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Abstract

This paper develops an averaging approach on macroscopic scales to derive Smoluchowski—
Kramers approximation for a Langevin equation with state dependent friction in d-
dimensional space. In this approach we couple the microscopic dynamics to the macroscopic
scales. The weak convergence rate is also presented.

Keywords Smoluchowski—Kramers approximation - State-dependent friction - Lyapunov
equation - Averaging

1 Introduction

The Smoluchowski—Kramers (SK) approximation is useful to describe the motion of a particle
with small mass which has been studied in lots of works beginning with Smoluchowski [20]
and Kramers [17]. The motion of a particle with mass 0 < € < 1in R4 (d > 1) is described
by the following Langevin equation

€if +aif = F() +o()Br, x°(0)=x0, ¥°(0) = vo,

where constant friction @ > 0, F(x) : R? — RY o(x) : R? — Rk and {B,} is k-
dimensional standard Wiener process. The classical SK approximation states that for every
T>0

limE sup [lx; —x;[|ga =0,
e—0 0<t<T
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with
ak; = F(x) +o(x)B, x(0)=xo.

For more detail one can refer to [8]. The above limit equation, with just letting ¢ = 0, is
not surprising for such constant friction . However a noise-induced drift was observed in
experiment [21] for the case of state dependent friction, which implies the limit equation can
not be obtained by letting € = 0. Recent work by Hottovy et al. [14] presented a mathematical
explanation, but lack of some intuition, by a theory of the convergence of stochastic integral
with respect to semimartingale, for such experimental observation.

In this paper we present a new approach which makes the limit equation more intuitively,
although in a weak sense. We consider the following Langevin equation with state dependent
friction,

e +a(x))if = F(x{) + 0 (x)By, (1.1)
XG5 =X0 ,X5 =0, X0,Uo € RY, (1.2)

where a(x) : R? — R?*9 is ad x d invertible matrix-valued function. Our idea is to consider
the limit of pf, the law of x;, as € — 0. For this we first write out the equations solved
by p5 (see (1.6)—(1.7)). However, these equations are not closed, we couple the equations
(1.1)-(1.2) to (1.6)—(1.7). Then we pass the limit ¢ — 0 in equations (1.6)—(1.7) via an
averaging approach.

Typically, write the equation (1.1) into the following equivalent form

X =y, (1.3)
€vf = —a(x)vf + F(xf) + o (xf)B;. (1.4)

First it is known that the law ff € P(R? x R?), the set consisting of all probability measures
onRY x RY, of (xf, x{) satisfies the Fokker—Planck equation

d d
1 1
a,ff+v-vxff—gvv«a(x)vff—F(x)ff)=€—222 v vy (aij () £)(1.5)

in the weak sense, where a(x) = o (x)o ' (x) and o ' (x) is the transpose of o (x), that is for
@ € CPMRY x RY),

(f\f’(p)_(f()eng)
t
[ Ll
0 JRIxR
1 1 d d
—- @@ = F@) Vg + Z > aij(0)dy, av,.w]f; (dx. dv)ds.
i=1 j=1

The law of x; is

,Of(X)=/ ff(x, v)dv,
Rd
and define

YS(x) :/ vf S (x, v)dv.
R4
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Integrating both sides of the equation (1.5) with respect to v, and multiplying both sides of
(1.5) by v, then integrating with respect to v, we get

dpf (x) = =Vy - Yf (x), (1.6)
T 1
Y (x) =— |:Vx . (/ VR vffdv)] — goe(x)Yf(x) + EF(x),of(x). (1.7)
Notice that
tE
pf (x)

providing p; # 0. Here E* (vf ® vy) is the expectation with fixing x¢ = x in equation (1.4).
Thus, we obtain the following closed system

/v@vffdv:pf(x)/v@v dv = pf (\)E* (vf ® v),

0 pf (x) = =V, - Yi(x), T
0 Y (x) = —La ()Y () + LFx)pf (x) = [Vie - (of OE* (vf @ vf))] (1.8)
xX{ =y,

evy = —a(x;)vy + F(x;) +a(xf)B,.

