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Abstract In the alternating directions method, the relaxation factor y € (0, @) by
Glowinski is useful in practical computations for structured variational inequalities.
This paper points out that the same restriction region of the relaxation factor is also
valid in the proximal alternating directions method.
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1 Introduction

The problem treated in this paper is the following variational inequality:

=0T fx)=0, Ve, (1a)
o' =-nTen =0, W' eq, (1b)

where
u=Mx,y)e, Q={x,ylxeX,ye),Ax+ By =">}, 2)
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X and ) are given nonempty closed convex subsets of R” and R™, A € R™*", B €
RIXm gre given matrices, b € Rlisa given vector,and f : X — R", g: )Y — R™ are
given monotone operators. Studies and applications of such problems can be found
in Glowinski [1], Glowinski and Le Tallec [2], Eckstein and Fukushima [3-5] and
He and Yang [6]. By attaching a Lagrange multiplier vector A € R’ to the linear
constraints Ax 4+ By = b, the problem (1-2) can be rewritten in the following form:

' =0T {fx)—ATA} >0, Vw' eWw, (3a)

o' =g —B"A =0, Yuw' eWw, (3b)

Ax+ By —-b=0, 3o)
where

w=x,y,)eEW, W=XxYxR. 4)

Problem (3—4) is referred as SVI (structured variational inequality).

For solving SVI problems, from a given v¥ = (y*, 1¥) € I x R/, the alternat-
ing directions method (ADM, [1, 2] and [7-11]) produces the new iterate vhtl =
(Y1, A1) € ¥ x R} via the following procedure:

First, x**! is obtained by solving the following problem:

@ =0)T{f) = AT~ B(Ax + BY =D} 20, Wa'eX. (5
where x € X. Then, y**! is produced by solving
' =g — BT = A + By —b)} =0, vy eV, (6
where y € V. Finally, the multipliers are updated via
WLk o g(AxKT 4 ByktL )

where 8 > 0 is a given penalty parameter for the linearly constrained equation Ax +

By—b=0andy € (0, ~/§2+1) is a relaxation factor. This method is referred to as the
alternating directions method (ADM). Most ADM papers use y = 1. To the best of

our knowledge, the restriction region (0, @) was suggested first by Glowinski [1]
and the numerical experiments in [12] show that y should be larger than 1 for fast
convergence.

In order to improve the condition of the subproblem of the alternating directions
method, some proximal alternating directions methods [13, 14] were proposed. The
classical proximal alternating directions method is one of the attractive ADMs. For
a given triplet wk = (xk, yk, Ak) € X x ) x R, the classical proximal alternating
directions method produces the new iterate w1 = (x¥*1, yA+1 Hk+1y ¢ ¥ x Y x R!
by the following procedure:

First, x**1 is obtained by solving the following problem:

' =0T fx) = AT = BAx + BY = b)]+r(x — x5} >0, Vi’ eXx, (8)
@Springer
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where x € X. Then, y**! is produced by solving

O =gy — BT MY — B(Ax* T + By — b)]
+s(y—yHy=0, vy e, )

where y € V. Finally, the multiplier is updated via
)\‘k-‘rl =)\‘k _ /B(Axk+1 + Byk+l _ b), (10)

where r > 0, s > 0 are given proximal parameters and 8 > 0 is a given penalty para-
meter for the linearly constrained equation Ax + By — b = 0. This method is referred
to as the QP alternating directions method because the proximal term r(x — xk) in
(8) (resp. s(y — yk) in (9)) is the derivative of a quadratic function.

Since numerical experiments show that the adaptive relaxation factor y can speed
up the convergence of the alternating directions method, it is natural to introduce a
relaxation factor y in the QP alternating directions method and replace (10) by

)\‘k-‘r] =}\‘k _ yﬂ(Axk"r] + Byk+1 _b) (11)

In this way, we get a more general QP alternating directions method. For conve-
nience, we call the resulting method the QP alternating directions method (QPADM).
In this paper, we prove that the restriction region of the relaxation factor y in the
alternating directions method is also valid in QPADM. Similar to the alternating di-
rections method, it is possible to speed up the convergence of QPADM by choosing
an adaptive relaxation factor y.

The paper is organized as follows. In the next section, we present the QP alter-
nating directions method. Section 3 shows some contractive properties. In Sect. 4,
we prove the convergence of the proposed method. Finally, we give some conclusive
remarks. In the rest of this paper, we let H € R R € R"™M and § € R™>™M be
positive definite and let R = diag(ry, 72, ...,7,) and S = diag(sy, $2, ..., Sm).

