JOURNAL OF OPTIMIZATION THEORY AND APPLICATIONS: Vol. 129, No. 2, pp. 341-348, May 2006 (© 2006)
DOI: 10.1007/510957-006-9059-y

On the E-Epigraph of an E-Convex Function
D. 1. Duca' AND L. LupPsA!

Communicated by X. Q. Yang
Published Online: 1 December 2006

Abstract. InRef 1, Yang shows that some of the results obtained in Ref. 2 on
E-convex programming are incorrect, but does not prove that the results which
make the connection between an E-convex function and its E-epigraph are
incorrect. In this note, we show that the results obtained in Ref. 2 concerning
the characterization of an E-convex function f in terms of its E-epigraph are
incorrect. Afterward, some characterizations of E-convex functions using a
different notion of epigraph are given.
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1. Introduction

The concepts of E- convex set and E-convex function were introduced in
Ref. 2. For convenience, we recall these definitions.

Definition 1.1. Let £ : R* — R” be a function. A subset M of R” is said
to be E-convex if

(1—-DEx)+tE(y)e M, (D)
forall x,y € M and all ¢ € [0, 1].

Definition 1.2. Let M be a nonempty subset of R" and let E : R" — R" be
a function. A function f : M — R is said to be E-convex on M if M is E-convex
and

S(A=DEMX)+1E(y) < (1 —0)f(EWX)+1f(E(y)), (2)
forall x,y € M and all ¢ € [0, 1].
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In Ref. 2, some of the properties of E-convex sets and E-convex functions
are given. These concepts are used in the study of E-convex programming.

Unfortunately, some of the results obtained in Ref. 2 are incorrect. Indeed,
in Ref. 1, Yang shows that some of the results obtained in Ref. 2 on E-convex
programming are incorrect, but does not prove that the result which makes the
connection between an E-convex function and its E-epigraph is incorrect. Some of
the incorrect results of Ref. 2 on E-convex programming have been proved using
the connection between the E-convex functions and their E-epigraphs, which is
an incorrect one.

In this note, we show that the result obtained in Ref. 2 on the characterization
of an E-convex function f in terms of its E-epigraph, E — e(f), is incorrect. We
give also some characterizations of E-convex function using a different notion of
epigraph.

2. Counterexample

If M is a nonempty subset of R” and if f : M — R and E : R" — R" are
two functions, then in Ref. 2 the set

E—e(f)={x.0)[x e M,ax e R, f(E(x)) <}

is called the E-epigraph of f.
If SCR"xR and E : R" — R”, then in Ref. 2 the set S is said to be
E-convex if (x, o), (v, B) € S imply

(I =nEx)+tE(y), (I1-na+tB)esS, 0=<r=<1.
Then, the following theorem of characterization of an E-convex function f in terms

of its E-epigraph E — e(f) is given in Ref. 2.

Theorem 2.1. See Theorem 3.1 of Ref. 2. A numerical function f defined
onan E-convex set M C R" is E-convex on M iff E — e(f)is E-convex in R" x R.
Counterexample 2.1. Let M = [0, 1] C R, let f : M — R be defined by
f(x)=x? forall x € R,
and let £ : R — R be defined by
E(x)=+/|x|, forall x € R.

The set M = [0, 1] is E-convex, because for every x,y € [0, 1] and every ¢ €
[0, 1], we have

(1 —1)Ex)+tE(y) € M = [0, 1].
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The function f is E-convex on M, because for every x, y € M and every ¢ € [0, 1],
we have

(I=Df(E&)+1f(EQY) — f(1—-HEX)+1E(y))
= (1= 1D + 1 1yD* = (1 = )Y/ Ix] + 1/1yD?
=t(1 — /x| = VIy)? = 0.

Then, in view of Theorem 2.1, the set
E—e(f)={(x,a)lx e M,a e R, f(E(x)) <}

is E-convex in R x R. This means that, for every (x, «), (y, B) € E — e(f) and
every t € [0, 1], we have

(A =DEX)+1E(y), (1 —na+1p) € E—e(f),

or equivalently,

A1=0HEXx)+tE(y)e M, (1—-0a+1t R, 3)
and

FE(1 =0EX)+tE(®y)) < (1 —t)a + 8. “4)
Let now

x=2"% y=272 t=27" a=2" pg=27"%

On one hand, we have that (x, «) and (y, ) belong to E — e(f). On the other
hand,

(1-DEx)+tE(y)=3/8e M =10, 1], (1=ta+1t8=5/32 R,
hence, (3) holds, while
FE(Q =EX)+tE®QY)) =3/8;

hence, (4) does not hold. This implies that Theorem 2.1 (see Theorem 3.1 of
Ref. 2) is incorrect.