The above equations (1.8) is in the form of a slow-fast system with slow component
(p5 , x{) and fast component (¥, vy ). So an averaging method is applicable to pass the limit
€ — 017,13, 18, 19, e.g.]. In fact, by the idea of averaging approach [7, Chapter 5], fixing
pf to a probability measure p (see equation (4.1) and Remark 4.1), we have Y5, as € — 0,
converges weakly to (see Lemma 4.1)

Y*P(x) = a M) F(x)p(x) —a ' (x) [V - (p(x)J ()] .

Then we formally derive the limit equation (2.4) by replacing Y by Y*# in the first equation
of (1.8). We call the above an averaging principle on macroscopic scale.

There are a lot of literature about SK approximation in case of variable friction. Freidlin
and Hu [9] considered the SK approximation for (1.1) by regularizing the noise. Freidlin,
Hu and Wentzell [10], also by regularization method, considered the SK approximation with
some degenerating friction. There are also some works on SK approximation of infinite
dimensional system with constant damping [3] and state—dependent damping [5, 6, e.g.] and
some related problem, large deviation e.g. [4].

The rest of this paper is organized as follows. In Sect. 2, we give some preliminaries,
assumptions and the main result. The tightness of {o; } is shown in Sect. 3, then the averaging
procedure is implemented in the last section. It should be clarified that the positive constant
C and C7 may be different from line to line in the proofs.

2 Preliminaries and Main Result

Let (2, F, P) be a complete probability space, and [E denote the expectation with respect to
P. Denote by | - | the norm on R and (-, -) the inner product in space L2(RY).

We make the following assumptions.

(Hp) a(x) : R? — R9%4 jg continuous differentiable function. The smallest eigenvalue
A (x) of %(a +aT) is positive uniformly with respect to x, i.e. for some constant Gy, >0,

A(x) =Gy, > 0. @2.1)
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(H3) F(x) and o (x) are continuous differentiable and Lipschitz functions with Lipschitz
constant Cr and C, respectively, i.e., for x, y € R4,

|F(x) = F(y)| < Crlx — yl, 22
lo(x) —oW] < Colx — yl. (2.3)

(H3) There is a constant C > O such that |0y, o;j(x)] < C,foralll <i, j,k <d,x € RY.

Remark 2.1 Since the global Lipschitz condition implies linear growth, from (2.2), we have
|[F(x)] < Cr(1+ |x|). Here we keep the same notation Cr for simplicity. In the following,
we also use | F(x)] < Crg+/1 + |x|2. A similar bound holds for o (x).

Hottovy et al. [14] assumed that the solutions are tight, that they just needed some conti-
nuity property of F and o, to pass the limit ¢ — 0. Here we pose the Lipschitz assumption
on F and o to show the tightness of the solutions.

Next we present our main result.

Theorem 2.1 Under the assumptions of (H1)—(H3), for every t > 0, pf, the solution to
equation (1.8), converges weakly to p; solving the following equation in weak sense

o (x) ==V - (@' OF@)p(x) + 2 ) (Ve - (0 ()TN, (24
which corresponds to the following stochastic differential equation (SDE)
X =a M) F(x) + S() + o (x)o (x) By . 2.5)

Here

d
Si(x) = Tx]{(a_l(x))ijjjk(x)

and J (x) is the solution of the Lyapunov equation
J@)a' (x) +a(x)J(x) = o(x)o | (x). (2.6)
Furthermore, there is a constant Ct > 0 such that for everyt € (0, T) and Y € Cgo (R%)
lof (X) = pr(0), )| < €CTlIVY ILip, 2.7

where || - ||Lip denotes the Lipschitz norm defined by

I fllzip = Il f llco + sup M

X#£y lx — yl
Remark 2.2 The above convergence rate in (2.7), from the estimate (4.11) in the proof, is

sharp. So an interesting problem is the higher order correction to pf, that is what is the limit
of

