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Abstract

We derive a macroscopic heat equation for the temperature of a pinned harmonic chain
subject to a periodic force at its right side and in contact with a heat bath at its left side.
The microscopic dynamics in the bulk is given by the Hamiltonian equation of motion
plus a reversal of the velocity of a particle occurring independently for each particle at
exponential times, with rate y. The latter produces a finite heat conductivity. Starting with
an initial probability distribution for a chain of n particles we compute the current and the
local temperature given by the expected value of the local energy. Scaling space and time
diffusively yields, in the n — 400 limit, the heat equation for the macroscopic temperature
profile T (t,u), t > 0,u € [0, 1]. Itis to be solved for initial conditions 7 (0, u) and specified
T (t,0) = T_, the temperature of the left heat reservoir and a fixed heat flux J, entering the
system at u = 1. |J| equals the work done by the periodic force which is computed explicitly
for each n.
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1 Introduction

The emergence of the heat equation from a microscopic dynamics after a diffusive rescal-
ing of space and time is a challenging mathematical problem in non-equilibrium statistical
mechanics [6]. Here we study this problem in the context of conversion of work into heat
in a simple model: a pinned harmonic chain. The system is in contact at its left end with
a thermal reservoir at temperature 7_ which acts on the leftmost particle via a Langevin
force (Ornstein—Uhlenbeck process). The rightmost particle is acted on by a deterministic
periodic force which does work on the system. The work pumps energy into the system with
the energy then flowing into the reservoir in the form of heat.

To describe this flow we need to know the heat conductivity of the system. As it is well
known, the harmonic crystal has an infinite heat conductivity [19]. To model realistic systems
with finite heat conductivity we add to the harmonic dynamics a random velocity reversal. It
models in a simple way the various dissipative mechanisms in real systems and produces a
finite conductivity (cf. [1, 5]).

In paper [14], which is the first part of the present work, we studied this system in the limit
t — 00, see Sect. 2.1 for rigorous statements of the main results obtained there. In this limit
the probability distribution of the phase space configurations is periodic with the period of
the external force, see Theorem 2.1 below. We also showed that with a proper scaling of the
force and period the averaged temperature profile satisfies the stationary heat equation with
an explicitly given heat current. In the present paper we study the time dependent evolution
of the system, on the diffusive time scale, starting with some specified initial distribution.
We derive a heat equation for the temperature profile of the system.

The periodic forcing generates a Neumann type boundary condition for the macroscopic
heat equation, so that the gradient of the temperature at the boundary must satisfy Fourier
law with the boundary energy current generated by the work of the periodic forcing (see
(2.35) below). On the left side the boundary condition is given by the assigned value 7_, the
temperature of the heat bath. As t — oo the profile converges to the macroscopic profile
obtained in [14].

The energy diffusion in the harmonic chain on a finite lattice, with energy conserving noise
and Langevin heat bath at different temperatures at the boundaries, have been previously
considered [2—4, 13, 18]. But complete mathematical results, describing the time evolution
of the macroscopic temperature profile, have been obtained only for unpinned chains [4, 13].

This article gives the first proof of the heat equation for the pinned chain in a finite
interval, and the method can be applied with different boundary conditions (see Remark
2.12). Investigation about energy transport in anharmonic chain under periodic forcing can
be foundin [10, 11], and very recently in [20]. In the review article [16] we considered various
extensions of the present results to unpinned, multidimensional and anharmonic dynamics.

1.1 Structure of the Article

We start Sect. 2 with the precise description of the dynamics of the oscillator chain. Then, as
already mentioned, in Sect.2.1 we give an account of results obtained in [14]. In Sect.2.2
we formulate our two main theorems: Theorem 2.5 about the limit current generated at the
boundary by a periodic force, and Theorem 2.10 about the convergence of the energy profile
to the solution of the heat equation with mixed boundary conditions.
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In Sect.3 we obtain a uniform bound on the total energy at any macroscopic time by an
entropy argument. As a corollary (cf. Corollary 3.3) we obtain a uniform bound on the time
integrated energy current, with respect to the size of the system.

Section 4 contains the proof of the equipartition of energy: Proposition 4.1 shows that the
limit profiles of the kinetic and potential energy are equal. Furthermore, we show there the
Sfluctuation-dissipation relation ((4.5)). It gives an exact decomposition of the energy currents
into a dissipative term (given by a gradient of a local function) and a fluctuation term (given
by the generator of the dynamics applied to a local function).

The fluctuation-dissipation relation (4.5) and equipartition of energy (4.1) are two of
the ingredients for the proof of the main Theorem 2.10. The third component is a local
equilibrium result for the limit covariance of the positions integrated in time. It is formulated
in Proposition 5.1, for the covariances in the bulk, and in Proposition 5.2, for the boundaries.
The local equilibrium property allows to identify correctly the thermal diffusivity in the proof
of Theorem 2.10, see Sect. 5.

The technical part of the argument is presented in the appendices: the proof of the local
equilibrium is given in Appendix D, after the analysis of the time evolution of the matrix for
the time integrated covariances of positions and momenta, carried out in Appendix C. Both
in Appendix C and Appendix D we use results proven in [14], when possible. Appendix B
contains the proof of the current asymptotics (Theorem 2.5), that involves only the dynamics
of the averages of the configurations. Appendix E contains the proof of the uniqueness
of measured valued solutions of the Dirichlet-Neumann initial-boundary problem for the
heat equation, satisfied by the limiting energy profile. Finally, in Appendix F we present an
argument for the relative entropy inequality stated in Proposition 3.1.

2 Description of the Model

We consider a pinned chain of 7+ 1-harmonic oscillators in contact on the left with a Langevin
heat bath at temperature 7_, and with a periodic force acting on the last particle on the right.
The configuration of particle positions and momenta are specified by

(@ P) = (90 -+ dns POs -+ Pu) € Ry 1= R"TT 5 R™L .1
We should think of the positions ¢, as relative displacement from a point, say x in a finite
lattice {0, 1, ..., n}. The total energy of the chain is given by the Hamiltonian: H,(q, p) :=
ZZ=0 &:(q, p), where the energy of particle x is defined by
2 2.2
py 1 o
Ec(@p) = 55+ 5(gx — e+ =5, x=0,....m, 2.2)
2 2 2
where wg > 0 is the pinning strenght. We adopt the convention that g_1 := qpo.

Fn(t)
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The microscopic dynamics of the process {(q(¢), p(t))};>0 describing the total chain is
given in the bulk by

‘ix(t):px(t)’ XG{O,...,I’Z},
dpy(t) = (Agx (1) — @3gx () dt —2p(t—)dNx(y1), x € {1,....n— 1)

and at the boundaries by

(2.3)

dpo() = (41(1) = qo(®) — wao(®) )dr — 2y po(1)dt + /Ay T_dii_ (1),
apa(®) = (Gu-1(0) = a0 = (0 )dr + Fudt = 2pu(t=-)ANa (D). @)

Here A is the Neumann discrete laplacian, corresponding to the choice g,+1 := ¢, and
4—1 = qo, see (A.1) below. Processes {N,(t),x = 1,...,n} are independent Poisson of
intensity 1, while w_(¢) is a standard one dimensional Wiener process, independent of the
Poisson processes. Parameter y > 0 regulates the intensity of the random perturbations and
the Langevin thermostat. We have choosen the same parameter in order to simplify notations,
it does not affect the results concerning the macroscopic properties of the dynamics.

