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Weak Convergence Theorem by an Extragradient
Method for Nonexpansive Mappings
and Monotone Mappings
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Abstract. In this paper, we introduce an iterative process for finding
the common element of the set of fixed points of a nonexpansive
mapping and the set of solutions of the variational inequality prob-
lem for a monotone, Lipschitz-continuous mapping. The iterative
process is based on the so-called extragradient method. We obtain
a weak convergence theorem for two sequences generated by this
process.
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1. Introduction

Let C be a closed convex subset of a real Hilbert space H and let P¢
be the metric projection of H onto C. A mapping A of C into H is called
monotone if

(Au—Av,u—v)>0,

for all u,v e C. The variational inequality problem is to find u € C such
that
(Au,v—u)>0
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for all ve C. The set of solutions of the variational inequality problem
is denoted by VI (C, A). A mapping A of C into H is called a-inverse-
strongly-monotone if there exists a positive real number « such that

(Au— Av,u—v) >al|Au — Av||?,

for all u,v e C; see Refs. 1-2. It is obvious that any «-inverse-strongly-
monotone mapping A is monotone and Lipschitz continuous. A mapping
S of C into itself is called nonexpansive if

1 Su—Svll <llu—vl,

for all u, ve C; see Ref. 3. We denote by F(S) the set of fixed points of S.
For finding an element of F(S)NVI(C, A) under the assumption that a set
C C H is closed and convex, a mapping S of C into itself is nonexpansive
and a mapping A of C into H is a-inverse-strongly-monotone, Takahashi
and Toyoda (Ref. 4) introduced the following iterative scheme:

Xn1 =0nXp + (1 — ) SPc (X — Ay Axy), (1)

for every n=0,1,2,..., where xo=x € C, {a,} is a sequence in (0,1),
and {A,} is a sequence in (0,2«). They showed that, if F(S)NVI(C, A)
is nonempty, then the sequence {x,} generated by (1) converges weakly
to some z € F(S) N VI(C, A). On the other hand, for solving the vari-
ational inequality problem in the finite-dimensional Euclidean space R"
under the assumption that a set C CR" is closed and convex, a mapping
A of C into R" is monotone and k-Lipschitz-continuous and VI(C, A) is
nonempty, Korpelevich (Ref. 5) introduced the following so-called extra-
gradient method:

xo=x€C,
Xp = Pc(x, —AAXy),
Xnt1= Pc(xy —AAXy),

for every n=0,1,2,..., where A€ (0, 1/k). He showed that the sequences
{x,} and {x,} generated by this iterative process converge to the same
point z € VI(C, A).

In this paper, motivated by the idea of extragradient method, we
introduce an iterative process for finding a common element of the set of
fixed points of a nonexpansive mapping and the set of solutions of the
variational inequality problem for a monotone, Lipschitz continuous map-
ping in a real Hilbert space. We obtain a weak convergence theorem for
two sequences generated by this process.
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2. Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm | - ||
and let C be a closed convex subset of H. We write x, — x to indicate
that the sequence {x,} converges weakly to x and x, — x to indicate that
{x,} converges strongly to x. For every point x € H, there exists a unique
nearest point in C, denoted by Pcx, such that

lx — Pcx||<llx—y|, forall yeC.

Pc is called the metric projection of H onto C. We know that Pc is a
nonexpansive mapping of H onto C. It is also known that P¢ is charac-
terized by the following properties: Pcx € C and

(x = Pcx, Pcx —y) >0, 2

lx — ylI> > llx — Pex|I> + lly — Pex|1?, 3)

for all x € H, y e C; see Ref. 3 for more details. Let A be a monotone
mapping of C into H. In the context of the variational inequality prob-
lem, this implies

ueVI(C, A) & u=Pc(u—2rAu), Y1 >0. 4

It is also known that H satisfies the Opial condition (Ref. 6); i.e., for any
sequence {x,} with x,, — x, the inequality

liminf ||x, — x| <liminf ||x, — y||
n— 00 n—0oo

holds for every ye H with y #x.
A set-valued mapping T : H — 2 is called monotone if, for all
x,yeH, feTx and geT, imply

(x=y, f—g)=0.

A monotone mapping T : H — 2 is maximal if its graph G(T) is not
properly contained in the graph of any other monotone mapping. It is
known that a monotone mapping 7 is maximal if and only if, for (x, f) €
HxH,{(x—y, f—g)>0 for every (y,g)€G(T) implies f€Tx. Let A be
a monotone, k-Lipschitz-continuous mapping of C into H and let Ncv be
the normal cone to C at veC; i.e.,

Ncv={weH:(v—u,w)>0,VueC}.
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Define

Av+ Ncv, ifveC,
Tv= .
@, ifvegC.

Then, T is maximal monotone and 0 € Tv if and only if ve VI(C, A); see
Ref. 7.

3. Weak Convergence Theorem

In this section, we prove a weak convergence theorem for nonexpan-
sive mappings and monotone mappings. To prove it, we need two lemmas.
The first lemma was proved Schu (Ref. 8) in a uniformly convex Banach
space.