1 €
7(:01 - pt)
€

as € — 0. To determine the limit we have to give a more detail estimation than that in
Lemma 4.1. This will be considered in our future work.
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Remark 2.3 The unique solution to equation (2.6) has the following explicit expression [2,
Page 179]

o0 T
J(x) :/ e Mg (x)o T (x)e™® Mgz,
0

In fact the matrix J(x) is the limit, as € — 0, of the covariance of /e v; with freezing
x¢ = x (Lemma 3.3).

Remark 2.4 To see the relationship between (2.4) and (2.5), by Einstein summation notation,
write (2.4) as

hpr(x) = =V - (@ ) F(x)py () + 3, (0t 0, (01 (¥) T j10))
= =V (@ ) F0)pr(x)) + By, (g (B, 000 Tjic + (), Tjx))
= =V (@ ") F ) (x)) + dx, By, 01 (¥ Tjk + pr ()t 0, T )
= =V (@ () F ()i (x)) + By, (Bx, (or (Ve Tjs) — pr(6) Tjady o).

From (2.6), we have
o' @J@ + Il W = oo T @l W] (2.8)
Denote the right hand side of (2.8) by A, and extract the (i, j) element of both sides,
Olﬁcl Jkj + Jikaj_k] = Ajj.

By the symmetry of J(x), we get

1
010 (x) = =V - (o™ ) F ()1 (06)) -y (50, (A pr () = e () T etz

1
= —Ve - (@ '@ F ) (x) + SCx)pr () + Eax,- x; (Aijpr (X)),
which corresponds to SDE (2.5).

To prove Theorem 2.1, we first show the tightness of {x; } in Sect. 3, then for all sequences
of {p¢} there exits a subsequence {p*} converges weakly to {p.} as €, — 0. Then, for the
convergent subsequence p* , we apply the averaging approach (Sect. 4) to the slow-fast
system (1.8) to derive the limit equation.

The following lemma is used to give an explicit representation for the covariance of \/€v¢
with freezing x¢ = x in Lemma 3.3.

Lemma 2.1 [1, Theorem?2]Let I C R be anopenintervalwithty € I, A € C"*", B € C"™*"™",
C e CU,C"™™yand D € C"*". The Lyapunov differential equation

X(t) = AX(t) + X(1)B + C(1), X(t9) = D,
has the unique solution
X (1) = AT peBU=io) 4 /t NI (5)eB 9 ds.
4]

The following lemma is important in the averaging approach in Sect. 4.
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Lemma 2.2 [15,p. 120] Let A = (ajj)1<i, j<a andu = (u;)1<j<aq be d x d matrix and d x 1
vector respectively. Each element of A and u is a function of x = (x1, X2, ..., X4), then

V. (Au) = (V- A)u + tr(A grad u),

ou;

CA) — VLA — d D4 . ;-
3X1>15i,j5d and (V-A); =V -A; =) where A is the j-th

i=1 a)q

where grad u = (

column of A.

3 Tightness of {x€},

To prove the tightness of {x¢}, in space C(0, T’; ]Rd), we need to show the boundedness in
C(0, T; RY) and the Holder continuity of {x¢}.

Lemma 3.1 Under assumptions (Hy) and (Hy), forall T > 0,

E sup |xf|* <Cr, 3.1
0<t<T
andfor0 <t ,th <T,
Elxf, — xf[* < Cl — 1] (3.2)

Proof We intend to write an expression of x{ in a mild formulation. Due to the state depen-
dent friction, this is of some difficulty. For this we first consider the linear part of the
v€-equation (1.4), that is the following equation

R U
Yt = —ga(x; )Vt

Yo =1I4.
Then
d . d _. 1.
E(yt X)) = E)’t X+ X
_ dyz 1. 1.
=% ! dr Yy lxre + ¥ le

