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Abstract

We study random perturbations of quasi-periodic uniformly discrete sets in the d-dimensional
euclidean space. By means of Diffraction Theory, we find conditions under which a quasi-
periodic set X can be almost surely recovered from its random perturbations. This extends
the recent periodic case result of Yakir (Int Math Res Notices 1-19, 2020).

Keywords Uniformly discrete set - Quasi-crystals - Mathematical diffraction - Stationary
process - Mixing

Introduction

Random perturbations of discrete structures have been studied by many authors from dif-
ferent viewpoints. For instance, a problem of interest in statistical physics is to study what
happens with the statistical properties (e.g, two-point correlation, structure factor) of the
perturbed discrete sets; we refer to [10, 16] and the references therein. Another problem of
interest in Diffraction theory is to compare the diffraction measure of a random perturba-
tion with the diffraction measure of the deterministic discrete set which is perturbed; see for
instance [2, Chapter 11] and [13] for more details. Very recently, in [24] Yakir deals with
random perturbations of a lattice where it is shown that, under some assumptions on the
random displacements, the lattice can be recovered almost surely from the perturbations. In
this work we focus on random perturbations and reconstructibility in quasi-periodic struc-
tures, including quasicrystals, and on weakening the independence conditions on the random
perturbations. We stress that quasicrystals exist not only as mathematical objects, but also
as naturally ocurring [6] physical materials, which although rare, have been argued to be
ubiquitous throughout the universe [5]. Since the discovery of quasicrystalline structures
in materials by Shechtman and his collaborators [21] many efforts have been dedicated to
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understanding their underlying order and their stability under perturbations (see for instance
[13, 14, 19] just to mention a few).

In more precise terms, if X C R? is a quasi-periodic set, we let (£ p)pex be a sequence of
identically distributed random vectors defined in a probability space (€2, F, PP), with common
distribution £. A random perturbation of X is a realization of the random set

Xe :={p+&p(w): peX}.

For two random processes X, ¥ C R? that take values into locally finite configurations,
we say that X is almost surely recovered from Y if there exists a measurable function F
defined over the essential range of the process Y such that almost surely F(Y) = X; this
notion extends naturally to random measures. If X is a fixed (deterministic) subset of R4, we
identify X with the point process which takes constant value equal to X.

In this work we focus on finding conditions under which the Fourier transform of Xg

determines the Fourier transform of a quasi-periodic set X almost surely, based on an explicit
formula that links these two Fourier transforms. It follows that X can then be almost surely
recovered from X¢, but we can say even more. In fact, some mathematical and physical point
configurations can be classified in terms of their hidden order (e.g, repetitivity of separated
nets [17], quasi-periodicity [2, 15], Hyperuniformity [19, 23]). In this context, our main results
(Theorems A,B and C below) provide another way to distinguish the large class of point sets
that have diffraction measure singular with respect to Lebesgue measure (see hypotheses
(H1), (H2) in Sect. 1) in terms of the robustness of their Fourier Transform. This allows to
recognize these configurations under random perturbations, by taking a Fourier Transform.
Note that as a special case our setting includes quasicrystals (defined by asking that their
diffraction measure is purely atomic), which in turn include the classical case of lattices, for
which the diffraction measure is supported on their dual lattice. In [1] the authors show that
SCD patterns have singular diffraction measure (in particular they satisfy our hypotheses),
but are not quasicrystals.
Notations We include here some basic definitions and notations which we will use throughout
this work. We use the notation | - | indistinguishably for the euclidean norm in R¢ and for the
module (resp. absolute value) of a complex number (resp. real number), which will be clear
in each context. As usual we denote by B(x, R) :={y € RY : |x — y| < R} the euclidean
open ball centered at x € R? with radius r > 0 and we use the notation Bg := B(0, R).

We denote by Vol the Lebesgue measure in R? and we denote the cardinality of a finite
set A C R? by #A. Observe that a locally integrable function f € L } oc (RY) can be identified
with f - Vol; see Sect. 3 for more details. Furthermore, for an atomic measure p we write
n(p) instead of w({p}). Finally, for strictly positive real-valued functions f, g we use the
standard Landau asymptotic notations O (f(R)) and o(g(R)).

1 Hypotheses on the Deterministic Set X

Throughout this work we assume that X is an uniformly discrete set, which means that there
exists 7 > 0 such that ||x — y|| > r for every x, y € X. The set X is assumed to satisfy the
following two conditions:

(H.1) There exists a positive constant dens(X), called the asymptotic density of X, such that
for every R > 0 we have

[#(X N Bg) — dens(X) - Vol(Bg)| = o(RY).
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(H.2) The diffraction measure yx of §x := Y _ pex 3, given by

2

Fn) Z e~ THPA gy

peXNBg

_— 1 1
VfECE®Y, (k. f) = Jim Vol(Bg) /R

(1.1)

exists and is singular with respect to Lebesgue measure, where §,, denotes the Dirac
mass at the point p € X.

There are plenty of uniformly discrete sets X satisfying the hypothesis (H.1) (where
trivially all lattices are included). Non-trivial examples are cut-and-project sets constructed
with an appropriate choice of the window; see Sect. 4.4.2 for precise definitions. A particular
case are the cut-and-project sets which are bounded displacement equivalent to a lattice; these
sets include, for instance, the set of vertices of the Penrose tilling. It is worth mentioning that
a generic cut-and-project set in R is, up to bounded displacement, equivalent to a lattice (for
more details see [12]). Another interesting example of a set X satisfying (H.1) is the X = V,,
known as the set of visible points of 74, and defined as V; := {x € 7 : ged(x) = 1}, where
ged(x) denotes the greatest common divisor of the coordinates of x € 74 it is known that
dens(Vy) = 1/¢(d), where ¢ denotes the Riemann’s zeta function. We refer to [4] for the
proof of (H.1) in this case. Observe that V; is not relatively dense, which roughly speaking
amounts to saying that V;; has arbitrarily large holes.

All the abovementioned examples satisfy (H.2). See for instance Corollary 9.3 and Propo-
sition 9.9 in [2] and [2, Section 9.4] for several examples of cut-and-project sets and the
precise computations of their diffraction measures; see also [4] for a proof that py, is purely
atomic in the case of visible points of a lattice. In particular a set X satisfies (H.2) if its weak
dual X* is discrete, where X* is the support of the Fourier transform of §x := _ pex Op

given by S; = er x+ A(X)8;. More explicitly, there exist {A(A)},ex+ such that

lim Z 6_27”<1)’)L> — A(k) for A € X*,
R—oo Vol(BR) 0 else.
peEXNBg
Note that X* coincides with the usual dual for lattices and cut-and-project sets.
We consider the general setting given by (H.2) since there are uniformly discrete point con-
figurations in R? for which only the absolutely continuous part of their diffraction spectrum

vanishes; see for instance [1].

2 Statements of the Results

Recall that X¢ is the realization random set {p + &, : p € X}. Forevery A € R, we Q
and R > 0, we define Mg ¢ ,,(1) by

1 .

Mpeo®) = ———— 3 e THPH
Vol(BRr) peXaBr

The aim of this work is to show that under our hypotheses (H.1) and (H.2) the Fourier

transform of X is preserved under random perturbations. As a byproduct, this allows us to

recover almost surely the quasi-periodic set X from Xeg.
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Theorem A Suppose X C R? satisfies hypotheses (H.1) and (H.2) from Sect. 1. Assume that
the &,’s are i.i.d and there exists a positive number € such that E(|§ |9+) < 0o. Then, almost
surely the following holds for every ) € RY,in the sense of vague convergence of measures:

lim Mg¢o() =E [e—zﬂ“‘?”] Sx (1), @.1)
R—o0

where 5} is the (weak-)Fourier transform of X given by limg_, » %.

