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Abstract
In this paper, we prove the long-time Anderson localization for the nonlinear random
Schridinger equation on Z¢ by using the Birkhoff normal form technique.
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1 Introduction and Main Results
We study d-dimensional discrete nonlinear random Schrédinger equation (DRNLS)

199 L,
i =vata Y ateld e, ez, (1.1)
li=jh=l

where v = {v j} is a sequence of independent identically distributed (i.i.d.) random

jezd
variables in W = [0, l]Zd (denote by mes (-) the standard probability measure on W) with
the uniform distribution, €1, € > 0and j = (ji,-- -, jqg) with | j|; = Zf-lzl | jil. In the case
of e = 0, the Eq. (1.1) becomes the celebrated Anderson model, which was first introduced
by Anderson [2] to describe the motion of non-interacting electrons in crystal with impurities.
The Eq. (1.1) with the nonlinearity is due to interactions of quantum particles which plays an
essential role in both classical optics [20] and Bose—Einstein condensate [21] in the presence
of disorder. In fact, it is one of the center themes in Anderson localization (namely, absence of
diffusion) transitions theory that how does the interplay between the disorder and nonlinearity
affect the above transitions. While the study of Anderson localization for the linear case has
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attracted great attention over the years since the fundamental works of Frohlich—Spencer
[16] and Aizenman—Molchanov [1], much less is known bout the Anderson localization for
DRNLS, particularly in multidimensional case (i.e., d > 1). In this paper, we prove the first
long-time localization result for DRNLS on Z¢ for arbitrary d > 1 by using the Birkhoff
normal form technique.

We state our result more precisely. To this end, we need to give some notations. Consider
the phase space

d .
G, C)=1q=(q))jezs €C” 1 llql} == ) (N¥lg;P <00,  (1.2)
jezd

where (j)? := 1+|j|%and|j|2 = ,/Z?zl | ji|2. Moreover, for a vector w = (W)) jezad € cZ
and a given large N/ > 0, we define the projection

Oyw:=o= (W) jeza (1.3)
by W; = w; when |j[» < N and otherwise w; = 0. Let

Oyvw:=v=w— . (1.4)

Now we give the following (r, A)-nonresonant conditions: for any positive integer r > 2
and a large N > 0 depending on r and d,

1
(.0 = g O <[kl <7 (1.5)
and k satisfies
k|, <1 or [k|,=2with Y k;==2. (1.6)
Y

Furthermore, define the resonant set Ry by

Ry = {veW‘l(k,v)l<N210dr}. (1.7)
Let
R = U R (1.8)
0£keZ% k| <r
k satisfy (1.6)
and

RE =W\ R.

Then it is easy to see that any frequency v € R€ is (r, N)-nonresonant.
Let € = €1 + €>. We have

Theorem 1.1 Letr > 1,5—320dr? > 250 > d+1. Thenthere is some €, = €,(r, s, 59, d) >
0 such that, for 0 < € < €, there exists the nonresonant set R¢ C W satisfying

2r
mes (W \ R) < €550
with the following properties: For v € R, if the initial state q(0) satisfies ||q(0)|l; < €, then
lgOlly < 4e, 17O, = 4"t
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L _ 2 -
foranyt <€ 20t with N' =€ =20 in the truncation ¢ (t).

Remark 1.1 Specially, the above result holds true for ¢ (0) with compact support. So for this
initial data, the long-time Anderson localization occurs. Moreover, Faou—-Grébert in [13]
proved a subexponential long stability time interval for d-dimensional NLS in the analytic
space by construct a partial normal form, where the terms with three high modes and above
can not be eliminated and they are not small. In order to make these terms small, different
weights have to be chosen for ¢ (0) and ¢ (¢). Similarly, in this paper, one can not eliminate the
terms with two high modes in opposite signs, to make these terms small, we had to choose
different weights s, 5 and so for ¢(0), q(t) and g (t). However, the terms with three high
modes and above or two high modes in opposite signs are all eliminated in [7], which means
that the desired long time stability results can be achieved by choosing the same weight for

q(0) and g(¢).

Remark 1.2 We want to mention that the nonresonant set R¢ of random variables does not
depend on the choice of initial data ¢ (0).

Remark 1.3 In contrast, we would like to introduce the remarkable work of Bourgain—Wang
[10], in which the quasi-periodic solutions were constructed for multi-dimensional DRNLS
in the case of both large disorder and weak nonlinearity. Their proof is based on deep
Craig—Wayne—Bourgain (CWB) method together with delicate spectral properties of the
Anderson model. Very recently, Shi-Wang [22, 23] generalized the result of [10] to the
multi-dimensional nonlinear quasi-periodic Schrodinger and wave equations via introduc-
ing new ideas of Diophantine approximation on manifolds [18] and Bourgain’s geometric
lemma [8]. A Birkhoff normal form type method for proving long-time Anderson local-
ization was developed in the more recent work of Cong—Shi—Wang [11], in dealing with
multi-dimensional nonlinear quasi-periodic NLS.

