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Abstract

We rigorously prove that the S = 1/2 anisotropic Heisenberg chain (XYZ chain) with
next-nearest-neighbor interaction, which is anticipated to be non-integrable, is indeed non-
integrable in the sense that this system has no nontrivial local conserved quantity. Our
result covers some important models including the Majumdar—Ghosh model, the Shastry—
Sutherland model, and many other zigzag spin chains as special cases. These models are
shown to be non-integrable while they have some solvable energy eigenstates. In addition to
this result, we provide a pedagogical review of the proof of non-integrability of the S = 1/2
XYZ chain with Z magnetic field, whose proof technique is employed in our result.

Keywords Integrable systems - Heisenberg chain - Majumdar—Ghosh model - Local
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1 Introduction

Integrable systems, or exactly solvable systems, are special quantum many-body systems
whose energy eigenstates can be computed exactly [1-4]. The structure behind solvability is
the existence of (infinitely many) local conserved quantities, which decomposes the Hilbert
space and helps to construct energy eigenstates [5—10]. An established method to obtain local
conserved quantities in integrable systems is the quantum inverse scattering method [2], which
algebraically reproduces the solutions obtained by the Bethe ansatz. The quantum inverse
scattering method has revealed the integrability of the Heisenberg model, the XXZ model,
and various more complex systems [11-13].

In contrast to the aforementioned deep understanding of integrable systems, very few stud-
ies have tackled non-integrable systems. Here, we identify non-integrability to the absence of
nontrivial local conserved quantity. Non-integrability is a necessary condition for the appli-
cation of the Kubo formula in the linear response theory [14—17] and for the existence of
normal transport [ 18] and thermalization phenomena [ 19-22], which suggests the importance
of clarifying non-integrability of quantum many-body systems. In spite of its importance and
expected ubiquitousness of non-integrable systems, quantum non-integrability has not been
studied from an analytical viewpoint for a long time (a notable exception is [9], while its
attempt is heuristic and relies on some plausible assumptions).

Recently, the author invented a method to prove the non-integrability of quantum
many-body systems, with which the XYZ model with Z magnetic field is proven to be
non-integrable [23]. By applying this method, the mixed-field Ising chain [24] and the PXP
model [25] were also shown to be non-integrable. However, these three applications are pre-
sented as craftsmanship, and the potential power and the general structure of this method
have not yet been clarified.

In this paper, we prove the non-integrability of the Heisenberg model and the XYZ model
with next-nearest-neighbor interactions. This model is also called as zigzag spin ladders,
where we regard the next-nearest-neighbor interaction on odd sites (1, 3, 5,. . .) and even sites
(2 ,4, 6,...) as two parallel lines and the nearest-neighbor interactions as ladders. We show
that if all of the next-nearest-neighbor interactions (X, Y, and Z) are nonzero and one of the
nearest-neighbor interactions with X, Y, and Z is nonzero, then this system has no nontrivial
local conserved quantity. Our setup includes an important model, the Majumdar—Ghosh
model [26], as its special case. The Majumdar—Ghosh model is a famous frustration-free
system, whose ground state and several excited energy eigenstates can be solved exactly [27—
29]. In addition to this model, various frustration-free zigzag spin chains [30-33] are also
special cases of our setup. By combining our result and the frustration-free property of these
models, the Majumdar—Ghosh model and other zigzag spin chain models mentioned above are
rigorously proven to be interesting models where several energy eigenstates are solvable but
most of energy eigenstates are unsolvable, at least by the quantum inverse scattering method.
With a slight extension, a quantum chain model proposed by Shastry and Sutherland [34] is
also shown to have no local conserved quantity.

This paper is organized as follows. In Sect. 2.1, we rigorously define the local conserved
quantity and its absence and present our main theorems. We claim that the XYZ chain with Z
magnetic field and the Heisenberg chain with next-nearest-neighbor interaction have no local
conserved quantity. Although the non-integrability of the former has already been shown in
[23], in this paper, we provide a pedagogical explanation of this proof since this proof serves
as a prototype of other applications. In Sect. 2.2, we explain the proof method for the absence
of local conserved quantity: Expanding a candidate of a local conserved quantity by the basis
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with the Pauli matrices and the identity operator, we demonstrate that all of the coefficients
of these operators are zero by using the fact that it commutes with the Hamiltonian. In Sect.
2.3, we introduce several useful symbols employed in our proofs.

In Sect. 3, we review the proof of the absence of local conserved quantity in the XYZ
chain with Z magnetic field. Since some of its proof idea is directly extended to our main
result in Sect. 4, we explain this proof in a pedagogical and systematic way. In Sect. 3.2, we
treat the simplest case as a simple demonstration and show that all the remaining coefficients
are zero. In Sect. 3.1, we restrict a possible form of nonzero coefficients. In Sect. 3.3 we
introduce several symbols, and using them, in Sect. 3.4 we demonstrate that all the remaining
coefficients are zero, which completes our proof.

Section 4 is our main part, where we prove the absence of local conserved quantity in the
Heisenberg chain with next-nearest-neighbor interaction. In Sects. 4.1 and 4.2, we restrict a
possible form of nonzero coefficients, along with a similar line to Sect. 3.1.In Sect. 4.3, with
using symbols introduced in Sect. 3.3, we demonstrate that all the remaining coefficients
have zero coefficients, which completes our proof. We slightly extend our result in Sect. 4.4,
with which the Shastry—Sutherland model (a Heisenberg-type quantum chain model, not the
famous two-dimensional model) is covered.

2 Problem and General Strategy
2.1 Claim

This paper aims to prove the absence of local conserved quantity, which we employ as
the definition of the quantum non-integrability in this paper, in two spin models which are
considered to be non-integrable. One is the standard S = 1/2 XYZ spin chain on L sites
with a magnetic field in z-direction with the periodic boundary condition. By denoting by X,
Y, Z the Pauli matrices 6, 0¥, %, the Hamiltonian is expressed as

L L
H== U*XiXip1 + 1 YiYi1 + 17 ZiZia] = ) hZi M
i=1 i=1

with setting all the coupling constants JX, JY, JZ nonzero. Here, we identify site L + 1 to
site 1, meaning the periodic boundary condition. We call this model as XYZ + h model in
short. The non-integrability of XYZ + h model with Jy # Jy and i # 0 is shown in [23].
We review this result in Sect. 3.

The other model we treat is the S = 1/2 XYZ model with next-nearest-neighbor inter-
action, which is the main subject of this paper. The Hamiltonian of this model is expanded
as

L L
H =Y I Xi X+ I VYA I ZiZip 4 ) S Xi Xigo+ 1) YiYigo+ 1 Zi Zi o).,

i=1 i=1

()
where we identify sites L + 1 and L + 2 to sites 1 and 2, implying the periodic boundary
condition. We call this model as NNN-XYZ model in short. This model is also called a zigzag
spin chain, which has been investigated in the context of frustration-free systems [30-33]. If
Ji{tand J§' (a € {X, Y, Z}) do not depend on the direction a, this Hamiltonian is isotropic and
reduces to the Heisenberg-type interaction. In particular, the Majumdar—Ghosh model [26]
is included as a special case. We suppose that all of J2X s Jzy, JZZ and one of Jlx s le, JlZ are
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nonzero. In the following, we set JIZ nonzero. We treat NNN-XYZ model in Sect. 4, where
the proof technique presented in Sect. 3 is essential.

In order to state our claim rigorously, we first clarify the notion of the locality of operators.

Definition 1 An operator C is a k-support operator if its minimum contiguous support is
among k sites.

Let us see several examples. With promising that the subscript of an operator represents
the site it acts, an operator X4Y5Z¢ is a 3-support operator and X» X5 is a 4-support operator,
since the contiguous support of the latter is {2, 3, 4, 5}. In case without confusion, we call the
shift-sum of k-support operators, e.g., Y ; X;Y;11X;12, also simply as a k-support operator.

We express a sequence of [ operators with A € {X, Y, Z, I} starting from site i to site
i +1 — 1 by a shorthand symbol Ai = A} Ai2+1 e Af+l_1. We promise that the first and the
last operators A' and A’ take one of the Pauli operators (X, Y, or Z), not an identity operator
I, while other operators A% ..., A1 are one of {X, Y, Z,I}. We denote a set of such
operator sequences A' A% ... Al by P!. Using these symbols, a candidate of a shift-invariant
local conserved quantity can be expressed as

k L
0= > > quA; 3

I=1 plepl i=1

with coefficients g,/ € R. The sum of A' runs over all possible 9 x 4/=2 sequences of
operators from XX --- XX to ZI - - - [ Z. The Pauli matrices and the identity span the space
of 2 x 2 Hermitian matrices, which confirms that the above form covers all possible shift
invariant quantities whose contiguous support of summand is less than or equal to k.