A key step in the proof of Theorem A is the strong law of large numbers. Since the hypothesis
of this well-known result can be weakened, we can adapt our proof to show that the con-
clusions of Theorem A still hold for non-independent identically distributed random vectors

under mild assumptions on the correlations (see Sect. 4.2 for the precise definitions).

Theorem B Assume that X satisfies (H.1) and (H.2), that the E(p), p € X are identically
distributed, and that there is ¢ > 0 such that E(|]91¢) < oo. If (§p) pex is a compactly-
mixing random process such that for Y, = |§p|1jz 1< p| there holds

1
> 3 > [Cov(Y,, Yyl < oo, (2.2)
N>1 P.g€BN

P#q

then almost surely the limit (2.1) still holds for every ) € RY.

We note that a stronger version of Theorems A, B is achievable if we assume that X is an
asymptotically affine perturbation of a lattice. In this case we only need the &, to be weakly
mixing. See Theorem D and Sect. 4.3 for details.

Though the conclusion of Theorem B holds for every uniformly discrete set X satisfying
hypotheses (H.1) and (H.2), we require strong assumptions on the correlations. However, if
the random process (&) pex is such that the random perturbation X¢ is stationary, we have
the same conclusion of Theorem B but under more classical conditions on the correlations,
namely weak-mixing.

Theorem C Assume that X satisfy the hypotheses (H.1) and (H.2) and that (§))pex is a
process of random vectors for which there is a positive number ¢ such that E[|£]97¢] < oo.
If the random perturbation X¢ is stationary under the action of R? on itself by translations
and weakly-mixing, then almost surely, the limit 2.1 holds for every A € R%.

As we mentioned before, if the limit (2.1) holds and E(e=271EMY £ 0, this allow us
to recover the Fourier transform 5x from 8/;2 without requiring specific conditions on X.
The above condition on & holds in several cases of interest, for example for & a mixture of
Gaussians.

Corollary 2.1 Suppose that either the hypotheses of Theorem A, B or C hold. If for all ) € R?
there holds E(e=27 &2 =£ 0, then 8y is almost surely recoverable from dx,. More precisely,

almost surely, for all . € R there holds
—_— . -1 _—
5X0) = (e7ER) T 5 (.

A class of results closely related to our work concern the recovery of the structure factor
Sx from the one random perturbations Sy, . In fact, [10, 16] obtain a formula for Sy, in
terms of the structure factor Sy of the unperturbed data X (here X itself is assumed to be a
stationary random process). This yields a formula related to (2.1) but in expectation form.
This relation is discussed in Sect. 5.2.
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3 Basics on Mathematical Diffraction Theory

In this section we introduce some terminology and basic concepts which we use along this
work. Let S(RY) be the Schwartz space of rapidly decreasing C* (complex-valued) test
functions. The Fourier transform of f € S(R?) is defined by

7o) = / F)e 2 gy

By a (complex) measure we mean a linear functional on the set of compactly supported
functions C,.(R?) such that for every compact set K C R? there is a positive constant My
satisfying that

(NI = Mgl flloo,

for every f € C, (RY) supported on K, and where || - || denotes the supremum norm
on C.(R?). By the Riesz Representation Theorem, there is an equivalence between this
definition of measure and the classical measure-theoretic concept of regular Radon measure.
When a measure u determines a tempered distribution 7}, () = u(f) (i.e a continuous linear
functional defined on S(RY)) via the formula

Ve S®RY, T (f) = / FEOdRG),

then its Fourier transform is defined by (f) := pL(f).
The total variation || of a measure w is the smallest positive measure for which | (f)| <
|| (f) holds for every non-negative f € C.(R?). A measure w is said to be translation
bounded if for every compact K C R there is a positive number ax such that |u|(x 4+ K) <
ag, forevery x € R4,

Let P, := {x € RY . w({x}) # 0} be the set of atoms of p. We say that u is purely
atomic (or pure point) if it has atoms only, i.e, £ (A) = ZXEAQP;L w({x}) for every Borel set

A; moreover u is called continuous if n({x}) = 0 for every x € R?. A measure j is said to
be absolutely continuous with respect to a measure v, if there exists g € L 110 (V) such that
n = gv. Furthermore p and v are called mutually singular (which is denoted by n L v) if
there exists a relatively compact Borel set S C R? such that ||(S) = 0 and |v|(R? \S)=0
(with obvious interpretation for the value of |i|(A)).

For f € S(R?), define f(x) := f(—x), and for a measure u we consider Z(f) := ,u(f).
We say that u is positive definite if u(f * f) > 0 forevery f € C.(R?). By Proposition 8.6
in [2], every positive definite measure is Fourier transformable, and its Fourier transform is
a positive translation bounded measure.

Recall that the convolution p * v between two measures u and v is defined by

() = f £+ M dudv(y);

If 1 is translation bounded and v is finite, then the convolution w * v is well-defined and is
also a translation bounded measure. Moreover, whenever [t is a measure, one has the identity
jt % v = iV (see Theorem 8.5 in [2]).

We say that a net of measures ((tg) g0 (resp. positive definite measures) converges vaguely
to a measure p if for every test function f € C, (RY) (resp. for f € S (R7Y))

Jim (g, f) = f),
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where we use the notation (i, f) := u(f).
We denote by pg the restriction of p over the ball Bg. The autocorrelation measure of | is
defined by
MR * AR

=1 _—
Vi e Vol(Br)

whenever this limit exists. In this case, y,, is the limit of positive definite measures, thus
is positive definite, and then it is Fourier transformable and its Fourier transform is positive
definite and translation bounded. We also call ¥, the diffraction measure of .
Ifu:=>) pex u(p)d,, where §, is the Dirac measure at p € X, to deal with the diffraction
measure of ; we need to prove that, in the sense of vague convergence of measures,

2

> npe ) ay=7;

i Vel(Br)
koo Vol(Br) peXNBp

In more abstract terms, we are required to prove the following:

1 1
lim Fl———pur*pr ) =F| lim ———ug*ar), 3.1
R0 (vOZ(BR)“R “R> (Rioo Vol(Bp) 'R “R> -1)
where F denotes the Fourier transform. This follows from Lemma 4.11.10 in [3], which

states that a net of positive definite measures converging weakly in the sense of measures
then their Fourier transforms converge weakly as well.

4 Proofs

The proofs of Theorems A,B and C rely on Lemma 4.1 and Proposition 4.2 below. Lemma
4.1 is a slightly variation of Lemma 2 in [24], with the very same proof. It claims that the
cardinality of points in X N Br which escape from By under random perturbations converges
in mean to 0 almost surely (the same happens for the cardinality of points in X \ Br with
perturbations lying inside to Bg).

Lemma 4.1 Assume that X satisfies hypothesis (H.1) and that there is ¢ > 0 such that
SUp e x IE(|§p|d+8) < 00. Then almost surely

MHpeX: Ipl=R |p+E@]> R} _

lim 0,
R—o00 VOZ(BR)
and
. #MpeX:|pl>R,|Ip+é(w) =R}
lim =0

R—o0 VOI(BR)

Proposition 4.2 below roughly speaking says that, under the hypotheses of Theorems A,
B or C, the limit defining (2.1) holds when the indices in the sum from M, ¢ , are taken over
X N By, instead of X¢ N Bg.