1.1 Previous Related Works

In the investigations of localization for nonlinear discrete models, Frohlich—Spencer—Wayne
[17] first showed that, with high probability and weak nonlinearity, any sup-exponentially
localized initial state always stayed in a full dimensional KAM tori. Their proof is based on
an extension of the KAM techniques. Later, if the initial state is small and is polynomially
localized, Benettin—Frohlich—Giorgilli [3] proved the propagation remains localized in a
very long-time scale for some d-dimensional discrete nonlinear oscillation equation withi.i.d.
Gaussian random potential by using Birkhoff normal form method. We would like to mention
that Yuan [25] first applied the traditional KAM method based on normal form transformations
to establish the existence of quasi-periodic solutions for some discrete nonlinear model in
the absence of randomness. These models of [3, 17, 25] do not contain the Laplacian term
(namely, the third termin (1.1)), which is the main obstacle to achieve the localization for (1.1)
via the KAM or normal form techniques. One of the main reasons may be that the discrete
Laplacian has pure absolutely continuous spectrum, thus exhibits delocalization. In this
sense, Bourgain—Wang [10] made the first breakthrough and proved the existence of quasi-
periodic solutions for some multi-dimensional DRNLS by using the CWB method based
on the Lyapunov—Schmidt decomposition, the Nash—Moser iteration, multi-scale analysis of
[16] an the semi-algebraic geometry theory of [6]. For the long-time localization, the most
important result applying to very rough initial states was due to Wang—Zhang [24], in which
they proved the first “truly” long-time localization for the 1-dimensional DRNLS by using the
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Birkhoff normal form type method of Bourgain—Wang [9]. It is well-know that the Anderson
localization holds for 1-dimensional Anderson model with arbitrary non-zero disorder. So
along this line, Fishman—Krivolapov—Soffer [14] obtained the O (e, 2) long-time localization
(concerning the second moment of the norm) under only weak nonlinearity assumption.
Liu—Wang [19] proved the existence of quasi-periodic solutions for 1-dimensional DRNLS
without requiring the large disorder condition, and the proof also works for multi-dimensional
DRNLS in the regime of localization. Some results of [14] have been improved to a time
scale of O(e, A for any A > 2 [15], but the proof is partly rigorous: in some parts it relies
on conjectures tested numerically. Very recently, the result of [24] has been generalized to
an exponential time scale by Cong—Shi—Zhang [12].

1.2 The Strategy of Proof

While we employ the Birkhoff normal form type methods in this paper, the technical details
are different from that of [24], where a finite barrier is constructed to avoid the transfer
energies between Fourier models. Instead, our method here is inspired by [5] in the PDE
case, thus all Fourier models are involved. In fact, we also obtain a partial normal form
around the origin. Compared with [5], one can not eliminate the terms with two high modes
in opposite signs which are generated by the discrete Laplacian [see W in (2.11)]. Fortunately,
we can use some ideas of Bernier—-Faou—Grébert in [4] and the mass conservation to deal
with these remainder terms. It turns out the frequency of the linear wave operator in [4] is
unbounded. In contrast, the frequency considered in this paper is bounded, which leads to
the need for a better estimation of the coefficients. As a result, the estimate (3.17) is of vital
importance, which together with the so-called short-range property of the DRNLS guarantees
the nonresonant conditions.

1.3 Structure of the Paper

In Sect. 2, we will introduce some notations and the normal form theory is stated. In Sect.
3, we will prove the normal form theorem. The proof of Theorem 1.1 is given in Sect. 4.
The measure estimate concerning the nonresonant frequencies is established in Sect. 5. Two
technical lemmas are given in Sect. 6.