Definition 2 An operator Q in the form of Eq. (3) is a k-support conserved quantity if (i) Q
is conserved in the sense that [Q, H] = 0, and (ii) one of ¢ 4« is nonzero.

Conventionally, a local conserved quantity refers to a k-support conserved quantity with
k = O(1) with respect to the system size L. Our main results exclude a much larger class of
conserved quantities, including some k = O (L) cases.

Theorem 1 The XYZ + h model with JX # JY and h # 0 has no k-support conserved
quantity with3 <k < L/2.

Theorem 2 The NNN-XYZ model with JZX, J2Y, JZZ # 0 and JIZ # 0 has no k-support
conserved quantity with4 <k < L/2 — 1.

These results demonstrate that all nontrivial conserved quantities in these models are
highly nonlocal, implying that the quantum inverse scattering method never solves these mod-
els. We note that the upper bound of k is almost tight because the square of the Hamiltonian,
H?,is a L/2+ 2-support conserved quantity in the XYZ + h model, and is a L /2 + 3-support
conserved quantity in the NNN-XYZ model. We also note that the system has some trivial
conserved quantities including the Hamiltonian itself and, in the case of symmetry, a mag-
netic field. They are k-support conserved quantities with k less than the conditions in the
above theorems.

We emphasize that although we restrict possible conserved quantities in the shift-invariant
form, this restriction does not decrease the generality of our result. We explain its intuitive
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reason below and rigorously justify it in the “Appendix”. Suppose that Q is not shift invariant.
Then, by defining T as the shift operator by one site, ZJL:] T7QT™/ is also a conserved
quantity and is now shift-invariant. Hence, it suffices to treat shift-invariant conserved quan-
tities.

2.2 Proofldea

Let p be the size of the maximum contiguous support of H, which is two in the XYZ + h
model and three in the NNN-XYZ model. We first notice that the commutator of a k-support
operator Q and H is an at most k + u — 1-support operator, which guarantees the expansion
as

k+p—1
(0. HI= 3 > ZrBlBZ “)
I=1 PpBlepli=I

The conservation of Q implies 7z = 0 for any B!, which leads to many constraints (linear
relations) on ¢ 4 in Eq. (3) by comparing both sides of Eq. (4). Our goal is to show that these
linear relations do not have nontrivial solutions except for g 4« = 0 for all A*, which means
that Q cannot be a k-support conserved quantity.

Our proof consists of two steps.

(a) We examine the condition g = 0 for all Bl from! =K +pu—1tol = K + 1,
and show that the coefficients of AF except those in a specific form (i.e., doubling-
product operators for the XYZ + h model and extended doubling-product operators for
the NNN-XYZ model) are zero. At the same time, we also compute explicit expressions
of the remaining coefficients of AX. In particular, we show that if one of the remaining
coefficients is zero, then all the remaining coefficients must be zero.

(b) We examine the conditions for rg« = 0 for all B*, and show that one of the remaining
coefficient of A is zero.

The latter step is highly model-dependent, and we need elaborated constructions for the XYZ
+h model and the NNN-XYZ model separately. In contrast, the former steps for these models
are almost the same.

2.3 Symbols and Terms (1)

In this paper, when we align Pauli operators as XY, this symbol means an operator where
X acts on a site and Y acts on the next site (i.e., X;Y;1). If we intend to express a product
of Pauli operators on the same site, we use a dot symbol - as X - Y. For completeness, we
summarize the rule of the product of Pauli matrices below:

X X=Y.Y=Z-Z=1, 5)
X Y=-Y -X=iZ, (©6)
Y- Z=-Z-Y=iX, @)
Z-X=-X-Z=iY. ®)

This rule leads to an expression of a commutator of two different Pauli matrices A, B €
{X,Y,Z} (A # B) as
[A, B] =2A-B. )
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For our later use, it is convenient to define divestment of a phase factor and signless product
of Pauli matrices. We divest a phase factor of Pauli matrices as

laX|=lalX, |aY|=l|alY, |aZ|=|a|Z (10)

with a € C, where the symbol | - | denote divestment. The signless product of Pauli matrices
is a product with divestment, which is written as

XY=V -X|=2Z, (11)
Y-Z|=1Z-Y|=X, (12)
IZ-X|=|X-Z| =Y. (13)

To recover the lost phase factor, we introduce the sign factor 0 (A, B) = £1 for A, B €
{X,Y,Z} (A # B) so that

A-B=io(A,B)|A- B (14)
A concrete expression is
X, Y)=0),Z2)=0(Z,X) =1, (15)
oY, X)=0(Z,Y)=0(X,2)=—1. (16)
For a product of [ operators A = Ai1 Al.2 IRREE Aﬁ 41_1» the divestment is defined as
|4l = |Azl| |Ai2+1 ’A§+171‘~ (7

If A € {X,Y,Z}and A" # A" are satisfied for all i, its sign factor is defined recursively
as

a(A, A%, ... A = oA, ADa (A2, A3, ... A = (A!, AD)o (A%, AD)o (A3, ..., AD

=a(Al, Ao (A%, A% ... oAlTL A,
(18)

For example, we have 0 (X, Y, X, Z) = o (X,Y)o (Y, X)o (X, Z) = 1.

We shall introduce some further symbols and terms to describe commutators. When a
commutationrelation [A, C] = ¢ D holds with a number coefficient ¢, we say that the operator
D is generated by the commutator of A and C. In our proof, we examine commutators
generating a given operator and derive a relation of coefficients of operators.

Consider the XYZ + h model and a candidate of conserved quantity Q with k = 4. A
5-support operator Y ; X;¥i11Xi42Yi13Xiy4 in [Q, H], for example, is generated by the
following two commutators:

—i[X;Yi 1 Xi12Zi13, Yip3Yipa]l = —2X;Yi1 Xi 2 Xi3Yiq4, (19)
—i[Ziv1Xit2Xit3Yita, Xi Xiv1] = 2X; Y11 Xi12Xi+3Yi 44, (20)
where we dropped Zi, the summation over i, for visibility. In case without confusion, we

also drop subscripts for brevity. We visualize these two commutation relations similarly to
the column addition as follows:

XY X Z ZXXY
Yy X X
—2XYXXY 2XYXXY
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Here, two arguments of the commutator are written above the horizontal line, and the result
of the commutator (including the imaginary number i) is written below the horizontal line.
The horizontal positions in this visualization represent the spatial positions of spin operators.
The operator XY X XY in [Q, H] is generated only by the above two commutators, from
which we say that XY X Z and ZX XY form a pair. Then, the condition rxy xxy = 0 implies

the following relation
—qxvxz tqzxxy =0. 2D

We next introduce a useful symbol A; := A; A; 41, which we call as doubling-product. The
Hamiltonian of the XYZ + h model contains three doubling-products, X =XX,Y =YY,
and Z = ZZ. When we align several doubling-products, we promise that a neighboring
doubling-product has its support with a single-site shift. For example, we can express

XYX; =[(XiXi+)Yir1Yip2)(Xit2Xig3)|
= XilXit1 - YigtlYigo - Xit2llXi43 = XiZiv1Zi 42 Xi43. (22)
doublingspsproductspsdef We require that the same doubling-products cannot be neighboring

(e.g., XXZ is not allowed). We call operators expressed in the above form as doubling-
product operators. In general, a doubling-product operator A with [ doubling-products

Al A2, . Alis computed as

< 141 2 2 3 -1 ! !
Ai = AjlA - ATl A L - ATl TA - A Adg 23)

Using the sign factor o defined in Eq. (18), the phase factor of A; can be recovered as
(ATALL) - (A7 AT - (AL AL ) = (Do (A, A%, ... ADA,. (24)

To highlight the power of the expression with doubling-products, we write a doubling-
product operator ABC - - - D as
AA
B B

cC 7 (25)

D D

which we call a column expression of ABC --- D. Here, the double horizontal line means
the multiplication of all the operators with divestment (removing the phase factor), which
we use for both doubling-product and non-doubling-product operators. Keep in mind not to
confuse a single horizontal line, which represents a commutation relation. Single and double
horizontal lines are frequently used at the same time as

AA
B B
cC
) (26)