Proposition 4.2 Suppose that either the hypotheses of Theorem A, B or C hold. Then almost
surely for every % € RY we have that

lim — > emien (6_2”i<§1”}‘> -E [e—z’“‘@s”]) =0. 4.1)
R—00 VOI(BR)
peEXNBg
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As in [24], the conclusions of Theorems A, B and C follow from Lemma 4.1 and Propo-
sition 4.2 since

1 i N
sup |MRg.w) — ———— Z o~ 27i(p+Ep,
reRd Vol(Bg) X
# : :
< {peX:|pl =R, |P+§p|>R}+#{p€X Ipl > R, Ip+&pl <R} N
B Vol(Bg) Vol(Bg) -

where the last convergence holds almost surely by Lemma 4.1. Hence by the above limit
and by Proposition 4.2 there holds (2.1).

We now direct our attention to proving Proposition 4.2 for X satisfying the hypotheses
(H.1) and (H.2). To do this in the context of mathematical diffraction theory, we define

W = Z e 2P 4.2)
peX
and
uhi= Y (7R _Re2EN ) 5, 4.3)
peX

By extending the strategy of [24], we will aim to show that the diffraction measures of

A 2 ho_ o~ AT : :
ny and M denoted by Ve = yﬂ? and yg = Vi respectlvel/)i exist and are almost surely
mutually singular. In fact, we will prove in Lemma 4.3 that y)% is singular with respect to

Lebesgue measure and in Propositions 4.4, 4.7 and 4.16 below that yg\ is almost surely abso-
lutely continuous with respect to the Lebesgue measure, under the hypotheses of Theorems

A,B and C respectively. Thus the fact that y L y/ is then used in combination with Theorem
A.4 in order to show (4.1).

Lemma4.3 Let /ﬁ)‘( be as in (4.2). Then the diffraction measure y)); = 7, (¥x), where 1), is

the action of the translation by A; in particular, under (H.2) y% is singular with respect to
Lebesgue measure.

We just sketch the proof, since the methods are standard.

Proof Note that f; (x) = e~ 271"} is bounded and p is translation-bounded, therefore the
measure M;} = fiux is translation-bounded as well, thus an autocorrelation measure y)’}
exists (cf. [2, Proposition 9.1]). Now definition (1.1) can be applied for u = ;L’}(, and by a
change of variable in the formula (1.1) for 7, the first claim follows. Finally, if 7x /1\5 singular

with respect to the Lebesgue measure, the second claim follows directly since y})g is just a
translation of 7 by the vector A € RY. O

4.1 Independent Random Perturbations and Proof of Theorem A

Proposition 4.4 Let X and (&) pex be as in Theorem A and let ,ug be as in (4.3). Then almost
surely, for all . € RY there holds

v = Var |24 | dens(X)s. 44)
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Proof Observe that yg\ is defined in duality with C.(R?) only, as follows:

1 [—
Ve [fwadw=tim ot 3 - o).

R—o0 V()I(BR) p.gEXNBr
We first prove the almost-sure convergence at fixed A. For this we write

Yo fp—puipui@) =£0) Y wE@P+ > fp—@ui(pui@).
p.qeXNBR peXNBR p,qeiﬂBR
p#q

Recall that in (H.1) we assumed that dens(X) := limg_ #é()}(lr(wg 15)) exists. Therefore, to

prove (4.4) it is sufficient to prove that almost surely for po in X (whose precise choice do
not matter, since the random variables &, are assumed to be i.i.d.) and for every compact set
K C R%:

li - A 2=E A 2 45
gy L P =Elak ol @)

peXNBR

1 -
i Vel(Br) : @) =0. 4.6
R0 Vol(Br) XoHW Y @ (4.6)
PEXNBR geXN(K+p)
q#p

By applying (4.6) for K a sub-level set for Re(f)_, Re(f)+, Im(f)4, Im(f)_ and by the
Cavalieri principle, it will imply that the sum against f(p — q), p # ¢ as well would tend
to zero.

Proof of (4.5). The random variables Mé (p), Mé (g) are deterministic (bounded) functions
of &, thus are also independent and identically distributed for p # ¢g. We find (4.5) by a direct
application of the classical strong law of large numbers.

Proof of (4.6). For pg, p1 € X to be distinct fixed points, consider the P-preserving maps
Tpq : (2,P) — (2, P) induced by the interchange of p with py and of g with py, for
p #q € X and

~ 1
Arp(@)i=———— > $(Tpg). (4.7)

Vol(BRr) PEXTIBR
geXN(K+p)\{p}

Our strategy of proof is to prove convergence of the Ar¢p as R — o0, after which we can

take ¢ (w) := Mé (po),ué (p1) to conclude the first equality in (4.6).

Now, we partition the averages from (4.7) over a collection of periodic subsets covering RY,
as follows. For each positive integer N, for r being the separation constant of X we set

|: r r )d
C:=|— , )
2/d’ 2/d
andforie{1...,N—1}dwedeﬁnethesetA§be

: r

Al = <C+i—+k>.

N 920’ \/;l

keﬁ

Note that the sets {Al}v 1ief0,...,N—1}}forma partition of R4, and due to the fact
that r is the separation radius of X, forany p # g € Al}v NX wehave p—g > (N—1)r//d.
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Assuming N is such that diam(K) < (N — 1)r/«/3it follows g ¢ (K + p) \ {p}. Therefore,
for such N the random variables

> wput@)

geXN(K+p)\{p} peXNAi,

are independent. Furthermore, we claim that under the above hypotheses on K, N, if ¢ is
bounded and E[¢] = 0 then the following holds: if we define
, 1
A’ = T, ,
NP ©) = s > (T @)
pEXﬂBRﬂA'N
geXN(K+p)\{p}

then A"R N @ (@) almost surely converges to 0, i.e

P{w: lim A% N¢(w)=0} =1. (4.8)
R—o0 ’
Indeed, we can take ¢; to be independent copies of ¢ and write equivalently

”RN .
< - Br N Al
Al = RN Con o =#(p.g)ex?: PEPRINAY }
RN9 Vol(BR) nRN§¢f RN {(p D g—peKk\{0)

First note that since X is uniformly discrete and K is bounded, we have that

n'
sup RN . 4.9)
r>0 Vol(BR)
Then for each subsequence Ry — oo such that n’kk’ ~/Vol(Bg,) converges there are two
possibilities:

1. The sequence n‘kk’N/Vol(BRk) — 0, in which case by triangle inequality and using the
fact that ¢ is bounded, we find (4.8).

2. We have 0 < limg_, o n’ARk’N/Vol(BRk), in particular niRk,N — 00. By boundedness of
the sequence (¢, ) ; and by the strong law of large numbers for non-necessarily identically

¢j —>

distributed random variables (see for instance [8, Corollary 1]), we ge - 1 Rk N

0. Using (4.9), we obtain (4.8) also in this case.
We note that ué is bounded and that

Elut (po)ut (p1)] = Elp (po)Elu (p1)] =0 for po # p1 € X,

using the fact that the random variables ug‘ (po), ug‘ (qo) are i.i.d. and of zero mean. We thus
have (4.8) and by summing over i we obtain the desired limit (4.6).

In order to show that the almost sure convergence holds also contemporarily for all A € RY,
we proceed like in [24]: Firstly, we have that almost-sure convergence can be obtained at for
a countable dense subset of A € R?. To extend the almost sure convergence to all A, we prove
the almost-sure (uniform in A) control of the A-gradients

lim sup sup Y v (Mg(p)ug(q)) . (4.10)

Vol(Bg)
R>0 jeRd ( R) pEXNBR geXN(K+p)
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39 Page 100f26 M. Petrache, R. Viera

For this we just apply triangular inequality, via the rough bounds
|Vuk(p)| < |&| +ELEN.  |ubp)| <2.