2 Proposed Method
For convenience, we make the standard assumptions to guarantee that the problem
under consideration is solvable and that the QPADM is well defined.

Assumption A. f(x) is monotone with respect to X and g(y) is monotone with
respect to V.

Assumption B. The solution set of SVI, denoted by W*, is nonempty.
QP Alternating Directions Method (QPADM)

Step 0. Given e >0, y € (0, #), w? =%y 19 e X x Y x RL Set k =0.
Step 1. Find x**1 € X (with fixed x*, y* and A¥) which is a solution of the following
variational inequality:
o =0T {fr) + Rx —xH} >0, ¥ ex, (12)
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where
fk(x)zf(x)—AT[Ak—H(Ax+Byk—b)], xeX. (13)

Step 2. Find y¥*! € Y (with fixed x¥*!, y* and A¥) which is a solution of the fol-
lowing variational inequality:

O =g + S —-yHr1=0, yey, (14)
where
g =g - BT~ HAM +By-b)], yey. (15

Step 3. Set
AFL =0k — y H(AX*T! 4 By — p). (16)

Step 4. Verify the convergence. If || wk — wktl | o < &, then stop; else, setk :==k+ 1
and go to Step 1.

Here, we use the relaxation factor y € (0, 1*—2*/5) in (16). To the best of our knowl-
edge, this factor was first used by Glowinski [1] for solving variational inequality
arising from partial differential equations.

Lemma 2.1 Let q(z) € R" be a monotone mapping of z with respect to a nonempty
closed convex set Z and let Q € R"*" be a symmetric positive-definite matrix. For
given 7% € Z, the variational inequality

@ -2"g@+ 0@ —-N=0, vez, (17
where 7 € Z, has a unique solution z. Moreover, for z € Z and any 7' € Z, we have

1 1
@ =979 = S (Il =2 = 1 = 1) + 5 1" =2l (18)

Proof The first assertion is due to the fact that g(z) + Q(z — *)isa strictly monotone
mapping of z with respect to Z. Note that the following is an identity:

1 1
€= - =2(lz =2l = 1" =) + 1" =zl (19
It follows from (19) and (17) that
( / )T )> 1( 2 k m2 1 k 2 (20)
7 =274@ 2 5(lz=Zllg = 12" = lig) + 511z —zllg-

Hence, (18) holds and the proof is completed. (]
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3 Some Contractive Properties

The purpose of this section is to show that, for any w* = (x*, y*, A*) € W*, the
sequence {wX} generated by the proposed method satisfies

k+1 2 k+1_ ky2
(I = w* Iy + 11y = ¥ 15)
k 2 k_ k=12 ko k12
< (lw" = w*liy + 15" =y H5) = Il —w %,

where M and N are positive definite matrices. The proof is based on the following
three lemmas. The first lemma is due to applying Lemma 2.1 to the QP systems in
Step 1 and Step 2 of the proposed method.

Lemma 3.1 Let x*t! and y**! be generated by (12-15) from a given w* =
(x%, yk, 25). Then, for any w* = (x*, y*, \*) € W*, we have

()\’k _ )\*)T(Axk+1 _|_ Byk+l _ b)

1 1
> z(uxk“ —xH|% = Ix* = x*1%) + Enx" — x5
1
+ 5(||y’<+1 — I3 =I5 = y*I%) + SIv* = yHIE
1
+ §(||B(y"“ — Y% = I1BOX = yHI%)
1

+ S IBOS =y DI+ 1Ax T+ By — b,
+ (Ax* T 4 By — )T H(By* — By*T1). Q1)
Proof Since w* € W*, x¥*1 e X, y**1 € ), we have
=T (") — ATA%) >0, (22)
O =y (g(y*) — BTA*) >0, (23)
and
Ax*+ By* —b=0.

On the other hand, applying Lemma 2.1 to (12—13) (namely, by setting z¥ = x¥, 7 =

x*1 g = fr, 0 = R and 7/ = x* in (18)) and using
FRy = R — ATDE — H(AXET! 4 ByST! — by — H(BY* — ByF1],
it follows that
(= TRy — AT — H(AXM + By — by — H(BYF — ByMH)])

1
(! — I = k= I%) + 5 I = @4)

=
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Adding (22) and (24), and using the monotonicity of operator f, we get
(xk+1 _x*)T{AT()Lk _ )\'*) _ ATH(Axk+1 + Byk+1 _ b) _ ATH(Byk _ Byk"rl)}

1
>~ (I —x* )% — Ik = x*)%) + Enxk — X2 (25)