1 . _ axf) .. 1 1 .
= Dtawdir ot (2 Lra + lowi)
€ € € €
1 —1 € 1 -1 €\ D
- Eyt F(xz) + Eyt O—(xz )Bt~
Integrating from O to t yields
1 [* 1 [T
st =+ [ Fahds + 2 [ ylewds.,
€Jo € Jo
and
1 /7 1 (7
€ —1 € -1 €
X7 = yrvo+ 2/ yeys Flxg)ds + 2/ Yoy 0(xg)dBs. (3.3)
0 0

Integrating from O to ¢ for equation (3.3) yields
t
xX; = X0 —i—/ Ve vodT
0
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1 t
+f/ f Vrys ]F(xe)dsdr
€ Jo

1 t T _ 3
+g/ f yeyy lo(x$)dBydt £ xo+ Y ().
0 Jo :
i=1

Now define
ze =y F(x5), T 25, (3.4)
then
75 = F(x),
and

1 _
= ——aD)yey; 'F(x6)

1 €
—Ea(xr)z,.
Thus we have [12, Lemma 4.2 of Chpter IV],
ool < [F (e e < | F(x)je e Cralr=),
Similarly,
yeys oGO < lo (e < Cra 9,
and

lyevol < Jvple ¢ Cat.

t
/ yruodt
0
0<t<T

t
1
/ e <Oty
0
2

2 6
< |vo|*——. 35
=< |vo cz (3.5)

Then we derive

2

E sup |11(t)|2:IE sup
0<t<T 0<t<T

2
< |wl*E sup

By Holder inequality and Fubini theorem

1 t T 2
7/‘ / Zfdsdf

E sup |12(t)|2 =E sup

0<t<T 0=<t<T
5—1{5 sup // ||F(xf)||e—*cka<r %sdr
€2 0<t<T
1
= IE sup //||F(xf)||e—z%<H)drds
€2 0<t<T |J0o Js
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E sup

t
f 1P
0<t<T |Jo

CT r 2
1+/ E sup |x¢|%ds ). (3.6)
C}\a 0 0<r<s

By Doob’s maximal inequality, Fubini theorem and Holder inequality, we obtain

1 t T 1 2
g/o / yry, o (x)dBsdt
0
1t rt 2
:EosupT 2/0 / yey; to(x€)dtd By
<t< s
4 T t 2
E‘ / f yeyy o (x$)dTdBy
) / </ o (xg) e ¢Cralr= YM’) ds
€

Cr T 2
< - 1+f E sup [xf|°ds ] . (3.7)
Cka 0 0<r<s

Combining (3.5), (3.6) with (3.7) yields

2 2 €8 Cr ’ 2
E sup [xf|* < C | |xol” + [vol" = + —— 1+[ E sup |xf|°ds ] ).
0

0<t<T C2 C)% 0<r<s
o

IA

E sup |I3(t)|2:IE sup
0<t<T 0<r<T

I A

I/\

Then Gronwall inequality yields
2 Lr
€ C 2
E sup |xfI> < C [ xol® + [wol? =5 + = | e < Cr.
0<t<T G, Ci,

Next,let0 <t <tp <T,

n
Xp, = Xp, :/ yevodT + — / / yoyy VF(x6)dsdt

/ / Yeys o(x )dBsdt

3
A Z J;
i=1

First, Holder inequality yields

1) ) Lo
—E/ YyevodT f e ettt
I3l 1

Further by Holder inequality, Fubini theorem and integral median theorem we have

2
< |vl|’E

2

ElJ;|? <Clth—1 % (3.8)

E|J[?