Lemma 3.1. Let H be a real Hilbert space, let {«,} be a sequence of
real numbers such that 0<a<a, <b<1 for all n=0,1,2,..., and let {v,}
and {w,} be sequences in H such that

limsup |lv, || <c,
n— 00

lim sup [lwa || <c,
n—00

lim ||, vn + (1 —ap)wyll=c,
n—od
for some ¢>0. Then,
lim |v, —w,| =0.
n—oo
The second lemma was proved by Takahashi and Toyoda (Ref. 4).

Lemma 3.2. Let H be a real Hilbert space and let D be a nonempty
closed convex subset of H. Let {x,} be a sequence in H. Suppose that, for
all ue D,

Xn41 —ull < [l2n —ull,

for every n=0,1,2,.... Then, the sequence {Ppx,} converges strongly to
some z € D.

Now, we can state a weak convergence theorem.
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Theorem 3.1. Let C be a closed convex subset of a real Hilbert space
H. Let A be a monotone k-Lipschitz continuous mapping of C into H
and let S be a nonexpansive mapping of C into itself such that F(S)N
VI(C, A)#@. Let {x,}, {yn} be sequences generated by

xo=x€C,
Yn=Pc(xy — Ay Axy),
Xpp1 =Xy + (1 —ay)SPe(xy — Ay Ayn),

for every n=0,1,2,..., where {A,} CJa,b] for some a,b e (0,1/k) and
{an} C[c,d] for some c,d € (0,1). Then, the sequences {x,}, {y.} con-
verge weakly to the same point z € F(S) N VI(C, A), where z =1lim,_, o

Pes)nVI(c, a)Xn-

Proof. Put t, = Pc(x, — AyAy,) for every n=0,1,2,.... Let u €
F(S)NVI(C, A). From (3), we have

lltn — ull® < 110 = An Ayn — wll* = X0 — n Ayn — ta |1?

= [lxn — ] = 1X0 — £ |* + 20 ( Ay, 1 — 1)

= [lxp — u||* = Ilx0 — ]|
+2 00 ((Ayn — Au, u — yp) + (Au, u — yp) + (AVn, Yn — ta))

< M1xn = wll® = 1w =t 1* + 22 (A, Yu — )

= [lxn — ]I = [1Xn = Y I* = 2430 = Yns Y — t) — yn — tul®
F200 (AYns Yu — tn)

= [1xn — ull* = 1xn = yu I * = llyn — tall®
+2(xn = AnAYn — Yn, th — Yn)-

Further, from (2), we have

(*n = AnAYn — Yn, tn — Yn)

=(Xn — A Axn — Yn, In — Yn) + {(AnAxn — A AYn, th — Yn)
<A MAxp — Ay Ayn, th — Yn)

< AnkllxXn = yull ltn — ynll.
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So, we obtain

ltw = ull® < N2 = wll® = 20 = yull* = llyn — tall®
2k 12— Yl 11w — ¥l
< lxw —ull® = l1xa = yall* = llyn —ta
FAZK 50 — yull 2+ llyn — tall?
< Jlxw —ull? + A2k = Dlxn — yall?

2
< [lxn —ull”.

2
I

We have also

41 — ell* = llotnxn + (1 — ) Sty —

= lltn (tn — 1) + (1 — ) (St — ) ||*
<oyl —ull® + (1 — ) | Sty — ul?
<t llxn — |+ (1 — ) 11w —ull?
<oyl —ull® + (1 = ) (lxn — ull* + A2K* = Dllxn — 1)
=2t — ull* + (1 — ) 02k* = Dllxy — yll?
< ot —ull?.

Therefore, there exists

c= lim ||x, —ul
n—oQ

and the sequence {x,}, {t,} are bounded. From the last relations, we obtain
also

(I —an) (1 =22k X0 — yu 1> < 10 —))® = [lxg1 —ull?.

So we have
2 2 2
lxn — ynll” =< (l—an)(l—xﬁk2)(||x"_u|| — X1 —u 7).
Hence,

Xp—yp—>0, n—o0.
Further, we obtain
yn — tnll? = 1| Pc (tn — A Ayn) — Pe (xn — A Axp) ||
< A2 yn — xall?
A2k
<
T (A—-ayd —A%kz)

2 2
(loen —ull” = llxpg1 — ull).
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Hence,

Vp—tp—>0, n—oo.
From

”xn —In ” = ”xn - yn” + ”yn - tn”’
we have also

Xp—t, —0, n—o0.

Since A is Lipschitz continuous, we have

Ay, — At, — 0, n— oo.

197

As {x,} is bounded, there is a subsequence {x,} of {x,} that con-
verges weakly to some z. We obtain that ze F(S) N VI (C, A). First, we
show that ze VI (C, A). Since x, —1, — 0 and y, —1, — 0, we have {z,,} —z

and {y,;} —z. Let

To— Av+Ncv, ifveC,
19, if vegC.