2 Birkhoff Normal Form Theorem

2.1 Some Notations

In this subsection, we will first introduce some notations.
Define the scale of phase space

Ps(C) :=12(Z*,C) ® I}(Z?,C) 3 (q. §) = ((qj)jezd , (c}j)jezd)

is endowed by the standard symplectic structure —2i ) jezd dgj Adqj, where the phase space
lf (Z4, C) is defined in (1.2). Denote by B¢ (8) the open ball centered at the origin and of
radius § in P (C).
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Let H : Py — C be a Hamiltonian function given by

Hg.§)= Y. HmqPg, @1
meNZ? xNz¢
where B = (B)) jeza € Ny = () jeze € N m = (B.y) € N* x N%' and H (m) is
the coefficient of the monomial
- Bj-vi
a7 =[] 473’ (2.2)
jez!
Define the modulus and vector field of the Hamiltonian function H by
IH| = sup [H(m)|
meNZd 5 NZ4

and

_ (0H OH
Xu(q,q) = —21( )

FrAm
respectively. Next, we introduce the notation support, diameter and degree:
supp(B) = {j | B;j # O}, supp(m) = {j | B; # O ory; # 0},
A(B) = diam{supp (B)}, A(m) = A(B +y),
Bli= Y B Imhi=IB+¥h.
Jé€supp(B)

If B; = y; for all j € supp(m), then the monomial (2.2) is called resonant. Otherwise,
it is called nonresonant. Moreover, we consider the Hamiltonian functions satisfying mass
conservation in this paper, i.e., the Hamiltonian functions satisfy |81 = |p|1.

Finally, for two Hamiltonian functions H(q, g) and F(q, q), we define their Poisson

bracket by
0H 0F 0H 0F
iogn \0ak 04k 3Gk D
A
Precisely, let
Flg.)= Y. Fmq'§,
neNZ? xNZ4
where n = (n, &). Thus, {H, F} can be rewritten as
{H.Fy= Y {H FY(q*3,
peNzd xNzd
where H is defined in (2.1), u = («, ¢) and

*

{H,F}(w)=-2i ) > Hm)F®) (i — i) (2.3)

kezd m,nENZdXNZd
with * is taken as
aj=pj+n;—1, ¢=y;j+§ -1 for j=k
aj=pj+mnj, &=y +§ for j#k
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For simplicity, we often write

Ps = Ps(C), Bs(8) =Bcs(8) and H = H(q,q).

2.2 The Birkhoff Normal Form Theorem

In order to prove Theorem 1.1, we will construct a partial normal form in the case that the
frequency v is nonresonant.
Next, we give the following Birkhoff normal form theorem.

Theorem 2.1 Consider the Hamiltonian function

H(gq.q) = N(q.9) + P(q.9) + Z(q.q) 24

with the following form of
2

1
N@.§) =5 D vilal 25)

jezd
P(g.9)= Y,  PmqPq (2.6)
meNZ!  NZ!

[m|1=2,A(m)=1
Bli=lyli

and
Zq.9)= Y.  Zmq’q.
mNdeNZd
lm|1=4,A(m)=0
B=y

Assume that P and Z satisfy
1
|P(m)1,|Z(m)| < St AmHm=D v e N* N7 @7)

and ¢ ¢
Pl<-=, 1Z|<-. 2.8
1Pl < 5 1zl < 2 (2.8)
Givenanyr > 1, s — 320dr? > 2s0 > d + 1, there exists €, = €,(r, s, s9,d) > 0. Then for
each 0 < € < €, and each v € R¢ with

2r

N =e &, (2.9)

there exists a symplectic map
® : Bs(4e) — Bs(5¢),

such that
Ho®=N+W+V+Z+R, (2.10)

where

W= > W(m)qPq?, (2.11)

d d
meNZ" xNZ° |m |, <4r+1
Irﬁ|1=27\ﬂ|1=l?|1=1
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V= > Vim)gP g, (2.12)

d 1
meNZ* xNZ° |m|, <4r+1
|72]>2

Zz= Y Zmqq

meNZd xNZd
B=y

and
R=0 ().
Moreover, the following estimates hold:
(i) the symplectic map @ fulfills

3
sup lg — P(@)lly < €2; (2.13)
qEB;(4¢€)

(ii) the Hamiltonian functions W and V satisfy
(W(m)|, |V(m)| < e TAm+mh=1 vy ¢ NZ* 5 N2 (2.14)

and
IWI, IVIl < C(r)e; (2.15)

(iii) the Hamiltonian function R satisfies
IR|| < C(r)e' 20, 2.16)

where C(r) is a constant depending on r.

Proof The details of proof for the Theorem 2.1 will be given in the Sect. 3. O

3 The Proof of Birkhoff Normal Form Theorem

In this section, we will prove Theorem 2.1 by a finite step induction.