D D
EE

which represents the commutator [ABC --- D, E]. Here we abbreviated the last row (the
resulting operator of these commutators) for brevity. The column expression can be easily
extended to operators which are not doubling-product operators.
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Similarly to doubling-product operators, we define the sign of acommutator [A, B]includ-
ing —i denoted by s([A, B]) as

—i[A, B] =2s([A, B])|A - B|. 27

For example, we have s([Z;,Y;11]) = —1, which follows from —i[Z;, Y;11] = —2ZXY;
and |Z; - Yiy+1| = ZXY;. If both A and B are single Pauli matrices on the same site, we have
s([A, B]) = o (A, B). We also express the argument of s in the form of the horizontal line as

XZY
sUXZYi, ZZiy2)) = s( 5 Z) —1, (28)
where XZY; and ZZ;, are the abbreviations of X; Z;1Y;42 and Z; 7 Z; 3, respectively.
We promise that if an operator has a single subscript, the subscript represents the leftmost
site on which this operator acts. Using the sign of a commutator, the commutator equation

26 is expressed as o -
[ABC---D, E]=2is([D, E))ABC ---DE. (29)

3 XYZ Model with Z Magnetic Field: A Review
3.1 Commutators Generating k + 1-Support Operators

We prove the absence of nontrivial local conserved quantity along the idea presented in Sect.
2.2. Suppose that a k-support operator Q is a conserved quantity. The conservation of Q
implies that all 7/ in Eq. (4) is zero; rg = 0. Using this fact, we derive many relations on
the coefficients g4 in Eq. (3) by comparing both sides of Eq. (4) and show that g 4« = 0 for
all A%,

A commutator of a k-support operator and the Hamiltonian can generate an at most k + 1-
support operator. A k + 1-support operator in [Q, H] is generated by a commutator such that
the interaction term (X X, Y'Y, and ZZ) acts on the left end or the right end of a k-support
operator as

AB-.-C E...-FG
XX, YY . (30)
AB---DX YH---FG

In the first step of our proof (step a in Sect. 2.2), we consider the case that the commutator
generates k 4+ 1-support operators. The analysis on commutators generating k + 1-support
operators leads to the following consequence:

Lemma 1 Let Q be a k-support conserved quantity expanded as Eq. (3). Then, its coefficients
of a k-support operator A € P¥ should be expressed as

k—1
ga = ckyg 0B B> ... B[ J" 31
i=1

with a common constant CIDC(YZh if A is a doubling-product operator written as A = I—[f:ll B,
and g4 = 0 otherwise.

We also express ]_[f;ll JB by JB.
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Let us prove Lemma 1. We first treat the case that A is a doubling-product operator and
confirm Eq. (31). To this end, we consider two commutators generating the same k+ 1-support
operator in the column expression as

AA B B

B B cC

cC ..
) ’ 32
. DD (32)

D D E E
E E AA

with A, B, C s D,E e {X,Y, Z}. TkEse two diagrams represent commutators
[ABC---Dj,Eiy;—1] and [BC---DE;41, A;], respectively. Since the k + 1-support
operator A|A - B|---|D - E|E is generated only by these two commutators, these two

doubling-product operators ABC --- D and BC - - - DE form a pair, and we have
12 q35c=plABC - Di. Eii1] + J q5copplBC - DEip1. Ai] =0, (33)

The signs of these two commutators in Eq. (32) are computed as

A A
B B
cc o(A,B.C.....D,E)
s . — (LD, E]) = , (34)
. o(A,B,C,...,D)
D D
E E
B B
Cc C
T A B,C,....D, E
s : — 5B, AD = =2 ) (35)
D D o(B,C,...,D,E)
E E
A A

respectively. The latter has the minus sign because the order of A and B in multiplication (or
commutation) is converted compared to the order of products in the definition of the column
expression. In summary, two commutators in Eq. (32) imply a relation of coefficients:

9ABC-D JE — 9BC-DE JA (36)
o(A,B,C,...,D) o(B,C,...,D,E)

for any sequence ABC - -- DE, which is equivalent to

o(A,B,C,...,D)JAJBJC...JD " &(B,C,...,D,E)JBJC... JDJE"

9ABC-D 49BC-DE 37)

Fix ABC - - - D as a reference doubling-product operator with length k, whose coefficient is
written in the form of Lemma 1 as

4i5c—p = Cxyzn -0 (ABC - DYyJAJBJC ... gP (38)
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with some cé‘(YZh‘ Then, using Eq. (37), the coefficient of BC --- DE is also shown to be
written in the form of Lemma 1 as

45c—pE = Cxyzn - 0(BC---DE)JBJC ... JPJE. (39)

Since any pair of doubling-product operators is connected as

BIB2B3...Bk=1 «» B2B3... Bk~1D « B3... B¥~1DC! «
RN Bk—chl . ~Ck_3 P DCI . ~Ck_3Ck_2 P Cl ---Ck_3Ck_2Ck_1, (40)

repeated applications of Eq. (37) implies the first part of Lemma 1.

We next clarify what happens if an operator A is not a doubling-product operator, which
is the second part of Lemma 1. In a non-doubling-product operator A, one of the following
three happens.

(1) One of A%..., A¥=1is an identity operator I.
(2) There exists 2 < n < k — 1 satisfying ‘]_[?;11 Al
3) [IZ) AT = |A!- A2 ... A%!| # A% holds.

=’A1~A2-~-An_1|=An.

To confirm the above fact, it suffices to demonstrate that an operator A without the above
# A" holds for

three conditions is indeed a doubling-product operator. Since ‘]_[l'.:ll Al

2 <n <k — 1 (negation of condition 2), we notice that B" = |[[/_; A’| = .]_[1.:11 Al A"
for 2 < n < k — 1 are Pauli operators (not the identity operator). By construction,
B"B"! = |[TZ] A'[]/_; A’| = A" is satisfied, and the negation of condition 1 sug-

gests that B"B"T! = A" is not the identity operator. In addition, [[Z] A" = A* (the
negation of condition 3) implies B¥~! = AK. Hence, A is a doubling-product operator
A= A'B?B3... Bk 1,

Below we shall explain why the coefficient becomes zero in these three cases. We first
demonstrate the idea by simple examples and then provide a general proof. In case 1, the
column expression of an operator, e.g., XY XZI1ZXY, is written as

XX
zZZ
Yy
XYXZIZXY = X ] . 41)
zZZ
Yy

This operator forms a pair with Y ZY X Z1ZZ, which is seen in generating Y ZY X Z1Z XY :

X X Yy
yAVA XX
Yy yAYVA
X1 , Yy . (42)
YAVA X1
Yy yAYA

Yy Yy
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These two commutators suggest

T axyxzizxy — 1 qvzyxzizz =0. (43)
However, YZY XZ1ZZ cannot form a pair in generating XZZYXZIZZ

Yy
X X
YAVA
Yy
X I (44)

YAV

X X
2XZZYXZIZZ

because the right end is ZZ and no commutator of 8§-support operator and XX, YY, ZZ can
result in this form of operators:

2929279227272
Z7Z. (45)
XZZYXZIZZ

Since the coefficient of XZZY XZ1ZZ in [Q, H] is zero, our observation directly means

qvzyxzizz =0, (46)

which leads to
qxyxzizxy = 0. 47

Cases 2 and 3 can be treated similarly to case 1. An example of case 2 in the column
expression is

XX
AV
XX
XYZXZXXY = Yy (48)
zZZ
Yy
which forms a pair with ZZXZXXXZ as
XX YAV
zZZ XX
XX YY
Yy ZZ . (49)
YAVA Yy
YY ZZ
zZZ XX
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However, ZZXZ X X X Z does not form a pair in generating ZZXZXXX XY

YAV
X X
Yy
YAVA
Yy , (50)
zZ Z

YY
2ZZXZXXXXY

because the left end is ZZ, and no commutator of 8-support operator and XX, YY, ZZ can
result in this form of operators:

2992929292709
zZz . 51)
27ZZXZXXXXY

This directly implies
qzzxzxxxz =0, (52)

which leads to
qxyzxzxxy = 0. (53)

An example of case 3 in the column expression is

X X
z7Zz
Y Y
XYXZZXXZ = XX , (54)
YY
VA4
Y Z

where the last lineisnot Y'Y but Y Z. Here, XY X ZZ X X Z forms a pair with ZXZZX XY X
in generating XY XZZXXY X:

X X zZz
zZz Y Y
Y Y X X
X X Y Y
YY ; 77z : (55)
zZz Y Z
Y Z X X

X X XX

As aconsequence, the coefficient gxy xzzx x z is connected to g zx zzx xy x With multiplying
some constant.
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Similarly to previous arguments, we can remove doubling-products from the left and add
doubling-products to the right repeatedly, which results in the connection to

X X YAVA Y Z
yAVA Yy X X
Yy X X Yy
X X i YY DI X X . (56)
Yy YAVA Yy
yAVA Y Z X X
Y 7z X X Yy

However, the last operator YY ZZZZZY does not form a pair in generating YYZZZZZZX
because the left end is Y'Y . Following a similar argument to previous ones, we conclude that
the coefficient of the initial operator, gxyxzzxxz, IS zero.

