ �α(πβ(τ), τ ) − �β(πβ(τ), τ )

= −αφ(πβ(τ), τ ) + βφ(πβ(τ), τ ).

Similarly, one can show that

gαβ(τ ) ≤ (β − α)φ(πα(τ), τ ).

Thus, (22) holds. �

Lemma 2.4 Let β > α > 0 and let τ, τ ′ ∈ �n. Then:

(i) (α∇1φ(πα(τ), τ ) − β∇1φ(πβ(τ), τ ))T (πα(τ ) − πβ(τ)) ≤ 0;
(ii) (α∇2φ(πα(τ), τ ) − β∇2φ(πβ(τ), τ ))T (πβ(τ ) − πα(τ)) ≤ 0;

(iii) α(∇1φ(πα(τ), τ ) − ∇1φ(πα(τ ′), τ ′))T (πα(τ ) − πα(τ ′))
≤ (F (τ ′) − F(τ))T (πα(τ ) − πα(τ ′)).

Proof Since πα(τ) is the maximizer of �α(·, τ ) over P , the first-order necessary
optimality condition implies that

∇1�α(πα(τ), τ )T (x − πα(τ)) ≤ 0, for each x ∈ P. (24)

Putting x = πβ(τ) and recalling (4), we have

(−F(τ) − α∇1φ(πα(τ), τ ))T (πβ(τ ) − πα(τ)) ≤ 0.

Similarly,

(F (τ) + β∇1φ(πβ(τ), τ ))T (πβ(τ ) − πα(τ)) ≤ 0.

Adding the above two inequalities gives (i). (ii) follows from (i) and (C4). To prove
(iii), letting x = πα(τ ′) ∈ P in (24) and recalling (4), we deduce that

(−F(τ) − α∇1φ(πα(τ), τ ))T (πα(τ ′) − πα(τ)) ≤ 0.

Similarly,

(F (τ ′) + α∇1φ(πα(τ ′), τ ′))T (πα(τ ′) − πα(τ)) ≤ 0.

Adding the above two inequalities gives (iii). �



84 J Optim Theory Appl (2007) 133: 77–97

Proposition 2.2 Let β > α > 0. Then,

‖πβ(τ) − πα(τ)‖ ≤ K(β − α)

2αζ
‖τ − πβ(τ)‖, for each τ ∈ �n.

Proof By (C2), we have

φ(πβ(τ), τ ) − φ(πα(τ), τ )

≥ ∇1φ(πα(τ), τ )T (πβ(τ ) − πα(τ)) + ζ‖πβ(τ) − πα(τ)‖2

and

φ(πα(τ), τ )−φ(πβ(τ), τ ) ≥ ∇1φ(πβ(τ), τ )T (πα(τ )−πβ(τ))+ζ‖πβ(τ)−πα(τ)‖2.

Adding the above two inequalities, we obtain

0 ≥ (∇1φ(πα(τ), τ ) − ∇1φ(πβ(τ), τ ))T (πβ(τ ) − πα(τ)) + 2ζ‖πβ(τ) − πα(τ)‖2.

(25)
By Lemma 2.4(i) and (25), it follows from the Cauchy-Schwartz inequality that

2ζ‖πβ(τ) − πα(τ)‖2 ≤ (∇1φ(πα(τ), τ ) − ∇1φ(πβ(τ), τ ))T (πα(τ ) − πβ(τ))

≤ β − α

α
∇1φ(πβ(τ), τ )T (πα(τ ) − πβ(τ))

≤ β − α

α
‖∇1φ(πβ(τ), τ )‖‖πα(τ) − πβ(τ)‖

and hence

‖πβ(τ) − πα(τ)‖ ≤ β − α

2αζ
‖∇1φ(πβ(τ), τ )‖

≤ β − α

2αζ
· K‖πβ(τ) − τ‖,

by Lemma 2.2(i). �

Proposition 2.3 Let α > 0 and let τ, τ ′ ∈ �n. Then,

‖πα(τ) − πα(τ ′)‖ ≤ 1

2ζ
K‖τ − τ ′‖ + 1

2ζα
‖F(τ) − F(τ ′)‖. (26)

Proof By (C2), we have

φ(πα(τ ′), τ ) − φ(πα(τ), τ )