We thus find for ¢ := 11} (po) 1} (q0):

. ~ . 2
lllgnﬁsolipxseuﬂgi |VAR¢>(a))} < lllgnﬁs;p Vol(Br) pE;BR (I&p(@)] + &4 ()| + 2E[|E]]).

qeXN(K+p)\{p}

By partitioning K if it is necessary, we can consider K of small diameter (which does not
change the conclusion of (4.6)), and then X N (K + p) has cardinality at most 1 for all p.
Thus

Z (IEp ()| + 154 (0)] + 2E[|E]]) <2 Z (I&p1 + E[IE1D, 4.11)
peXNBRNAY peXN(Br+K)
geXN(K+p)\{p}

and now we can label points {p,},eny = X N Al}v so that |p,| is increasing, and apply the
classical strong law of large numbers to the random variables |£, | to show that the right
hand side in (4.11) is almost surely bounded by CxE[|£|]Vol(Bg). This gives that almost
surely (4.10) is bounded by CxE[|£]] in which Cy is a packing constant, Cy < % in which
Cg4 depends only on the dimension and r > 0 is the uniform separation radius of X.

Note that, if we fix a countable dense A C R?, almost surely (4.5) and (4.6) hold for
every A € A. Thus, to get the almost sure convergence in (4.6) contemporarily also for all
L e R4 \ A, observe that if (A;),en C A is a sequence such that A, —> A , then for

¢* = nt(po)ug (go) there holds

|Ar¢ 0| < |Ardp*w — Agd™w| + |Ar¢p* |
< Mg|h = hnl + | Arg™ ),

where M is the value of (4.10). By taking the limsup as R — oo and then n — oo in the
last inequality, we obtain that on the same event on which convergence holds for the A, we
also have A r¢* —> 0. Thus this convergence holds almost surely for every A € R?. Finally,
an analogous argument together an application of the A-continuity of Mg and the dominated
convergence theorem, we get the convergence in (4.5) almost surely for all A. This concludes
the proof of Proposition 4.4. O

Proof of Proposition 4.2 From Theorem A.4, Lemma 4.3 and Proposition 4.4 (resp. Proposi-
tions 4.7 and 4.16 below in the case of Theorems B and C), we have that for every positive
test function f € S (RY)

1 —_ _
gim oo | Y @k O+ 3wk @ f i —a)| =0.
—o0 Vol(Bg) peXNBR p,qei{ﬁBR

q7Fp

(4.12)

In particular, we can choose I =feesS (RY) such that 1 < ﬁ(O) (in effect, what we use
below is that 0 < f:(0) and &/ f:(0) — O, for ¢ — 0) and

VpeX ) fp-9l<e

geX\{p}
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This is possible by the uniform discreteness of X, by taking fe radially decreasing
and concentrated on B(0, r/2) where r is the separation constant of X in the sense that

fRd\ BO.5/2) | f;l < ’%5 For example, this holds for fe a Gaussian centered at 0 with small
enough variance. For such f. we can estimate > gexX\(p} | ﬁ (p — q)| by the abovementioned

integral, using the separation of X and the fact that f; is radially decreasing.

Now fix Rg such that the quantity in (4.12), is smaller than € and that #\5();(1?1? 15)) < dens(X)+

1 for all R > Ry. By triangle inequality applied to (4.12), for such R we get

J(0) R 2 7
o pre(Pnx(p)| S e+ ———— [fe(p — @) = (2dens(X) +3) €,
Vol (Bg) ,,G;BR X Vol(Bg) ,,,q;x;mk
q#p

which follows by noting that SUP,2ex |;L§‘(p)u;}(q)| < 2. By dividing by m, we
then take ¢ — 0 in the above inequality, and this completes the proof of Proposition 4.2 in
the case of i.i.d random perturbations.

4.2 Non-independent Random Perturbations and Proof of Theorem B

For extending Proposition 4.4 to the case of non-independent identically distributed &, p €
X, we need a mixing hypothesis. Several notions of mixing are available (see the survey [7]);
we perform our proofs based on the following ad-hoc strong mixing condition. For p € X
and K C R? compact, define the sub-o-algebras

Fpi=0p), Fpr:=0;: qe(K+pNX\{p).

we say that the random process (£ ) pe x is compactly-mixing if for any fixed compact K C R4
there holds

> sup|ELfgl — ELfIE[g]| = 0. 4.13)

lim Vol(Bo)
koo Vol(Bg) peXnBy

where for each p € X the supremum is taken over the set of all functions f € L*°(F), P),
g € L®(Fp,k,P) such that || f||pc < 1, ||g][r> < 1. Observe that (4.13) is equivalent to

1
lim ———— Y sup|P[AN B]—P[AIP[B]] =0,
R—o0 VOZ(BR) PpeXnBy
where for each p € X, the supremum is taken over the events A € 7, and B € F), k.
We first prove the following:

Lemma4.5 For Mé as before and for 1. € R? fixed, we have that almost surely
1 - -
Vol(Bg) > ) [“Q(P)Mé(q) - E[ué(p)ué(q)]] — 0. (4.14)
oriPR peXNBg geXN(K+p)

q#p

Proof To prove this, we apply Proposition A.1 to the real and imaginary parts of the variables

ué(p)ué(g) corresponding to elements p,q € X such that p — g € K. Firstly, by (H.1)
we may replace the factor 1/Vol(Bg) by 1/#(X N Bg) in (4.14). Note that the sets of index
pairs figuring in the double sums in (4.14) form a sequence increasing in R, thus we can

find a labelling of X; := //,2‘ (p),ug (g) so that the convergence in (4.14) follows from the
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convergence of a subsequence of the % Yor_1(Xx — E[Xk]). We apply Proposition A.1 to
obtain convergence of the full sequence. We verify the hypotheses of Proposition A.1 next,
for this case:

e The bounds Cj and the control of part 1 of the hypotheses of Proposition A.1 follow
because |1} (p)| < 2 almost surely.
e For the summability of variances along geometric series of hypothesis 2 of Proposi-

Var(Sy,, )
kn

tion A.1, it suffices to prove < C, which follows from the boundedness of

Var(uz (p)it (q)) and Cov(ug (p), (). In fact, for X; = p(p)u(q) as before, we

get:
k,, kﬂ
Var(Sg,) = » Var(X;) +2 Y Cov(X;. X)),
i=1 ij=1
i#i

and by the definition of ué‘ (p) we have
e
Var(X) < E| |k (pid(@)| | =16

Cov(X, X )| = |E (nk (k@ ri(pOit@)) - B [tk @ | E[uk k@) ]|
< 32.

Therefore, the limit (4.14) follows as a consequence of Proposition A.1 as claimed. O

Lemma 4.6 If the random process (&) pex is compactly-mixing, then there holds

> > Elt(put@)] = o(RY. (4.15)
peXNBRr geXN(K+p)
q#p

Proof Indeed, this a direct consequence of the definition (4.13), observing that ,ug“ (p) is
almost surely bounded for all A. O

Now (4.14) and (4.15) give the following:

Proposition 4.7 Assume that the (&) pex are identically distributed and compactly-mixing,
and let ué be as in (4.3). Then almost surely, for all » € R? there holds

yi = Var [e_z’”@'”] dens(X)sy.

To obtain Proposition 4.2 under the above hypotheses, we now note that the upper bound of
(4.10) can also be extended under our assumed bound on the covariances of the &, Indeed all
the proof up to (4.11) can be repeated verbatim, and for the bound of the last term in (4.11),
we may now apply Proposition A.2 to the |&,| after to enumerate the points in X N Bg and
by using (H.1), which gives a law of strong numbers under our assumed condition (2.2) on
the covariances of the [, |. This concludes the proof of Theorem B.