Now we shall formulate this argument in a general form. Our starting point is the fact that
if A' = A% or A% = I, then g4 = 0. This fact holds because A' A2 ... AK~1| A% . B|B with
B # Ak is generated only by a commutator [A;, §i+k_1].

To state our key observation for our proof, we construct a sequence of Pauli operators
{B"} with B" # B"™! and B! # A*. We denote |[}_; A’| = K" and C" = |B"~!B"|
with regarding B® = AF for convenience. We observe that if A! # A% and A% # I, then
by considering commutators generating A' A2A3 ... AK-1C1 B!, we have a linear relation
between the coefficient of A = A'A2A3... Ak¥=1AK and K243... AK-1CIB! = |A!.
A%|A3 ... AK-1 AR BY B! as

TB's(AF, B')ga = T4 s([A2, AV ggops. akoic i (57)
In a similar manner, if K2 #* A3 and A3 # I, we have
JBZS([Bl, B2])qK2A3._,Ak—lclBl = JK2S([K3, K2])qK3A4A5mAk—IclC2BZ. (58)
In general, if K" # A" and A"t £ I, we have

JBnS([Bnil, Bn])qKnAnJrl“,Ak—lCchU,Cn—IBn—l
= JKnS([K”+l 5 Kn])l]Kn+lAn+2‘,.Ak—lclc2‘,.Can 5 (59)
and consequently ga and qgn+1 gn+2... gk-1c1c2...cngn are linearly connected through these

relations.
We shall show that if A is anon-doubling product operator, then g gn-+1 gn+2... gk=101¢2...cn gn

= 0 for some n, which leads to the desired result g4 = 0. We first consider cases 1
and 2. By assumption, there exists n such that K"t = A"*2 or A"*2 = [. Then,
Gt gni2. qk-1c1c2..cngn = 0 holds for this n because K"+1A"+2...Ak=1c1c?...
C"C"t1B"*! is generated only by a commutator [K"T1A"+2... Ak=Iclc?...cr B!,
Bl ]

We next consider case 3. Since K*~1 #* Ak we can set B! such that C! =
|Ak . B1| = K*!. The aforementioned linear relation is elongated to the case of
n = k — 2, where the coefficient ggi-1c1c2..ck-2pk—2 is in consideration. Then,

qgr-icice...ck—2gk—> = 0 holds because qyk-1c1¢2...ck-2ck—1 k-1 is generated only by a
commutator [K*~1ClC?...Cck-2pgk-2 B*=1;, 1 1] (notice Kkl = Ch. This completes
the proof of Lemma 1.
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In summary, we used the fact that (1) a connection of a pair with a commutator can be
regarded as removing and adding a doubling-product at the left or right end, and (2) if two
leftmost sites or two rightmost sites of a k-support operator are the same Pauli operator (X X,
YY,or ZZ), then it cannot form a pair and thus has zero coefficient. This idea is quite general
and is also used in treating the NNN-XYZ model in Sect. 4.

3.2 Demonstration with kK = 3; an Example

Before going to our second step (step b in Sect. 2.2) for general k, we here present the idea
of step b in the simplest case, the case of k = 3.

In step b for k = 3, we treat 3-support operators in [Q, H]. First, Y ZY is generated by
the following four commutators;

YZX XZY Y X XY
Z Z Yy YY
—2YZY -2YZzZY 2YZY 2YZY.

We note that Y ZX = YX and XZY = XY are doubling-product operators. Since Y ZY is
generated only by these four commutators, we have

h(gyvzx +qxzy) — Jy(@vx +gxy) = 0. (60)
Similarly to this, we consider YY Z

XY Z YXZ Y X
V4 VA ZZ
-2YYZ =-2YYZ =2YYZ

and XXZ
XY Z Y X Z XY

V4 V4 Z Z
2XXZ 2XXZ 2XXZ,

both of which are generated only by three commutators. Again, we note that XYZ = XZ
and Y XZ = Y Z are doubling-product operators. These two sets of commutators imply

h(gxyz +qvxz) + Jzqyx =0, (61)
h(gxyz +qvxz) + Jzqxy =0. (62)

Combining Egs. (60), (61), and (62) to erase gyx and gxy, and inserting Eq. (31) shown in

Lemma 1, we obtain
J
L (1 _ l) g XT7 =0, (63)
Jx

which directly implies the desired result C;(YZh =0aslongash # 0and Jxy # Jy.

3.3 Symbols and Terms (2)

We are ready to prove Theorem 1 for general k according to step b (in Sect. 2.2) by analyzing
k-support operators in [Q, H]. We again use the expression (3). We have shown in Lemma
1 that ¢4 = O for all non-doubling-product operators A € P* and that all the remaining ¢ 4
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with A € P¥ is linearly connected. Thus, it suffices to demonstrate that a doubling-product
operator A € Pk has zero coefficient, g4 = 0. Toward this end, we introduce further symbols.

We shall introduce symbols by taking some examples. In the case of k =5, ZXZXZ is
generated by the following four commutators:

ZXZYZ ZYZXZ ZXZY YZX Z
z z Z7Z ZZ (64)
2ZXZXZ 2ZXZXZ, 2ZXZXZ, 2ZXZXZ.

Using the column expression, these commutators read

YA/ zZz zZ7z X X
Y Y X X Y Y Y Y
XX | Yy | XX | zZ7Z. (65)
zZ7z zZ7Z z z
Z Z 77 77

A key fact behind the first two commutators is the relation

zZz zZz
YY X X
XX = YY | (66)
zZz zZz
z z

where one should recall Eq. (9) implying that a signless product (double line) and a com-
mutation relation (single line) result in the same operator. This equality suggests that we can
switch the role of X and Y in the alternation of these two by moving a single Z from one end
to the other. As will be demonstrated at the beginning of Sect. 3.4, we shall extend this idea
to general strings.

Now we introduce some symbols which help to describe commutators as above. First,
we introduce a symbol “1” representing a commutator with Z at which the left and right

z

doubling-products have an overlap. For example, XY 4 Z represents the commutator
z

[(XiZiv1Xiv2Zit3, Ziya), since XY Z; = [(XiXi+1) - Yig1Yig2) - (Zig2Zi43)| and the
overlap of ¥ and Z is at site i + 2. Using this symbol, the first two commutators in (64)
(see also Eq. (65)) are expressed simply as

ZYX 1 Z, Z1XYZ.
zZ zZ

29

z
Next, we introduce a symbol ““| , which represents the multiplication of Z at this position
in the column expression. Here, we employ the signless product in the multiplication. For

_Z______
example, X | ZY X means

X|ZYX = YY =XXXZX. (67)
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z z _z
We note that the expression with | is not unique (e.g., ZXZY = ZYX | = Z| XY).
<« —

We further introduce two symbols “+” and “+”, which mean that commutators act at
- — PR p—
the rightmost and leftmost sites, respectively. Examples are XY + X = [XY;, X; 4] and

Z1YYYZ = [Z;, Yiz1Yi42Yii3Zi4). Then, the latter two commutators in (64) (see also
Eq. (65)) are expressed as

Z «— __ -
ZYX|+272, Z+
We finally introduce symbols which represents alternating X and Y defined as

L =YX - YX, (68)
N—— ——’
n copies of Y X
L =XYX - YX, (69)
|
n copies of Y X
R .= XY .- XY, (70)
——— ——’
n copies of XY
R .= XY XY X. (71)
—

n copies of XY

Correspondingly, when we consider the sign o of a string with these symbols, we promise that
Land RmeanY, X,Y,X,...and X, Y, X, ..., respectively. For example, U(L4, Z,Y, R3)
meanso (Y, X,Y, X, Z,Y, X, Y, X).

