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Abstract In this paper, we introduce two iterative sequences for finding a common
element of the set of fixed points of a nonexpansive mapping and the set of solutions
of an equilibrium problem in a Hilbert space. Then, we show that one of the sequences
converges strongly and the other converges weakly.
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1 Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H.
Let f be a bifunction from C x C to R, where R is the set of real numbers.

The equilibrium problem for f : C x C — Risto find x € C such that f(x,y) >0
for all y € C. The set of such solutions is denoted by EP(f).

A mapping S of C into H is called nonexpansive if

[1Sx =Syl < llx — yll

for all x, y € C; see [1, 2]. We denote the set of fixed points of S by F(S).
Numerous problems in physics, optimization, and economics reduce to find-
ing a solution of the equilibrium problem. Some methods have been proposed to
solve the equilibrium problem; see for instance [3-5]. In particular, Combettes and
Hirstoaga [6] proposed several methods for solving the equilibrium problem. On the
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other hand, Mann [7], and Nakajo and Takahashi [8] considered iterative schemes
for finding a fixed point of a nonexpansive mapping.

In this paper, motivated by [8, 9], we obtain weak and strong convergence the-
orems of finding a common element of the set of fixed points of a nonexpansive
mapping and the set of solutions of the equilibrium problem.

2 Preliminaries

Let H be areal Hilbert space with inner product (-, -) and norm || - ||; let C be a non-
empty closed convex subset of H. x;, — x implies that {x,} converges strongly to x
and x,, — x means that {x,} converges weakly to x. In a real Hilbert space H, we
have

Iax 4+ (1 =)y I2 = Alx ) + (L= D lyI> = A0 =) x — I,

forall x,y € H and A € [0, 1].

For any x € H, there exists a unique nearest point in C, denoted by Pc(x), such
that ||x — Pc(x)|| <|lx — y| forall y € C. Such a Pc is called the metric projection
of H onto C. It is also known that y = P¢(x) is equivalent to (x — y, y — z) > 0 for
allzeC.

For solving the equilibrium problem, let us assume that the bifunction f satisfies
the following conditions:

(A1) f(x,x)=0forall x € C;
(A2) f is monotone,i.e. f(x,y)+ f(y,x) <0forany x,y € C;
(A3) foreachx,y,z€C,

limsup, o f(tz+ (1 = 0)x,y) < f(x,y);
(A4) f(x,-)is convex and lower semicontinuous for each x € C.

The following lemma appears implicitly in [3].

Lemma 2.1 Let C be a nonempty closed convex subset of H, let f be a bifunction
from C x C to R satisfying (A1)—(A4) and let r > 0 and x € H. Then, there exists
z € C such that

f,y+ ;(y—z,z—x) >0, forallyeC.
The following lemma was also given in [6].
Lemma 2.2 Forr >0, x € H, define a mapping T, : H — C as follows:
Ty (x) = {ZEC | f(z,y)—l—%(y—z,z—x) >0, forallyec}

for all x € H. Then, the following statements hold:
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(1) T, is single-valued,
(i) T is firmly nonexpansive, i.e. for any x,y € H,
ITox = Tryl|1* < (Trx — Try. x — y);
(iii) F(T;) =EP(f);
@iv) EP(f) is closed and convex.

3 Strong Convergence Theorem

In this section, we show a strong convergence theorem which solves the problem of
finding a common element of the set of solutions for an equilibrium problem and the
set of fixed points of a nonexpansive mapping.

Theorem 3.1 Let C be a nonempty closed convex subset of H. Let f be a bifunction
from C x C to R satisfying (A1)-(A4) and let S be a nonexpansive mapping of C
into H such that F(S) N EP(f) # 0. Let {x,} and {u,} be sequences generated by
x1=x € H and let

1
uy € C such that  f(u,,y)+ —(y —uy,up —x,) >0, forallyeC,
T

n

wy = (1 —a)x, +a,Suy,
Ch={zeH | |lwp—zl < llxp —zll},
Dy={zeH | {(x,—2z,x—x,) >0},

Xp+1 = Pc,np, (x),

for every n € N, where {a,} C [a, 1] for some a € (0, 1) and {r,} C (0, 00) satisfies
liminf, oo 1y > 0. Then, {x,} converges strongly to Prsynep(f)(x).