3.1 The First Step of Birkhoff Normal Form

At the first step 2 = 1, in view of (2.4), we rewrite H as

H =N+ P+ 7y,

where
P1 =P and Zl =Z. (3.1)
Let
Ri= Y Pmqy. (3.2)
meNZ! xNZ*
|m[1=2,A(m)=1
meM
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where

M= {m e N%' < N\ @, < 1or ml, = |B|, = 2or |@il, = 7], =2}-

Next, we will desire to eliminate the terms R;. Rewrite R as
Ri= >  Rimq?q.
meNZ x N
Following the standard Birkhoff normal form approach, we define
Hy=H o ®)

where
@) : By(81) — By(82)

is the time-1 map of x; with

81 = de, (3.3)
_ RiGm) gy
X —m;; w4 (3.4)

and k = y — B. Then in view of (2.7), it suffices to eliminate the terms satisfying
A(m) + |m|; <4r+1. (3.5)

Since the frequency v € R€ satisfies (r, A)-nonresonant conditions (1.5). Thus in view
of (1.5), (2.7), (2.8), (3.1), (3.2) and (3.4), we can obtain

R_l (m) » léﬁ(A(m)JrImll—l)NZOdr’ vm e N2« NZ*
—2i(k, v) 2
and |
il = Sen. (3.6)
Moreover, in view of (2.9), (3.6) and Lemma 6.1, we have
7
sip g — @) @) =et. (3.7)
qEB;(4¢) s

By (3.3) and (3.7), we have the radius
82=81—|—e% =4e+e%.
Employing the Taylor series expansion, we get
Hy=Ho®, =N+{N,xi}+ P +Z
=1y =1 =1y
+ X; HN(M +3° Epl(n) + X} HZ{") +Ry,.
n= n=

n=1

where

=1 =1 =1
— — ym ~ p) = 7
Ry, =) N+ P+ 7 (3.8)
n=r n=r

n=r
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and
YO —y oy {y(m), Xl} (3.9)

withn >1,Y =N, Py, Z;.
Note that x; solves the so-called homological equation

Ry +{N. x1} =0.
Now we turn to estimate the Poisson brackets ). Rewrite Y as
YW= 3 v ()g gt
pneNZ4 xNzd
In fact, we only need to estimate Poisson brackets Pl("). We estimate the Poisson brackets
Pl(]) firstly. In view of (2.3), for any u € N2 x NZd, we know that

*

P R
PPw=-2Y (X A G- | (3.10)

keZd \sn, neNZ4 xNZ¢

Moreover, we note that the monomials corresponding to multi-index p satisfy

A(p) < A(m) + An), |ply = |m|; + |n|; —2 (3.11)
and the number of realizations of a fixed monomials %% is bounded by
2 AGm) A A(n)) < 2P (A(m) + A(n)). (3.12)
Then we have
*
PPl = 3 (1P RN (3 o - prd
m,neNZd xNZ4 kezd

(in view of (1.5) and (3.10))
*
< Z 6%(A(m)+\m\1+A(n)+|n|172)N20dr(|m|1 + |n|1)2
m,neNZd xNZ4

(in view of (2.7) and (3.1))

S
< ¥ C(r)es e AW+rh=D
m,neNZ 5 N2
(in view of (3.5), (3.11) and €3 A204r < 1)
<Cr)2M (AGm) + Adn))esed BWHRI=D  (in view of (3.12))
<e1(AWHRI=1)

<in view of 2/*I (A(m) + A(r)) < C(r) and C(r)e% < 1) ,

where C(r) is a constant depending on r. Similarly for 2 < n < r — 1, by induction we
obtain

‘y(”)(u)’ < 1 (A@HuL=D Vi e N x N2, (.13)
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Furthermore, for any 1 < n < r — 1 one also has

Hy(n) §C(r)€"+1/\/20d"r. (3]4)

Finally we can rewrite H; as
Hy= N+ P, +7Z, +Ry,,

where

r—1 r—1 r—1
1 1 1
_p 2 oar(n) = p) = 70
Pon-RE TN LT LA A G
n=2 n=1 n=1
and
7, = 7. (3.16)

In view of (2.7), (2.8), (3.1), (3.2), (3.8), (3.13)—(3.16), we know that Hamiltonian functions
P>, Z and Ry, satisfy

1Py ()], 1 Zo(p)] < e3AuHmI=D vy e N2 o N2
1Pl 1Z2]l < C(r)e
and

||R2,r|| §C(r)e’+1./\/20d’2.

3.2 Iterative Lemma

Now, we turn to the general iteration steps.