Example 4.8 [A recipe to produce compactly-mixing random processes in X] Let (Ri)i=>1
be a sequence of positive real numbers such that Ry, Ry/Rx—1 —> 00, and denote 2} :=
Bpg, \ Bg,_, for k > 2. Consider a process of identically distributed random vectors (§,) pex
such that the following hypotheses on correlations hold.
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1. Forevery p € XN Bg,, the random vector &, has no correlation with the £/, p’ € X \{p}.

2. For every even k > 1, the £,, p € X N are not correlated to the remaining &/, p’ €
X\ Q.

3. For every odd k > 1 and for for p # p’ € X N, &, and £,/ are uncorrelated, and for
every p € X N €, there exists at least one ¢ € X N Q_y such that £, has nontrivial
correlation to the value of &,.

It is not hard to check that this procedure produces a random process satisfying (4.13), since
correlations at distance closer than diam(K') do not occur.

As a further remark, which allows to understand the role of the hypothesis that the &, are
compactly-mixing, which is used here in order to obtain (4.15). The following result makes it
explicit, that the outcome of this is to obtain a version of (4.4), but in expectation rather than
almost-surely. As a consequence, we could also require as a hypothesis the control stated
(4.16) below, rather than the compact-mixing hypothesis.

Lemma 4.9 If &, are identically distributed and if X verifies (H1) then the fact that (4.15)
holds for all . € R? is equivalent to the following:

VieRY,  E() =Var [e_zﬂi <“>] dens(X)8. (4.16)
Proof Indeed, we have

li - E A 2 —d X) Var 2 ’

R Vol(Bg) > E[ln(p)P] = dens(X) Var(u})
peXNBR

thus (4.15) is equivalent to

D E[Mg(p)ug(q)] — dens(X) Vol (Bg)Var(u}) + o(RY). (4.17)
peXNBR geXN(K+p)

The fact that (4.17) is valid for all compact K is equivalent to the convergence of the corre-
sponding (Vol(Bg))~'-rescaled sum tested against all test functions f, which is the weak
formulation of (4.16). O

4.3 Extension of Theorems A, B for X Being the Asymptotically Affine Deformation
of a Lattice

In this section we extend Theorems A, B by weakening the independence requirements on
the random perturbations &,. To achieve this we limit ourselves to a smaller class of sets X.
A useful tool to replace the independence of the &,, p € X, is the notion of ergodicity of
the process (§,) pex, labelled by the set X. To make sense of this notion, commonly X is
required to have more structure, e.g a transitive group action on X is required, and classically
X itself is assumed to be a lattice. Therefore, firstly we study the case of X being a lattice:
in this case we recover the main results in [24]. Secondly, we consider the case when X is
almost-affine, meaning that though X lacks a group structure (the sum of elements of X is
not generally in X), it is a small perturbation of a subgroup of R?. In this case the results still
depend strongly on a group structure. For a discussion of further weakenings on the structure
of X, see Sect. 5.1.
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4.3.1 Lattice Case

As was pointed out by Yakir in [24], in the case of X being a lattice, the condition that the
process (&) pex is ergodic is sufficient for (5.1) to converge as R — o0.

Lemma 4.10 (Lattice case) If X is a lattice and (&) pex Is stationary and ergodicwith respect
to lattice shifts, then almost surely

vi=YE [MQ(O)Mg(k)] dens(X)8y. (4.18)
keX

Proof By stationarity and using Birkhoff’s theorem for the natural shifts on X, we ensure the
existence of the limit defining yg‘ (k) asin (5.1). Ergodicity of the process (§)) pex yields that

the above limit is almost surely constant and thus almost surely converges to E[ué‘ (O)Mé‘ k)].
O

In general a measure like yg\ as given in (4.18) may have Fourier transform yg\ with nonzero

atomic part (i.e. the initial ) pex Mg‘ (p)8, may have pure-point spectrum). If however we
strengthen the ergodicity condition on the map (§,) ex to a weak mixing condition, this is
precluded. We require the following weak mixing condition. Let 73 : X — X be the transla-
tionby k € X. Associated to each 7; we define a measurable P-preserving transformation 7,
which is induced by interchanging the X-coordinates (§,) pex according to z. The process
(§p) pex is weakly mixing if for all f, g € L2(P) there holds

> |ELf o Tk 31 - ELfIEL]| = 0. (4.19)

lim ———
k=00 VOl(BR) | S,

Note that the compactly-mixing condition introduced earlier in (4.13) is not directly com-
parable to (4.19), and we do not pursue an in-depth comparison in this work.
We have the following

Lemma 4.11 (Basic lattice case) If X is a lattice and (§),) pex is stationary and weakly mixing

then almost surely for every A € R? the random diffraction measure yg‘ has no atoms.

Proof Recall Strungaru’s criterion [22, Proposition 4.1] (here formulated in the setting of
formula (4.18) which we know to hold for yg‘):

1 [ —
lim —— ‘E[M(O)M(k)]‘ =0 < ylhasnoatoms.  (4.20)
R—o00 Vol(BR) keme:BR §50E £

We note that (4.20) follows from (4.19), if we apply it for f(w) = g(w) = 2™ *& @)
since by stationarity & = &y o Ty and

E 1} Ouit0] =B [em2rith] _ g [o=2riteon | | [o=2miEi].

4.3.2 Asymptotically Affine Perturbations of a Lattice

Now assume that X = (L) where L is a lattice, and that &, are identically distributed and
satisfy E(|§p|d+€) < 00 as before. Denote u'(x) := Mé‘ (¥ (x)) for x € L, and assume that
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' (x) are stationary and ergodic under the natural shifts of x € L. We have the following
asymptotic equalities, valid in the limit as R — oo, with error estimates as in Lemma 4.1:

b e
Vol(Bg) p’q;mBRg(p g (P (q)

1 "N (v)
~ Vol(Bg) w;h W) — YK O ()

l —_—
= 2 Vol(Bg) Y W) Y+ O E ) @20

\%
keLNsupp(g) R)  eLnBg

We find it natural based on (4.21) to introduce the following notion. We say that ¢ has
asymptotically affine if one of the following equivalent conditions holds:

1. There exists F' : L — R such that for any continuous compactly supported g and for any
kel

. 1
R11_>moo Vol(Br) xe;:BR g (x) —¥(x +k) = g(F (k). 4.22)
2. Forall k € L there holds
)lciéILl (Y (x) =¥ (x + k) = F(k). (4.23)
|x|—>o00

3. The limit (4.23) holds for a linear function F.

To see that 1 = 2 above, it suffices to test (4.22) over a sequence of g, that approximate
a Dirac mass at F (k). Then 2 = 3 follows by observing that if the limit in (4.23) exists for
k € {ky, k2} then

F(ki) + F(ky) = )lclenLl Y& =y (x+k))+ )lcleHLl W (x+ ki) — P (x+ ki +k2)
[x]—00 |x|—o00

= F(ki + k2),

and finally, 3 = 1 is a direct verification.
Now if we assume that i satisfies (4.22) and we insert this limit into (4.21), using the fact
that 1/ (x) are bounded and that supp(g) N L is finite, we directly find

1 -

(4.21) ~ —_— g(F () ()’ (x + k)
keLﬂXsu%)p(g) Vol(Bg) xeLXm:BR

~ > EbO)u;(k)ldens(L)g(F (k). (424)

keLNsupp(g)

where in the second step we applied Lemma 4.10. We thus have from (4.21) directly the
following result, which extends Lemmas 4.10 and 4.11:

Proposition 4.12 (asymptotically affine perturbations of a lattice) Assume that X = (L)
where L is a lattice and s is asymptotically affine with limit linear part F. Assume that the
random process &y (x), X € L is stationary and ergodic under shifts of L, and that the &y (y)
are identically distributed. Then the limit defining yg‘ as in (5.1) exists and we have

i =Y E [Mg(omg(k)] dens(L)8 . 4.25)
keL

@ Springer



39 Page160f26 M. Petrache, R. Viera

Furthermore, if §y (), x € L is weakly-mixing under shifts of L, then yg‘ has no atoms.