T
yfys_1 F(xg)dsdt
0

2
1
1 1 15 | 15 %) |
—E‘/ / Yoy F(x_f)dtds—l—/ / yeys F(x5)dtds
0 1 n N

2
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2 n 153 n 5] 2
s—zJE‘ / f yeyT P () drds / / yey P drds
€ 0 1 1 K

2 noro 1 2
~E / / |F(x$)|e™e G T g ds
62 0 151 '

2+2
&2

=<
2 n rn . 5
+7E (/ / |F(x§)|e*gc}w ('L'*S)dtds>
€ 14| s
2 n . ‘ )
= ?]E <‘/0‘ |F(x§)|e_;cka(€—3)|t2 _ [l|ds>
2 153 1 )
+TE </ |F(-x56)|(1 — e‘igc)»u ([2*5))ds>
C)\,u n
2 1 f ]
=< :2|l2 - t1|2E/(.) |F(x§)|2dSE[) L0 E-9) 4
2 o)
+TE/ |F(xO)dslt, — 1]
C)La f L
C%«“ 2 ! €2 _2¢ (E—11) _2¢, £
< ——In—nul (1+E sup [x§]P)ds(e™eCra@) _ o= 2Ck)
GC}W 0 O<u<s
2C (2
+5 (1+E sup |x,i|2)ds|t2_t1|
he VT O<u<s
C 2 _ZCA (E—11) _Zc)\ £ )
§z|l2—t1|(e eCha 4 e 2Caf) 4 Clty — 1]
= C|t2—t1|2. 9

In the last step of (3.9), we have used the fact that f(x) = xe™**,a > 0,x € (0, +00) is
bounded. Similarly, we have

e —1 €
f / yeys o(xg)dBgdt
n 0

e A I
/ / yeys o(xg)dTdBs + f / yeys o (xg)drdBg
0 n n s

2 horho oo
—ZIE/ f yeys o(xg)dtdBs / / yeys o(xg)dtdBs
€ 0 1 t Js

2 2
2 [ B 1 . 2 [~ ) 1 .
= ]E(/ |o(x§)|e_ec’*0t(f_“>dr> ds+—2/ IE(/ |o(x§)|e—écka(f—°>dz> ds
€ 0 n € n N

1 2
E|i% = :Z]E

1 2
= —E
€2

2

IA

2
+5E
€2

IA

2 [h 2 3 2 ) 1 .
< 7/ Elo (x$)[?e™ ¢ a6~y —1y%ds + —/ Elo (x$)[2(1 — e~ ¢ Caa 279))2 g
€2 Jo G2 Jy
o
2C2 gl 2 ‘ 202 (n2
<l -nP [ A+E sup x5y e Nas + =0 [TA+E sup |x5P)ds
€ 0 O<u<s C)\a 1 O<u<s
C 2 2
< —ln -1 eGa G — =ty 4 Clry — 1)
€
<Cliy — 1. (3.10)
Now (3.8)—(3.10) yields (3.2). The proof is complete. m]
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Now by Lemma 3.1 and the Garcia—Rademich—-Rumsey theorem [11], we have the tight-
ness of solutions.

Lemma 3.2 The process {x€)c is tight in space C(0, T, R?) forall T > 0.
Remark 3.1 The above result is assumed by Hottovy et al. [14, Assumption 3].

Next we show the limit of the covariance of /evf as € — 0 with frozen x¢ = x . For this
we consider the following linear equation for x € RY,
ef* = —a(x)vS" + F(x) 4 o (x)B;.
Then we have
Lemma 3.3 Assume (Hy) and (Hy) hold, for x € R4
eEv;”* @ vt = J(x) +€C(x, t),
where |C(x, )| < C(1 + |x|?) and J (x) solves (2.6).

Proof First by the Itd’s formula,

a(x)

d
EE(evf’X ®uvit) = — E(evy™ @ vi™)

€
1
+ F(x) @ Eve* — —E(ev™* @ ve e ' (x)
€

+Evf" ® F(x) + éo(x)oT(x), (3.11)

and

d 1 1
EEU?’X = —goz(x)Evf‘X +_F ). (3.12)

Applying Lemme 2.1 to equation (3.11) and the Duhamel’s principle to equation (3.12)
respectively, yields

E(evy™" @ v;™")

_aw _dlw
=e¢ ¢ 'Bevg @ vg)e” < !