3. Some Characterizations of E-Convex Functions

In this section, some characterizations of E-convex functions using a different
notion of epigraph are given.

If M is a nonempty subset of R" andif E : M — M and f : M — R are two
functions, then we consider the following two sets:

epi(f) = {(x,a) € M x R|f(x) < a},
epip(f) ={(z,a) € EIM) x R|f(z) < a}.
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Obviously, the three sets epi(f), epig, and E — e(f) are not equal. Indeed, let
f : R — R be defined by

f(x)=x2, forall x € R,
and let £ : R — R be defined by

E(x) = \/ﬁ, for all x € R.
‘We have that

epi(f) = {(x,a) e R x R:x? < a},
epig(f) = {(x,a) € [0, 400) x R : x* < a},
E—e(f)={(x,a) e RxR: |x| <a};

hence,
epi(f) # epig(f) # E — e(f) # epi(f).
We remark also that
E—e(f)C M xR and epig(f) < E(M)xR.

We recall that the function f : M — R is convex on the nonempty convex
subset M of R” if and only if its epigraph epi(f) is a convex subset of R” x R.

The following theorem gives a sufficient condition for f to be an E-convex
function using the set epig( f).

Theorem 3.1. Let M be a nonempty subset of R” and let f : M — R and
E :R" — R" be two functions. If M is an E-convex set and epig(f) is a convex
set, then f is an E-convex function on M.

Proof. Letx,y € Mandt € [0, 1]. Since M is an E-convex set, we have that
E(x), E(y) € E(M) C M. Since (E(x), f(E(x))) and (E(y), f(E(y))) belong to
epig(f) and since epig(f) is convex, we have

(I =D(Ex), f(EM)+1(E(Y), f(E() € epig(f).
From this, it follows that

1I-tEx)+tEQ(y) e EM)C M
and

A =DEX)+1E(y) = (1 =) f(EX)+1f(E().

Consequently, f is an E-convex function on M.
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We can exclude the convexity hypothesis of the set epig(f) and in exchange
we ask for the set E(M) to be convex and for the set epig( f) to be slack 2-convex
with respect to E(M) x R.

To begin with, we recall the meaning of the set A C R" being slack 2-convex
with respect to B C R”. O

Definition 3.1. See Ref. 3 or Ref. 4. Let A and B be two subsets of R". We
say that A is slack 2-convex with respect to B if, for every x, y € A N B and every
t € [0, 1] with the property that

(1-tx+1tyeB,
we have

(1—-tx+1tyeA.

The following theorem gives a sufficient condition for f to be an E-convex
function.

Theorem 3.2. Let M be a nonempty subset of R” and let f : M — R and
E : R" — R" be two functions. If M is an E-convex set, E(M) is a convex set, and
epig(f) is a slack 2-convex set with respect to E(M) x R, then f is an E-convex
function on M.

Proof. Letx,y € M andt € [0, 1]. Then,
(E(x), f(E(x))), (E(y), f(E(y)) € (E(M)xR)Nepig(f).
Since E(M) is a convex set, we have
(I-=0DEX)+tE(y) € E(M);
hence,
(I =0EMX) +1E(y), 1 —0)f(E(x))+1f(E(Y)) € E(M) xR.
Then,
(A =0DEX)+1E(y), (1 =) f(E(x)) +1f(E(y)) € epig(f), &)

because epig(f) is a slack 2-convex set with respect to E(M) x R.
From (5), it follows that

JA=DEX) +1E(y) = (1 —0)f(E@) +1f(EY));

hence, f is an E-convex function on M. O
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Remark 3.1. The hypothesis that E(M) is a convex set is essential; if we
exclude this hypothesis, then the conclusion of Theorem 3.2 may not be true.
Indeed, let

M =1[0,1]U (2,4} C R,

let E : R — R be defined by
E(x)=x/4, forallx € R,
and let f : M — R be defined by

x%, ifx € E(M) =10, 1/4]U{1/2, 1}

FO=110. itx e M\EG).

Obviously, M is an E-convex set and
epix(f) ={(z. @) e R x Rlz € [0, 1/4] U {1/2,1}, 2" < a}
is a slack 2-convex set with respect to

E(M)x R =([0,1/4]U{1/2,1}) x R

But let

x=2, y=4, t=2"
Then,

f((I=DEX)+tE(y) = f(3/4) = 10,
while

(I =0 f(EQ) +1f(E(y) = (1/2)f(1/2) + (1/2) f(1) = 5/8;

hence, (2) does not hold. Thus, f is not an E-convex function on M.
Consequently, in Theorem 3.2, we cannot exclude the hypothesis that E(M)
is a convex set.