NI>—‘

Similarly, applying Lemma 2.1 to (14-15) and using

O = g(F — BTF — H(AXM ! 4 By ! — b)),

we obtain
(y* _ yk+l)T{g(yk+l) _ BT[)\,k _ H(Axk+l + Byk+1 _ b)]}

1 1
> E(Ily"“ — VI3 = I = y*13) + Enyk — YA (26)

Adding (23) and (26), and using the monotonicity of operator g, it follows that
(ykJrl _ y*)T{BT()\.k _ )\’*) _ BTH(Axk+] + Byk+1 _ b)}

1
~ly* — 3. 27)

> (I = y* 15 = 1" = y*13) + 5

Nl'—‘

Combining (25) and (27) and using Ax* + By* = b, we get

()\,k _ )\*)T(Axk+1 + Byk+1 _b) + (A.xk+1 _ Ax*)TH(Byk+l _ Byk)

1 1
E(nx"*1 —x*|% = Ik = X)) + Enx" — X
1
+ E(Ika“ — Y I = Iy* = y*I3) + Euyk — 3
+ |AXKT 4 Bykt )2, (28)

Note the following identity:
(By*+! — By"T H(By*+! — Byk)
= E(IIB(y"“ —¥9IE = 1BOS = y)IIE) + %IIB(yk =y OIG. @9
Adding (28) and (29), and using Ax* 4+ By* = b, we get the result of Lemma 3.1. [

Now, we observe the updated form for AK*! in Step 3. Using (16), we have the
following identity:

2(}\‘]( _ A.*)T(Axk-’_l + Byk+1 _b)

= (Ix* - — I -

)+ v I AT 4+ By — b3, (30)

%
Wy a1y MGy

Then, we get the following lemma:
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Lemma 3.2 Ler wkt! = (x¥*1, yk+1 2k41y be generated by (12-16) from given
wk = (xk, y*, 1K), Then, for any w* = (x*, y*, \*) € W*, we have

lwk —w*1% > 1w — w14 + (% = x5 4+ 11yF =y 13)
+IBGF — YD1 + @ — )l AxFT 4 By< — b3,
+2(A)Ck+l + Byk+l _ b)TH(Byk _ Byk+1), (31)

where

R
G=< S+ BTHB ) (32)
(yH)™!

is a positive-definite block-diagonal matrix.
Proof Substituting (30) in (21), we get
(IS =502 = I =252 ) + v A 4 ByS — bl
> (I —x* 1% — 6k = x1%) + I1xF = 2R
+ (I =y 1% = % =y 15) + Ik = yEI3
+ (1B = y")I13, — I1BGX = y")11%)
+IIBG* =y Y13, + 20 AX T+ By — )3,
+2(Axk+1 + Byk+1 _ b)TH(Byk _ Byk+l).

Thus,
(I = x* 1% = 1" = x*1%) + (I* = ¥ 15 = 1Y = y*1%)
S (e S A e Ay
+(IBGX =y = IBG* = y)11%)
> [lxF =R+ 1 = YIS+ IBOR = YD

+ Q= p)A*T 4 By — |,

+ 2(Ax* ! 4 By — )T H(By* — Byt ). (33)
The assertion (31) is only a compact form of (33). U

Further, let us treat the last term on the right-hand side of (31). Note that, from
(14) and (15), we have

Due to the same reason in the (k — 1)th iteration, it follows that

G =y (e (v%) — BT — H(AXK + By — b)] + S(O* — y*h} > 0.
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From the above two inequalities, we get
OF =y DS =y + BTG -5
— H(Ax* + By* — b) + H(AX* ! + By — b))

> Iy* = YIS+ OF = Y DT (M) — g (M), (34)
Since
A=Ak =y H(Ax* + Byk —b)
and
(g% = g )T =y >0,
we obtain

OF = YT BT[(y — 1)H(Ax* + By* — b) + H(AX* + By — )]
> (yF = YFHTSF — %= 4 yk — yF 3

1 1 _
> Enyk i Eny" Al F (35)

Therefore,
(AX**! 4+ By — )T HB(y* — y+1)
> (1 - y)(Ax* + By = )" HB(y* — y**)

1 1 _
+5||y"—y"+1||§—5||yk Al (36)

Substituting (36) in (31), we obtain the following lemma:

Lemma 3.3 Ler w*t! = (xk+1, yk+1 3k+1) be generated by (12-16) for given w* =
(xk, y*, AX). Then, for any w* = (x*, y*, A*) € W*, we have

(Il = w*IiE + 1 = YHI5)
> (" —w* g + 1y = y¥)13)
+ (% =X = )
+IBO* =y HI1E + @ — I A+ By — b
+2(1 — y)(Ax* + By* — )" H(By* — By**"). 37)