Proof We show first that the sequence {x,} is well defined. Obviously, C, is closed
and D, is closed and convex for every n € N. Since C,, = {z € H | ||w, — x> +
2{w,, — x,, x, — z2) <0}, C, is also convex; see [8]. So, C,, N D,, is a closed convex
subset of H for any n € N.

Letv € F(S) NEP(f). From u, = T,,x,, we have

luw —vll = 1Ty, 20 — Tp, vl < x5 — vl (D
for every n € N. From this, we have

lwy — vl < (1T —a)llxp — vl + o | Sup — v
< —=ap)lxy — vl +anllu, — vl
< (I —=ap)llxp — vl +anllx, — vl

= [lxn —vl|. @
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So, we have v € C,; thus,
F(S)NEP(f) C Cy, 3)

for every n e N.
Next we show by induction that F(S) NEP(f) C C,, N D, for each n € N. Since
F(S)NEP(f)Cc Cyand D; = H, we get

F(S)NEP(f) C C1 N Dy.

Suppose that F(S) N EP(f) C Cx N Dy, for k € N. Then, there exists xx4+1 € Cx N Dy
such that

Xk+1 = PCkﬂDk (-x)

Therefore, for each z € C; N Dy, we have

(Xka1 — 2, % — Xxpa1) > 0.
Since F(S) N EP(f) C Cx N Dy, for any z € F(S) N EP(f) we have

(X1 — 2, X —xpg1) 2 0,
and hence z € Dy41. So, we get

F(S)NEP(f) C Dys1.
From this and (3), we have
F(S)NEP(f) C Ckt1 N Dyy1-

This means that the sequence {x,} is well defined. From Lemma 2.1, the se-
quence {u,} is also well defined.

Since F(S) N EP(f) is a nonempty closed convex subset of H, there exists a
unique 7z’ € F(S) N EP(f) such that

Z' = Pp(s)nep(f)(x).
From x,4+1 = Pc,np, (x), we have
lXn41 —xI < llz — x|l
for all z € C, N D,,. Since 7’ € F(S) NEP(f) C C, N D,, we have
[ xn11 — x| < 12" — x|l 4)

for every n € N. Therefore, {x,} is bounded. From (1) and (2), {u,,} and {w,} are also
bounded.
Since x, = Pp,(x) and x,41 € D,, we have
lx = xnll < llx — X411l
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for every n € N. Since {x,} is bounded, the sequence {||x — x,||} is bounded and
nondecreasing. So, there exists ¢ € R such that

c= lim ||x — x,|.
n— o0

Since x, = Pp, (x), X411 € D, and x”% € D, from (4) we have

2
+
I — x| < [ — Zp L
2
1 1 2
= E(x _xn) + E(x _xn—i-l)
1 1 1
=5 lx —xal? + Sl = g 1> - 7 — X1l

So, we get
1 »_1 » 1 2
—|xn — x <—|x—=x — —|lx = x,I*.
4|| n— Xn+1l _2|| nt1ll 2|| nll
Since lim,,_,  ||x — X, || = ¢, we obtain
lim |lx, — xp4111 =0. (5
n—0oo
From x,41 € C,, we have
lxn — wall < X0 — Xnt1 | + 1Xn+1 — wall < 20x0 — Xnt11l-
By (5), we obtain
lim ||x; —wy|l =0. (6)
n—oo
For v € F(S) NEP(f), we have, from Lemma 2.2,
i = vI1* = 1T X0 = T, 011> < (T, 20 — T, 0, X0 — V)
1
= (ttn = v, 0 = v) = > {lln = VI + 1w = 0117 = foen — a2}

hence,

2 2 2

lun = vlI” < llxp = lI" = llxn — unll”