We assume that the forcing F;, (¢) is given by

1 t

where F(¢) is a 1-periodic function such that

1 1
/ F(t)dr =0, / F)*dt >0 and Y |F(0)] < +oo. (2.6)
0 0 teL
Here .
F) = / e E(dr, e Z, (2.7)
0
are the Fourier coefficients of the force. Note that by (2.6) we have F ) =0.
For a given function f : {0, ..., n} — R define the Neumann laplacian
Afe = frg1+ fic1 —2f, x=0,...,n, 2.8)

with the convention f_; := fp and f,+1 := f,. The generator of the dynamics can be then
written as

G =A+ ')/Sﬂip +2yS, (2.9
where
n n
A= pedg, + Y (Agy — 03qx)dp, + Fu(0)dp, (2.10)
x=0 x=0
and
n
SwpF@p =) (F@.p) - F@p), @.11)
x=1

Here F : R2"*D _ R isabounded and measurable function, p* is the velocity configuration
with sign flipped at the x component, i.e. p* = (py., ..., pp), With pj = p,, y # x and
px = — Py Furthermore,
2
S_=T_0%, — podpy. (2.12)
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The microscopic energy currents are given by

Gt&x(t) = jx—1.x(t) — jxx+1(0), (2.13)
with &, (1) := &:(q(t), p(1)) and

Jear1(®) = —=peO)(qey1(t) —gx(®), if x€{0,....,n—1}

and at the boundaries

Jo100) =2y (T- = pg () junr1() i= =Fp (@) pa(t). (2.14)

2.1 Summary of Results Concerning Periodic Stationary State

The present section is devoted to presentation of the results of [14] (some additional facts
are contained in [15]). They concern the case when the chain is in its (periodic) stationary
state. More precisely, we say that the family of probability measures {i/,# € [0, +00)}
constitutes a periodic stationary state for the chain described by (2.3) and (2.4) if it is a
solution of the forward equation: for any function F in the domain of G;:

5, / F(q. put (dq. dp) = / (G F(q. p)u” (dg, dp), 2.15)

such that /Lf_w = M,P~
Given a measurable function F : R2"*+D _ R we denote

1 2
(F)) = 5/ dl/ F(q, p)i/ (dg, dp), (2.16)
0 ]RZ(nJrl)

provided that | F'(q, p)| is integrable w.r.t. the respective product measure.
It has been shown, see [14, Theorem 1.1, Proposition A.1] and also [15, Theorem A.2],
that there exists a unique periodic, stationary state.

Theorem 2.1 For a fixed n > 1 there exists a unique periodic stationary state {,uf, s €
[0, +00)} for the system (2.3)—(2.4). The measures Mf are absolutely continuous with respect
to the Lebesgue measure dqdp and the respective densities ,uf (dq,dp) = fSP (q, p)dqdp
are strictly positive. The time averages of all the second moments {{px py)), ({pxqy)) and
{{gxqy)) are finite and min, ((p)zc)) > T_. Furthermore, given an arbitrary initial probability
distribution 1 on RZ"D and (u,) the solution of (2.15) such that po = u, we have

lim_ ||z, — ] [lrv = 0. (2.17)
t—+00

Here || - ||Tv denotes the total variation norm.

In the periodic stationary state the time averaged energy current J,, = ((jx x+1)) is constant
forx = —1, ..., n. In particular

1 o SN\ _
J":_ﬁG/O ]—"(5) 7, (s)ds, (2.18)

where p,(s) = fR2<"+1> Dx uf (dq, dp). It turns out that the stationary current is of size
O(1/n) as can be seen from the following.
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Theorem 2.2 (see Tl}\eorem 3.1 of [14]) Suppose that F () satisfies (2.6) and, in addition, we
also have Yoy, 2| F(£))? < +o00. Then,

lim nJ, =J = 2\’ 2o 2.19
Jim ngy=1=— (22 ZZ% @), (2.19)
€

with Q(£) given by,

1 272 27!
_ ~ 2 2 (T2 .2 (T2 2 2l 4)/7T£
Q) =4y |F (1)) fo cos <7> H:4sm (7) + wj — (T) } + (T) } dz.

(2.20)
In the more general case when the forcing Fn(t) is 0,-periodic, with the period 6, = n®6

and the amplitude n®, i.e. F,(t) = n*F (é) , and

b—a=§, a<0 and b>0 (2.21)

the convergence in (2.19) still holds. However, then
~ ! -2
Q) = 4y|;r(z)|2/ cos? (ﬂ) [4 sin2 (E) + w(%] dz, whenb>0. (2.22)
0 2 2

Concerning the convergence of the energy profile we have shown the following, see [14,
Theorem 3.4].

Theorem 2.3 Under the assumptions of Theorem 2.2 we have

1 X 1 X !
nlﬂ‘éong‘/’(wrl)“P?”:nlinéon;"’(nH)“5*”:/0 ()T ()du,

(2.23)
with
4y Ju
Tw)=T-— D € [0, 1], (2.24)
forany ¢ € C[0, 1]. Here J is given by (2.19) and
2
D=1- w%)(GwO 0) + Gw0(1)> - (2.25)

24 wf+ wo\/m ’
where G, (£) is the Green function defined in (A.2).

Concerning the time variance of the average kinetic energy we have shown the following.
Theorem 2.4 (Theorem 9.1, [14]) Suppose that the forcing F,(-) is given by (2.5), where

F(-) satisfies the hypotheses made in Theorem 2.2. Then, there exists a constant C > 0 such
that

n 0
1 — 2 C
25/ (P20~ (p20) dr< . n=1,2,.. (2.26)
0 n
x=0
Here p2(1) = [gows p2uef (dg, dp).
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2.2 Statements of the Main Results
2.2.1 Macroscopic Energy Current Due to Work

The first results concerns the work done by the forcing in a diffusive limit, i.e.

2

1 n°t 1 n2t
In(t, ) = — Ey (jnnt1(5, (), p(s))) ds = —= Fu($)Ey (pa(s)) ds,
n.Jo n.Jjo

(2.27)
where [E;, denotes the expectation of the process with the initial configuration (q, p) dis-
tributed according to a probability measure . We shall write J,, (¢, q, p) if for a deterministic
initial configuration (q, p), i.e. 4 = 8q,p, the §-measure that gives probability 1 to such con-
figuration.

Assume furthermore that (u,) is a sequence of initial distributions, with each p,, proba-
bility measure on R"! x R"*!, We suppose that there exist C > 0 and 6 € [0, 2) for which
for any integer n > 1

Ha (@, D,) < Cn°. (2.28)

Here (q,,, p,,) is the vector of the averages of the configuration with respect to u,. We are
interested essentially in the case § = 1, but Theorem 2.5 is valid also for any § < 2. In
Proposition B.1 we prove that, in the diffusive time scaling, the energy due to the averages
(2.28) becomes negligible at any time ¢ > 0.

In Section B.2 of the Appendix we prove the following.

Theorem 2.5 Under the assumptions listed above, we have

lim sup |J,(t, uy) — Jt| =0, (2.29)

n——+00 >0
where J is given by (2.19).

Remark 2.6 The asymptotic current J is the same as in the stationary state (cf. [14]) and it
does not depend on the initial configuration.

Remark 2.7 Analogously to the stationary case, rescaling the period 6 with n and the strenght
of the force in such a way that

Falt) = n“]—"(%), b—a=12. a<0 and b>0, (230)
n’e 2

Theorem 2.5 still holds, but with a different value of the current. Namely, J is given by

(2.19) with Q(¢) defined by (2.22). Formula (2.22) corresponds to (2.20) with the value

0 = oco. If b — a # 1/2 the macrosopic current nJ, is not of order O (1), which leads to

an anomalous behavior of the heat conductivity of the chain (it vanishes, if b —a > 1/2,

becomes unbounded, if b —a < 1/2. The assumption a < 0 guarantees that the force acting

on the system does not become infinite, as n — +00.

Remark 2.8 Using contour integration it is possible to calculate the quantities appearing in
(2.20) and (2.22), see [15, Appendix D]. In the case of (2.20) we obtain

_OF@P 2 1
QO =— m ({A(wo,z)dwmw - 2’
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-1

Mwo, €) 4
et it )l )

o (2me\* | [4yme
AMwg, ) == wy — - +i 7 .