Finally, we treat the last term of the right-hand side of (37). By choosing t > 0
and using the Cauchy-Schwarz inequality on the last term of the right-hand side of
(37), we obtain

2(1 — y)(Ax* + By* —b)T H(BY* — By*t1)

2004k k » (=—yp)? ko klyp2
> —1°||Ax* + By —bIIH—TllB(y =y g (38)
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Substituting (38) in (37), we derive
lwk — w5 + T2 AxE + By* — I3, + 11yF =y 113
>l — w12 4 2 AxF 4 ByRT b+ 1T — VR

(1—y)?
+(||xk—x"“||%e+||y"—y"“||§)+(1 — IBG* — y*h13,

+Q2—y —tHAT + By —p)d (39)
Based on (39), we have the main theorem of this paper.

Theorem 3.1 For any w* = (x*, y*, A*) € W*, the sequence {w*} generated by the
proposed method satisfies

(Il = w* I3, + 1y = y*15)

< (Iw* = w*I3, + 1y* = y*7115) = I — w13, (40)
where
AT
M:G—i—rz(BT)H(A,B,O) 41)
0
and
R 0 0
N=[0 s+(1-9)p"HB 0 . (42)
0 0 Q-—y -ty 2H!

With some adaptive values of the parameter t, the matrices M and N are positive

definite when y € (0, @).

Proof Rewriting Ax* 4+ By* — b in (39) as A(xk — x*) 4+ B(y* — y*), and expressing
the first Ax¥T! + By¥*! — b of (39) as A(x¥*+! — x*) 4+ B(y**! — y*) and the second
as (y H)~1(xk — Ak*1), (40) can be obtained by a simple manipulation.

Through simply inspecti(;n, we have that if T = */32_1 ,V € [3_2*/5, ‘/§2+1) or v =
Ly € (0, 1), then (1 — 12 = 0and 2~y —72) > 0. Since 253, ¥51) J(0, 1)
= (0, “/—H ) and G is positive definite, the results of the theorem are proved. U

4 Convergence of the Proposed Method

The following lemma plays an important role in the convergence analysis of the pro-
posed method.

Lemma 4.1 Let w*t! = (x¥*t1, yk*1 2k+1y pe generated by (12-16) for a given
wk = (xk, yk, Ak). Then, for any w = (x, y, X) € W, we have
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0 =YD g = 6F = YOSy = . (44)
Now, we are ready to prove the convergence of the proposed method.

Theorem 4.1 The sequence {wX} generated by the proposed method converges to
some w which is a solution of the SVI.

Proof Tt follows from (40) that {w*} is a bounded sequence and

lim w* — w1y =0.
k—o00

Consequently,
lim [x* —x**' =0, lim |y* =y =0 (45)
k— 00 k—o00
and
lim |Ax*H + By —p) = 1im |[(y H)~ ok = Ak =o. (46)
k—o00 k—o00

Since (see (13) and (15))
ookt = p k) = AT AT g B(yF — yH
+ (1= )ATHAX! 4 Byk+! — py
and
e (F D = g (%) = BT AR+ (1 — )BT H(AxKH! 4 Byk+! —p),
it follows from (43-46) that

Jim (x — KTy — ATy >0, vrex, (47a)
— 00
Jim (¢ =y HT (M — BT 20, vye . (47b)

Because {w*} is bounded, it has at least one cluster point. Let w> be a cluster point
of {wk} and let the subsequence {wki} converges to w™. It follows from (46) and
(47) that

lim (x —x*)T{f(xk) — ATAK} >0, Vxed,

j—o0

lim (y — y)T{g (%) — BTAM} >0, vye),

j—o0

lim (Ax* 4+ By —b) =0.

Jj—>00

Consequently,

(x —x)T{f(x®) = ATA>®} >0, VxedX,
0 =yg(y®) = B>} >0, Vye),

Ax* + By® —b=0.
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This means that w is a solution of the SVI. Note that the inequality (40) is true for
all solution points of the SVI. Hence, we have

e U 7R Pl
< llwk — w3 + Iy =y 5. vk=o0. (48)
Because
Jim y* =y =0,

for any given ¢ > 0, there exists lp > 0 such that

I =y R <3 Ve (49)
Since wki — w™® for Jj — oo, for the ¢ given above, there exists k; > [y such that
lwht — w2, < g (50)
Therefore, for any k > k;, it follows from (48-50) that
lw® — w5 < ' = wXIG, + 1y =y < e

This implies that the sequence {w*} converges to w® which is a solution of the
SVIL O
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