The above result directly allows to obtain Proposition 4.2, which as before, together with
Lemma 4.1 gives the following result:

Theorem D For X = y(L) C R? as in Proposition 4.12, assume that the random process
&y (x), X € L is stationary and weakly mixing under shifts of L, that the §,’s are identically
distributed and that there exists a positive number & such that E(|£]91¢) < oo. Then, almost
surely for every A € RY, in the sense of vague convergence of measures, the same limit (2.1)
as in Theorem A holds.

4.4 Stationary Random Perturbations and Proof of Theorem C
4.4.1 Stationary Random Measures

The proof of Theorem C combines the recovery problem setting in which X = {p +£&(p) :
p € X} as before, with the study of [11] who established a diffraction theory for stationary
point processes. The setting of point processes is not sufficient for our setting, therefore we
first generalize Gouéré’s work to locally finite random measures.

We start with a series of definitions and properties that are classical for point processes, see
e.g. [18]. The case of point processes is the special case in which the random measures 1
below are the empirical measures of random sets X € RY je. "= Zx cx Ox. Proofs valid
for this special case directly generalize to our setting and are well-known, therefore we only
sketch the proofs.

For any f € C.(R?) define the functions Nf: M® — Cby Np(u) = u(f) = (i, f).
Let A be the o-algebra on M* generated by the N¢’s. A random measure is a measurable
function p : @ — M defined on a probability space (2, F, P) with values in (M, A).
We say that a random measure is integrable if the functions N are integrable. The random
measure is called stationary if for every x1, ..., xx € R4 and every Fi, ..., Fr € A,

PlwoeQ: wxdyqr € F1,..., Wk xqr € Fi}
=PloeQ: uxdy, € Fi,..., 0t x8y € Fi}

holds for every t € RY.
Let p be a stationary and integrable random measure. The Palm measure of 1 is the measure
P on (M®°, A) defined by

~ 1
P(F)i=— - E Y Lruxs|. FeA
xesupp()N B

The intensity 1 (P) of the Palm measure P is the functional on C,(R%) defined by

1(P)(f) = / w(f)dP ().
M(Xl

Lemma4.13 (Cf. [18, Prop. 2.24]) Let u be a stationary and integrable random measure.
The intensity 1(P) of its Palm measure is a translation-bounded (and therefore tempered)
measure.
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Let ¥ € C.(R%) be a non-negative function such that supp(y) = By, f Y(x)dx =1,
and which will be kept fixed from now on. Let M$’ be the set of measures u € M for
which there is 7 € R such that supp(u) = X +1. Forevery f € C.(R?), define the function
Hy: MY — Cby

Hpw):= Y yvev=nfk —y).

x.yesupp(v)

The next lemma expresses the autocorrelation of a deterministic measure v € M3° as a
limit of orbit averages defined on M§°. This result extends [11, Lem. 2.13] to general locally
finite atomic measures.

Lemma4.14 Let y be a locally finite measure on RY. Then y is the autocorrelation y, of a
(deterministic) measure v € MS if and only if for all f € C, RY),

Iim —— Hy S_p)dt = .
Jim Vol(Br) I F(vxdy) y(f)

Proof As y is translation bounded, it is sufficient to show that for all f € C. (R?) (see
Lemma 1.2 in [20])

1

Vol (Br) /BRHf(“*‘S*x)df— > vV - )| — 0. (426)

xesupp(v)NBr
yesupp(v)

A simple computation shows that

Hewsd)= Y Y —vv=yfx—y).

x.yesupp(v)

On the other hand, for all R > M we have the following properties, since suppyr C By
o If x ¢ Bryy, then fBR Y(x —1)dt =0, and
e if x € Br_y, then fBR Y(x —t)dt = 1.

Hence, the left-hand side of (4.26) is equal to

1
—— > fx—ywev(—y) | v —ndr
Vol(Bg) 5y
xesupp(VNBry-m\Br—m
yesupp(v)

- > V(=) f(x = )|

xesupp(V)NBR\Br—m
yesupp(v)

By triangle inequality, this last expression is bounded by

% 3 #(supp(v) N (supp(f) + x))
ol(Bg xesupp(V)NBr4+m \Br—um 4.27)
+ Z #(supp(v) N (supp(f) +x)) | ,

xesupp(V)NBr\Br—m
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where [v(x)v(—y)| < C, is a positive constant only depending on v. Moreover since v €
MF, feC. (R?) and by the discreteness of X, it follows that #(supp(v) N (supp(f) + x))
can be bounded by a positive packing constant C y only depending on diam(supp(f)) and
on the separation constant of X. Thus, by writting Dy = C¢|| f||c0, we have that (4.27) can
be bounded from above by

D¢C,
Vol(Bo) TV ((supp(v) N Bras \ Broy) + #(supp(v) N Br \ Br_y)).  (4.28)
ol(Bg)

Note that (H.1) implies that for each M > 0 and for each p € R? there holds

i TX N BR(P)\ Br-m(P)) _
R—o0 VOZ(BR) -

The proof of (4.29) is standard: we compare #(X N Bg(p)) with the values #(X N Br+| )
and compare the latter with dens(X)Vol(Br+|p|) via (H.1); then we do the same with R
replaced by R — M. Due to the precise power law growth Vol(Bg) = CR? and to (H.1), all
the error terms are o(R%) or O (RY~1), which implies (4.29).

Since v € MY, from property (4.29) of X we have that (4.28) converges to zero when R
goes to infinity. Therefore the limit in (4.26) holds, as desired. m}

0. (4.29)

The following result was also proved in [ 11] for point processes, and we note that it extends
to random measures, using Lemma 2.13 therein, and it directly extends via Lemma 4.14.

Proposition 4.15 (Cf. [11, Theorem 4.3]) Let i be a stationary and integrable random mea-
sure with values in MS. Then | has almost surely a (random) autocorrelation y,, such
that

E(y,) = I(P) and E@p) = I(P).
Moreover, if | is ergodic, v, = I(F) almost surely. In particular, I(}N’) is positive definite.

We now proceed with the same strategy as in Sect. 4.3.1 to apply Strungaru’s criterion,
and then conclude as in the beginning of Sect. 4.
Proposition 4.16 Assume the random perturbation X¢ is stationary and weakly-mixing. Then

almost surely, for every ) € R the diffraction measure y;‘ has no atoms.

Proof This follows directly from Proposition 4.15 since the stationarity and the weak-mixing
condition of X¢ implies that [,Lg‘ is a stationary and weakly-mixing random measure for every

A € RY. The weak-mixing condition of Mg and Proposition 4.15 implies by expanding the
definition like in Lemma 4.11 that almost surely

lim ————|y/(Bg)| =0,
Rlamoo Vol(Bg) |)/§ (Br)l
and therefore by Strungaru’s criterion (see [22, Proposition 4.1]), we get that )//? is almost

surely continuous. Finally, the proof that this property holds for every A € R? follows along
the same lines as the proof of Proposition 4.4, since for bounded f we have a control of the
A-gradients of

———— | Hy(ul*6_p)dt
Vol(Br) Jg, 1 (HE*0-0)
as in (4.10). This finishes the proof of Proposition 4.16 and of Theorem C. O
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4.4.2 Some Examples of Stationary Random Perturbations

In this section we provide a class of examples of random perturbations of irreducible cut-
and-project sets verifying the hypotheses of Theorem C.