Lemma 3.1 (Iterative lemma) For 2 < h < r, consider the Hamiltonian function

Hy= N+ P, +Z, +Ry,,

where
Po= Y PmqPq.
meNZd xNZd
Zi= Y. ZymqPq”
meNZ!  N2!
B=y
and

Ry, =0 (er-H) .
Suppose that the Hamiltonian functions Py, Zj, and Ry, , satisfy the following estimates,
|Py(m)| | Zy(m)| < 3 AmFmi=D " ypy ¢ N2 o N2 (3.17)

| Pull, 1Znll < C(r)e (3.18)
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and
IRy, | < COrye I N2,
where C(r) is a constant depending on r, and assume that
Rh= Y PumqPq” (3.19)
meNZ Nz
meM
satisfying
IRyl < C(r)e" A200B=r, (3.20)
Let the radius 8y, as
h—1 a
Sp = 4e + ZEH'T.
i=1
Then for each v € RE, there exists a symplectic transformation
@), Bo(n) = Bs(np1)
as the time-1 map of some Hamiltonian function xj, such that
Hpy1 = Hp o <I>;(h = N+ Ppy1+Zpt1 + Ry r,
where
Pipi= Y. Pua(mgPq,
meNZ !
Zipi= Y. Zna(mgPq”
meNZd xNZd
B=y
and
Ry, =0(€).
Moreover, the following estimates hold:
(i) the symplectic transformation CD}(h Sulfills
sup g - @), (@] =€+ (3.21)
qEB.&' (5h) s
and the radius 8j,+1 satisfies
h N
Shi1 Sde+ Y €ltE;
i=1
(ii) the Hamiltonian functions Py and Zj, 1 satisfy
|Phi1 ()], |Zpsy (m)] < e5A+mI=D vy o N2 o N2 (3.22)
and
I Phsill, 1Zng1]l = C(r)e; (3.23)
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(iii) the Hamiltonian function Ry, satisfies
|Ris1/ ]| < COryer TN, (3.24)
Proof In view of (3.19), we rewrite Rj, as

Ri= Y RumyqgPq. (3.25)
meNZ! NZ¢

Following the standard Birkhoff normal form approach, we define

_ 1
Hpp1=Hpo®,,,

where <I>}(h is the time-1 map of x; with

Ry (m) B-y
Xn = — 499" (3.26)
mg/\:/l _21<k’ v)

Note that k satisfies (3.5) and the frequency v satisfies (r, A)-nonresonant conditions (1.5).
Thus in view of (1.5), (3.17)—(3.20), (3.26) and following from the proof of (3.6) and (3.7)

respectively, we can obtain

lxnll < C(r)e A0

and the estimate (3.21). Furthermore one has

h
3i
Sh41 = 4e + ZEHT.
i=1

By Taylor series, we obtain

Hy1 = Hyo @), =N +{N, i} + Py + Z
r—1 1 r—1 1 r—1 1
T2 N B DT+ Rur
n=2 " n=1 """ n=1""
where
> 1 =1 > 1
Riets = 2 N0+ Y LA+ 3 Lz 627
n=r a=r T n=r
and here

YO gy {ym—l)’ Xh]

withn > 1,Y =N, Py, Z.
Forany 1l <n <r — 1, we can get

‘y(m(ﬂ)‘ < FAWHRI-D  yy e N2 5 N2 (3.28)
and

Hy(n) < C(r)61+nhN20dnhr, (329)

which follows the proof of (3.13) and (3.14) respectively.
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Finally, write

Hpi1 = N+ Py +Zpy +Ryqr,

where
r—1 1 r—1 1 r—1 1
_ L oarn) = p) )
Piot =Py =Ry = Zp+ 3 —N"+3 =P+~ (3.30)
n=2 n=1 n=1
with
Zn= Y PumqPq” (3.31)
meNZd xNZd
B=y
and
2oy =71y + Zy. (3.32)
Rewrite Py and Zj, 41 as
Popr= Y Pua(mgPq?
meNZ! xNZ!
and
Ziii= ), ZiamgPq.
meNZd xNZd
B=y
In view of (3.17), (3.18), (3.25), (3.27)—(3.32), we know that the Hamiltonian function Py 1,
Zj1 and Ry, - satisfy (3.22)—(3.24). Then we finish the proof of Lemma 3.1. ]

3.3 The Proof of Theorem 2.1

Proof We will finish the proof of Theorem 2.1 by using Iterative Lemma 3.1. Let
_ &l 1 1
=0, 00, 0---0®, . (3.33)

Then based on Lemma 3.1, H, 4| := H o ® has the form of

Hr+1 = N+ Pr+l + Zr+l + Rr+1,ra

where
Pr+l == Z Pr+l(m)qﬂqy»
meNZ N2
Zepi= Y. Zep(mgPq
meNZ! xNZ*
B=y
and

Riy1,=0 (GH_]) .
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In fact, P4 can be rewritten as

P =W+V+7Z +R,,

where
W= > Pry1(m)g?q”,
meNE NE jm|y <4r+1
lm|,=2,8],=I71;=1
V= > Pri1(m)gPq?,
meNZ N2 i)y <dr+1
|m|;>2
Z, = Z Pr+l(m)qﬁéy
meNZ! N2
B=y
and
R, =0 (e
with

IR || < C(r)e"H A0

Finally, let
Z=7,+1+2 and R=R,;i,+R,.