3.4 Commutators Generating k-Support Operators

In general, as seen in the previous subsection in Eq. (64), a single k-support operatorin [Q, H ]
is generated by four commutators; two are of a k-support operator in Q and a magnetic field
(1-support operator) in H, and the other two are of a k — 1-support operator in Q and the
exchange interaction (2-support operator) in H. Concretely, the following four commutators

AB---Z4t XYXY---XYZ---CD, (72)
zZ
AB---ZYXYX---YX 1 Z---CD, (73)
z
Z “«—
AB---Z|XYXY---XYZ---C+ D, (74)
= VA
A+B---Z|XYXY--XYZ---CD (75)

generate the same operator. Note that - -- XY Z - - - mightbe --- YXZ - - - and vice versa,
which depends on the parity of the length. We also note that the sequence Z - - - CD in the
right and the sequence AB - - - Z in the left are sometimes absent.

In some cases, a k-support operatorin [Q, H]is generated only by three commutators. This
happens when the two leftmost or rightmost operators of the generated k-support operator

are XX, YY, or ZZ. An example is ZX X X X, which is generated only by the following
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three commutators:

zZZ zZZ Yy

Yy Yy YAVA
ZZzZ | Z7zZ | X X (76)
X X YY V4
V4 zZ 7ZZ

For brevity of explanation, below we shall treat only the case with odd k. Extension to
even k is straightforward. To prove that one of the remaining coefficients is zero, we consider
the following sequence of operators for k > 5

V7R X 7Rk TYzri-4 Sy
7 vz 7X ) 71 7 VZRS T X 75 Trzre-s
LZ VRS L7 7R L\Z(VZR-6 LY X1 Z(vZrS
1%¥4 ; YZRk-6 L27X ; Z Rk—6 szfy*]ek—7 Y Y L?TY*R’“6
L"Z ; YZRk—n—4  ["7X ; ZRk—n—4 L"f%YiRk*"’s Ix 74 L"*IZTﬁRk*"*“
117 4 YZR=1=5 [ ntlZx 4 ZRk—n=5 Ln+l?TﬁRk—n—6 Y X<+ Lnjfy*Rk—n—s
Z zZ

. . _Z___ «— _ _— _Z___
L¥=9Z 4 YZR? L¥=6ZX 1+ ZR? LK=0Z|YZR' +Y X + LF7Z|YZR?
zZ VA
_ [ o - _Z
L¥=5Z 4+ YZR! L¥=57ZX 4+ ZR! LKSZ1YZ + X Y + LA¥=0Z|YZR!
zZ zZ
_ _ 7 _ - _Z____
L7 +YZ LF47ZXx 1 Z LF4Z1Y +Z X + LkF5Z|vZ
VA A
— — _ - _Z_
Lk3Z 47 L¥37ZX 4 Y + LF4Z|Y
VA VA
)

where operators in the same row generate the same k-support operator, and » in the middle of
rows is even. Note that the case of k = 3 has already been treated in the previous subsection.

We shall write down obtained relations on coefficients from rows with n and n + 1, which
induce the following relation:

h=quzyzrers ¥ duzxzrons) = quLnffﬁRk*"*S JYqLﬂ*'?TﬁRk*'l*4 -

(78)

h(=qn1777 gk—n—5 + Qpat1757 gh—n—5) + Vg -1 . =0.
L™ Z|YZRk=n—6 L"Z|YZRk-=5

(79)

Our tentative goal is to erase all of the coefficients of k — 1-support operator and derive a
relation on cxyzn, by multiplying a proper number and summing up the relations obtained
by these rows. Using the relation

JY
anmRk—n—4 = ﬁanmRk—it—4a (80)
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which follows from Eq. (31), the resulting relation after the summation reads

JX k k=3 Y7 pk—3
h (ﬁ — 1) kckymo (X, Z, RE3H)JXZR — o, (81)

where c’)‘(YZh is a constant introduced in Eq. (31). This relation implies the desired result.

Although the above proof can be confirmed by direct computation, itis worth clarifying the
structure to determine the signs of coefficients in the above relations, which guarantees that
we finally get a nontrivial relation on c’)‘(YZh. In fact, an improper sequence induces a trivial
relation 0 = 0, and we can get no information on c’)‘(YZh, the constant introduced in Eq. (31)
(see also the end of this subsection, where we present an example of an improper sequence).

We examine the minus signofg _, ; and the plus sign of ¢ in Eq. (78)
L

. _Z__
nz| Y Z Rk—n—¢ Ln—1z7 | Y Z Rk—n—4

_Z___ <«
as examples. The former sign —1 comes from that of the commutator s(L"Z | Y ZRF—"—5 +

X) = —1. An important fact is that the former sign is equal to
7 _ — L",Z,Y,Z, R4
S(L"Z|YZRE"5 5 %) = s(L"ZVZRE5 5 %) = 2 ) (®2)

o(L",Z,Y,Z, Rk=1=3)’
where the argument of the numerator is the generated operator by the commutator in the

_Z___ _
argument of the middle term: L"Z | Y Z Rk—"=3 X The first equality of Eq. (82) states that
the following two commutators, which is the case with n = 0 and k = 7, have the same sign:

YAV 77
YY
YY
YAV 7 7
X X and ' ¢ , (83)
YY Y Y
V4
X X X X

since the single Z at this position does not affect the sign of the commutator. Similarly, the
= _Z___
sign of commutator Y + L"~'Z | Y ZR¥"~% is calculated as

o(L",Z,Y,Z, Rk=1=4)

G(L”_l, Z,Y,Z, Rk—n—4) ’
(84)

_ - _Z___ — [
s(Y £ L"VZ|YZRE"4) = s(V £ L'\ ZYZRV ") = —

where the minus sign on the right-hand side comes from the minus sign in Eq. (35).
Keeping Eq. (80) in mind, the relation on coefficients induced by the row with n in Eq. (77)
(which is equal to Eq. (78)) is calculated as

JY k—n—4\ L"ZYZRF""%  k
h 17—1 o(L",Z,Y,Z,R*""")J " CXYZh

xo(L", Z,Y,Z, Rk="=%)
o(L", Z,Y, Z, RF—=5) 1 7 geens
gy o 2.¥. 7, Rk=n=4
(LT, 2.V, Z, R iz yzguens

=0, (85)
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or equivalently

(L 1)k, kil
JX XYZh JanRk—n—4 o(L",Z,Y, Z, Rk*ﬂ*S)

JY anflf‘ZﬁRk—n—ét _
JLnZYZRk—n—4 O.(Ln—l’ Z’ Y, Z’ Rk—n—4) -

0. (86)

In a similar manner to above, the relation on coefficients induced by the row with n + 1 in
Eq. (77) (which is equal to Eq. (79)) is calculated as

h LY —1) -k + ' qL"HZTﬁRk*"*G
JX XYZh JLnHmRk—n—s O'(Ln'H, Z.Y,Z, Rk—n—6)

JX anf‘ZﬁRk—n—S
JLZYZRS o (L1, Z, Y, Z, Rk—n=5) -

0. (87)

. 7v 7 pk—n—4 17y 7 pk—n—5 . . . .
Since JL"ZYZR*T"T — gL"TIZYZRE! , by summing the above relations (without multiply-

ing any number) all the coefficients of k — 1-support operators cancel and the coefficient of
c’§<YZh is kept finite, which leads to a relation in the form of c’§<YZh X (finite number) = 0.

For a better understanding, we here present an example of an improper sequence that
conveys a trivial relation 0 = 0. An example with k = 4 is

. Z___ < __
+YZX X1ZX |YZ+X
z z
- - . 7~ _—Z_
AXYZ YX1Z Y|Y+Z Y+ 1|YZ
z z
_ L _—Z_ (88)
+XYX YXY 4 Y|Y+X Y+ |YX
z z
- L« __
+YXZ XY1Z |[YX+Z
z z
which produces four relations
hqy7% + has7s + qufﬁ =0, (89)
—hgsy7 + hgyss + JZ +JY =0, 90
Ubea4 dvxz q?‘Z7 ‘Zfﬁ (90)
—hagz7 + hgyey — I X +JY =0, 91
dxvz qyxy ‘Iﬁy ‘lfﬁ oD
hayxz — haxyz — qufﬁ =0. (92)

Erasing g, q 7 _, and g, we find a trivial relation 0 = 0 and cannot extract any
[YZ Y|Y [YX

. . 4
information on cxy;,-
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4 Heisenberg Model with Next-Nearest-Neighbor Interaction
4.1 Commutators generating k + 2-support operators

The proof idea is again that presented in Sect. 2.2. Namely, by supposing the conservation
of a k-support operator Q, we examine the commutation relation in detail and show that
g ¢ = 0 for all AX,

In the case of the NNN-XYZ model, a commutator of a k-support operator and the Hamil-
tonian can generate at most k + 2-support operators. Therefore, we first consider the case
that the commutator generates k + 2-support operators.