PANES)

t olx . l o
= / et (F(x) ® Evf" + Evf ™ @ F(x) + w(x)aT(x)) e e (s,
0 €

and

a(x)

1 ! ax)
Ev;* =e™ ¢ 'vg + f/. e~ ¢ I F(x)ds
€ Jo

a(x) a(x)
= e_(Ttvo + a_l(x)(l —e  HF(x).

Thus

at)

a(x)
[Bvi™| < le” < "ol + o~ ()T —e™ < HF(x)]

C
<Cc+ LA+
Cy,

= C+xD,
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and then |F (x) ® Evf*| < C(1 + |x|?). Now let T = =2, we have

ol

t alx 1 X
/ e~ T =) <F(x) R Ev;" +Evf™* @ F(x) + fcr(x)ch(x)) e =) g
o €
t

= /E e I (e F(x) @ Bvf™* + eEvS' @ F(x) + a(x)UT(x))e_“T(“‘)TdT
0

t

=Jx) + e/é T (F(x) @ Evf + Evt @ F(x))e™ ®7dr
0

o0 T
—/ e 5 (x)o T (x)e™® DTt
L

€
=Jx)+eC(x,t).
The proof is complete. O
Remark 3.2 Here we point out that an important step is to estimate €E|vf |2 in the work of
Hottovy et al. [14]. However, in our approach we need the estimate of eEv;"* ® vy instead
with fixed x .

4 Averaging Approach

In this section we just consider a convergent subsequence p ™ and for simplicity we still write
it as p€. Let p. be the limit of p€ . Next we determine the equation for p. by an averaging
approach.

Averaging is effective to study the approximation for a slow-fast system [7, 13, 16]. Here
we apply the Khasminskii’s scheme [16] to (1.8). For small €, pf evolves slow, so we can
consider the fast part Y by freezing the slow part p; to be some p € PRY) and fixr =

in E*(vf ® vy). For this we introduce Yf’p 'T(x) the solution of the following equation

Sep. o(x)
3th€’p T(x) = —T

vE T 1 X € €
YOt () + EF(x)ﬂ(x) — Vi (pE* (0§ @ )], (4.1)

with 175 #T(x) = Y. The following lemma shows that the fast part converges uniformly in
T to some vector with frozen slow part as € — 0.

Lemma 4.1 For every fixed t, > 0, under the assumptions (Hy)—(H3), fix pf = p € P(Rd)
with f lx|%0(x)dx and 1Yolll 1 bounded, there is a constant Ct > 0 such that for ¢ €
CPRY,RY), and t > t,

(YO T (x) — YR (x), 9)| < CrellglLip,

where
Y*P(x) = a () F(x)p(x) —a ' () [V - (0(x)J ()]

Proof Applying Duhamel’s principle to equation (4.1) yields

~ alx 1 ! alx
Yf’p’r(x) = 67¥IYO + g/ e*¥(t*‘Y)F(x)p(x)ds
0
1 [ a(x o
- 2/ e IV, - (p()E (vt ® vE))] ds. (4.2)
0
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Multiplying both sides of the equation (4.2) by the test function ¢ yields

- _ew 1 (1) _ew,_
G0 = (o) + [ (e P, p)as

1 ! ax)
- / (e—T(’—“[vx “(p()E (evs @ vi)]T, <ﬂ>ds
0
2N+ L+ s
By Holder inequality,
x) Crg

Wil =™ < Yo, @) < e “IYoll l@lLip < Cell@llLip- (4.3)

Next,
=@ (1= ) Feopo. )
= (@' W F)px), ¢) — (a*(x)e‘@’F(x)p(x), <p>,
by (Hy) and (Hy),

12 — (@ ) F(x)p(x), @)| < CelF)Vp@ 2 lloy/p )l 2 < Creligliiip.  (44)
At last, by Lemma 3.3,

J3

—{o7t 0 (1= ) [V (@B wE @ 01T, 0)

=~ ) (1= ) IV (I ) +eClx o] 9)

= (@' ) (Ve - ()TN T, @) — el@™ ()[Vy - (p()C(x, TN, 9)
+ e e IV, - (p() (T () + €Cx. DN ).