Then we obtain that
Hii= N+W+V+Z+R,

where W, V and R satisfy (2.14)—(2.16) by using Lemma 3.1. Moreover, recalling the defi-
nition of @ [see (3.33)] and by the inequality (3.21) for 2 > 1, we have

3
sup [lg — P(g)lly < e2.

q€Bs(4e)
O
4 Proof the Main Theorem
Firstly, we write (1.1) as a Hamiltonian equation
oH
iéj =2—,
3qj
where
_ 1 2 € _ € 4
Ha.9) =5 vilal"+5 3 > adi+3 2 |l (4.1)
jezd jezd li—jh=1 jezd

We rewrite H as

H=N+P+Z,
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where |
2
N = 5 Z Uj ‘q./ s
jezd
P= > PmqPq (4.2)
meNZ! 2!
Im|; =2, A(m)=1
Bli=lyli
and
Z= Y  Zmq’§ 4.3)
meNZ! 2!
Im|y =4, A (m)=0
B=y
with c c
|P(m)| < 3 and |Z(m)| < 1 4.4

In view of (4.2)—(4.4), we can obtain the Hamiltonian functions P and Z satisfy
1
|[P(m)|, |Z(m)| < 56%(A(m)+|m|1—1), Vi e de % de @.5)

and

€
IPl=5. 12l < (4.6)

€
7
Based on the formulas (4.5) and (4.6), we know that the Hamiltonian H in (4.1) satisfies
assumptions conditions (2.7) and (2.8) in Theorem 2.1. Moreover, in view of Sect.5, we
know that (r, A)-nonresonant conditions (1.5) hold. Thus, all assumptions in Theorem 2.1
hold.

Next, we prove the main Theorem 1.1 by applying Theorem 2.1.

By Theorem 2.1, we know that for any v € R, there exists a normalizing transformation

® : By(4e) — By(5¢)

such that ®(g(¢)) = ¢'(¢). By the initial state ||¢g(0)|l; < € in Theorem 1.1 and (2.13), for
any small enough € > 0, one has

' O, < llg©)ls + llg(©) — @ (gO)l; < 2e.

Thus we have

ldO|; < d©O], <2¢ @.7)
2
and
ld @], =A™ g @], <26 (4.8)
by using (2.9) and (6.2) in Lemma 6.2.
Define
o =inf {120 ||, =3 or |70, =3+, 4.9)
then for all 0 < ¢ < t* one has
la'@®]s <3¢ and |g'()], <3 (4.10)
2 S0
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Next, we will prove that
> e T 4.11)

On the contrary, assume that t* < € Zo+T we will construct the contradiction in two parts.
(1) Estimate ||q/(t*) s < 3e when t* < e ZotT,
2
For any 0 < ¢t < r*, define

Faw=[dol;.
By Newton-Leibniz formula, we have
! A
F(qd'®) - F(4'0) = /0 F(q'(2)) dz. (4.12)
Note that

F(g'®) = {H o F}(¢'0) = (W, F} (¢'®) + {V. F} (¢'®) + {R. F} (4'0)) .

where the last equality uses (2.10) in Theorem 2.1 and {N + Z, F } (¢'(®)) = 0. Then we
have

t* o
‘/O F (q'(t))dt

ffot* ({W, F} (¢ @) + |{V. F} (¢'@®)| + [{R, F} (¢'®))]) dr. 4.13)

In view of (4.7), (4.12), (4.13) and the Triangle inequality, we obtain

s+ [ Xvi@'@)

s + | Xr@'@)

) d

~ t* ~
Flaa)|=ae+3¢ [ (1Twaon

(4.14)
by using ”(7(1‘) s < 3¢ in (4.10). Hence we only need to estimate H )?w(q/(t)) s
|Xv(g' @], and [ Xr(@'@)];.
In fact, we have
|Zw (@' @) <N 7" | Zw (@'0)],, (in view of (6.1) in Lemma 6.2)

2250, ~ 2
<Cir. N Fe |70, [70l
(in view of (2.11), (2.15) and Lemma 6.1)
702
3

<€, (4.15)

<C@r. )N T e |7 ()

£
2

where the last inequality uses (2.9), (4.10) and C(r, so)e% < 1. We also have

IXv (¢'®) ; <NZ Ry (¢'®)].  (in view of (6.1) in Lemma 6.2)

s
572~ 13
<C(r.soON = € |qd’ ],
(in view of (2.12), (2.15) and Lemma 6.1)
<€ 3, 4.16)
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where the last inequality uses (2.9), ||z?(t) ”m < 3¢t in (4.10) and C(r,so)e% < 1.
Moreover, we have

|r(@ @], = €3, *17)

where one applies R = O (e"“) in Theorem 2.1 with r* := r + 1 in place of r. Then in
view of (4.15)—(4.17), we get

| Xw(q )