2
I

Therefore, by the convexity of | - |, we have

2 2 2
lwy —vl* = (A —ap)llxn —vII” + | Sup — vl
2 2
= (I —ap)llxp — vlI” + anllun — vl
2 2 2
< (I —ap)llxp — vl +O‘n{”xn_v|| — lxn — unll }

2 2
= |[xp —v[|” — apllxy — unll”.
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Since {«y,} C [a, 1], we get
2 2 2 2
allxp — unll” < onllxn —unll” < llxn —vlI” — lwp — vl
< lIxn — wal{llxn — vl + lwp — vlI}.
From this and (6), we obtain
lim ||x, — up|| =0. )
n— o0

Since liminf,_, 5, 1, > 0, we get

lim
n—0oo

Xp — Uy H

. 1
= lim —|lx, —unl =0. 3
'n I'n

n—o0
Since o, Su,, = w, — (1 — ay)x,, we have
allun — Sunll < o[ Sun — unll = lwp — (1 — )Xy — apity |
< (I —o)llup — xpll + lwy — uy||
< llun — xnll + llwn — Xnll + [l — unll
=2llxp — |l + llxp — wall.
From (6) and (7), we obtain also

lim |Ju, — Sun| =0. &)
n— oo

As {x,} is bounded, there exists a subsequence {x,,} of {x,} such that x,, — w.
From (7), we obtain also that u,, — w. Since {u,,} C C and C is closed and convex,
we obtain w € C.

We shall show w € EP(f). By u, =T, xn, we have

1
flun, y)+—(y —up,up —x,) >0, forallyecC.
r,

n

From the monotonicity of f, we get

1
—(y —up, Uy —xp) > f(y,u,), forallyeC;
I'n

hence,
<y — Uy, u> > f(youp), forallyeC.
T
From (8) and condition (A4), we have

0> f(y,w), forallyeC.

ForrwithO<r<landyeC,lety, =ty + (1 —t)w. Since y € C and w € C, we
obtain y; € C and hence f(y;, w) <0. So, we have

O0=fe,y) <tf (e, )+ A =) f (e, w) < tf (e, y).
@Springer
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Dividing by 7, we get

fr,y) =0, forallyecC.
Letting # | 0 and from (A3), we get

f(w,y)>0, forallyeC.

Therefore, we obtain w € EP(f).
We next show that w € F(S). Assume w ¢ F(S). Then, from the Opial theo-
rem [10] and (9), we have

liminf ||u,, — w| < liminf||u,, — Sw|
1—> 00 1—> 00
< liminf{[un, — Suy, || + | Sttn, — Sw]l}
11— 00

< liminf ||u,, — w]|.
1—> 00

This is a contradiction. So, we get w € F(S). Therefore, we obtain w € F(S) N

EP(f).

From 7’ = Pr(s)nep(y)(x) and (4), we have
lx =2l < llx — wll <liminf ||x — x,, |
1—> 00

<limsup [|x — xp, || < [lx = 2[I;
i—00

hence,
Lm |lx — x| =[x —w| =|lx =2l
I1—> 00
Since H is a Hilbert space, we obtain
X, > w=7.
Since 7/ = Pr(synep(f)(x), we can conclude that
Xn = Prs)neP(f)(X). U

As direct consequences of Theorem 3.1, we can obtain two corollaries.

Corollary 3.1 Let C be a nonempty closed convex subset of H. Let f be a bifunction
from C x C to R satisfying (A1)—(A4) such that EP(f) # 0. Let {x,} and {u,} be
sequences generated by x1 = x € H and let

1
uy € C such that  f(uy,y)+ —(y —uy,up —x,) >0, forallyeC,
r

n

Con={z€ H|lluy —z|l < llxu —zll},
Dy={zeH|{x, —z,x —x,) >0},

Xp+1 = Pc,np, (x),
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for every n € N, where {r,} C (0, 00) satisfies liminf,,_, r;, > 0. Then, {x,} con-
verges strongly to Pep(f)(x).