≥ ∇1φ(πα(τ), τ )T (πα(τ ′) − πα(τ)) + ζ‖πα(τ) − πα(τ ′)‖2

and

φ(πα(τ), τ ) − φ(πα(τ ′), τ )

≥ ∇1φ(πα(τ ′), τ )T (πα(τ ) − πα(τ ′)) + ζ‖πα(τ) − πα(τ ′)‖2.
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Adding these two inequalities and making use of Lemma 2.4(iii), we have

0 ≥ (∇1φ(πα(τ), τ ) − ∇1φ(πα(τ ′), τ ))T (πα(τ ′) − πα(τ)) + 2ζ‖πα(τ ′) − πα(τ)‖2

≥ 1

α
(F (τ ′) − F(τ))T (πα(τ ′) − πα(τ)) + 2ζ‖πα(τ ′) − πα(τ)‖2

+ (∇1φ(πα(τ ′), τ ′) − ∇1φ(πα(τ ′), τ ))T (πα(τ ′) − πα(τ)). (27)

Consequently, by (C4), (19) and the Cauchy-Schwartz inequality, we have

0 ≥ − 1

α
‖F(τ ′) − F(τ)‖‖πα(τ ′) − πα(τ)‖ − K‖τ − τ ′‖‖πα(τ ′) − πα(τ)‖

+ 2ζ‖πα(τ ′) − πα(τ)‖2.

Thus, (26) is seen to hold. �

Remark 2.1 Since F is locally Lipschitz, Proposition 2.3 implies that for all β > α >

0, πα and πβ are also locally Lipschitz, and it follows from (20), (21) that fα,fβ and
gαβ are all locally Lipschitz.

3 Directional Derivative of the Difference Functions of Max Functions

In this section, we follow the approach of Clarke in [26, Theorem 2.8.6], to provide
an upper estimate for the Clarke generalized directional derivative Qo(·, ·) of the
function Q, which is defined by

Q(τ) = G(τ) − H(τ), ∀τ ∈ �n (28)

with

G(τ) = max
i∈I

Gi(τ ) (29)

and

H(τ) = max
j∈J

Hj (τ ), (30)

where I and J are two index sets and each of Gi,Hj is a real-valued function on �n.
We make the following blanket assumptions throughout this section.

Assumption 3.1 (i) For each τ ∈ �n, we assume that the active index subset I (τ )

for τ in (29) is nonempty, that is,

I (τ ) := {i ∈ I : Gi(τ) = G(τ)} �= ∅. (31)

Similarly, we assume that, regarding (30),

J (τ) := {j ∈ J : Hj(τ) = H(τ)} �= ∅. (32)
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(ii) For each τ ∈ �n, there exist positive real numbers δτ and Lτ such that, for
each z ∈ τ + δτB , each i ∈ I (z) and each j ∈ J (z), Gi − Hj is Lipschitz on τ + δτB

with modulus Lτ , that is,

|(Gi(τ
′) − Hj(τ

′)) − (Gi(τ
′′) − Hj(τ

′′))| ≤ Lτ‖τ ′ − τ ′′‖, ∀τ ′, τ ′′ ∈ (τ + δτB).

(33)

Remark 3.1 (a) By (33), Q is also locally Lipschitz and

|Q(τ1) − Q(τ2)| ≤ Lτ‖τ1 − τ2‖, ∀τ1, τ2 ∈ τ + δτB. (34)

In fact, if τ1, τ2 ∈ (τ + δτB), i ∈ I (τ1) and j ∈ J (τ2), then

Q(τ1) − Q(τ2) = (Gi(τ1) − H(τ1)) − (G(τ2) − Hj(τ2))

≤ (Gi(τ1) − Hj(τ1)) − (Gi(τ2) − Hj(τ2))

≤ Lτ‖τ1 − τ2‖,
and thus (31) holds by interchanging the roles of τ1 and τ2.

(b) By (a) and the Rademacher theorem, Q and also each Gi − Hj are differ-
entiable almost everywhere. Note that, if z ∈ τ + δτB and if Q (resp. Gi − Hj ) is
differentiable at z, then

‖∇Q(z)‖ ≤ Lτ (resp. ‖∇(Gi − Hj)(z)‖ ≤ Lτ ). (35)

Proposition 3.1 Let τ, v ∈ �n and let S be a set of measure zero in �n. Consider the
subset of � defined by

D =
{

lim
k→+∞∇(Gik − Hjk

)(τk) : τk, zk, z
′
k → τ with τk /∈ S, ik ∈ I (zk),

jk ∈ J (z′
k) for each k

}
.