HIXv@ o]+ |Re@ @] =373 (4.18)

Thus, in view of (4.14) and (4.18), when t* < eikoﬁ, one has
|F (q'(t")] < 4€> +9¢ T07Te™+3 < 9¢2,
0 we get
|7 < 3e. (4.19)

o~ _ r
(2) Estimate ||q’(t*)”s0 < 3¢"T! when r* < € 2077,
Forany 0 <t < r*, define

Fg'ey =qdo],- (4.20)

Similar to the proof process in the first part, we only need to estimate HW, F } (q’ (t))},

[{V. F} (¢'0))] and [{R. F} (¢ (). ~
Firstly, for any 0 < ¢ < 1*, we estimate |{V, F} (¢(1))|. Note that

HV. FY (g ®)] < [Xv (@ @), [d®],, =3¢ [ Xv (@ ®)],, -

50 —

where the last inequality uses Ht}\’(t) ||S0 < 3¢t in (4.10). Since

<c(r.soe |70, |70

S50 —

(in view of (2.12), (2.15) and Lemma 6.1)

=Cer.soe |, 7],

| Xy (¢'®)]

<23 (by using (4.10) and C (r, so)e? < 1). 4.21)
Hence, we have
V. F) (¢ )| <373, (4.22)
Similarly, we have
R F} @' @) < [Xx (g O], [70)],, =362, (423

where one applies R = O (e’“) in Theorem 2.1 with r* := 2r 4 2 in place of r.
Next, for any 0 < r < r*, we estimate ‘{W, F} (q/(t)) ’ In view of (2.11) in Theorem
2.1, we have
4r+1

{W.F} @' )| < > [{Wi. F} @' @) (4.24)

i=2
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where

W; = > W;(m)qPg”. (4.25)

meNE N2 m) =i
m|;=2,|8],=71=1
Hence, we only need to estimate |{W;, F} (q'(1))|. By (4.25), we know
Then there exist aj, a € Z¢ and laila, laz]2 > N such that
|Bar | = |va| = 1.

Thus the Hamiltonian W; can be rewritten as

Wi= > Bua (4) 4 (4.26)

al,azezd
latl2, lazlo >N
where -
Bayay (‘1/) = Z Bgyay (”N’)‘I/ﬂq/y
e x N2
|m|y=i—-2
and
| Buyao ()| < C(r)e
by using (2.15). Hence, for any |a;|>, |az|» > N, we obtain
~ ~ i—2
|Bayar (4')| = C(r.9)e |g"(0) < C(r.9)e, (4.27)

the last inequality is based on 2 < i < 4r 4 1 and ||q~’ (1)

C(r, s) depends on r and s. Moreover, in view of (3.5), we have

llaila — lazla| < Vd(4r + 1)%.

@ Springer
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Then one has

Wi, F) (¢’ ()

=| Y Buaw (@) ((@)* = (@2)*°) q},q,,| (inview of (4.26))

(ll,azezd
lai|2;laz |2 >N

<C(r.s)e Y 2sl(@) — (a2)| (@)™~ + (@2)**~") |q),d0, |

aj ,a2€Zd
lail2,lazl2>N

(in view of (4.27))
<C(r.s.s0.d)e Y (@)™ Nax)™ |q},qs,| (in view of (4.28))

al,azeZd
lai2;laz |2 >N

=lq®l,, - la®l,,
(by using Cauchy—Schwarz inequality and C(r, s, sg, d)e < 1)

1
S0

~ ~ _1
<|Z®| [l4'® ||f,0 % (by using Hélder inequality) , (4.29)

where C(r, s, 59, d) is a constant depending on r, s, 5o and d. Now we estimate H q' () ” 0 and
||q (1) || . On one hand, we have

7ol < ’“)(z_é) (4.30)

by using [|¢'(t)[,, < 3¢"*! in (4.10). On the other hand, note that the Hamiltonian W;
satisfies ’ml = [y|; = 1, then we have

{wi, |70} =o. (4.31)
Hence, in view of (4.20) with sop = 0, (4.31) and the Triangle inequality, we can obtain
-~ -~ t o~ -~
70l <170+ [ (v 170k} @]+ |{R 1701} @ @)) e

o~ ! —~ -~ —~
=l7ol,+ [ (IRva©l, + %@ @I, ) [7o],
<6(1 + t)e3’+% (in view of (4.8), (4.10), (4.21) and (4.23)). (4.32)