Theorem 3.3. Let M be a nonempty subset of R” and let f : M — R and
E :R" — R" be two functions. If M is an E-convex set and f is an E-convex
function on M, then epi(f) is a slack 2-convex set with respect to E(M) x R.

Proof. Let (x,a),(y,B) € (E(M) x R)yNepi(f), and r € [0, 1] be such
that

(I —0)x,a) +1(y, B) € E(M) x R.
Then,

x,ye EIM)c M, f(x)<a, [f(y)=8,
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and
1—-tx+tye EIM) S M.

From x, y € E(M), it follows that there exist x’, y’ € M such that
x=EX), y=EQ.

Since f is E-convex on M, we have

F(@d=Dx+1y) = f(1 =HEX) +1EQ)
< (I =0 f(EE)+tf(EQ)
=1 =0fx)+1f ()
< —-ta+1B.
Therefore,
A=x,)+t(y, ) =1 —-t)x+1ty,(1 —t)o +tB) € epi(f).
Consequently, epi( f) is a slack 2-convex set with respect to E(M) x R.
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The following theorem gives another sufficient condition for f to be an E-

convex function.

Theorem 3.4. Let M be a nonempty subset of R” and let f : M — R and
E : R" — R" be two functions. If M is an E-convex set, E(M) is a convex set, and
epi(f) is a slack 2-convex set with respect to E(M) x R, then f is an E-convex

function on M.

Proof. Letx,y € M and¢ € [0, 1]. Then,

(E(x), f(E(x)), (E(y), f(E(y)) € (E(M) x R)N epi(f).
Since E(M) is a convex set, we have

(1 -1Ex)+1tE(y) € E(M);
hence,

(I = 1)(E(x), f(E(x))) +1(EY), fF(E(Y)
= (1 =DEWX) +1E®Y), (1 =) f(EWX) +1f(E()) € E(M) x R.

Then,
(I =0E)+tE(y), (1 =0)f(Ex))+1f(E(y) € epi(f),

(6)

because epi(f) is slack 2-convex set with respect to E(M) x R. From (6), it

follows that
fA=DEX)+tEQY) <1 =) f(EX))+tf(E(Y).

Consequently, f is an E-convex function on M.
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Remark 3.2. In general, in Theorem 3.4, the hypothesis that E(M) is a
convex set cannot be replaced. To this end, suppose that M, E, f are those of
Remark 3.1. In Remark 3.1, we show that M is an E-convex set and f is not an
E-convex function on M. But the set

epi( f)={(z,®) e R x R|z € [0, 1/4] U {1/2, 1}, 2* < a}
U{(z, ) e M x R|z € M\ ([0, 1/4]1U {1/2,1}),10 < a}

is slack 2-convex with respect to E(M) x R.

Now, from Theorems 3.3 and 3.4, the following theorem of characterization
of an E-convex function can be deduced.

Theorem 3.5. Let M be a nonempty subset of R” and let f : M — R and
E : R" — R" be two functions. Assume that M is an E-convex set and E(M) is a
convex set. Then, f is an E-convex function on M if and only if epi( f) is a slack
2-convex set with respect to E(M) x R.

References

1. YANG, X.M., On E-Convex Sets, E-Convex Functions, and E-Convex Programming,
Journal of Optimization Theory and Applications, Vol. 109, pp. 699-704, 2001.

2. YOUNESS, E.A., E-Convex Sets, E-Convex Functions, and E-Convex Programming,
Journal of Optimization Theory and Applications, Vol. 102, pp. 439450, 1999.

3. LupPsA, L., Slack Convexity with Respect to a Given Set, Itinerant Seminar on Functional
Equations, Approximation, and Convexity, Babes-Bolyai University Publishing House,
Cluj-Napoca, Romania, pp. 107-114, 1985, (in Romanian).

4. CRISTESCU, G., and LUPSA, L., Nonconnected Convexities and Applications, Kluwer
Academic Publishers, Dordrecht, Holland, 2002.

5. DucA, D.I.,, Duca, E., LupsA, L., and BLAGA, L., E-Convex Functions, Bulletin for
Applied and Computer Mathematics, Vol. 43, pp. 93—-102, 2000.

6. Duca, D.I., and LUPSA, L., Bi-(¢, ¥) Convex Sets, Mathematica Pannonica, Vol. 14,
pp- 193-203, 2003.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