Furthermore, in the case of (2.22) we have

with

W FOPE+ o))
(0 + 40+ 8)32

w0

2.2.2 Macroscopic Energy Profile

Letvr_(dq, dp) be defined as the product Gaussian measure on €2, (see (2.1)) of zero average
and variance 7_ > 0 given by

1 n
vr(dq, dp) := — [ ] exp{~£x(q, p)/T-} dqdp, 231)
x=0

where Z is the normalizing constant. Let f(q, p) be a probability density with respect to
vr_. We denote the relative entropy

H,(f) = /Q F(@ ) log (g, p)dvr. (q. p). (232)

We assume now that the initial distribution pu, has density f, (0, q, p), with respect to vr_,
such that there exists a constant C > 0 for which

H,(f,0)<Cn, n=12,.... (2.33)

For example, it can be verified that local Gibbs measures of the form

&x(q,p)
dqdp,
T qdp

x,n

fu(@, p)dvr_(q,p) = [ Jexp {— (2.34)

x=0

with inf, , Ty , > O satisfy (2.33). At this point we only remark that, due to the entropy
inequality (see the proof of Corollary 3.2 below), assumption (2.33) implies

n>1

1 n
supE,,, |:n+1 ng(o):| < +o0.
x=0

Furthermore, since the Hamiltonian (-, -) is a convex function, by the Jensen inequality

1 R
sup ——H .Py) <supE,, | — Hn(q, < 400,
P 2 (@ Py) Sup Ey [HH); 2 (g p)}

80 (2.28) is satisfied with § = 1.
Denote by M, ([0, 1]), resp M4 ([0, 1]) the space of bounded variation, Borel, resp.
positive, measures on the interval [0, 1] endowed with the weak topology. Before formulating
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the main result we introduce the notion of a measured valued solution of the following initial-
boundary value problem

D
T = 4—33T, ue(0,1),
14 (2.35)

T@,0)=T_, 8,T(1)= —%J, (0, du) = To(du).

Here J and D are defined by (2.19) and (2.25), respectively and Tp € Mg, ([0, 1]).
Definition 2.9 We say that a function 7T : [0, +00) — M5, ([0, 1]) is a weak (measured val-

ued) solution of (2.35) if: it belongs to C([O, +00); Mgn ([0, 1])) and for any ¢ € C2[0, 1]
such that ¢(0) = ¢’(1) = 0 we have

1 1
/ w(u)T(t,du)—f o) To(du) = /ds/ @" ()T (s, du)
0 0 (2.36)

+ 20 - (),
14

The proof of the uniqueness of the solution of (2.36) is quite routine. For completeness
sake we present it in Appendix E.

Theorem 2.10 Suppose that the initial configurations () satisfy (2.33). Assume further-
more that there exists Ty € M4 ([0, 1]) such that

1
lim B, [ +1Z""< )&«»} [ ewmnao. e

Sfor any function ¢ € CI0, 1] - the space of continuous functions on [0, 1]. Here E(t) =
Ex(q(t), p(t)). Then,

- X 5 1
D¢ (m) Ey, (E:(nD) =/0 @)T (1, du). (2.38)

lim
n—oon 4+ 1
x=0

Here T(t, du) is the unique weak solution of (2.35), with the initial data given by measure
Tp in (2.37).

Remark 2.11 The initial energy £, (0) can be represented as the sum Sfrh +& ;““h of the thermal
energy

e = L% + (@) - a_ ) + B(@))?]

[\

and the mechanical energy

et = LB+ @, — T, + 3T,
Here ¢, = g« — q, and p, = py — p,, with p, := [, pssta(dq,dp) and g, :=
Jo, dxin(dg, dp).

If SJ'C“eCh # 0 and satisfies (2.28), with § = 1, then the initial measure Ty(du) is the
macroscopic distribution of the total energy and not of the temperature, where the latter
is understood as the thermal energy. Nevertheless, as a consequence of Proposition B.1, at
any macroscopic positive time the entire mechanical energy is transformed immediately into
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the thermal energy, so that T (¢, du) for t > 0 can be seen as the macroscopic temperature
distribution. The situation is different for the unpinned dynamics (wp = 0) where the transfer
of mechanical energy to thermal energy happens slowly at macroscopic times (see [13]).

Remark 2.12 Concerning Theorem 2.10, a similar proof will work in the case where two
Langevin heat baths at two temperatures, 7_ and 7, are placed at the boundaries, in the
absence of the periodic forcing. In this case the macroscopic equation will be the same but
with boundary conditions 7(¢,0) = T_ and T (¢, 1) = T5.

Also, in the absence of any heat bath, we could apply two periodic forces f,(,o) (t) and
.7-",(11) () respectively at the left and right boundary. They will generate two incoming energy
current, J© > 0 on the left and /(" < 0 on the right, given by the corresponding formula

)
(2.19), and we will have the same equation but with boundary conditions 9, 7' (¢, 0) = — 4y I‘;
)
ando,T(t,1) = — %. Of course in this case the total energy increases in time and periodic

stationary states do not exist.

In the case where both a heat bath and a periodic force are present on the same side, say
on the right endpoint, then the macroscopic boundary condition arising is 7(¢, 1) = Ty,
i.e. the periodic forcing is ineffective on the macroscopic level, and all the energy generated
by its work will flow into the heat bath. It would be interesting to investigate what happens
when the amplitude of the forcing is larger than considered here (—1/2 < a < 0in (2.30)).
However, it is not yet clear to us what occurs in this case.

Remark 2.13 If the initial data Ty is C' smooth and satisfies the boundary condition in
(2.35), then the initial-boundary value problem (2.35) has a unique strong solution 7 (¢, u)
that belongs to the intersection of the spaces C ([0, +00) x [0, 1]) and C!+?((0, +00) x (0, 1))
- the space of functions continuously differentiable once in the first and twice in the second
variable, see e.g. [8, Corollary 5.3.2, p.147]. This solution coincides then with the unique
weak solution in the sense of Definition 2.9.

Remark 2.14 In the proof of Theorem 2.10 we need to show a result about the equipartition
of energy (cf. Proposition 4.1). As a consequence the limit profile of the energy equals the
limit profile of the temperature, i.e. we have

n +o0

+00 1
im Z/ olr, & (pz(nzt))dt=/ dt/ o(t, )Tz, du)
n—oon 4+ 1 0 n+1 Hn APx 0 0 ’ ' '

x=0
(2.39)

for any compactly supported test function.

3 Entropy, Energy and Currents Bounds

We first prove that the initial entropy bound (2.33) holds for all times.

Proposition 3.1 Suppose that the law of the initial configuration admits the density
fn(0, q, p) w.rt. the Gibbs measure vr_ that satisfies (2.33). Then, for any t > 0 there
exists fn(t,q, p) - the density of the law of the configuration (q(t), p(t)). In addition, for
any t there exists a constant C independent of n such that

sup H, (f,(n*s)) < Cn, (3.1)
s€[0,t]
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Proof For simplicity sake, we present here a proof under an additional assumption that
fa(t,q, p) is a smooth function such that u,(dq, dp) = f, (¢, q, p)dqdp is the solution of
the forward equation (2.15). The general case is treated in Appendix F. Using (2.9) for the
generator G; we conclude that

n%t
H, (fu(n*1)) — Hy (f,(0)) = / dS/ Su($)Gslog fu(s)dvr— =1, +1I,,
0 Qn

with
2

n<t
bimy [ ds [ £ (St +25) tog fu vy

n’t
II, .= / ds Jn(s) A log f,(s)dvr—.
0 Qn

We have that I, < 0 because Sgjp and S_ are symmetric negative operators with respect to
the measure vy_.

The only positive contribution comes from the second term where the boundary work
defined by (2.27) appears:

nzt
Pn n
1T, :/ dS]:n(S)/ — fu()dvr— = —— Ju (¢, pno),
0 Q, T- T
where dug := f,(0)dvr_. Therefore
n
H, (f2(120) < Ha(f(0) = = Jn(t, o).

The conclusion of the proposition then follows from a direct application of (2.33) and The-
orem 2.5. O

To abbreviate the notation we shall omit the index by the expectation sign, indicating the
initial condition.

Corollary 3.2 (Energy bound) For any t, > 0 we have

1 < )
sup supE | —— Ex(n’t) | = E(ty) < +00. (3.2)
re[0.11n>1 |:” +1 xz:(:) ' :

Proof Tt follows from the entropy inequality, see e.g. [9, p. 338], that for @ > 0 small enough
we can find C, > 0 such that

E [Z & (nzt):| < é(Can +H,(1), >0 3.3)
x=0

[}
From Theorem 2.5 and Corollary 3.2 we immediately conclude the following.