By Gaussian property and the definition of J(x), |V, - (p(x)J(x))| < C(1 + |x|)p(x), then

o~ (e “C1V, - ()TN )] < Cell(1+ xDp 1 1@l Lip < CellgllLip.

and

o

o~ @)e™ IV, - (ep(1)Cx, )] 9)] = €l(tr(p(x)C(x, T)grad(@™ (x)e “ 1))
< Cell(1+ [xHp@ L lelLip

< CellellLip-
Thus
173+ (@ @) (Ve - (p(x) T () T, )]
< el{tr(p(x)C (x, Dgrad(e™ " (x)@)))| + CellgllLip
< Cel(A+ IxPp@ i leliLip
< CrellolLip- (4.5)
By (4.3), (4.4) and (4.5), the proof is complete. ]

Remark 4.1 As we have mentioned in the Introduction, one can derive the limit equation
formally for p; by replacing Y, by Y™ in the first equation of (1.8).

@ Springer



Averaging on Macroscopic Scales... Page 130f17 22

However the slow part pf does evolve, in order to approximate Y; we follow the Khasmin-
skii’s scheme. For this we restrict the system in a small time interval, for example [#¢, x+1]
and freeze the slow part to be ,ofk . We show that (Lemma 4.2) Y is approximated well by I?f
with frozen pf = pfk if the length of time interval [#, tx1] is small. For this we divide the
time interval [0, T']into small intervals of size § > 0,i.e. 0 =1y <t; < ... <t|7/5+1 =T,
tr = k§, k = 0,1,...,|[T/8]. For t € [t,tx+1], we define the auxiliary process
(65 (). ¥ (0))o=i<r satisfying

9 pf(x) = —Vy - Y (x),

A 1 N 1
0 Y () = =~ (¥ () + —F@)pf, () = [Ve - (0, (OE* (0, ® )"
P (x) = pf (x), Y§(x) = Yo.

S€.pp Ik

Remark 4.2 One can see that )A’f =Y, .

Lemma 4.2 Assume (Hy)—(H3) hold, for T > 0 and ¢ € C§° (R, RY),

€ € 3 s
sup (Y (x) =¥, (x), @) = Cr ) + < lellLip -

0<r<T
Proof Let Z; (x) = Yf(x) — f’f (x). For all ¢ € [tg, ty+1], we have
€ 1 € 1 € €
0 Z; (x) = —Ea(X)Z, (x) + EF(X)(’O’ (x) = Py, (X))
T
— Vi (of OE* (f ® vf) — Vi - (pf, (OE*(0f, @ v5)] .
By Duhamel’s principle,
1 t
Zi(x) = - / e~  WIIF () (o (x) — pf, (1))ds
€ tx
t
— / eTF O[T, (o€ (DE (v ® vS) — Vi - (pf, (DE* (v, ® v)]Tds.
173

For ¢ € Cg° (R4, RY), we obtain

(Zf (x), )

1 t
7/ (™2™ F () (€ (x) — pf. (X)), 9)ds
Tk

€

t
1
- / (e e ¥V (pf (OE* (vf ® v) — Vi - (pf, OE* (vf, @ vi)]", @)ds
173

(1>

I+ D

First

|| =

l 4 € . _1 € —
- f [E(ee*0D09 F(x)p(x6)) — Ee™ %) F(x )p(xg))ds
173

IA

1 ! _1 €N(+_ _1 € —
2/ [[E(e™ D0 P + [E(e «*C ™) F(xf )p(xf ) 1ds
173
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I I
< 2/ CF||<P||Lip(1+E|xs|)ds+g/ CrlleliLip(l + Elxy ds .
Ik 173
Then, by Lemma 3.1, we have
)
Ihl = CrgllwllLip. (4.6)