Let L C R" be alattice and denote by D its fundamental domain. Write R" = Vjpys @ Vint,
where Vphys = R? and Vi = R¥. We denote by 7phys and 7int the corresponding projections
over R? and RF respectively. Fix W C Viyt (called in the literature the window). The cut-
and-project set X(L, W) C Vphys is defined by

X = X(L, W) := Tphys (L N (W)). (4.30)
We say that X is irreducible if the following conditions hold:

(CP1) mint(L) is dense in Vjnt.

(CP2) mphyslL is injective.

(CP3) W is abounded Borel measurable set with non-empty interior and such that its bound-
ary has zero Lebesgue measure in Vipt.

It is known (see for instance [2, Theorem 9.4]) that under the conditions (CP1)-(CP3) the
cut-and-project set (4.30) is a quasi-periodic set where (H.1) and (H.2) are satisfied automat-
ically. Consider an L-stationary random process (\fé)qe 1, of identically distributed random
vectors defined on (2, F, P) with éc// € Vphys. and let n be a random vector independent of
(Eé)qeL, which is distributed uniformly over Dy . Then L?at = {q + Sé +n: qgel}is
R"-stationary.

Set X = zrphys(Lgtat N (Vphys x W)). Note that identifying Vypys = R?, automatically X¢
is Rd—stationary, since so is Lgtat N (Vphys x W), as is direct to check. Also note that

LI N0 (Vohys X W) ={q +& +n: g € LN (Vpnys X W =)}
Therefore, in order to have X = {p +§&, : p € X} as required for Theorem C, we may set

R /
§p = S‘/fn"”;hlys(l’) + Tphys (M),

in which for each n € Dy the map ¥, : L N (Vphys X W) — L N (Vphys x W — 1)

is a fixed bijection of bounded distortion. This is possible by assuming that X is up to

bounded displacement (BD) equivalent to a lattice, which means that there is a bijection

¢ : X — £ C R such that

sup |¢p(x) — x| < oo.
xeX
In fact, if ¢ : X — L is a BD-equivalence from X to a lattice £ C R4, the conditions

(CP1) and (CP3) imply that for every x € R", there is a BD-equivalence ¢, : mppys(L N
(Vphys x W —x)) — L (see [12, Proposition 2.6]). Hence by using (CP2) we can establish
the desired bounded distortion bijection ¥, := n';hly sO, logo Tphys © LN (Vphys X W) —
LN (Vphys x W —n).
If we assume that E(|&/|97¢) < oo for some positive number ¢, then E|£|91¢ < co. Moreover,
if (& ;)qe 1, is weakly-mixing (with respect to the natural shift in the lattice L), then the random
perturbation X is weakly-mixing with respect to the R<-translations. Thus X ¢ fulfils the
hypotheses of Theorem C and therefore the irreducible cut-and-project set X is almost surely
recoverable from Xe.
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5 Discussion and Open Problems

In this section we discuss the relations of our results with other notions, and we highlight
two possible directions of future research.

5.1 “Quasi-stationarity” for the Recovery of General Meyer Sets

As already described in Sect. 4.3, recovery Theorems A, B hold also under weaker notions
than the independence of the &, and a good weakening is the hypothesis of stationarity and
ergodicity. The drawback of this direction is that X needs to have a group structure, at least
asymptotically, in order to define stationarity.
It seems natural to look for a definition of stationarity of the (§,) pex that together with an
associated notion of ergodicity, allows to obtain recovery Theorems A, B for more general
quasi-periodic X, beyond asymptotically affine deformations of lattices. More precisely, if
X is quasi-periodic then we may look for notions of invariance of the (§,) pex in terms of
the geometry of the almost-periods of X, which we could refer to as "quasi-stationarity"
(however it seems to us that this term is already in use with a different meaning). Perhaps
this can allow a more explicit recovery result for "quasi-stationary" (§,) ex, as opposed to
Theorem C, in which stationarity under the R?-action is imposed on the perturbed X g, and
the relation between the geometry of X and that of the (§,) yex is not explicitly quantified.
A natural setup where to start is that X satisfies the hypotheses (H.1) and (H.2), and that X
is a Meyer set, which means that X is relatively denseand X — X :={p —¢q : p,q € X}is
uniformly discrete.

If X — X is uniformly discrete then a first simplification occurs, since the limit defining
y; (k) is trivially zero for k ¢ X — X. The difficulty is that, in general, for k € X — X one
can not ensure the existence and good control of the limits

1

3 : A A
k)= 1 _— — k). A
ve (k) = lim Vol(Br) E we(P)pe (p — k) (6.1
peXNBg
p—keX

In this case, the main open question is to find explicit further conditions that we need to
impose on X and on the £, in order to achieve the result of Proposition 4.4.

5.2 Recovering the Structure Factor and Almost-Sure Recovery of the Diffraction
Measure

In the setting of Theorem A, if the characteristic function ¢(A) = E[e~27i¢-1)] vanishes
at some points of the support of ;S\X, this means that this part of the spectrum of X is not
recoverable, a phenomenon called cloaking of X by the random perturbations &,.

In [16] the authors present a result analogous to our theorems, but in expectation form,
formulated in terms of structure factors. In our notation, the structure factor of a random
discrete set X¢ = {p+&, : p € X} is the function Sy, : R? — [0, +oc] formally given by

2
Sx () i= lim E| ——— > et =Ly"f(k)], (5.2)
§ R— o0 #(X N Bg) peXTIB dens(X)
R
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where yx, () is the autocorrelation of Xg. Note that the above limit may not exist, or may
be defined only in a weak (distributional) sense, if X¢ is not regular enough.

The above quantity is most commonly studied for the case that X is not deterministic, but has a
well-defined density, and dens(X) = dens(X¢) = ?Xé (0) almost surely. Often X is assumed
to be a stationary spatial point process, the simplest example being a "stationarized lattice",
i.e. X is lattice translated by a random vector t uniformly distributed over its fundamental
domain. In this case, if the &, are assumed to be ii.d. and independent of (the random
process) X, then as done in [16, App. A] one can rewrite the square modulus from (5.2) as
a double sum, and then split the expectation as a product of expectations expressed in terms
of X, &,, p € X. Thus we get directly (where the —1 terms come from the diagonal term in
the double sums obtained expanding the square in (5.2))

Sx. () — 1= ‘E[efzm@’“]‘z (Sx() = 1). (5.3)

Our Theorems A, B, C give conditions for the almost-sure recovery of 5;, the Fourier
transform of the empirical measure of the set X. The same strategy does not directly give
the almost-sure recovery of the diffraction measure of X, which would be a strengthening
of (5.3), and it would be interesting to continue our study in that direction. More precisely,
this requires to establish conditions on X, (§),) pex such that a limit like the below is ensured
almost surely for all A € RY:

lim S e eoni@pfsq,M_‘]E[efznus,m]f _o.
R—)OO|BR|
P.q€XNBg

If we prove the above, then this would substitute Proposition 4.2, and would imply by the
same reasoning as in Sect. 4 that almost surely for all A

7%: (1) — dens(X) = ‘IE [e—z’“'@’“] ‘2 Fx (1) — dens(X)) , (5.4)

which is the almost-sure version of (5.3) and which already appears in [13] under different
hypotheses over the set X. In fact, in [13] it is assumed that X is an uniformly discrete set
with asymptotic density and satisfying an ergodicity condition. Hof’s ergodicity hypotheses
are not directly comparable to our (H1), (H2). We leave to future work the elucidation of
implications between hypotheses of ergodicity of §x like those in [13] and hypotheses on yx
such as (H2).
Acknowledgements M. P. was sponsored by the Chilean Fondecyt Regular grant number 1210462 entitled
“Rigidity, stability and uniformity for large point configurations”, and R. V. was sponsored by the Chilean

Fondecyt Postdoctoral grant number 3210109 entitled “Geometric and Analytical aspects of Discrete Struc-
tures”.