Corollary 3.3 (Current size) For any t, > O there exists C > 0 such that

t
c
/}E[jx,l,x(n%)]ds <=, n=1,2,.... (3.4)
0

n

sup
x=0,...,n+1,1€[0,1,]
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In particular, for any t > QO there exists C > 0 such that

1
Cc
./ [E[p3 )] - 7-Jas| < =, (3.5)
0 n
Proof By the local conservation of energy
o d 2 ; 2 : 2
n 72 B 020 = B[ i1 07 = a1 (070 . (3.6)

Therefore

t t n
/ Ejy—1.+(n%s)ds = / Ejuns1(%9)ds + 172 Y (ELE, (0] — EIE,O)]), (37)
0 0

y=x

and bound (3.4) follows directly from estimates (2.29) and (3.2). Estimate (3.5) is a conse-
quence of the definition of j_; o (see (2.14)) and (3.4). ]

4 Equipartition of Energy and Fluctuation-Dissipation Relations
4.1 Equipartition of the Energy

In the present section we show the equipartition property of the energy.

Proposition 4.1 Suppose that ¢ € C'[0, 1] is such that supp ¢ C (0, 1). Then,

: 1 . i ! 2,2 2 202 22,2
nEToonH;)*”(nH)/o E| p2(4%5) ~ (0 (0%5) -1 (n9)) ~ gl (n%s) |ds = 0.
4.1)

Proof After a simple calculation we obtain the following fluctuation-dissipation relation: for
x=1,...,n—1,

P2 —&fqt — (qr — qx—1)* = V* [ax(@x+1 — 9] + G (qxpx +v42) 4.2)

where the discrete gradient V and its adjoint V* are defined in (A.1) below.
Therefore,

t
/ E[ p2(n%5) — a3 0r%5) = (g (n%s) = g (%)) [ds
0 t
=V /0 E [gx(0*5)(qx4+1(n*s) — qx(n*s5))] ds

+n2E[q 20 pa (70 + 27 g2’ | = n7E[qx 0 (0) +272O)]. 43)

After summing up against the test function ¢ (that has compact support strictly contained in
(0, 1)) and using the energy bound (3.2) we conclude (4.1). ]
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4.2 Fluctuation-Dissipation Relation

In analogy to [14, Section 5.1] define

1 1
fix 32@(‘1x+1 = 4) (P + Py + 7 @r —q)?, x=0,....,n—1,

4.4
Se=pr+ @1 — 42) (@x — qe1) — gz, x=0,....n,
with the convention that g_1 = qo, ¢, = gn+1.- Then
. 1 6xA,n—l
Jx,x+1 :_7V{§x+gtfx_ an([)(qn_anl)7 x=0,...,n—1. (45)

4y 4y

5 Local Equilibrium and the Proof of Theorem 2.10

The fundamental ingredients in the proof of Theorem 2.10 are the identification of the work
done at the boundary given by Theorem 2.5, the equipartition and the fluctuation-dissipation
relation contained in Theorem 4, and the following local equilibrium results. In the bulk we
have the following:

Proposition 5.1 Suppose that ¢ € C[0, 1] is such that supp ¢ C (0, 1). Then

l n

. X ! 2 2 20,2 _
Jim ;)w (H 1)/0 E[qx (1%5)qx1¢(n%s) — Gy () p2(n*s)]ds =0, (5.1)

for £ =0,1,2. Here G, ({) is the Green’s function of —Ayz + w(z), where Ay is the lattice
laplacian, see (A.2).

At the left boundary the situation is a bit different, due to the fact that g9 = g—1, and we
have

Proposition 5.2 We have

t
im E[g(n%s) — (Guy (1) + Gy (0)) p§(n*s)]ds = 0. (5.2)
- 0
The proofs of Propositions 5.1 and 5.2 require the analysis of the evolution of the covari-
ance matrix of the position and momenta vector and will be done in Appendix D. As a
consequence, recalling definition (4.4), the bound (3.5) and the identity 2G4, (1) — G, (0) —
Gy (2) = —a)g G 4, (1) we have the following corollary

Corollary 5.3 Foranyt > 0 and ¢ € C[0, 1] such that supp ¢ C (0, 1) we have

- X !
li E[F.(n’s) — Dp*(n® = :
n;rfwanw(nH)/o 5.2 = DpX2o)]ds =0 (53)

and
t

lim {E[So(nzs)] _ DT,]ds —0. (5.4)

n—+00 0

Here D is defined in (2.25).
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5.1 Proof of Theorem 2.10

Consider the subset M g, ([0, 1]) of M ([0, 1]) (the space of all positive, finite Borel
measures on [0, 1]) consisting of measures with total mass less than or equal to E,. It is
compact in the topology of weak convergence of measures. In addition, the topology is
metrizable when restricted to this set.

For any r € [0, t,] and ¢ € C[0, 1] define

1 " X
Ent, p) = m;wﬂ[&(ﬂzﬂ], Yy =9 (n T 1> (5.5

for any ¢ € CJO0, 1]. Since flips of the momenta do not affect the energies £, we have
&, € C ([0, 1], M4([0, 1])). Here C ([0, ], M4 g, ([0, l])) is endowed with the topology
of the uniform convergence. As a consequence of Corollary 3.2 for any #,, > 0 the total energy
is bounded by E, = E(t,) (see (3.2)) and we have that &, € C ([0, ], My E, ([0, 1])).

5.2 Compactness

Since M g, ([0, 1]) is compact, in order to show that (&,) is compact, we only need to
control modulus of continuity in time of &, (¢, ¢) for any ¢ € Cc'[0, 17, see e.g. [12, p. 234].
This will be consequence of the following Proposition.

Proposition 5.4

limlimsup  sup  |&(t,9) — &i(s, @) =0 (5.6)

80 n—00 0<Ks, 1<ty |t—5|<8

The proof of Proposition 5.4 is postponed untill Sect. 5.4, we first use it to proceed with the
limit identification argument.

5.3 Limit Identification

Consider a smooth test function ¢ € C2[0, 1] such that

9(0) =¢'(1) =0. (5.7
In what follows we use the following notation. For a given function ¢ : [0, 1] — R and
n = 1,2,... we define discrete approximations of the function itself and of its gradient,

respectively by

0 = 0GE), (Vag) i= (1 + D(CE) —9(E), forx € {0,....n).  (5.8)

We use the convention w(—ﬁ) = ¢(0). Let 0 < t, < 400 be fixed. In what follows we
show that, for any ¢ € [0, #,]
¢ (0)DT_t D (!
En(t, ) = £4(0,9) = ————— = Jro(1) + — | &(s,¢")ds +op. (5.9
4y 4y Jo

Here, and in what follows o, denotes a quantity satisfying lim,_ o0 0, = 0. Thus any
limiting point of (Sn (t)) has to be the unique weak solution of (2.36) and this obviously
proves the conclusion of Theorem 2.10.

@ Springer



Heat Flow in a Periodically Forced, Thermostatted Chain Il Page 150f33 87

By an approximation argument we can restrict ourselves to the case when supp ¢” C (0, 1).
Then as in (5.14) we have

n2 n—1
En(t, @) — 6,00, 9) = . Z((Perl (Px)/ [jxxt1(2°T)] dr
(5.10)
n2 t )
- n+ 1¢n[) IE[jn,rHrl(n 7:)] dr

By Theorem 2.5 the last term converges to —@(1)J¢. On the other hand from (4.5) we have

2 n-—l1 ¢ 3

n .
P ;J(m - gax)/o E[jrxr1n®n)]de =) 1, ;. (5.11)

j=1

where

2n—1
Lng = —— <n+1) waf V. (n%s)]ds,
1 2n—1 5
I = <m) ;vnwxE[fx<n n-1O].