Further by Lemma 2.2,

t
1
h=- f (Vs - (0 (OB (v ® 1) = Vi + (pf, (B (vf, ® )], e~ W)
173

t
/ /4 tr [(Pse (OE* (v5 ® v5) — pg ()E* (v, ® vy ))grad (e_%“T(X)(’_s)w)] dxds .
. JR

Let g(x) = e‘é“T(")(’_”(p(x), by the chain rule,
0

ig(x) — i(eféoﬁ(x)(tfs))(p(x) + e*%aT(x)(tfs) o(x).
ax; 0x; ax;
Then, by assumptions (Hy) and (H3),
d 1
Iafg(X)I < C(=+ DlellLip, 4.7)
Xi €
thus
1
lgrad(g(x))| < C(g + DllellLip- (4.3)

By Lemma 3.3 and (4.8),

‘/Rd tr(ps (x)E* (v§ ® v§)grad(g(x)))dx

1 e
gltr[E(Exf (evg ® v§)grad(g(x))]I

IA

c . . 1
?E[(J(xx) +€C(xy, S))(g + Dllellzip
< Cr(iz + 1)”‘/’”Lip~

€ €

Similarly,
‘ /R (P (DE" (v, ® vf grad (3 (x)))dx| < cr(éi2 + é)llfﬁllup-

Then we have

|| = CT(% + §)||<.0||Lip.

€ €

The proof is complete. m}

Proof of Theorem 2.1. From the first equation of (1.8), for v € C§° (R and ¢ = Vi we
derive

t
{pf (), ¥) = (pr,., ¥) +/ (Y§ (), p)ds
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t
— (o) + / (P57 (x), g)ds
1y

t t
+ / (FE(r) — PE(r), g)ds + / (PE(x) — Y% (x), @) ds
Ly [
£ (p,. V) + Ki + Kz + K3.

First, by the expression of Y*#,

t t
Ki= [ (i eeds > [ (0w, s 4.9)
to 0]
Next, by Lemma 4.2,
8 1)
K2l < Cr (67 + E) lellLip — O, 4.10)
by choosing § = O(e3).
Note that on the time interval [f, 11, (7€) = (7, "* ™}, let 1y € [t3y. tig1],
_ . Lt/8]—1
tl()+| ~€.0f L1 € le+1 N €
K3 = / (¥, lig”0 Y*f/’f,'o ,p)ds + Z / <Y; P>tk _ Y*.,/’tk7 @)ds
b k=io+1 7

t ~e,p,€ th/:SJ € ti0+l , € ;
+ f (7, TRy gyds + f (Y* ot — yReL g)ds
1175 2
[t/8]—1
Tt ot .t t 0 .t
+ > (Y*Pu — Y*P5 g)ds + (Y* P — Y5 g)ds
k=ig+1 7% 11/3)

£ K31 + K32 + K33 + K34 + K35 + K36.
By Lemma 4.1,
|K31 + K32 + K33| < CrellellLip. 4.11)

By the defination of Y** and Lemma 3.1,

fio 41 l/8=1 iy
0 € €2 € €2
|K34 4+ K35 + K36] < Ct I[’Z|)Cti0+1 - xt*l ds + E IEIx,k — x| ds
b k=ig+1

t
2
- [ Elxf,,, — x| ds) lplLip
11/3)

= CrllellLips. (4.12)

By (4.9)—(4.12), passing the limit € — 0 yields

t
(pf (), ¥) = {pr, V) +/ (Y™ (x), p)ds.
Ly
Since ¢ = Vv, it yields

(010 (x), ) = (Y5 (x), Vi) = —(Vy - YP (), ¥),
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which is the weak form of

dpr(x) = —Vy - (@ 'O F ) (x) + & ) (Vs - (0, ()T () T.

The proof is complete. O
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