Proof Putting S = I and «;, = 1 in Theorem 3.1, we obtain Corollary 3.1. U

Corollary 3.2 Let C be a nonempty closed convex subset of H and let S be a non-
expansive mapping of C into H such that F(S) # 0. Let {x,} and {u,} be sequences
generated by x1 = x € H and let

uy, € C such that (y —up,uy —x,) >0, forallyeC,
wy = (1 —op)xy + 0y Suy,

Ch={ze€ H|llwy —zll < llxn —zll},
Dy={zeH|(xp —z,x —x,) = 0},

Xp41 = Pc,np, (x),

for every n € N, where {a,} C [a, 1] for some a € (0,1). Then, {x,} converges
strongly to Pp(s)(x).

Proof Putting f(x,y) =0 for all x,y € C and r, = 1 in Theorem 3.1, we obtain
Corollary 3.2. (]

4 Weak Convergence Theorem

In this section, we consider a weak convergence theorem motivated by [9]. To prove
it, we need two results which were used in [9].

Lemma 4.1 Let {«,} be a sequence of real numbers such that 0 <a <a, <b <1
forall n € N. Let {v,} and {w,} be sequences of H such that

limsup |lv, [l <c, limsup [|lw, | <c,
n—00 n—00

lim |o,v, + (1 —ap)wyl| =c, forsomec > 0.
n— o0
Then, lim,,_, o0 ||V, — wy || = 0.

Lemma 4.2 Let C be a nonempty closed convex subset of H. Let {x,} be a sequence
in H. Suppose that, for all y € C,

X011 =yl < llxa = ¥l
for every n € N. Then, { Pc(xy,)} converges strongly to some z € C.
Now, we show the following weak convergence theorem which solves the problem

of finding a common element of the set of solutions for an equilibrium problem and
the set of fixed points of a nonexpansive mapping.
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Theorem 4.1 Let C be a nonempty closed convex subset of H. Let f be a bifunction
from C x C to R satisfying (A1)—(A4) and let S be a nonexpansive mapping of C
into H such that F(S) NEP(f) # 0. Let {x,} and {u,} be sequences generated by
x1=x € H and let

1
u, € C such that  f(uy,y)+ —(y —up,up —x,) >0, forallyeC,
n

Xp1 = opXp + (1 —oty) Suy,

foreveryn € N, where {a,,} C [a, b] for some a, b € (0, 1) and {r,} C (0, 00) satisfies
liminf, oo 7, > 0. Then, {x,} converges weakly to w € F(S) N EP(f), where w =
limy, s o0 Pr($)nEP(f) (Xn)-

Proof By Lemma 2.1, {u,} and {x,} are well defined. Let v € F(S) N EP(f) and
uy =T,,x,. For any n € N, we have

luw —vll = 1T, %0 — Tp,vll < [l — ]l
Therefore, we have

lxn+1 — vl < anllxy — vl + (A — ) ||Su, — vl
< opllxy — vl + 1 — o) llu, — vl

<apllxn — vl + A —an)llxn — vl = llxn — vl (10)
So, there exists ¢ € R such that
c= lim |x, —v]. (11)
n—>oo

Hence, {x,} and {u,} are bounded.
Next, for v € F(S) N EP(f), as in the proof of Theorem 3.1, we get

2 2 2
lup —vllI” < llxn — vll” = llxn — unll”
Therefore, we have

lxns1 — VII* < el — vII* + (1 — o) [ Sun — 0|12
< anllxn = vlI* + (1 — o) luy — v)?
< apllxn — vlI* + (1 = o) (0 — V11> = I — unl|?)
= |lx, — v[I* = (1 — o) 1y — un |1?