Then, the following assertions hold:

(i) D is nonempty and compact.
(ii) A real number r belongs to D if and only if for any ε > 0 there exist τ ε ∈

(τ + εB) \ S, zε, z′ε ∈ τ + εB , tε ∈ I (zε), and t ′ε ∈ J (z′ε) such that Gtε − Ht ′ε
is differentiable at τ ε and

|r − ∇(Gtε − Ht ′ε )(τ ε)| < ε.

(iii) The generalized directional derivative of Q at τ along the direction v satisfies
the inequality

Qo(τ, v) ≤ max{ξT v : ξ ∈ D}. (36)

(iv) ∅ �= ∂Q(τ) ⊂ coD. (37)

Proof Take sequences (zk), (z
′
k) → τ . By (i) and (ii) of Assumption 3.1 and mak-

ing use of the Rademacher theorem, there exist sequences (ik), (jk) and (τk) such
that (τk) → τ and, for each k, ik ∈ I (zk), jk ∈ J (z′

k), τk ∈ (τ + δτB) \ S and



J Optim Theory Appl (2007) 133: 77–97 87

∇(Gik −Hjk
)(τk) exists. Together with (35), it follows that D is a nonempty bounded

set. The verification for (ii) is routine and it follows that D is closed. Therefore, D is
compact and hence the set {ξT v : ξ ∈ D} has a maximal element. Note that coD and
∂Q(τ) are nonempty convex compact sets in �n and Qo(τ, ·) is the support function
of ∂Q(τ) (see [26, Proposition 2.1.2]) for each τ . Hence, (37) follows from (36) by
[26, Proposition 2.1.4]. To prove (36), we may assume ‖v‖ = 1 and denote m for
max{ξT v : ξ ∈ D}. Then for any ε > 0, the definitions of m and D imply that there
exists δ > 0 such that if x, z, z′ ∈ τ + 2δB , i ∈ I (z) and j ∈ J (z′) satisfy

x /∈ S, ∇(Gi − Hj)(x) exists,

then one has

(∇(Gi − Hj)(x))T v < m + ε. (38)

We assume without loss of generality that δ < δτ

2 . Let s be any number in (0, δ). We
will show that

1

s
([G(x + sv) − H(x + sv)] − [G(x) − H(x)]) < m + ε, ∀x ∈ τ + δB. (39)

Let x ∈ τ + δB . By Assumption 3.1(i), there exist i ∈ I (x + sv) and j ∈ J (x). Let
�ij be the set of points in τ + δB at which Gi − Hj fails to be differentiable. The
Rademacher theorem shows that �ij is a set of measure zero. Let y be any point
in τ + δB such that the line-segment [y, y + sv] meets S ∪ �ij in a set of one-
dimensional measure zero. (Note that almost all y ∈ τ + δB have this property since
S ∪ �ij has measure zero.) With the help of (38), we obtain

[Gi(y + sv) − Hj(y + sv)] − [Gi(y) − Hj(y)]

=
∫ s

0
(∇(Gi − Hj)(y + μv))T vdμ

< s(m + ε). (40)

Since Gi − Hj is continuous on τ + δB , this inequality must in fact hold for all y in
τ + δB. Taking y = x, we have

[G(x + sv) − H(x + sv)] − [G(x) − H(x)]
≤ [Gi(x + sv) − Hj(x + sv)] − [Gi(x) − Hj(x)]
< s(m + ε).

This proves (39). Passing to the limits as x → τ and s ↓ 0, (39) implies that

Qo(τ, v) = lim sup
x→τ,s↓0

Q(x + sv) − Q(x)

s

= lim sup
x→τ,s↓0

[G(x + sv) − H(x + sv)] − [G(x) − H(x)]
s

≤ m + ε.