1 n o \? !
L3 := _@ <n i 1) Vaon—1 [) ]:n(nzs)E[qn(nzs) - Qn—l(nzs)]ds

It is easy to see from Corollary 3.2 that I, » = 0, (¢). Here the symbol 0, (¢) stands for a
quantity that satisfies

lim  sup [0,(s)| = O. (5.12)

n—+00 s€[0,,]

Using the fact that ¢’(1) = 0 and the estimate (B.15) respectively we conclude also that
I,,3 = 0, (). Thanks to Corollary 3.2 and (5.7) we have

3
L= 21(11 +0,(t), where
Jj=1

1 “ x !

M % 2
= E Ef 3« ds,
T 4y + 1) x:O(p (n—}-l)/o [3xm )]s

2 t
@._ 1 (n S(n—1 / 2 .
In,l = 4y <n+ 1) ¢ <n+ 1) 0 E[ Sn(n S)]ds = on (1),
1, !
I’(:)l = @q) (0)/(; ]E[ Sg(nzs)]ds.

Since supp ¢” C (0, 1), by Corollary 5.3 and the equipartition property (Proposition 4.1)
for a fixed r € [0, t,] we have

D - x !

(1) 1" 2,2 —

' = —— E E[ ]d + t
T 4y (4 1) x=0(p <n+1>/0 px(n7s) |ds +0n (1)

n

— D 4 X ! 2
B m;“’ <n+1)f0 E[ &:(n%s) |ds + on. (5.13)
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Concluding, we have obtained

lim 1@ = #OPT1
n—>+too M1 7 4y ’

Thus (5.9) follows. ]

5.4 Proof of Proposition 5.4

From the calculation made in (5.10)—(5.13) we conclude that for any function ¢ € Cc2[0, 1]
satisfying (5.7) we have

¢ (0)DT_
4y

D n . x t - - B
+m§)(p (n+1)/s E[ pi(n r)]d”ron(t)Jron(s)

forany 0 < s < t < 1, and (5.6) follows immediately. A density argument completes the
proof.

Ent, @) —&n(s, @) = (t=s)=Jo)(z =)

(5.14)
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Appendix A: The Discrete Laplacian
A.1: Discrete Gradient and Laplacian

Recall that the lattice gradient, its adjoint and laplacian of any f : Z — R are defined as
V= fx+1 = [ V*fx = fro1— Jfx (A1)

and Az fy = =V*V fx = fes1 + fr=1 — 2fx, X € Z, respectively.
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Suppose that wg > 0. Consider the Green’s function of —Az + wé, where Az is the
laplacian on the integer lattice Z. It is given by, see e.g. [17, (27)],

1
Gup(®) = (~Az +}) " (x) =/ {4sin2(ru) + w3}~ cos2rux)du
0

—lx]
1 wé a)(z)
= —— 1+ = 4wn/1+— , X€Z. (A2)
wo,/a)g+4 2 4

A.2: Discrete Neumann Laplacian —A

Letdjand ¢, j =0, ..., n be the respective eigenvalues and eigenfunctions for the discrete
Neumann laplacian —A defined in (2.8). They are given by

j 2—80;\"? i(2x + 1
Aj:4sin2(m), wj(x):( O’J> cos(ﬂ](x—’—)), x,j=0,...,n.

2(n+1) n+1 2(m+1)
(A.3)
The eigenvalues of wg — A are given by
2 2 .2 Tj .
nj=wy+A; =wy+4sin <m> j=0,...,n. (A4)

Appendix B: The Dynamics of the Means

Let 4 be a Borel probability measure on R2®+1) and let (q, p) be the vector of the u-
q()
p()
and momenta by g, (t) = Eq p(gx(¢)) and p, (1) = Eq,p(px(t)). Let €3(,11) be the 2(n + 1)
vector defined by €2(4+1),j = 82(n+1),j- Then, performing the averages in (2.3) and (2.4), we
conclude the evolution equation for the averages. Its solution is given by

averages of initial data. In the following we denote by ( ) the vector means of positions

aw) a4 / —Al—s)
= =e — |+ Fn(s)e e ds. B.1
<p(t)> <p> ; n (5) 2(n+1) B.1)
Here A is a 2 x 2 block matrix made of (n 4+ 1) x (n + 1) matrices of the form
0 —Id, 11
A= , B.2
<—A + w§ldys1 2y1d, 4 ) (B:2)

where Id,, 11 is the (n + 1) x (n + 1) identity matrix.
Using the expansion

Ft)y =Y Fye™

LeZ

and defining

<§g;) = e_Atez(nJrl), (B.3)
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we can write

q) —ar (94 F© /Z 2mits /6 <y(t - S))
_ =e — )+ — e < ds.
(p(z)) <p> 2 N 7t — 5) (B.4)
LeZ
To find the formulas for the components of v, (t), u,(t), x = 0,...,n of the vector

u(r q) .. . . . .
(Vgt; ) = A <g) it is convenient to use the Fourier coordinates in the base v of the

eigenvectors for the Neumann laplacian A, see (A.3). Let iTj (1) = Z;:O uy(t)yj(x) and
Uj(t) = Y %_oVx(D)¥j(x) be the Fourier coordinates of the vector (u(r), v(7)). Likewise,
weletg; = >0 _oq.¥j(x)and p; = > 1_op,¥;j(x), withg,, py, x = 0,...,n the

components of (q, p)-
M=y v (B.5)

Let
be the two solutions of the equation
A2 —2yr+p; =0. (B.6)
Note that A; 4 A; — = u;. Then,
1

2 /v — 1

() = [ = @+ By exp {=hjost) + Gs) + P exp (=21} ]

B.7)

and

1
Ti(t) = \/7[(%% +AjaD)expl{—Aj 4t} — (u;qj + rj—Pj)exp{—r; _t} ]

2y —n
(B.8)
in the case when u; # y2. When y?2 = w;j (then A; + = y) we have
w0 = [y + Pyl T = [y + A - yop e,
Then, by (B.7) and (B.8), we conclude that the components of e A €2(n+1) equal
~ Yj(n)
yi(t) = 17< —exp{—Aj 4t} +exp{—1; 1} >,
2 v* —n
(B.9)

Yj(n)

7(}\j,+ exp {—)\j,g} —Aj,—exp {—)\j,,t} )
2y —n

in the case when u; # y2. In the case that y? = wj (then A; + = y) we have y;(¢) =
Yim)te " and Z; (1) = ¢ (n)(1 — yr)e V.
Elementary calculations lead to the following bounds

Zi(t) =

p
“0

2y}, el Sy+lyi—wd—4Y2 j=0,....n.  (B.10)

Rekrj + = v« = min {y,

Hence, there exists C > 0 such that

15O+ Z; ()] < Ct + De |y (n)] (B.11)
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forallz > 0,j =0,...,n,n =1,2,.... By the Plancherel identity, (B.7) and (B.8) we
conclude also that there exist constants C, C’ > 0 such that, forall# > 0 and n € N,

Xn: [ﬁi (1) + v (t)] = i [ﬁi(t) + ’Jﬁ(r)]

x=0 j=0
; (B.12)
<CU+De Y (Z+72) <C@+ De My (@ 5)-
Jj=0
B.1: L2 Norms of the Means

By (B.4), the triangle inequality and the Plancherel theorem

n t n t
> / [2() +Pr®)]ds <C / [i03 () + 73 ()] ds

x=0"0 x=0"0
2

C < ’
- +

=0

t
§ f(z)/ TEI0% (1 — s)ds
0

LeZ

t
> Fw / 19 (1 — 5)ds
0

LeZ

(B.13)
The constant appearing here below do not depend on ¢ and n. Using (2.6), (B.11) and (B.12)
we conclude therefore that

2
n t C R
> /O [@26) + P2@)]ds < CHu (@ 7) + -~ (Z |f(z>|) : (B.14)
x=0

LeZ

From (B.14) we conclude therefore the following.

Proposition B.1 Assume that the hypotheses of Theorem 2.5 are in force. Then, there exists
C > 0 such that

n t
> / [0 + P20 Jas < . (B.15)
x=0 0 n

forallt > 0,n=1,2,.... Here k = min{2 — 8, 1} and § is as in (2.28). If the hypotheses
of Theorem 2.10 hold, then § = 1 and (B.15) is satisfied with k = 1.