Then, T is maximal monotone and 0 Tv if and only if ve VI(C, A); see

Ref. 7. Let (v, w) e G(T). Then, we have
weTv=Av+ Ncv
and hence,
w—Ave Ncv.
So, we have
(v—u,w—Av) >0, for all ueC.
On the other hand, from
tp=Pc(x, —AnAy,) and veC,
we have

(Xn — A Ay =y, ty —v) >0,
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and hence,

(v—=tn, (tn — Xn)/An + Ayn) = 0.
Therefore from

w—AveNcv and 1 €C,

we have

(v —tn;, AV) — (v —ty;, (In; — Xn; ) [ An; + Ayn;)
=(v—ty;, Av—Aty;) + (v —1ty;, Aty; — Ayn,;)
—(v—1tn;, (tn; — Xn;) [ 2ny)

(V—tn;, Atn; — Ayn;) — (v —tn;, (bn; — Xn;) [ 2n;)-

v

Hence, we obtain
(v—2z,w) >0, as i — o0o.

Since T is maximal monotone, we have ze 7~'0 and hence z € VI(C, A).
We show that z€ F(S). Let ue F(S) N VI (C, A). Since

1Sty —ull < lltn — ull < llxn —ull,
we have

limsup || St, —ul| <c.
n— o0

Further, we have
lim loty (xp — u) + (1 —ay)(St, — u)|l = lim ”xn—i-l —ull=c.
n—>0oo n—>0oo
By Lemma 3.1, we obtain
lim ||St, —x,]=0.
n—oo
Since
1Sxn — x|l < 1Sx — Stull + 1Sth — Xu | < Mlxn — tull + 1Sty — x4l
we have

lim ||Sx, —x,||=0.
n—>oo
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From the demiclosedness of I — S, we know that {x,,} -~z and lim ||Sx,—
n—o0
x,||=0 imply z € F(S); see Ref. 3.
Let {x,;} be another subsequence of {x,} such that {x,,_/.}—\z’. Then,
7 € F(S) N VI (C, A). Let us show that z=7z'. Assume that z#z’. From
the Opial condition (Ref. 6), we have

lim |lx, — z|| =liminf ||x,, — z| <liminf ||x,, — 2|
n—od 1—> 00 1—> 00

= lim ||x, — 7| =liminf llxn; 4l

< 1ijrgior<1>f lxn; =zl = lim_ [l —z]].

This is a contradiction. Thus, we have z=z'. This implies

xp,—~z€ F(S)NVI(C, A).
Since x, —y, — 0, we have also

y—z€ F(S)NVI(C, A).
Now, put

un = Pr(s)nvi(c,4)*n-
We show that

z= lim u,.

n— 00

From

u, = Prsynvicc,4)X» and ze F(S)NVI(C, A),
we have

(z—ty, up —x,) >0.

By Lemma 3.2, {u,} converges strongly to some zg € F(S)NVI(C, A).
Then, we have

(z—z0,20—2)>0

and hence z=z. O
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4. Applications

Using Theorem 3.1, we prove two theorems in a real Hilbert space.

Theorem 4.1. Let H be a real Hilbert space. Let A be a monotone k-
Lipschitz continuous mapping of H into itself and let S be a nonexpansive
mapping of H into itself such that F(S)NA~10+#@. Let {x,} be a sequence
generated by xo=x € H and let

Xp41=0nXp + (I —an)S(xy =2 A(xy — Ay Axy)),

for every n=0,1,2,..., where {A,} CJa,b] for some a,b e (0,1/k) and
{an} C[c,d] for some c¢,d € (0,1). Then, the sequence {x,} converges
weakly to some point z €F(S)NA~'0, where

z= lim P “19Xn-
o PEs)na-10Xn

Proof. We have A~'0 = VI(H, A) and Py =1. By Theorem 3.1, we
obtain the desired result. O

Remark 4.1. Notice that F(S)NA~10c VI(F(S), A). See also Yamada
(Ref. 9) for the case when A is a strongly monotone and Lipschitz contin-
uous mapping of a real Hilbert space H into itself and S is a nonexpan-
sive mapping of H into itself.

Theorem 4.2. Let H be a real Hilbert space. Let A be a monotone
k-Lipschitz-continuous mapping of H into itself and let B: H — 2" be a
maximal monotone mapping such that A='0N B~10£%. Let JB be the
resolvent of B for each r>0. Let {x,} be a sequence generated by

xo=x€H,

Xp+1=0pXy + (1 _an)JrB(xn — A A(x, — ApAxy)),
for every n=0,1,2,..., where {A,} CJa,b] for some a,b e (0,1/k) and
{an} C[c,d] for some c¢,d € (0,1). Then, the sequence {x,} converges

weakly to some point z€ A~'0N B~10, where

z=lim P, “10Xn-
Jm P y-10n05-10%n

Proof. We have A~'0=VI(H, A) and F(JF)=B~10. Putting Py =1,
by Theorem 3.1 we obtain the desired result. |
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