Then, (36) holds as ε > 0 is arbitrary. �
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4 D-Gap Function

For the remainder of this paper, let F,P,α,β,φ,�α,fα, gαβ,πα and πβ be as in
Sect. 1. In this section, we study the Clarke generalized gradient of gαβ . In particular,

gαβ(τ ) = max
x∈P

�α(x, τ ) − max
x∈P

�β(x, τ ),

the maxima being attained exactly at points x = πα(τ) and x′ = πβ(τ) respectively.
Together with the following Lemma 4.1, (fα, fβ,�α(x, ·),�β(x, ·), x ∈ P,x ∈ P)

satisfies Assumption 3.1 stated for (G,H,Gi,Hj , i ∈ I, j ∈ J ); hence, by Proposi-
tion 3.1,

go
αβ(τ ) ≤ max{ξT v : ξ ∈ D(τ)}, ∅ �= ∂gαβ(τ ) ⊂ coD(τ), (41)

where

D(τ) =
{

lim
i→+∞∇2(�α(πα(zk), τk) − �β(πβ(z′

k), τk)) :

τk, zk, z
′
k → τ and τk �∈ �F

}
, (42)

∇2(�α(πα(zk), τk) − �β(πβ(z′
k), τk)) denotes the derivative of the function �α

(πα(zk), ·) − �β(πβ(z′
k), ·) at τk and �F denotes the set of all points at which F

fails to be differentiable (�F is of measure zero by the Rademacher theorem). We
will show in Theorem 4.1 that the equality in (41) holds.

Lemma 4.1 Let τ ∈ �n. Then, there exist δτ ,Lτ > 0 such that each function in the
family

{�α(πα(z), ·) − �β(πβ(z), ·) : z ∈ τ + δτB}
is Lipschitz on τ + δτB with modulus Lτ ; that is

|[�α(πα(z), τ ′) − �β(πβ(z), τ ′)] − [�α(πα(z), τ ′′) − �β(πβ(z), τ ′′)]|
≤ Lτ‖τ ′ − τ ′′‖ (43)

for any z, τ ′, τ ′′ ∈ τ + δτB. Consequently, gαβ is also Lipschitz with modulus Lτ on
τ + δτB .

Proof Let Mτ > 0 be a Lipschitz constant for F on τ + δτB for some δτ > 0. Note
that there exists a constant C1 > 0 such that ‖F(τ ′)‖ ≤ C1 for all τ ′ ∈ τ + δτB (e.g.,
take C1 := ‖F(τ)‖ + Mτδτ ). Similarly, by (26), there exists a constant C2 > 0 such
that

‖πα(τ ′)‖,‖πβ(τ ′)‖ ≤ C2, ∀τ ′ ∈ τ + δτB.

Now, in view of (4), we write, for all z, τ ′ ∈ τ + δτB ,

�α(πα(z), τ ′) − �β(πβ(z), τ ′) := �1(πα(z),πβ(z), τ ′) + �2(πα(z),πβ(z), τ ′),
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where

�1(πα(z),πβ(z), τ ′) = F(τ ′)T (πβ(z) − πα(z))

and

�2(πα(z),πβ(z), τ ′) = −αφ(πα(z), τ ′) + βφ(πβ(z), τ ′).

Then,

|�1(πα(z),πβ(z), τ ′) − �1(πα(z),πβ(z), τ ′′)| ≤ 2C2Mτ‖τ ′ − τ ′′‖.

Moreover, since φ is continuously differentiable, there exists C3 > 0 such that, for all
z, τ ′ ∈ τ + δτB ,

‖ − α∇2φ(πα(z), τ ′) + β∇2φ(πβ(z), τ ′)‖ ≤ C3;

hence by the mean-value theorem,

|�2(πα(z),πβ(z), τ ′) − �2(πα(z),πβ(z), τ ′′)| ≤ C3‖τ ′ − τ ′′‖,
∀z, τ ′, τ ′′ ∈ τ + δτB.

Thus, (43) holds with δτ and Lτ := 2C2Mτ + C3 > 0. The rest of the lemma follows
from Remark 3.1(a). �

The set ∂F (τ)z used in the following theorem is of course to be understood as
{ξz : ξ ∈ ∂F (τ)}.