B.2: The Proof of Theorem 2.5

We show (2.29) and (2.19). Recall that the initial configuration (q, p) is distributed according
to u,. For the work done we have

t
Wn(t) ::/ -,Fn(s)ﬁn(s)ds
0
1 ~ ro_.
— . T —i2mls /0 5 . ds.
;w](n)zﬁ () foe pj(s)ds

LeZ
We have J,,(t; u) = —W, (nzt)/n, see (2.27).

(B.16)
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Using (B.1) the utmost right hand side can be rewritten in the form W, ;(¢) + W, (1)
where

Wi (1) —Zw,(n)sz(ﬂ) / e~ (o),

j=0 tez

Wi £ (1) 1= Z Vi) Z Fy F) / ds 27 —=0s/6 / 42:145"«/92[ (s')ds’,
LUer 0
(B.17)
with U (s) and 2 (s) defined in (B.8) and (B.9).
Thanks to the last estimate of (2.6) and the Cauchy-Schwarz inequality we conclude from
(B.12)

Wi (O] < IHW (3P / (s + 1)2e775/2ds.
Thanks to (2.28) lim,,_, ;o0 |Wy.i (n%1)|/n = 0. Using (B.9) we have
s
/0 6—12715 s /Ozj (S/)ds’

Aj— [e—S('\.f,7+2nie’/9) — 1] At [e—s()\_i,++2niz’/0) _ 1]

vj(n) B
Ajr—Aj— 27il’ /O + Aj 2wil /O + Aj 4 ’
so that we can decompose the work done in W), ¢(t) = (1) (t) + W(z) (t), where
1 - Y (n)
W“> n*1) = —
e Aj4—Aj—
- ~ Ai— Ay
FHOFW ( J» _ J, )
”ZE:Z OFE) 2mil’ [0+ Aj - 2mil/ [0+ Aj 4

2

nct
x/ exp{zms(e’—e)/e}ds
0
_ Aj— _ Aj+
= IZ Py 217l <2m'z/9+xj,, 2niz/9+x]~,+)

I Lel
1
+0<n—2>
" w2<n>

@
*Wn i n2 Z _
] +
AJ +exp{—Qmit' /0 + Aj 4)s}
Z FoFe )/ 2mil' )0 + A ;
oUer Uhs

Aj—exp{—Qmil'/0 +1j_)s} )d
- S
27l /6 + A -

and
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Using (B.6) and integrating over the s variable we conclude that

|~ o~
w<2>< V=3 Ui Y FrOFW)

j=0 LUEL
{1 —exp {—Qmil'/0 + Xj )n*t} 2mit' /0
X .
Qmil' [0+ Aj 1) wj— Qme'/0)r —dymil' /0
P l—eXp{—Zw/)/z—p,jn%}
+ 2./1—’[exp {—@mit /0 + xj—)n*t}
Qmil’ )0+ Aj ) 2 /Vz—uj(27fii’/9+)»j,f)
exp{—Qmil' /0 + Aj 1 )n’t} 1 ]}
Qril'/0 +Aj +) wj— Qne'/0)r —dymie /o1l

Here we have used the fact that

)\.j’_’__}\.j’_ :2,/)/2—[&/'. (Blg)

Recalling (B.10) we obtain that -- 1 W(z) (n%r) = (%) for each r > 0.
Concerning W( f (1), we use (B.6) and obtain

@it /0)y? ()| F ()] 1
(1) _ _
W 00 = ’ZZ — 2nl)0? — 2y (mit)0) 0(}12)

Jj= OZEZ

After substituting for ¥ (n) and u ; from (A.3) and (A.4) correspondingly, we obtain

cos? (grdyy ) @re/0) | F(O)P

w2y = Ly
Y ggz: (8 + 4sin? (377 ) - (2n€/9)2]2 + [(4)/716/9)]2

+0(;5)
n2
- —Jt+ 0( ! )
= 3)
so that
lim J,(t) = — lim W,(n’t)/n = Jt
n—oo n—00
and Theorem 2.5 follows. ]

Appendix C: The Evolution of the Covariance Matrix
C.1: Dynamics of Fluctuations

Denote
q.(t) = gx (%) —ﬁx(nzt) and p,(t) == pr(n’t) —ﬁx(nzt) (C.1D)
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forx =0, ..., n. From (2.3) and (2.4) we get

q;(t) = nzp;(t), xe€{0,...,n},

dpl(t) = n® (Aq; - w(z)q;) dr — 2yn2p;(t)dt — 2px(n21—)dﬁx(yn2t), xef{l,...,n}
(C2)
and at the left boundary

dpy(t) = n’ (Ag) — a)(z)q(/)) dr — 2yn2p6(t)dt + 4y T_ndw_(z). (C.3)

Here ]Vx(z) 1= Ny (1) —t. LetX'(t) = [q(?), ..., q, (1), py(t), ..., p,(t)]. Denote by S;,(¢)
the the covariance matrix

(q) (q.p)
_ / / | ST@® S0
$u() =By, [X () @ X'(0)] = [ S0 $00 } (C4)
where
S8 = [Eu gy 0a, 1] SEP 1) = [Eplas 00, 0]
" HnHx Y x,y=0,..., n7 " Hon x Y x,y=0,..., n7
(p) ’ ’ (r.q) (q.p) T
70 = [Ewlpi@pyen] o and 5700 = [s070)] (©5)
C.2: Structure of the Covariance Matrix
Given a vector y = (yo, Y1, . - - » Yn), define also the matrix valued function
7- 0 0 ... 0
0y,0...0
D) =4y | 0 02 0 (C6)
000O0...y
Let X (1) be the 2 x 2 block matrix
On+1 Ong1 ]
) = . C.7
o [o,m D) €7

Here 0,41 is (n + 1) x (n + 1) null matrix. From (C.2) and (C.3) we conclude
t _
Su(t) =E,, [e_A"Z’X’(O) ® X’(O)e‘AT”Zt] + nZ/ A=) 5 (pz(nzs))e_AT"z(’_S)ds
0
where A is given by (B.2) and p2(s) = [E,, p}(s), . . ., E,, p2(s)]. Consequently

1d _ T 2 (n2
S0 = A4S, = S, (AT + E(pz(n t))~ (C38)

Denoting
t t__
({Su))e = /O Su(s)ds,  ((p?))r = [O p2(ns)ds, (C.9)

we have, by integrating in (C.8),

1
AU+ (SaeAT = B((P)r) = —5[$:(0) = Su)]. (C.10)

@ Springer



Heat Flow in a Periodically Forced, Thermostatted Chain Il Page230f33 87

Inthe following {1 (x), i j/}x, ;. j=0,...,n are the eigenfunctions and eigenvalues of a)(z) —A,
given in (A.3) in Appendix A.

Given a matrix [By /]y x=0

,,,,,

» we define its Fourier transform

.....

n
Bjj= Y Bex¥j)yp(x), j.j'=0,....n

x,x'=0

Then we have the inverse relations

Z B; jyrj () (x). (C.11)

Jj.Jj'=0

Following analogous algebraic calculation to those of [14, section 6.3], see also Section
C.4 below for a detailed calculation, we obtain

(S = OGuj, i F j (z>+—R<”> ®), (C.12)

where
Fy p ) = 3000 P2 + (Tt = (P31 )45 Ow5:(0) (C.13)

y=0
and
wj—pw? |

O )= |14+ ——L 7 | C.14
(Wi by |:+87/2(Mj+ﬂj/):| 19

Concerning ﬁﬁ.p}(t), it is of the form

>02] = NG NG
R0 =3 8P jo ) [57, (0 = §77,0)], (C.15)
€Z

where Z is a 3 element set consisting of indices p, ¢ and pg and E '“(p ) are some C* smooth
functions defined on [a)o, 4+ a)(z)] X [a)o, 4+ a)(z)].
We also have

@ 20(pjs 1) L >
<(Sj?j/>)t = ﬁ Fj (D) + R 1 /(f) (C.16)
and
~ O, i
(BP0 = s By oy o+ REP 0, €

2y(wj+upj)

where the matrices k;q;,(t) and E}q}f )(¢) are given by analogues of (C.15).