A k + 2-support operator in [Q, H] is generated only by a commutator such that the
next-nearest-neighbor interaction term (X7X, Y1Y, and ZIZ) acts on the left end or right
end of a k-support operator. The following two types of commutators serve as examples:

XIX, YIY . (93)
AB---DIX YIH --FG

To explain our result, we introduce several symbols in addition to Sect. 2.3. We first
introduce extended-doubling-products by using a tilde symbol as X = XiXiy = XIX,
Y =YIY,and Z = ZIZ. Similarly to the doubling-product operator, we introduce an
extended-doubling-product operator which is an operator expressed as, e.g., XYXZ with
divesting its phase factor. Here, we promise that a neighboring extended-doubling-product
has its support with a two-site shift. The aforementioned extended-doubling-product operator
XYXZ , for example, reads

X1X

~ o~ YI1Y
XYXZ=|(XiXiy2) - (Yig2Yiga) - (XiyaXive) - (ZireZiss)| = XIx =X1Z1ZI1Y1Z. (94)

zZ1Z

Here, the double horizontal line represents the column expression introduced in Sect. 2.3,
where we take products in the vertical direction under the rule of the signless products.

Now we employ a similar argument to Sect. 3.1, leading to a constraint similar to the
doubling-product operator in the XYZ + h model, where the extended-doubling-product
operator plays the role of the doubling-product operator in Sect. 3.1. Precisely, only k-
support extended-doubling-product operators may have a nonzero coefficient in Q, and other
k-support operators have zero coefficients. We shall explain the latter point briefly. Consider
operator XI/ZIZZYIXIY in the case of k = 11. Then, this operator can be expressed as

XIX
YIY
XIZIZZYIXIY = XZX , (95)
zZ1Z
YIY
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where a “defect” X ZX is inserted. This defect lies in the following series of pairs

XIX YIY XZX
YIY XZX Z1Z
XZX N Z17Z N YIY
Z17Z YIY ZI1Z
YIY ZI17Z YIY

(96)

However, the last operator XZYIXIXIX1Y cannot form a pair because the two leftmost
operators are X Z - - -, not in the form of X7 ---:

XZYIXIXIXIY 2992929227299
Z1Z, XZ? . (97)
XZYIXIXIXIXIX XZYIXIXIXIXIX

This fact implies
gxzvixixixiy =0, (98)

and hence the initial operator XIZ1ZZY X 1Y also has zero coefficient:

gxizizzyixiy =0. 99)

In general, if two leftmost operators are notoneof X/ ---, Y[ ---,or ZI - - -, or two rightmost
operators are notoneof - - - I X, --- I'Y, or - - - I Z, then this operator cannot form a pair. Thus,
arguments similar to Sect. 3.1 (proof of Lemma 1) confirm that if a k-support operator is
not an extended-doubling-product operator, then by removing extended-doubling-products
from left and adding extended-doubling-products to right repeatedly, we arrive at an operator
which cannot form a pair, resulting a zero coefficient.

Lemma 2 Let Q be a k-support conserved quantity expanded as (3). Then, its coefficients of
a k-support operator A € P should be expressed as
k-1j2
qa=ckan o (B B%, ... BV TT Jf (100)
i=1
with a common constant cIIiINN if A is an extended-doubling-product operator written as

~

A= ]_[51;_11)/2 B', and zero otherwise.

Clearly, a k-support conserved quantity with even k vanishes.

4.2 Commutators Generating k + 1-Support Operators

We next consider the case that a commutator generates k + 1-support operators.
We notice that only the following two commutators generate a k + 1-support operator
XI1ZI---1YX:

XIX YIY
YIVY .
- , zZ17Z - (101)
zZ1Z X X
XX XIX
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Using symbols introduced in Sects. 2.3 and 3.3, the above two commutators are expressed
as

~~ ~— ~ =~
XY ---Z+X, X+Y---ZX, (102)

which implies the following relation of coefficients:
I azy.7 — I3 ay..3% = 0. (103)

This relation connects the coefficient of a k-support operator and that of a k — 1-support
operator.

We can connect two coefficients of k — 1-support operators, €.g., ¢3%..7% and g%.. 5%
by considering the following two commutators:

YIY X1 X
X1 X
- , znrz : (104)
Z17Z XX
X X YIY
YIY YIY
which implies
1 ayz..3x + 93 ax..3x7 = 0. (105)

This observation suggests that the coefficient of a k — 1-support operator written as the

~NA~ A~~~

as

~NA A~~~ ~N A~~~ ~ A~~~ ~ A~~~ A~

XYXZXZ < YXYXZX & XYXYXZ < YXYXYX, (106)
where the first three operators are k — 1-support and the last one is k-support.
An important fact is that a k — 1-support operator except for the above form has a zero

coefficient. We first demonstrate that a k 4+ 1-support operator is generated by at most two
commutators. At first glance, a k + 1-support operator can be generated by four commutators:

B 1 (k — 1-support operator), (107)
BT (k-support operator), (108)
(k — 1-support operator) I B, (109)
(k-support operator) 1 B, (110)

whose column expressions are

BIB BB ’ BIB’ B B’ (1h

Here, we excluded the possibility of commutators between B and k-support operator such
that B nontrivially acts on the second left (or right) site of the k-support operator, since these
column expressions are

29292929227 222229279

BI1B ’ BI1B’ (112)
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but Lemma 2 tells that any k-support operator with a nonzero coefficient has an identity
operator at the second left site and the second right site, implying that these commutators
vanish.

From Eq. (111), we see that only two of these four commutators generate a given k + 1-
operator. To see this, we focus on the operators at the second left and second right sites. If the
operator at the second left site is an identity operator /, the second commutator in Eq. (111)
never generates this operator, and if the operator at the second left site is a Pauli operator X,
Y or Z, the first commutator in Eq. (111) never generates this operator. A similar argument
holds for the second right site. In summary, only two commutators in Eq. (111) generate a
single k + 1-support operator.

We now demonstrate how a k—1-support operator which is not a product of many extended-
doubling-products and single doubling-product is shown to have zero coefficient. Consider
the case of k = 11 and XIZIZYY 1Y Z as an example. The operator X/ ZIZYY 1Y Z can
be expressed in the column expression as

X1X
YI1Y
XX
XIZIZYYIYZ = 77 . (113)
XI1X
ZZ

Note that there are one X X and two Z Z’s. These operators appear in the following series of
pairs

X1X YIY X X
YIY X X Z7Z
X X 77 XIX
YAVA hig XIX < VA <
X1I1X Z7Z X1X
YAV X1IX YIY
77
XIX
Z7Z
XIx ; (114)
YIY
X1IX

where the first three are k — 1-support operators while the last one is a k-support operator. The
last operator, ZYIYYI1ZIZIX, is not an extended-doubling-product operator and thus has
zero coefficient, g zyryyrz1z1x, which implies that the first operator also has zero coefficient,

qxizizyvivz =0.
Following similar arguments to above, we find the following result:

Lemma 3 Let Q be a k-support conserved quantity expanded as (3). Then, its coefficients of
a k — 1-support operator A € P*~! should be expressed as

k=172
ga=c\ay 0B B2 .. BED2 BT TT (115)
i=1,im
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with a common constant cIIiINN to Eq. (100) if A is an operator written as A =
BB --- Bm_1§mBm+1 -+ B—1y/2, and g4 = 0 otherwise.