Theorem 4.1 Let β > α > 0. Let τ ∈ �n and let D(τ) denote the set defined by (42).
Then,

∂gαβ(τ ) = coD(τ) = ∂F (τ)(πβ(τ ) − πα(τ)) − α∇2φ(πα(τ), τ ) + β∇2φ(πβ(τ), τ )

(44)
and

go
αβ(τ ) = max{〈ξ, v〉 : v ∈ D(τ)} = max{〈ξ, v〉 : v ∈ coD(τ)}. (45)

Proof The second equality of (45) is trivial. Moreover, by [26, Proposition 2.1.4], the
first equality in (44) follows from (45). Further, by (4), we note that

∇2�γ (z, τ ′) = ∇F(τ ′)(τ ′ − z) + F(τ ′) − γ∇2φ(z, τ ′), ∀γ > 0,

for each τ ′ ∈ �n\�F and z ∈ �n. Thus,

D(τ) =
{

lim
k→+∞∇F(τk)(πβ(z′

k) − πα(zk)) − α∇2φ(πα(zk), τk)

+ β∇2φ(πβ(z′
k), τk) : τk, zk, z

′
k → τ, τk �∈ �F

}
.
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Making use of the facts that φ is continuously differentiable, that F, πα,πβ are
continuous and that {∇F(z) : z ∈ τ + δτB} is bounded, one has

D(τ) =
{

lim
k→+∞∇F(τk)(πβ(τ ) − πα(τ)) : τk → τ, τk �∈ �F

}
− α∇2φ(πα(τ), τ )

+ β∇2φ(πβ(τ), τ )

=
{(

lim
k→+∞∇F(τk)

)
(πβ(τ ) − πα(τ)) : τk → τ, τk �∈ �F

}
− α∇2φ(πα(τ), τ )

+ β∇2φ(πβ(τ), τ ). (46)

Together with (16), it follows that the second equality in (44) holds. Thus, it remains
to prove (45). In view of (41), it suffices to show that, for all v ∈ �n,

max{ξT v : ξ ∈ D(τ)} ≤ go
αβ(τ, v). (47)

To do this, let ξ = limk→+∞(∇F(τk)(πβ(τ ) − πα(τ))) − α∇2φ(πα(τ), τ ) +
β∇2φ(πβ(τ), τ ) for some sequence (τk) ⊂ �n \ �F with (τk) → τ . Then,

ξT v = lim
k→+∞(∇F(τk)(πβ(τ ) − πα(τ)))T v − α∇2φ(πα(τ), τ )T v

+ β∇2φ(πβ(τ), τ )T v

= lim
k→+∞(πβ(τ ) − πα(τ))T (∇F(τk)

T v) − α∇2φ(πα(τ), τ )T v

+ β∇2φ(πβ(τ), τ )T v.

Note that

lim
k→+∞∇F(τk)

T v = lim
k→+∞ lim

t↓0

F(τk + tv) − F(τk)

t
.

Consequently, there exist a subsequence (τki
) of (τk) and a sequence (ti) ↓ 0 such

that

lim
k→+∞∇F(τk)

T v = lim
i→+∞

F(τki
+ tiv) − F(τki

)

ti
.

For simplicity of notations, we henceforth assume that the above (τki
) is (τk) itself,

i.e.,

lim
k→+∞∇F(τk)

T v = lim
k→+∞

F(τk + tkv) − F(τk)

tk
. (48)

We note that

gαβ(τk + tkv) − gαβ(τk)

= fα(τk + tkv) − fβ(τk + tkv) − fα(τk) + fβ(τk)

= �α(πα(τk + tkv), τk + tkv) − �β(πβ(τk + tkv), τk + tkv) − �α(πα(τk), τk)

+ �β(πβ(τk), τk)



J Optim Theory Appl (2007) 133: 77–97 91

≥ �α(πα(τk), τk + tkv) − �β(πβ(τk + tkv), τk + tkv) − �α(πα(τk), τk)

+ �β(πβ(τk + tkv), τk)

= (F (τk + tkv))T (τk + tkv − πα(τk)) − αφ(πα(τk), τk + tkv)

− (F (τk + tkv))T (τk + tkv − πβ(τk + tkv)) + βφ(πβ(τk + tkv), τk + tkv)

− F(τk)
T (τk − πα(τk)) + αφ(πα(τk), τk)

+ F(τk)
T (τk − πβ(τk + tkv)) − βφ(πβ(τk + tkv), τk)

= (F (τk + tkv) − F(τk))
T (πβ(τk + tkv) − πα(τk))

− α(φ(πα(τk), τk + tkv) − φ(πα(τk), τk))

+ β(φ(πβ(τk + tkv), τk + tkv) − φ(πβ(τk + tkv), τk)).