C.3: Some Bounds on the Kinetic Energy

From (C.12) we have

(S) t—ZMX) P2+ (Tt = (3 ) Mo + i), (C.18)
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where ((SP)), = [ipl(s)]2ds,

n

My =Y O, 1)y OV Y)Y (), (C.19)
J.J'=0
and
1 n
Rl = — 30 R0 0. (C.20)
J.J'=0

The latter satisfy the following estimates: for each ¢ > 0 there exists C > 0 such that

(p)
sup E |7 (s)l\— n=12.... (C.21)
sel0.11 =5 " n+1’

The proof of (C.21) can be found in Section C.4.1 below.
It has been shown in [14, Appendix A] that

n n
> Myy=Y My,=1 and My, >0 forallx,y=0,....n. (C.22)
y'=0 y'=0

Recall that (( px)) ((Sx.x P ) e+ fo (n2 s)ds. Under the assumptions of Theorem 2.10 we
may admit § = 1 in the conclusmn of Proposition B.1. Thanks to (B.15) we conclude that
for each r > 0 there exists C > 0 such that

n t C
Z/ P2(n’syds < =, n=1,2,.... (C.23)
x=0 0 n
From (C.23), (C.21), and (3.5) we infer therefore that
(P2 =D My ({2 + px(0), (C.24)
y=0

where p, (¢) satisfies: for any ¢ > O there exists C > 0 such that
sup lex(s)l n=12,.... (C.25)
s€[0,t] ¥=0

The following lower bound on the matrix [M, y] comes from [14, Proposition 7.1] (see also

[7D.

Proposition C.1 There exists ¢, > 0 such that

n n—1
> Gry =M fyfe 2 ey (VIR forany (f) eR™ n=1,2,.... (C26)
x=0

x,y=0

Multiplying both sides of (C.24) by ({p2)),, summing over x and using Proposition C.1
together with estimate (C.24) we immediately conclude the following.
Corollary C.2 For any t > O there exists C > 0 such that

n—1 n

C
D PN — (PR T < D Uphy. m=1,2,.... (€27)

x=0 n+1 x=0
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Proposition C.3 For anyt > 0 there exists C > 0 such that

n—1
C
D P = (WP P < == n=1.2.,
=0 n+ (C.28)
sop (p2n < C

Proof As a direct consequence of (3.2) and Corollary C.2 we have: for any ¢ > 0 there exists
C > 0 such that

n—1

Z[ PN = (pipil? < C (C.29)

and
sup ((p2)), <Cn'?, n=1,2,... (C.30)

Indeed, estimate (C.29) is obvious in light of (C.27). To prove (C.30) note that by the Cauchy-
Schwarz inequality

Z| P = {p3_ Dl + ((P))e

1/2
n /

SV Y WP = (pi P+ (g < CVn+ (Upg)

y=1

and (C.30) follows, thanks to (3.5).
From (C.24) and (C.25) we conclude that for any ¢ > 0 we can find C > 0 such that

n—1
> (o2~ woten)” me(m P
x=0
< sup(( Z o ()] < sup<<p§>>, (C.31)
Using the Cauchy-Schwarz inequality we conclude
sup((p2))e < (P) t+2] P2 = (P2
- 12
2
>t+ﬁ!Z(«pi)»—«pﬁﬂm) } €32
x=0

2
Denote D,, := Zn ) {( PX>) ((Pfﬂ))t) . We can summarize the inequalities obtained
as follows: for any ¢ > 0 there exists C > 0 such that

D, < sup<<p§>>t,

n+1
sup((p 2y, < (P2 + Vi F 1DV < ((p3))s +C+6sup<<px>>”2, (C.33)
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foralln = 1,2, .... Thus the second estimate of (C.28) follows, which in turn implies the
first estimate of (C.28) as well. ]

C.4: Calculation of R®) (t), R@ (t) and R@P) (1)
Equation (C.10) leads to the following equations (see (B.2) and (C.6)):

(B + (B0 = 50,0 - 30,@] and (1800),)" = (Fer,,
(SN + 2y (SN = (S = niz[ﬁ;f’;,'” 0 -5 0],

WS+ 21 (SN = (S = n—lz[§§f;7)(0> ~ 3P0,

SN = (S ey = Dy ()0 — 4y (S0 + niz[sj.{’}xm - 5Pm)].

(C.34)

Adding and subtracting the second and the third equations sideways we can rewrite (C.34)
as follows

~

~ 1 ~ ~
@.P\\ _ _ ;3P (q) RG]
((Sj,j/ ))t - <(S/,j/ >>t+n2[sf*//(0) Sj’j/(t)]v

- 1 ~
) @
(S50 = 5 (g + ) (4857

@.p) @ 1 ~.p) =q.p)
Ay (8N = (B0 = ) + —[BLP 0 = BISP )],

L~ =(p)
)i+ E[B ;0 =B 0].

~ ~ ~ 1 ~ ~
(= m) (SN = 4y Ey ) = 4y (S0 + S [87,(0 = 57,0, (€39)
where F; j:(r) is given by (C.13) and

D) (. l( @) S@.p) <. )
B )= (28,0 + 570+ 570 0),

B (1) =2y 80, (1) + 590 () - 510 o). (C.36)
Hence,
~ 20(uj, mjr) ~ I~ ~
(@) _ WP E 2 rT@ 7@

(S = v+ iy Fjy@+ -5 [L7 @ — LT 0],

~ ~ 1~ ~
(80 = O ) Fy )+ —[L7), () = LY 0], (C37)

@y, _ Oy 1) o NF. Lr~@.p,\ _ 7@p
(S N = W(M’ /L]/)F],j/(t)—i—n—z[Lj’j, 0 — L0,

with ©(., -) given by (C.14) and

-~ 2(’*) iy 5/ ~ P o ] N

L9 () = M( B0+ LD 1 L300,
JsJ Hj =+ i JsJ (4y) jij 4y i

7P oy L NF@D 1y _ 5P

L) = 3 (,u, + 1 )Lj,j/(t) BP(0),

4D () o= — L FOr gy 4 @
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C.4.1: Proof of (C.21)

Using (C.41) and (C.15) we can write
@ =Y [¢8 @0 - g 0],

ez
n

1
8l ()= — 37 BP0 OV (0P 008 0). (C.38)

J.J'=0

Here Z is a set consisting of indices p, ¢ and pg and E ’“(p ) are some C smooth functions.
In what follows we show that for any ¢ > 0 there exists C > 0 such that

c
sup Zlg(p)(s)| — n=12. (C.39)
veOt]x —0

This, in light of (D.12), clearly implies (C.21).
Consider only the case ¢ = p, as the other cases can be argued in the same manner. Then,

() = - — Z Z B9 (1. )W OV (Y (W (7B, [P (0Pl (D]

J,J'=0y,y'=0

Using (A.3) and elementary trigonometric identities we obtain

.l n
g;((p}a(t) =3 Z,OEM [p;(t)p;,(t)]Kn (x,y,y), where
y.y'=

n

1
K@,y y) = ——— Y &y
n(X, y,5) (n+1)2jj (uj, IL])

[—

y [Cos(ﬂj(x —y)> +COS(Nj(x+y+ 1))]

n+1 n+1
[ (nj/(x—y’)> (ﬂj’(x—i-y’—i—l))]
cos [ ———=) +cos(—————=) .
n+1 n+1

Using [14, Lemma B.1] we conclude that there exists C > 0 such that

|Kn(x,y, Y| < Chky(x, kn(x,y), x,y=0,...,n,,n=1,2,..., where
1

ko(x,y) = . C.40
W) = Ty Y T Gy )2 (€40)
We conclude therefore that
2
n
Z 801 < - ZEW 3" Py Oka(x. y)
y=0
C
= —Eu, | sup Zh va(t)k ) |- (C.41)
n ”/’lHﬂ lx =0 y=0
The supremum extends over all real valued sequences h = (ho, ..., h,), with ||h||§2 =

>0 h)zc = 1. Using an elementary inequality /1, p; (1) < h§/2—|— [p;, (1)1%/2 we can estimate
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the right hand side of (C.41) by

n n n n
C
2 ’ 2
sup E h E kn(x, y) + —anEun yzzo[Py(t)] xzzokn (x,y)

e S Sl
CK "
4 2
<57 |1 2 BulpoF |,

y=0

where K = sup, , Zﬁ:o (k,, x, y)+kiy(y, x)). Estimate (C.39) for ¢t = p is then a straight-
forward consequence of the energy bound (3.2).