Thus, in view of (4.29), (4.30) and (4.32), we obtain

(Wi, F @' 0)| = (601 + ne¥r+3) ™ e+ C7s) (4.33)

then in view of (4.24) and (4.33), we obtain

1
W, F} (@' )] < c(r) (6(1 +1)edrt2 )2 (3er+1)(2‘%), (4.34)
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Consequently, it is easy to get

[ Faoa] [ (W F GO+ VP )+ R F) (g o)) a

1

<6r*¢¥+3 4 C(ryr* (6(1 + z*)e3’+%)E (35’“)(2‘%)
(by using (4.22), (4.23) and (4.34))

1
<2 (4.35)

where the last equality uses t* < € =T
Thus, in view of (4.8), (4.35) and the Triangle inequality, when t* < € Zo*! we obtain
|F(q' ()] < 9¢> 2,

i.e. R
lg7@],, <3 (4.36)

To sum up, we know that (4.19), (4.36) and (4.9) are contradictory. Hence we can conclude
that (4.11) holds.
Finally, going back to the original variables ¢(¢), for any 0 < r < t*, we have

IG5 < g

<3¢ +llg(0) = @), (inview of |¢1)]

s
2

A CORRICONE
2

<3ein (4.10))
<4e (in view of (2.13))
and
GO, < g’ @], + 170 — 2@,

2078 ~
BT HNTT g0 — @GNy
(in view of ||g(¢) s, < 3¢t in (4.10) and (6.2) in Lemma 6.2)

250 —S
B L NTE lg(n) — 2(q)
<4e"t!1 (in view of (2.9) and (2.13) ).

5 Measure Estimate

In this section, we will estimate the measure of the resonant set R defined in (1.8), i.e., we

will show )

mes (R) < €5 %0, (5.1)

Proof For the convenience of calculation, rewritten the resonant set R defined in (1.8) as
2
R=[JRi.
0
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where
Ri= |J R i=0.1
05£keZ”
k|, =i
and
Ry = U Rk
~ 0kezZ!
|k}]:2 and Z\j|2>N kj::l:2
In view of (3.5), we obtain
A(k) + |k|p < 4r + 1. 5.2)

Now it suffices to prove that the estimate (5.1) holds, which will be given in the following

three cases. N
Case 1: |k|1 =0.
In view of (1.7), one has
1
mes (Rk) < W
Hence, we have
mes (Rg) < Z mes (Ry)

04kez”!
‘k| =0
1
= N20dr
1
3N

2N 4+ DA ED (0 view of (5.2))

IA

Case 2: |7c\|1 =1.
Then one has

by using the mass conservation, and
(k. v) = (k, v) & vqy,

where a; € Z9 and |aj|, > N.
In view of (5.2), we know that

latly < N +d@r +1)2.

Then following the proof of (5.3), we get

mes (Rp) < %

Case 3: |k|1 =2 and Z\jlp/\f kj = +2.
Then we have N
k#0
by using the mass conservation, and (k, v) is either equal to

(K, ) + va; + Vay

(5.3)

5.4)
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or

where ay, a, € Z9 and |a; |2, |az]» > N.
In view of (5.2), we know that

latlz, lazly < N +/d(4r +1)2.

Then following the proof of (5.3), we get

mes (Rp) < ﬁ (5.5)

Finally, in view of (5.3)—(5.5), we obtain

mes (R) < %

In view of (2.9), we have
2r

mes (R) < e %0,

Thus, one finishes the proof of (5.1). m]

6 Appendix

Lemma 6.1 Assume thats > d + 1 and let x = Z‘}H'l Xi be a polynomial of order at least
2 at the origin, then for all § < max{| i, -, || Xar+1 13-, the time 1-flow CI)1 of Xy is
well defined on a ball Bs(8) with values in Bs(45) and we have

[o,@ —a| = 1x], =Co max Axillgl < Cors), max xils,
where C(r, s) is a constant depending on r and s.
Proof The proof of this lemma is similar to the proof of Lemma 1 in [4]. O

Lemma 6.2 Foranyavectorw = (w;) jezd € CZd, agivenlarge N' > Oands—2sy > d+1,
we have

~ $2250 .,

lwlls =N 72 [lwll, 6.1
and

~ 2075

lwlls, = N2 llwlly . (6.2)
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Proof Firstly, we prove that (6.1) holds. In view of definition (1.2) and (1.3), we have

1
2

~ s 2
1wl =1 Y () lw;l
jezd
ljl2sN

Nl—=

— Z (j>3—250+230|wj|2
jezd
[Jl2<N

s=2s0
SNl -

Similarly, in view of definition (1.2) and (1.4), we can also prove that (6.2) holds. ]
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