Moreover, for any k, we apply the mean-value theorem to the differentiable function
φ to find some sk, s

′
k ∈ [0, tk] such that

φ(πα(τk), τk + tkv) − φ(πα(τk), τk)

tk
= ∇2φ(πα(τk), τk + skv)T v (49)

and

φ(πβ(τk + tkv), τk + tkv) − φ(πβ(τk + tkv), τk)

tk

= ∇2φ(πβ(τk + tkv), τk + s′
kv)T v. (50)

Note that the limits (when k → +∞) in (49) and (50) are ∇2φ(πα(τ), τ )T v and
∇2φ(πβ(τ), τ )T v respectively. Hence, by (48),

lim sup
k→+∞

gαβ(τk + tkv) − gαβ(τk)

tk

≥ lim
k→+∞

(
F(τk + tkv) − F(τk)

tk

)T

(πβ(τk + tkv) − πα(τk))

− α∇2φ(πα(τ), τ )T v + β∇2φ(πβ(τ), τ )T v

= lim
k→+∞(∇F(τk)

T v)T (πβ(τ ) − πα(τ)) − α∇2φ(πα(τ), τ )T v

+ β∇2φ(πβ(τ), τ )T v

= lim
k→+∞(πβ(τ ) − πα(τ))T (∇F(τk)

T v) − α∇2φ(πα(τ), τ )T v

+ β∇2φ(πβ(τ), τ )T v

= ξT v. (51)
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Consequently, it follows that

go
αβ(τ, v) = lim sup

τ ′→τ,t↓0

gαβ(τ ′ + tv) − gαβ(τ ′)
t

≥ lim sup
k→∞

gαβ(τk + tkv) − gαβ(τk)

tk

= ξT v

and so, by (46), we see that (47) holds. �

Remark 4.1 In the special case when φ is defined by (7) and β = 1
α

, Theorem 4.1
is due to Xu [24] where his argument relies on the concrete representation of πα by
virtue of the Euclidean projection to P . This is of course no longer the case when φ

is only abstractly given.

5 Minimizing and Stationary Sequences of the D-Gap Function

This section is devoted to study relations between minimizing sequences and sta-
tionary sequences of gαβ ; in particular Theorems 1.1 and 1.2 stated earlier in the
Introduction will be proved in this section. Let � be the set of all positive-valued
functions δ defined on (0,+∞) with the property that

lim inf
t→t∗

δ(t) > 0, for all t∗ > 0; (52)

that is, set � consists of all positive-valued functions defined on (0,+∞) with the
property that [

lim
k→+∞ tk = t∗ > 0

]
⇒ lim inf

k→+∞ δ(tk) > 0

(see [7]). For example, all positive-valued continuous functions defined on (0,+∞)

belong to �.

Proof of Theorem 1.1 In view of (13), it is sufficient to show that any cluster point g∗
of (gαβ(τk)) equals ginf := infτ∈�n gαβ(τ ). For simplicity of notations, let us assume
that g∗ is the limit of the whole sequence (gαβ(τk)). Moreover, since (gαβ(τk)) is
assumed bounded, (τk − πβ(τk)) and (πβ(τk) − πα(τk)) are bounded by Lemma 2.3
and Proposition 2.2. By the stationarity assumption, there exists a sequence (ξk) with
each ξk ∈ ∂gαβ(τk) such that

lim
k→+∞ ξk = 0. (53)

In view of Theorem 4.1, each ξk can be represented as

ξk = τ ∗
k (πβ(τk) − πα(τk)) + β∇2φ(πβ(τk), τk) − α∇2φ(πα(τk), τk)

= τ ∗
k (πβ(τk) − πα(τk)) + (β − α)∇2φ(πβ(τk), τk),+Ak, (54)
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where each τ ∗
k ∈ ∂F (τk) and

Ak := α(∇2φ(πβ(τk), τk) − ∇2φ(πα(τk), τk)). (55)

Then, by (13) and an earlier remark,

(τ ∗
k ), (πβ(τk) − πα(τk)) and (τk − πα(τk)) are bounded. (56)

Let us assume that (i) is satisfied. We will prove the desired result by establishing a
stronger claim that

lim
k→+∞gαβ(τk) = ginf = 0. (57)

Indeed, by (55), (8) and (i),

‖Ak‖ ≤ αK‖πβ(τk) − πα(τk)‖ → 0. (58)