A Auxiliary Results
A.1 Strong Law of Large Numbers
Proposition A.1 Let (X,,),eN be a sequence of real-valued random variables such that almost

surely X, > C, for suitable constants C,, € R. Let S, := ZZ:] (X — Cy) and assume that
the following hold.

1. sup,cn %IE(S,,) < o0.
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2. Forany o > 1 ifk, := [a"], where the brackets [-] denote the integer part of a real
number, there holds

>\ Var(S,)
> g <%

n=1

Then almost surely
1 n
=D (Xe = E[Xc]) = 0. (A.1)

Proof Without loss of generality assume that C,, = 0 for every n € N. For any positive
number &, Chebyshev’s inequality yields

ZP( >s>_ 22:Var(Sk)

n>1
The rest of the proof follows the same steps of [8, Thm. 1] or [9]. ]

Sk, —
ky

Proposition A.2 Let (X,),>1 be a sequence of identically distributed positive random vari-
ables, and denote S, = Z:’l:l X;. Moreover assume that E[X1] < oo and for Y; =
Xi1(x;<i) suppose that

l n
> = Z |Cov(Y;, Y})| < oo.
n>1 i,j=1
i#]
Then Sy, /n converges almost surely to E[X].

Proof Define S := Z::l:l Y;. For k,, as in Proposition A.1 we have that

St —E(S}) Var(s;)
sr( B <2 x g

n>1 n>1

kn kn
=5 Z 2 ZVar(Y,-) + Z Cov(Y;, Y))

n>1 i=1 i,j=1
i#]
By the hypotheses on (X,),>1, we have that
] kll
> = > ICov(Y;, ¥))| < o0, (A2)
n>1 """ j=1
i#]

which implies the convergence of the second sum in (A.2). The rest of the proof follows the
very same lines than Theorem 1 in [9]. O

Remark A.3 The hypotheses of Proposition A.2 are satisfied if (X,),>1 are positive, iden-

tically distributed with correlation |Cov(Y;, Y;)| < B li=jl for some 0 < B < 1, and if
E[X] < .
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A.2 Hellinger Density of Diffraction Measures Bounds

Lety, y’ be locally finite measures. We define the localized Hellinger density p(y, ¥'), which
is a locally finite positive measure, by requiring, for any locally finite measure o over R?
suchthaty < o and y’ K o,

dv\ V2 g\ 12
VieS®RY). (p(r. ). f) =<<¢Z> ( d(ﬁ) dmf>- (A3)

Note that if y, y’ are mutually singular, then directly from the definition it follows that

p(y,y")=0.
We claim that the following holds

Theorem A4 If ju, v are translation-bounded, Fourier-transformable measures over R? and
Y, Vv are their diffraction measures, then
. 1 -~ .
VfeCRY, f =0 limsup|o——— / / F(p = q) du(p) dv(g)
R—oo | VOI(BR) JJBgrxBs
< (P> 1) f)- (A4)

For u,v < Zpex 8 (i.e. u, v atomic with atoms C X):

1 . .
VfeS®RY) limsup|o——— Y w(pw(p)F(p— )| < (0@ 7). |fINAS)

R—oo | VOI(BR) p.qEXNBr

As we prove before, Proposmon 4.2 follows dlrectly from theorem A.4, applied to 1% % ,ug,

once we know that the Vx is purely atomic and that yg is absolutely continuous with respect
to Lebesgue measure.
We use the below lemma which follows like Theorem B from Yakir:

LemmaA.5 Let yR, yg be two families of positive measures over R such that yg — y and
Yr — v vaguely as R — o0o. Then

VfeSRY, >0, limsup(o(yr, vp), f) < (o, ¥, f).

R—o00

Proof Consider the locally finite measure og = yg + . It is direct that yg and yj are
absolutely continuous with respect to og. Thus, from the Cauchy-Schwartz inequality we

get
, d 12 /gy \ 12
(R, Vi), f) = / £x) (ﬁ) (ﬁ) dog
12 / 12
< ( / £ (dﬁ> doR) ( / £ (dﬁ) doR) (A6)
dog dopg
12 12
- ( f f(X)dyR> ( / f(x)dy,;)

On the other hand, define:

A;:{xeRd:dl(x)zo}, B::{xeRd:dl(x)zo}\A
do do
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and for ¢ > 0 we consider
d. 1d dy
Vie) :={x eR: (1+¢&)/~ ( )<7(x)<(1+8)17(x) \ (AU B).
and f; := f1y,;. Note that the family

{A! Bs {V](g)}/EZ}

determines a partition of R?. From (A.6) and the definition of vague convergence we have
that for each f;

12 172
llénsup(p(we Yr)» fi) < (/f;(X)dV) ( f}(X)dV’>

(L sotzan) (J, so05r)
= /f(x)—da /f(x)—da
Vv do
12 1/2 1/2 ) I\ 172 12 172
( (14670~ sz()( ) (d> ) (/ (1+s>%f<x>(dy) (dl) do)
v; do v; do do
dv\2 g\ 12
s o (2) ()"

=1+ (. v). fi).

Furthermore, for f4 := f14 and fp := f1p we obtain

(p(Yr: YR)s fa) = (PR, YR). [B) = 0.

Therefore, by summing over j and using the fact that the sum of the limsup’s is larger or
equal than the limsup of the sum, and then taking € | 0, the thesis follows. O

Proof of Theorem A.4 from Lemma A.5: As in [24], it suffices to consider a sequence of mea-
sures y,f and y,X absolutely continuous with respect the Lebesgue measure whose Fourier
transform converge vaguely to the diffraction measures ¥, ¥, respectively.
The key point here is the fact that the Fourier transform of a finite pure point measure is
proportional to the Lebesgue measure. This, together the identity (3.1) yield

—_ 1 .
PR Y. )=z Y up@f(p—q)|.

Vol(BR) g eXNBR

In fact, let , v be two atomic measures with atoms in X. Write

UR = Z w(p)dp,  vp= Z v(p)sp.

peXNBR peXNBr

Thus, from (3.1), we have that the diffraction measures 7; and y, are vague limits as
follows
2

7> = i —2mi(p,x) dx,
Vi = % Vol(Br) 2 mpe o
peXNBg
2
= lim ———— TP dx,
Rvoo Vol(Bg) 2. vipe *
peXNBR
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Then, for every f € S(RY), f >0

JR R 1 —27i({p,x —2mi{g,x
(Pl v, f)ZW/f(x) 3 wpe PN y(g)e 2T | gy

pEXNBr geXNBg
1 7 N .
> s o mO@ [ fee gy
VOZ(BR)
P.geXNBR
1 —_—
= Vo 2 Mev@Ffe-al.
p.qeXNBg

Hence by taking lim sup over R and by Lemma A.5 we get (A.5) as claimed.
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