Appendix D: Proof of Local Equilibrium

We prove here Propositions 5.1 and 5.2.

D.1: Proof of Proposition 5.1

Suppose that p € (0, 1/2) is such that suppy C (p, 1 — p). Let

20(uj, f4jr)

(D.1)
Wi+ iy

@ (uj,pj) =

For a fixed integer ¢ define

n

—(n,0) 1 Tjx wj'(x —40)
K = (0] Y S . (D.2
(x) 4(n+1)2”/z (mj, mjr) cos (n+l>cos< p——l (D.2)

=—n—1
By [14, Lemma B.1], for a given £ there exists C > 0 such that

—(n,0)
1K, (0] <

o =0 (D.3)

forn = 1,2,.... It has been shown in Section 8.1 of [14] that for any p € (0, 1/2) there
exists C > 0 such that

n

—(n,¢ C
S K= = G < 5. pn<x<(d—p. (D4)

y=0 "

forn=1,2,....
By virtue of (B.15) we have
lim i<p ) [ Efgr n29)]E[grse(n2)]ds = 0 (D.5)
n—too 1 + 1 ~ n+1 o x x+¢ . .

It suffices therefore to prove that

n—+oo n + 1

~ 15 x @
T 2 (ﬁ) {49, 00 = G pn} =0 ©.6)
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We prove (D.6) for £ = 0, the argument for other values of £ are similar. By (C.16) we have

(K I—ZH“) P2+ But, x) + iR (@), (D.7)
y=0

with (cf (C.16))

H = 3" @ (. ) v )W ()W ()W (),

JJ'=0

Balt, %)= D 0¥ 0P (g i) (Tt = (o3 )40 0 (D)

J»J'=0

J— ~
R0 = D v R @),

J.J'=0

Using (3.2) and (3.5) we conclude that lim,_, o sup,

B, (t, x)’ = 0. Likewise, by (C.16)

and (C.37), we conclude that hm,,_)Jroo sup, r(q)(t)‘ =0.
Furthermore, by (D.4),if pn < x < (1 — p)n,

n

Z H/\(:flx) = Gy (0) + 0n,x (1), (D.9)
y=0

where, for any fixed # > 0 we have lim,,_, y SUP pn<x < (1—pyn |On.x (t)’ = 0. Then we have

that
l n
PN (n - 1) [(S): = G @ (P2

=1 Zw (n n 1) ZHX;’ [<<p§>>, - <<p,%>>t] + on(t).

=0

(D.10)

Here and below lim,,_, 4~ 0, (t) = 0 for each t > 0. We have

ZH(H)[ ) ((1’3»1] Z H(”)|Z| P — (P2l (D.11)
y=0

It follows from [14, Lemma B.1] that there exists C > 0 such that

|H(")|\ om<x<U—-pn,y=0,...,n, n=1,2,....

¢
1+ (x —y)?’

Using Cauchy-Schwarz inequality and (C.28) we conclude that the right hand side of (D.11)
is estimated by

C/
H") P — =1,2,... D.12
(n+1)1/2z| Wy =" < e n=12 (D.12)
for some constant C’ independent of x = 0,...,n and n = 1,2, .... and Proposition 5.1
follows for £ = 0. O
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D.2: Proof of Proposition 5.2

From Proposition B.1 we have

t
lim /qg(s)ds:o.

n——+00

It suffices therefore to calculate [ E(g)(s)?)ds = ((S(()f’(g))t.
We have, see (C.16) and (D.1),

(Selon) t—Z Z D (s 1)V O OO ()W (DU

y=0j,j'=0

+ Y D Y0 (00 (Tt — ((pg))e) + 0u(t)

Jj-Jj'=0
=D H P+ on0). (D.13)
and "
H™ = 3" @y 1)y O 00y ()Y (). (D.14)
JJ'=0

The coefficients Hy(.") have the property

ZH;")=Z<I><M,,M,>¢,<O> —Z nZiCk

j=0 Jj= 0
(D.15)
2
1 - cos (2(n-JH))

= — —> Gy (0) + Gy ().
"+]fwa%+4ﬂﬁ(nﬁn)n%m

Using [14, Lemma B.1] we conclude that there exists C > 0 such that

|H™| < y=0,....n,n=1,2,.... (D.16)

1+ y?

Then, proceeding as in (D.11)—~(D.12), by using the Cauchy-Schwarz inequality, the first
estimate of (C.28) and (D.16), we conclude that

ZIH(’”I P2 — | < =
, ST
Hence
(SeiNe = | D HYY | (8 + 0n(0) = Gup(0) + Gy (1) +00(1).  (D.1T)

y=0
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Appendix E: Uniqueness of Solutions to (2.35)

Theorem E.1 Suppose that Ty € Mﬁn<[0, l]). Then, the initial-boundary value problem

(2.35) has a unique weak solution in the sense of Definition 2.9.

Proof Let T (s, du) be the signed measure given by the difference of two solutions with the
same initial and boundary data. It satisfies the equation

1 o D t 1 o
/ )T (t,du) = —/ ds/ ©" W)T (s, du) (E.1)
0 4y Jo 0

for any ¢ € C2[0, 1] such that 0(0) =¢'(1) =0.
The above implies that also

1 7 ! 1 D —
/ go(t,u)T(t,du):/ ds/ (85g0(s,u)+—Bfugo(s,u))T(s,du) (E.2)
0 0 0 4y

forany ¢ € CL2([0, +00) x [0, 17), such that ¢(¢, 0) = 9,¢(t, 1) =0, ¢ > 0. Suppose now
that ¢g € C10, 1] satifies
90(0) = ¢p(1) =0 (E.3)

and ¢ (¢, u) is the strong solution of

D
(s, u) + 4—33¢<s, u)=0, ue©1),s<t,
Y

0(s,0) = du0(s, 1) =0, s <1, (E4)

@(t, u) = @o(u).

Such a solution exists and is unique, thanks to e.g. [8, Corollary 5.3.2, p.147]. It belongs to
C'2((—00, t] x [0, 1]). We conclude that

1
/ o) T (1, du) =0 (E.5)
0
for any @ € C'[0, 1] satifying (E.3).

Consider now an arbitrary ¥ € C[0, 1]. Let ¢o(u) := —u ful Y )du' — fou ¥ (u)du'. It
satisfies (E.3) and ¢( (1) = ¥ (u), thus

t 1
/ ds/ V)T (s,du) =0
0 0

which ends the proof of uniqueness. O

Appendix F: Proof of Proposition 3.1
Proof of Proposition 3.1 in the General Case
Denote by Py ;, s < t, the evolution family corresponding to the transition probabilities of

the Markov family generated by the dynamics (2.3) and (2.4). Let Py ; be the probability
distribution obtained by transporting the distribution p at time s by the random flow S; ;.

@ Springer



87 Page32o0f33 T. Komorowski

Using the calculation performed in [5, pp. 1232] we conclude that the relative entropy satisfies
the following inequality

2, (gs n g:)w
H, (f,(n*1)) — H,(£,(0)) < inf / ds / s T)v
v Jo Qn ¥

where duo = f,(0)dvr_, G/ is the adjoint with respect to vr_ and the infimum is taken
over all smooth densities ¥, w.r.t. the Gaussian measure vr_, that are bounded away from 0.
Arguing as in the proof of Proposition 3.1 in the smooth initial data case, we conclude that
for any ¢ under the infimum the right hand side of (F.1) is less than, or equal to

d(noPos).  ED

n%t

n
) @EO /Q (0P ) = =t o).

From this point on the proof follows from an application of (2.33) and Theorem 2.5. m}
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