Consequently, by (53), (54) and (56), (i) implies that ∇2φ(πβ(τk), τk) → 0 and hence
that ∇2φ(πα(τk), τk) → 0 by (55) and (58). Recalling (C1) and (9) (with τ, x′′, x′ in
place of τk, τk and πα(τk) respectively), we have

0 ≤ φ(πα(τk), τk) ≤ φ(πα(τk), τk) + ζ‖τk − πα(τk)‖2

≤ ∇2φ(πα(τk), τk)
T (τk − πα(τk)) → 0

and it follows from (22) that (57) holds. It remains to consider the case when (ii) is
assumed. We claim that, if limk→+∞ gαβ(τk) = g∗ > ginf, then (ii)⇒(i) (and hence a
contradiction wrt the first part of our proof). Granting this, the proof of the theorem
will easily be completed by making use of the assumption (13) as we did at the
beginning of the proof. To prove our claim, let μ be a scalar satisfying g∗ > μ > ginf.
Then, by (ii), there exist a scalar r > 0 and a function δ ∈ � such that, for all k,

0 ≤ δ([gαβ(τk) − μ]+)‖πβ(τk) − πα(τk)‖r

≤ (πβ(τk) − πα(τk))
T τ ∗

k (πβ(τk) − πα(τk)). (59)

Since δ ∈ � and limk→+∞[gαβ(τk) − μ]+ = g∗ − μ > 0, one has

lim inf
k→+∞ δ([gαβ(τk) − μ]+) > 0. (60)

Thus, ‖(πβ(τk) − πα(τk)‖r → 0 provided that

lim sup
k→+∞

(πβ(τk) − πα(τk))
T τ ∗

k (πβ(τk) − πα(τk)) ≤ 0. (61)

To verify (61), we take the inner product with πβ(τk) − πα(τk) on both sides in the
first equality in (54), make use of Lemma 2.4(ii) and we deduce that

(πβ(τk) − πα(τk))
T τ ∗

k (πβ(τk) − πα(τk)) ≤ ξT
k (πβ(τk) − πα(τk)) → 0, (62)

thanks to (53) and (56). Therefore, (61) is true and this completes the proof. �
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Remark 5.1 The condition (ii) in Theorem 1.1 is automatically satisfied if F is
strongly monotone. In fact, if F is strongly monotone with modulus λ > 0, then
uT ∇F(τ)u ≥ λ‖u‖2 for all u, τ ∈ �n provided that ∇F(τ) exists. And so, by the
definition of ∂F (·), (ii) holds with δ ≡ λ and r = 2. Fukushima and Pang [8] gave
an example of smooth F which shows that (ii) does not imply the monotonicity of F

(see [1, p. 154]) for the definitions).

Proof of Theorem 1.2 Suppose that (i) is assumed. Then, by the assumptions,
limk→+∞ gαβ(τk) = ginf = 0. Replace τ by τk in (23), pass to the limits, and we
deduce that

lim
k→+∞(τk − πβ(τk)) = 0. (63)

Then, by Proposition 2.2,

lim
k→+∞(πα(τk) − πβ(τk)) = 0 and lim

k→+∞(τk − πα(τk)) = 0. (64)

Since (ηk) is bounded, it follows that

lim
k→+∞ηk(πβ(τk) − πα(τk)) = 0. (65)

On the other hand, by (63), (64), Lemma 2.2(i) and (C4), one has

lim
k→+∞∇2φ(πα(τk), τk) = lim

k→+∞∇2φ(πβ(τk), τk) = 0.

It follows from (44) and (65) that (τk) is a stationary sequence of gαβ . Next, we con-
sider the case when (ii) is assumed. By [27, Lemma 3.4], it is sufficient to show that
∂gαβ is uniformly upper semicontinuous near (τk). By the assumptions, Proposition
2.1 implies that F is uniformly continuous near (τk) and it follows from Proposi-
tion 2.3 that πα is uniformly continuous near (τk). Consequently, ∇2φ(πα(·), ·) is
also uniformly continuous, because of the following estimates:

‖∇2φ(πα(τk), τk) − ∇2φ(πα(τ ′), τ ′)‖
≤ ‖∇2φ(πα(τk), τk) − ∇2φ(πα(τ ′), τk)‖ + ‖∇2φ(πα(τ ′), τk) − ∇2φ(πα(τ ′), τ ′)‖
≤ K‖πα(τk) − πα(τ ′)‖ + K‖τk − τ ′‖,

thanks to (8) and (19). The same assertion is of course also valid for β in place of α.
Hence, by (44), the uniform upper semicontinuity of ∂gαβ will follow if one can
prove the corresponding property for ∂F (·)(πβ(·) − πα(·)). For the latter, let us take
M > 0 to be the radius of a ball containing the bounded set ∪+∞

k=1∂F (τk), and let
ε ∈ (0,1) be given. Then by the uniform upper semicontinuity of ∂F and of πβ −πα ,
there exist δ > 0 and a natural number m such that

∂F (τ ′) ⊂ ∂F (τk) + εB�n×n ⊂ (M + 1)B�n×n , (66)

(πβ(τ ′) − πα(τ ′)) ⊂ (πβ(τk) − πα(τk)) + εB, (67)
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whenever k ≥ m and ‖τ ′ − τk‖ ≤ δ. By Lemma 2.3, Proposition 2.2 and the bound-
edness property of (gαβ(τk)), there exists M ′ > 0 such that ‖πβ(τk) − πα(τk)‖ ≤ M ′
for all k. It follows from (66) and (67) that

∂F (τ ′)(πβ(τ ′) − πα(τ ′))

⊂ (∂F (τk) + εB�n×n)((πβ(τk) − πα(τk)) + εB)

⊂ ∂F (τk)(πβ(τk) − πα(τk)) + (M + M ′ + 1)εB,

whenever k ≥ m and ‖τ ′ − τk‖ ≤ δ. Thus, ∂F (·)(πβ(·) − πα(·)) is uniformly upper
semicontinuous near (τk). �

Remark 5.2 In the special case when φ is the one defined by (7) and when F is
assumed to be continuously differentiable, Theorem 1.2(ii) and Theorem 1.1(ii) are
due to Fukushima and Pang [8, Theorem 4.1].

Below, we provide an example, where Theorem 1.1(i) is applicable but not Theo-
rem 1.1(ii). Similarly, there are examples for which (i) in Theorem 1.2 is applicable
but not (ii).

Example 5.1 We consider a 2-dimensional smooth NCP with the following function:

F(τ 1, τ 2) ≡
(

−τ 1,
1

(τ 1 + τ 2 − 1)2 + 1
− 1

)T

, ∀(τ 1, τ 2) ∈ �2.

Let τ ′ = (1,0)T and τ = (1,1)T . Then,

(F (τ ′) − F(τ))T (τ ′ − τ) =
(

(−1,0) −
(

−1,−1

2

))(
0

−1

)
= −1

2
< 0.

Thus F is not monotone. Consider the sequence (τk) with

τk = (τ 1
k , τ 2

k )T ≡
(

1

k
,1 − 1

k

)T

, for all k.

Now let β > α > 0 and let φ be defined by (7). Then, for any γ > 0 and any natural
number k, one has

πγ (τk) = Proj
�2+

(
τk − F(τk)

γ

)
=

(
1

k

(
1 + 1

γ

)
,1 − 1

k

)T

.

Thus, limk→+∞(πα(τk) − πβ(τk)) = limk→+∞( 1
k
( 1
α

− 1
β
),0)T = (0,0)T and the

condition (i) in Theorem 1.1 is satisfied. On the other hand, ∇F(τk) = (−1
0

0
0

)
and

(πβ(τk) − πα(τk))
T ∇F(τk)(πβ(τk) − πα(τk))

=
(

1

k

(
1

α
− 1

β

)
0

)(−1 0
0 0

)( 1
k
( 1
α

− 1
β
)

0

)
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=
(

−1

k

(
1

α
− 1

β

)
0

)( 1
k
( 1
α

− 1
β
)

0

)

= − 1

k2

(
1

α
− 1

β

)2

< 0.

Therefore, the condition (ii) in Theorem 1.1 is not satisfied. Moreover, πγ (τk)− τk =
( 1
γ k

,0)T → (0,0)T , for any γ > 0. Hence,

∇gαβ(τk) = ∇F(τk)(πβ(τk) − πα(τk)) − α(τk − πα(τk)) + β(τk − πβ(τk)) → (0,0)

as k → +∞. Therefore, (τk) is a stationary sequence of gαβ , and so by Theorem 1.1,
it is also a minimizing sequence of gαβ .
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