4.3 Commutators Generating k-Support Operators

We finally consider the case that a commutator generates a k-support operator. Similarly to

Sect. 3.4, we introduce symbols 1 and 1, representing commutation relations with ZZ at
2z 2z
this position. We express, for example, these commutators

YIY YIY
Z17, zZ17Z (116)
ZZ ZZ

as - " " -
Y1+2Z Y17Z (117)

Z

N

Z

N

Z Z
respectively. We also introduce | and |, representing multiplication of ZZ at this position.
We express, for example, these commutators

YI1Y YI1Y
Z7Z yAVA (118)
zZ1Zz zZ1Z7
as
~ LT <~ ~ ~LL — ~
Y| +Z, Y| +Z (119)

respectively. Remark that the relative position of the vertical bar or the vertical arrow and
2z
symbol Z Z represents which Z in the doubling-product Z Z acts nontrivially. The symbol |

2z
(resp. | ) represents that the right (resp. left) Z in ZZ acts. We also note that although both

~ ZZ ~— ~ ZZ ~—

Y | and Y Z represent the same operator Y/ XZ (i.e., Y| = YZ = YIXZ), we promise

the following rule: YZ + Y means that ¥ acts on the right end of Z and generates 6-local
~ LT «— ~ ~ ~

operator Y/ XX1Y, while Y | 4+ Z means that Z acts on the right end of ¥ and generates

~ T «— ~ ~— o~
5-local operator YIZZY. Two commutators ¥ | 4+ Y and Y Z + Y are represented as

. YIY YIY

~ “— ~ ~N o~

Y ¥7v= zz , YZ¥v= zz . (120)
YIY Y 1Y

We further introduce symbols which represent alternating X and Y defined as

I :=YX---YX, (121)
————
n copies of Yx
L .=XYX .. YX, (122)
~————

n copies of vX
R .= XY .. - XY, (123)

n copies of Xy
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R¥1 .= XY... XY X. (124)

n copies of Xy

Similarly to the previous section (Sect. 3.3), when we consider the sign o, we promise that
Land RmeanVY,X,Y,X...and X,Y, X, ..., respectively.

Now we construct a sequence of commutators, with which we can demonstrate CIIiINN =0.
For the brevity of explanation, we only treat the case of k =3 mod 4 . The extension to the
case of k = 1 mod 4 is straightforward. We express k = 4r + 3 and consider the following
sequence:

~ ~ ~ T <« ~ ~ = o~ 2~

2z

~, ~ ~ ~. T~ ~ ~ ~ W~ ~

-1 4 ZR T Z-T—X XI T2 ZR
iz

~ ~ ~, ~ 28~ ~ ~ ~ > ~ 22 ~ ~,

122 4 ZR2 72 7R YT VHI¥3 IR
2

~ ~ ~ ~ e~ ~ ~ ~ ~ 28~ ~

L2r—n T ZR" L2r—n | ZRn—l $Y Y1L2r—n—l | 7ZR" (125)
Z

F2r-n=l 4 ZRr+l [rn-1 7R Y X Xy I¥—n2(ZRm

Iz

~ ~ ~, ~A L~ ~, — ~ ~ > ~, T~ ~,

L2 4 ZR¥2 L> | ZR¥ 3 4+Y Y+ L' | ZR¥2

2z
~ ~ ~, ~ L~~~ ~
Ll T ZR2r71 Ll | ZRerz_T_X

2z

where n is even. The leftmost column has commutators between a k-body operator and 2-
body operator ZZ (in the Hamiltonian), the second left column has a commutator (in the first
row) between a k — 1-body operator and a 3-body operator Z in the Hamiltonian, and the
two right columns show commutators between a k — 2-body operator and a 3-body operator
()? or ?) in the Hamiltonian.

We put two remarks: first, each operator corresponding to each row is generated only by a
single commutator between a k-body operator and 2-body operator 1, because generating the

Z
operators by 7, the corresponding k-support operator is not an extended-doubling-product

2z
operator. Second, the last law generating Y/YZY --- has only two elements, because we

~ >
cannot obtain this operator by a commutator in the form of ¥ + (k — 2-support operator).

Now we examine their signs. First, all the commutators in the leftmost column has the
plus sign, which follows from

s(L™ + ZR™) = s([Y, Z]) = +1. (126)
2z

Next, to compute the signs of commutators in the second right column we notice

“— ~

sTF T ZRV Y ) =@ ZRVE T (127)
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which holds for the same reason as the first equality of Eq. (82). An example of this fact can
be seen by using the column expression as

Y1vY

Y1x Y1Y
X1IX
zZ1z
s =s Z12 (128)
X1IX X1x
zZZ
Ty Y1Y

Using the same technique as Eq. (34), the right-hand side of Eq. (127) is computed as

O.(Zern, Z, ﬁn)

~. ~ ~ “— ~
S(L*"ZR" 4+ Y) = — . 129
( ) O‘(Lzr_”, Z, Rn—l) ( )
Similarly, we compute the signs of commutators in the rightmost column as
~ o~ 2~ ~ o~ ~ ~ ]’:2’—"72,]?"
sF LI {5k = 57 T D212 Ry = — 24 Do 130
a(LZ’*”*l, Z, R”)
where the minus sign comes from the same reason as the minus sign in Eq. (35):
XIX
z1z Y,X,Z,X,Y)
s X1IX _ 75454800 (131)
YIY o(X,Z,X,Y)
YI1Y

Hence, by employing the abbreviation J I3 = IL JZB i, the relation obtained from the
n + 1-th row (except n = 0) reads

T2r—n nn
Z _7T2r—n Sny LY ZR" k Y U(L ,Z,R )
Jio(LT 7, Z, R)J “ennn 1 o (L2, 7. Ro—1) Ipern {750

JY O,(Z2r—n’ Z. ﬁn)

- ~ ~ ~, W — 0,
2 U(Lernfl’ Z, Rn)qLZr—n—l |"ZRn
(132)
which is equivalent to
JY q~2r7n ZZNNH*I JY q~2r7nfl ZZNNn
I XN+~ Cal AL 2 LT 2R ) (133)

Jzzr—nzl}‘n U(ZZr—n’ Z, ﬁn—l) - JZZr—nZ§n O(ZZr—n—l, Z. ﬁn)

In a similar manner to above, the relation on coefficients obtained from the n + 2-th row
(except n = 2r — 2) reads

JZ.Ck + JZX qzlr—n—l Zl'ziﬁn _ JZX qur—n—Z Z|'Z'§'R5'n+l _
1 "*NNN JZZ’*"*lfﬁ’“rl U(Z2r7n71, Z, ﬁn) ‘122"*”*125"“ O-(Zernfz’ Z, En+l) -
(134)
In addition, the last row implies
JX qNerl s
JE - e + 2 Cal (135)

JIPZR o (L2, 7)
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Noticing that for even n’ and odd n”

/o~ o~

X o e ~ "
% L2r—n ZR" _ JLZr—n ZR" (136)
J.

2

is satisfied, we find that by summing these relations [Eqgs. (133) and (134)] fromn = 0 to

n = 2r — 1 all of coefficients of k — 2-support operators cancel and only the coefficients on
k-support and k — 1-support operators remain.

We shall finally derive an explicit relation on c'IiINN. To this end, we clarify the relation

~ y44 ~, T~
on the k — 1-support operator (i.¢., the top row). Noticing that the sign of L¥ | andL* | Z
are given by o(L*,Z) and o (L?), we compute this relation as
~. o ~n 2T — ~ ~ o 2
JEa (L, 2)JP 2 ko +IESTF | F Dk - o (L2, 2)d 5|
y o(L*,2)
h T e i T
o(L—1, zZ)y L1112

0, (137)

iz

where we defined J L = (J2Y JZX ) JIZ and cI’iINN is a constant introduced in Eq. (100).
~. iz ~ ~,
The quantity s(L | 1 Z)o (L*", Z) in the second term is computed as

27 <

s(C |+ 20 (L*, 2) = s(1Y, Z)o (L, Z) = o (L, 2). (138)

Inserting this, the sum of the relations [Eqgs. (133) and (134)] fromn = Oton = 2r — 1 leads
to
@r + 1D)JE KN =0, (139)

which implies that all the coefficients of k-support operators in Q is zero. This completes the
proof.

4.4 Extension to Systems Without Translation Invariance

By a careful examination of the above derivation, we find that all the ZZ term, both commu-

pos 2z
tators (1 and 1) and multiplications ( | and | ), in the sequence (125) acts on the same two
2z 2z
sites. This means that even if the nearest-neighbor interaction terms are position-dependent,

i.e., the Hamiltonian is given by

L L
H =) XXt I i Yi +I (5 ZiZi )4 L3 XX+ 0] VY 405 Zi Zi]
i=1 i=1 (140)

with position-dependent coefficients J 1},(1‘ J Ki ,and J Ei , our proof still works, and the absence
of local conserved quantity can be shown as long as one of Jﬁ(i, Jllf ;» and JIZJ. is nonzero at
some i.