<l — V> = (1 = B)[|xp, — u||*.

So, we obtain

2 2 2
(A =D)llxn — unll” < llxn — 017 = X041 — 0"
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From (11), we get
lim |x, —uy| =0.
n—oo
Since liminf,_ o 7, > 0, we obtain

. Xp — Up
lim =0.
n—>oo

'n

As {x,} is bounded, there exists a subsequence {x,, } of {x,} which converges weakly
to w. From ||x, — u,|| — 0, we also have that u,, — w. From {u,,} C C, we have
weC.

Now, let us show w € F(S)NEP(f). First, as in the proof of Theorem 3.1, we can
show w € EP(f). Let us show that w € F(S).

Let v € F(S) NEP(f). Since ||Su, — v|| < ||lup — v|| < ||x, — v||, from (11), we
have

limsup || Su, —v|| <c.
n— oo

Further, we have
lim |lo, (xp —v) + (1 — @) (Sup —v)|| = lim |lxy41 —v] =c.
n—>oo n—oo
By Lemma 4.1, we obtain
lim ||Su, —x,|| =0.
n—0o0
Also, we have
|Suy —upnll < |Sup — xull + llxn — unll.
Therefore, we get
lim ||Su, —u,| =0.
n—>oo

From this and u,; — w, we obtain w € F(S). Then, w € F(S) N EP(f).
Let {x,;} be another subsequence of {x,} such that x,; — w’. Then, we have

w’ € F(S)NEP(f).
If w # w’, from the Opial theorem [10] we get
lim |x, — w| = liminf |x,, — w| < liminf|x,, —w’|
n— 00 i—o00 i—00
= lim |x, —w'| = liminf {|x,; — w'||
n—oo j—o00 ‘
< liminf||x,, — w| = lim ||x, — w|.
j—o0 J n— o0
This is a contradiction. So, we have w = w’. This implies that

Xp —we F(S)NEP(f).
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Let z,, = Pr(s)nep(r)(xn). Since w € F(S) N EP(f), we have
(X — Zn, 2n —w) > 0.

Using (10) and Lemma 4.2, we have that {z,} converges strongly to some wg €
F(S)NEP(f). Since {x,} converges weakly to w, we have

(w —wp, wo —w) >0.
Therefore, we obtain
=wp= lim P .
w=wo= lim Prs)nEep(f) (xn) 0
As direct consequences of Theorem 4.1, we can obtain two corollaries.

Corollary 4.1 Let C be a nonempty closed convex subset of H. Let f be a bifunction
from C x C to R satisfying (A1)—(A4) such that EP(f) # 0. Let {x,,} and {u,} be
sequences generated by x1 = x € H; let

1
u, € C such that  f(uy,y)+ —(y —uy,uy, —x,) >0, forallyeC,
14

n

Xnt1 =opxy + (1 —ap)uy,

for every n € N, where {a,} C [a, b] for some a,b € (0, 1) and {r,} C (0, 00) sat-
isfies liminf,_, oo 1y, > 0. Then, {x,} converges weakly to w € EP(f), where w =
limy, . 0o PeP(£) (X1)-

Proof Putting S = I in Theorem 4.1, we obtain Corollary 4.1. U

Corollary 4.2 Let C be a nonempty closed convex subset of H and let S be a non-
expansive mapping of C into H such that F(S) # (. Let {x,} and {u,} be sequences
generated by x1 = x € H; let

uy, € C such that (y —uy,un —x,) >0, forallyeC,
Xpp1 =pxp + (1 — ) Suy,

for every n € N, where {a,} C [a, b] for some a,b € (0,1). Then, {x,} converges
weakly to w € F(S), where w =lim,_, oo Pr(s)(xy).

Proof Putting f(x,y) =0 for all x,y € C and r, = 1 in Theorem 4.1, we obtain
Corollary 4.2. (]
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