Since Lemma 2 is shown by using only the next-nearest-neighbor interaction terms, the
same statement as Lemma 2 holds for the Hamiltonian (140). On the other hand, by expanding
Qby Q= Zf:l Do alepl Zle qu’iAé, Eq. (115) in Lemma 3 should be replaced by

(k—=1)/2

Ga1 ;= chan 0B B BEI P T (141)
i=l,i#m
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In our final step, the key relation (132) is replaced by

T2r—n pn
7 ~op_ ~ ZZr—niﬁn k Y G(L Z R )
Jiwo (L7 Z, R")J ot oL,z R 1) Tt

y O.(LZr n.z. Rn)

2E’l_l,i*

~ 2t = 0,
O—(LZr n—1 ,Z, Rn)qLZr—n—l "ZRn i*
(142)
where i* is a fixed site independent of n. The coefficients a;, gt depend on the
r—n n— ,i*

position, which is determined by the second subscript i* referring to the position of ZZ.
Following the same argument, we obtain counterpart relations to Eqs. (133) and (134) as

k ]2 qLZI —n Z‘ 2[}'” 1 j* J2Y qZZr—n—l ijZﬁn,i*
‘]1 i+ CNNN T T2—nZRn —(T2r—n n—1\  gl2n 7 Rn (T 2r—n—1 = 0, (143)
J o(L¥r~—n, Z, Rr=Yy gL 2R o (L »Z,R")
J2 qLZr n—1 7‘ i* sz qL7r —n—. 2“ §Er1+] i*

I i :

i* CNNN+ JLZr n—17 gn+1 G(Lzr n-17. ﬁ ) - JZZr—rz—]Z§n+l U(Lzr =27, R”H) -
(144)

where the coefficient of the first term J. IZ is replaced by in*, and others are the same.
Moreover, the counterpart of (137) reads

~ T2 ~n . 2T~ ~ ~ o B,
JEwo (B2, )T 7 ko + HEs@T¥ | F Zyckan -0 (L7, 2)g B 1
y o (L, Z)
(L2r 1 . Z) L2r 1 ‘Z,
Combining them and following the same argument as above, we obtain

2rJIZ,i*C]IiINN =0. (146)

=0. (145)

Since i* is arbitrary, this means that cI’iINN =0if JiZ # 0 at some i.

Owing to this extension, a quantum spin chain model proposed by Shastry and
Sutherland [34] is covered.! The Shastry—Sutherland model is the XYZ chain with next-
nearest-neighbor interaction, whose next-nearest-neighbor interaction is shift-invariant while
its nearest-neighbor interaction is invariant by two-site shift. Our argument demonstrates that
the Shastry—Sutherland model has no nontrivial local conserved quantity.

5 Discussion

We have rigorously shown that the anisotropic Heisenberg chain (XYZ chain) with next-
nearest-neighbor interaction has no local conserved quantity. The Hamiltonian we treat
includes important models as a special case, the Majumdar—Ghosh model, the Shastry—
Sutherland model, and other zigzag spin chains, which are prominent examples of
frustration-free systems. Our computation on the signs of commutators and coefficients is
systematic, and with this detailed analysis, we clarify the reason why the proposed sequences
in Egs. (77) and (125) work to exclude the possibility of a nontrivial local conserved quantity.

These key sequences of commutators follow the structure that additional terms (Z magnetic
field in the XYZ + h-model and Z Z interaction term in the NNN-XYZ model) settle at the

' We note that this model is different from the famous two-dimensional model, which is frequently called
the Shastry—Sutherland model.
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right end at first, and they move to the left end at last. As far as we seek, this structure is
necessary to obtain a nontrivial relation for the coefficient ¢ in the expansion (3) (cxyzn and
cNNN)- Otherwise, a sequence has the additional term at the right end at both the first and last
of the sequence, where the coefficient of ¢ vanishes and we obtain a trivial relation 0 = 0.
With noticing that the presented proof technique is also useful to determining local conserved
quantities in some integrable systems [35-38], we expect that the distinction of integrability
and non-integrability reduces to whether a good sequence exists or not, which will shed new
light on the integrability.

As presented, our proof method is valid for systems not only with nearest-neighbor interac-
tion but also with next-nearest-neighbor interaction, which suggests that our method applies
to systems with longer interactions. In particular, if the longest interaction is the Heisenberg
type, then following a similar argument to Sects. 3.1 and 4.1, a possible form of k-support
operators with nonzero coefficient is limited to extended-doubling-product-type operators by
replacing X = XIX,Y =YIY,andZ = ZIZby XII---1X,YII---1Y,and ZII --- 1 Z,
respectively. Although further analyses depend on the model in consideration, we strongly
expect that many complex models can be proven to be indeed non-integrable by this method.
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Appendix

A Translation Invariance of Local Conserved Quantity

In the main part, we restrict a possible form of a local conserved quantity to the shift-invariant
form (3). In this “Appendix”, we show that this does not lose the generality, i.e., all possible
local conserved quantities are shit invariant. The approach shown in this “Appendix” is
inspired by [24] and is simpler and more transparent than that presented in [23].

The most general form of k-support local conserved quantity is expressed as

k L
0=> 3" qu,Al (147)

I=1 4l i=I

@ Springer


http://creativecommons.org/licenses/by/4.0/

114 Page 30 of 32 N. Shiraishi

where the coefficient g ,: ; is position dependent. We suppose that k is the minimum number
such that a nontrivial k-support local conserved quantity exists. Our goal is to confirm g 4/ ; =

Gyl iy Torall Al and all i.

This result is in fact readily shown in Sect. 3.1 by examining the argument carefully. We
demonstrate it by taking a 4-support conserved quantity Q and A/ = XY Z as an example.
As shown in Sect. 3.1, XY Z and YZX form a pair. Recalling the structure written in the
column expression (32), we find that two coefficients gy ; and gyy ;| form a pair. In
this manner, we find pairs

9xvZz,i < 9yzx.i+1 < 9Zxv.,i+2 < 9XvX,i+3 <~ 9yXY.i+4- (148)
On the other hand, gyxy ;4 also forms pairs as
Ay xy,i+4 <> 47vx,i+3 < 9yzv,i+2 <> XY Z,i+1- (149)

It is easy to confirm that the sign and additional coefficients J4 of dxvz.; and gxy7 ;4 are
the same, which implies the desired result

axvz,i = 9XY7Z,i+1- (150)

In general, for A! - - - A¥=1, by denoting two Pauli operators not equal to A¥~! by B and C,
we have relations

DAT AT ) < dp2 A1 i1 < 9a3 Ak-1gCiq2 < 7 9BCBC itk <7 ACBCitk+1

(151)
and
4CBC—itk+1 7 QAT CpC itk < YA ZARTCBC - i+k—1
@ S e e A AT (152)
These relations imply the desired result
DUT AT j = DAT AT e (153)

In the case of the NNN-XYZ model, the above argument shows that a k-support operator
A on site i and site i + 2 have the same coefficient. To show that those on site i and
site i + 1 are the same, we need to employ both cases where k + 2-operators and k + 1-
operators are generated. Let us consider ggy7 ; as an example. The above argument shows
that 4577 ; = 9%77.i12m A4 4577 i1 = 4%V 7.i+2m+1 fOr any integer m. By considering
the case generating k + 1-operators, we find a sequence of pairs

9577 < 477%.iv2 < 47%7,it4 < 9XVZ.iv6 < 9V77.i47- (154)
In addition, we find a pair
4¥77.i+7 < 4X77Z.i+50 (155)
which implies the desired result
9%77,i = dX77.i+5 = AXVZ,i+1- (156)

The generalization for general A1 A2 ... A¥/2=1 s straightforward.

We finally exclude the possibility that a k-support conserved quantity Q has shift-
invariant k-support operators but non-shift-invariant m-support operators with m < k. We
prove it by contradiction. Suppose that k is the minimum number such that a nontrivial

@ Springer



Absence of Local Conserved Quantity in the Heisenberg Model... Page310f32 114

k-support conserved quantity Q exists. Consider Q' = Q — T QT ! with one-site shift
operator T. By construction, Q' is conserved, and since Q has shift-invariant k-support
operators, Q’ is a less-than-k-support conserved quantity. In addition, by expanding Q’ as

Q/

= Z;‘z_]l Do alepl Zle qg, iAﬁ, we easily see from the construction that Zf:l q;‘l ;=0

for any A'. This directly implies that Q’ is not a trivial local conserved quantity (the Hamil-
tonian H and the Z magnetic field in the case with symmetry), and hence Q' is a nontrivial
less-than-k-support conserved quantity, which is a contradiction.
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